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Abstract

We show that a certain class of nonlocal scalar models, with a kinetic operator inspired by string field theory, is equivalent to a system which
is local in the coordinates but nonlocal in an auxiliary evolution variable. This system admits both Lagrangian and Hamiltonian formulations, and
its Cauchy problem and quantization are well-defined. We classify exact nonperturbative solutions of the localized model which can be found via
the diffusion equation governing the fields.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Nonlocal theories defined by pseudo-differential equations
have recently attracted the attention of several research groups.
The effective action for the tachyon field of open string field
theory (OSFT) contains an infinite number of derivatives and
falls into this class of models. As their dynamics is quite dif-
ferent with respect to the local one [1], the search for solu-
tions turned out to be a difficult task ([2–7] and references
therein). Minkowski kink-type solutions interpolating between
different vacua and supposed to describe D-brane decays have
been found numerically for the 3-adic [2,8] and supersymmet-
ric string [8,9], while existence theorems were given in [10,11].
The string tachyon has been also embedded in a cosmological
context [12–24], while nonlocality has found other applications
in cosmology [25–28]. In parallel, much effort has been devoted
to the understanding of the mathematical structure of nonlocal
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theories [10,11,29,30], especially as regards the initial condi-
tions problem [2,14,23,31]. For other applications in physics
and an overview of the literature, see [31].

The Cauchy problem is an example of the difficulties one
meets when dealing with nonlocal kinetic operators. Apparently
one should specify an infinite number of initial conditions; this
would correspond to know the Taylor expansion of the solution
around the initial point [2], in contrast with the usual physi-
cal interpretation. In the context of cosmological inflation, the
infinite number of degrees of freedom leads to an involved def-
inition of the slow-roll approximation [14]. Only very recently,
however, it was argued that the number of nonlocal degrees of
freedom is actually finite [23,31]. Moreover, the construction
of nonperturbative solutions is a highly nontrivial task also on a
Minkowski metric. While numerical methods can be of help in
this respect [8,24], it would be desirable to have analytic tools at
hand; one of these, based on the heat equation [3,10], proved to
be promising [7,23,24], but its mathematical foundations were
still incomplete.

In this Letter we want to address these issues and show how
a wide class of nonlocal theories, including bosonic cubic SFT,
can be thought as local systems living in a higher-dimensional
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space. After an introduction on the nonlocal model, the La-
grangian and Hamiltonian formulations of the localized system
are presented. Immediate byproducts of this construction are:
(1) The diffusion equation ansatz employed in [7,23] in order
to find nonlocal solutions is a key ingredient for the recovery
of the equations of motion and stress-energy tensor; (2) The
nonperturbative Cauchy problem is set up by a finite number
of initial conditions (namely, four); (3) This is also the number
of Hamiltonian degrees of freedom, resulting in a well-defined
quantization of the fields. Exact nonperturbative solutions are
classified and nontrivial examples are given.

2. Nonlocal system

We consider a nonlocal matter action of the type

(1)Sφ =
∫

dDx
√−gLφ,

where

(2)Lφ = 1

2
φ�φ − U(φ̃),

and

(3)φ̃ ≡ er∗�φ.

Here r∗ is a parameter eventually fixed by the theory (r∗ ≡
ln 33/2 − ln 4 ≈ 0.2616 in string theory), g and � are the de-
terminant and d’Alembertian for a general D-dimensional met-
ric with signature (−++· · ·+), and we have neglected a local
mass term without loss of generality. The ‘kinetic potential’ U

is a function of the field φ̃ with no other insertions of nonlo-
cal operators er∗�. This case encompasses the bosonic string,
U ∝ φ̃3 [32], and a simplified version of the supersymmetric
string, U ≈ φ̃4. The more realistic susy case, U ∝ (er∗�φ̃2)2

[9], is not contemplated for technical reasons soon to be clear.
Applying the variational principle, the scalar equation of

motion is

(4)�φ − er∗�U ′ = 0,

where a prime denotes derivative with respect to φ̃. For later
convenience we recast this equation as

(5)�e−2r∗�φ̃ − U ′ = 0,

which can be derived from the Lagrangian density

(6)Lφ̃ = 1

2
φ̃�e−2r∗�φ̃ − U(φ̃).

Nonlocal operators now appear only in the kinetic term, while
the potential is local.

The covariant stress-energy tensor of the scalar field is

(7)T (φ̃)
μν ≡ − 2√−g

δSφ̃

δgμν
,

where the indices μ and ν run from 0 to D − 1 dimensions
and the action S ˜ is defined via Eq. (6). Then, using the same
φ
lengthy procedure as in [9,14,33],

(8)T (φ̃)
μν = Tμν +

r∗∫
0

ds T̃ (φ̃)
μν (s),

where

(9)Tμν ≡ ∂μφ̃∂νe−2r∗�φ̃ − gμν

(
1

2
∂σ φ̃∂σ e−2r∗�φ̃ + U

)
,

and

T̃ (φ̃)
μν (s) ≡ gμν

[(�e2(s−r∗)�φ̃
)(�e−2s�φ̃

)
+ (

∂σ e2(s−r∗)�φ̃
)(

∂σ �e−2s�φ̃
)]

(10)− 2
(
∂μe2(s−r∗)�φ̃

)(
∂ν�e−2s�φ̃

)
.

So far the scalar field has been considered as a function of the
coordinates, φ̃ = φ̃(x). In order to find nonperturbative (in r∗)
solutions of this system, a method was devised which localizes
the equations in x by promoting the constant r∗ to an evolution
parameter r , and the scalar field as one living in 1 + D dimen-
sions, Φ(r, x), and such that

(11)φ̃(x) = Φ(r∗, x).

Imposing the diffusion equation [7,10,23]

(12)(� − γ ∂r − β)Φ(r, x) = 0,

nonlocal operators act as translations in the auxiliary variable
r , so that

(13)eqr(�−β)Φ(r, x) = Φ(r + γ qr, x).

The shifted function obeys a diffusion equation (� − α∂r −
β)Φ(r + γ qr, x) = 0 with α = γ /(1 + γ q). Nonlocal solutions
can be constructed starting from a solution of the local system
(r = 0) which is interpreted as the initial condition Φ(0, x) of a
system evolving in r according to Eq. (12), such that Φ(r, x) =
er(�−β)/γ Φ(0, x). The constant coefficients γ and β are chosen
accordingly.1

With the ansatz (12), it was possible to find approximate so-
lutions for the bosonic and susy string tachyon [3,7] and for cos-
mological toy models [23]. However, two problems remained
unsolved: Are all solutions of the system Eq. (6) governed by
the diffusion equation? Do nontrivial exact solutions exist for a
given potential?

Here we want to provide evidence in support of affirmative
answers. The first step is to incorporate the diffusion equation
in a system which is (1 + D)-dimensional and local in D di-
mensions, and show that this system not only is equivalent to
the nonlocal one with the ad-hoc Eq. (12), but also naturally
reproduces the structure of the nonlocal stress-energy tensor.

1 In the conventions of [10,24] β = 0 and the initial condition at r = 0 is not
the local solution of the local system but the nonlocal field itself, Φ(0, x) =
φ̃(x). The constant β can be set to zero whenever the normalization of the
potential is thought to be r-independent; this was not the attitude of [3,7,23].
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3. Localized diffusing system

We begin with the localized matter action in 1 + D dimen-
sions

(14)SΦ =
∫

dDx
√−g

∫
dr (LΦ +Lχ ),

where the two Lagrangian densities read

(15)LΦ = 1

2
Φ(r, x)�Φ(r − 2γ r, x) − V

[
Φ(r, x)

]
,

and2

(16)Lχ =
r∫

0

ds χ(r ′, x)(γ ∂r ′′ − � + β)Φ(r ′′, x).

Here, g is the determinant of the D-dimensional metric which
does not depend on r , Φ and χ are (1 + D)-dimensional scalar
fields, V ≡ e2βrU , γ and β are constants, and

(17)r ′ ≡ r − 2γ s, r ′′ ≡ r(1 − 2γ ) + 2γ s,

are linear combinations of r and s. The action is therefore lo-
cal on the submanifold with metric gμν and nonlocal in r . The
r-integral in Eq. (14) runs from 0 to an arbitrary upper bound
(even ∞), whose value does not affect what follows. The lower
bound is dictated by the initial condition in r , the latter being
the local solution (r = 0) from which the localized solutions are
constructed as explained in [7,23].

We have calculated the variations of the action by using the
functional derivative δf (r, x)/δf (r̄, x̄) = δ(r − r̄)δ(D)(x − x̄)

for a field f . Due to the arbitrariness of x̄ and r̄ and requir-
ing the support of the δ’s to lie within the integration domains,
variation with respect to the field χ(r̄, x̄) yields Eq. (12), while
δSΦ/δΦ(r̄, x̄) = 0 if two equations are simultaneously satis-
fied:

(18)χ(r, x) = �Φ(r, x),

and

(19)�Φ(r − 2γ r, x) − V ′[Φ(r, x)
] = 0.

In particular, χ satisfies the same diffusion equation for Φ .
Eq. (19) is in agreement with the original scalar equation (5)
if r = r∗.

The Hamiltonian and initial conditions problem are in gen-
eral ill-defined in nonlocal theories, as the equations of motion
contain infinitely many derivatives to be specified. An impor-
tant feature which now emerges is that the Cauchy problem of
the localized system is well-posed, as there is a finite number of
initial conditions to be specified. Since the equations of motion
for the two fields are second-order, the initial conditions are Φ ,
Φ̇ , χ , χ̇ , evaluated at a sensible initial point x0. Because of Eq.
(18), they correspond to values of Φ and its first three deriv-
atives. Such a result is in agreement with [31], where it was
argued that the number of initial conditions of the free system

2 Diffusing systems of scalar fields are discussed, e.g., in [34]. The noticeable
difference between them and Eq. (16) is an extra integration.
(V ∼ Φn, 0 � n � 2) is the number of poles in the propagator.
In our class of nonlocal Lagrangians, the propagator accounts
for two degrees of freedom; the other two are nonperturbative
and come from a general potential (nonlinear equation of mo-
tion), via the field χ . Intuitively, the infinite number of degrees
of freedom of the nonlocal system have been transferred to the
initial condition Φ(0, x) for the diffusion equation, which is a
field in the coordinates x evaluated at the particular value r = 0
[7,23,34].

As the fields are considered at different values of the extra
‘radial’ coordinate, the action is not covariant in 1 + D dimen-
sions, as is also clear looking at Lχ . However, it is covariant
in the metric of the D-dimensional submanifold, and it makes
sense to define a 2-tensor T

(Φ)
μν as in Eq. (7) with Sφ̃ → SΦ and

the indices still running on the D-manifold coordinates. In or-
der to complete the proof of equivalence between the nonlocal
and localized systems we show that

(20)T (Φ)
μν = e2βrT (φ̃)

μν .

It is easy to see that3

(21)T (Φ)
μν = Tμν +

r∫
0

ds T̃ (Φ)
μν (s),

where Tμν reproduces Eq. (9),

Tμν = ∂μΦ(r, x)∂νΦ(r − 2γ r, x)

(22)− gμν

[
1

2
∂σ Φ(r, x)∂σ Φ(r − 2γ r, x) + V

]
,

and

(23)T̃ (Φ)
μν (s) ≡ gμν

(
∂σ χ∂σ Φ + χ�Φ

) − 2∂μχ∂νΦ,

the arguments of χ and Φ being r ′ and r ′′, respectively. Us-
ing Eqs. (13) and (18), the matching is complete. In the lo-
calized system the calculation of the energy tensor is straight-
forward, since one has no longer to deal with the variation
δer�/δgμν .

4. Hamiltonian formalism

The localized system admits a Hamiltonian formulation. In
fact, there is a finite number of conjugate momenta. Defining
the matter Lagrangian

(24)L ≡
∫

dD−1x

∫
dr

√
h(LΦ +Lχ ),

where h is the determinant of the spatial (D − 1)-metric, one
has (we set the lapse function to unity and the shift function
to 0)

3 Strictly speaking, the metric is first thought as a function of all coordi-
nates, gμν = gμν(r, x); after functional differentiation of the action, all terms
in ∂rgμν are dropped.



288 G. Calcagni et al. / Physics Letters B 662 (2008) 285–289
πΦ(r̄, x) ≡ δL

δΦ̇(r̄, x)
=

√
h

2

[
Φ̇

(
r̄(1 − 2γ ), x

)

+ 1

|1 − 2γ | Φ̇
(

r̄

1 − 2γ
, x

)

(25)− 1

|γ |
∫

dr χ̇
(
2r(1 − γ ) − r̄ , x

)]
,

πχ (r̄, x) ≡ δL

δχ̇(r̄, x)

(26)= −
√

h

2|γ |
∫

dr Φ̇
(
2r(1 − γ ) − r̄ , x

)
.

The nonvanishing equal-time Poisson brackets are

(27)
{
Φ(r1, x1),πΦ(r2, x2)

}
t1=t2

= δ(r1 − r2)δ
(D−1)(x1 − x2),

(28)
{
χ(r1, x1),πχ (r2, x2)

}
t1=t2

= δ(r1 − r2)δ
(D−1)(x1 − x2),

where xi are spatial (D − 1)-vectors. The matter Hamiltonian
reads

H =
∫

dD−1x

∫
dr

[
πΦ(r, x)Φ̇(r, x)

(29)+ πχ(r, x)χ̇(r, x) − √
h(LΦ +Lχ )

]
,

where the total Lagrangian is written in terms of first derivatives
of the fields. We have checked that the equations of motion are
recovered. The evolution equations for the fields Φ and χ re-
produce the momenta Eqs. (25) and (26), while

(30)π̇χ (r, x) = {
πχ(r, x),H

}
gives the diffusion equation for Φ , Eq. (12). The other Hamilton
equation

(31)π̇Φ(r, x) = {
πΦ(r, x),H

}
,

yields the equation of motion for Φ , Eq. (19), provided Eq. (18)
holds. Due to the complicated structure of the arguments of the
fields, these results are nontrivial as they rely upon a number of
delicate cancellations.

Once the classical Hamiltonian system is consistently con-
structed, one may be interested in the quantization of the fields,
the Poisson brackets being replaced by commutators. Here we
have shown that quantization is well-defined as the number of
degrees of freedom is finite, which is not apparent in the origi-
nal nonlocal Lagrangian system.

There are no ready applications of this result within string
field theory, as the tachyon action is already effective. However,
our approach is helpful to quantize other nonlocal models, as is
the case of cosmological perturbations of a nonlocal scalar field.

In [14,23] it was suggested a similarity between the diffu-
sion equation method and the 1 + 1 constrained Hamiltonian
formalism developed in [35–39] (see also [40,41]). Now we
can make a more precise comparison. The extra coordinate of
the 1 + 1 formalism acts as a time translation in nonlocal tra-
jectories, while in our case it is a variable independent of time.
While our (regular) Hamiltonian system relies on a diffusion
equation which is second-order in time derivatives and first-
order in r derivatives, the 1 + 1 (constrained) analog is a chiral
equation, i.e., first-order in both time and radial coordinate.
5. The inverse problem

To conclude, we classify the potentials admitted by exact
solutions of the localized system. From Eqs. (18) and (19), one
can write χ as a function of Φ: χ[Φ(r, x)] = V ′[Φ(r, x)] =
χ(r − 2γ r, x). Three cases are possible.

(1) ∂rΦ = 0. Then V = βΦ2/2 + const. This case is trivial
as it corresponds to a local free theory.

(2) ∂rΦ �= 0 and ∂rχ = 0 (the potential does not depend
on r). Then either (a) β = 0 and �2Φ = 0, or (b) β �= 0.
An exact type (a) cosmological solution of the Klein–Gordon
equation was given in [23], while the homogeneous solution
on Minkowski background (� = −∂2

t ) is φ(r, t) = −2a0r −
6a1rt + γ a0t

2 + γ a1t
3 for χ(t) = −2a0γ − 6a1γ t and some

coefficients a0, a1. In case (b), the Minkowski homogeneous
solution has χ = a1 cos(

√
βt) + a2 sin(

√
βt).

(3) ∂rΦ �= 0 �= ∂rχ . V ′ is an r-shifting function.

To show that there exist nontrivial potentials of type (3), we
specialize to a Minkowski background and homogeneous so-
lutions. One can write the diffusion equation of χ[Φ(r, x)] =
χ(r − 2γ r, x) as

(32)u2χ ′′ − (2γ u̇ + βΦ)
χ ′

1 − 2γ
+ βχ = 0,

where u ≡ φ̇ and primes are derivatives with respect to Φ . The
values γ = 0 and γ = 1/2 are excluded because they corre-
spond to case (1) and (2), respectively. If β = 0, this equation
can be written as a closed differential form, dω = 0, where
ω = lnχ ′ − γ (1 − 2γ )−1 lnu2. Therefore

(33)χ ′ = Cu2γ /(1−2γ ),

where C is a constant. So far we have not made use of Eq. (18),
u̇ = −χ . Differentiating Eq. (33) with respect to time, one gets
the final expression

(34)
χ ′′(χ ′)

1
γ

−3

χ
= 2γC

1
γ

−2

2γ − 1
= const.

Several potentials V compatible with χ = V ′ solve this equa-
tion. For instance, V ∼ Φn for n = 2(1−2γ )/(1−3γ ), and one
has n > 2 if 0 < γ < 1/3. This case includes the tachyon of ex-
act bosonic (n = 3) and approximate supersymmetric (n = 4)
cubic string field theory. In fact, the only modification of the
action (15) is an extra mass term −m2Φ(r, x)Φ(r − 2γ r, x)/2,
which changes Eq. (18) into χ(r, x) = (� − m2)Φ(r, x), while
Eqs. (32)–(34) are unaffected.

Another example is V ∼ eλΦ (λ generic, exponential or
trigonometric potentials): then γ = 1/3. Notice that, for the
same value of γ , (infinitely) degenerate potentials such as
trigonometric potentials are compatible with (33), allowing the
possibility to find also topologically nontrivial solutions.

6. Conclusions

The main advantages of the localized formulation are:
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• The calculation of the energy–momentum tensor is much
simpler than in the nonlocal case.

• The diffusion equation is not only included automatically
but is also needed for obtaining the same energy–momentum
tensor. This supports the idea that all exact solutions of the orig-
inal nonlocal model, if they exist, obey a diffusion equation.
However, this evidence is not conclusive as it is not possible
to check whether the exact solution of bosonic cubic SFT [6]
satisfies a diffusion equation.

• The diffusion equation helps in finding solutions of the
system, both exact and approximate. We have given a recipe for
the construction of nontrivial exact solutions, together with a
few examples.

• The Cauchy problem is well-defined, as there are only
four initial conditions to be specified.

• For the same reason, the Hamiltonian and conjugate mo-
menta are easily constructed.

• Quantization of the scalar fields forms a finite algebra.

On the other hand:

• There are models of physical interest which cannot be
localized in the sense specified by Eqs. (14)–(16). The super-
symmetric string tachyon is one case, as mentioned in the in-
troduction. However, one can study the solutions of the exact
system via those of an approximate, localizable model [7].

• The diffusion equation method does not provide any ex-
istence conditions for the solutions, as the parameters γ and β

are unconstrained. In [7,23] we gave some examples of solu-
tions with particular metrics and values of these parameters.
Tachyon solutions of string field theory which obey the dif-
fusion equation are actually approximated, although with high
accuracy [7].

• The gravitational sector is treated as local.

The study of exact solutions for a given metric and potential,
along the lines of Section 5, will be important in the further
understanding of the localized systems.
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