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Abstract: Understanding offensive player profiles in bas-
ketball requires analyzing both the spatial distribution of
shot attempts and the corresponding scoring effectiveness
across court locations. Motivated by this, we propose a semi-
parametric spatial point process model that combines flex-
ible spline-based intensity estimation with player-specific
mixed effects to characterize shooting intensity as a func-
tion of distance and angle from the basket. The model bal-
ances flexibility and interpretability while accommodating
the hierarchical structure of player-level data through ran-
dom effects. We apply this framework to shooting data from
the NBA 2024/2025 season, focusing on High-Volume Shoot-
ers who exhibit diverse spatial patterns. The model cap-
tures both population-level shooting tendencies and indi-
vidual deviations, revealing substantial heterogeneity in
offensive behavior across players. Extending the frame-
work to marked point processes allows us to construct
spatial scoring probability maps that quantify efficiency
beyond shot frequency. Collectively, the proposed method-
ology offers a unified statistical approach for modeling
spatial shooting behavior and provides actionable insights
for player evaluation, tactical decision-making, and roster
construction.
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1 Introduction

In recent years, the statistical analysis of sports data has
attracted increasing interest from both researchers and
practitioners, with a wide range of diverse objectives. Sta-
tistical methods can be applied to assess individual and
team performance, identify strengths and weaknesses, sup-
port strategic and tactical decisions, optimize training pro-
cesses, and manage player scouting. In addition, predic-
tive models are increasingly used to forecast match out-
comes, estimate player contributions, evaluate injury risks,
and inform betting and market-related decisions. For some
recent overviews of the broad landscape of sports statis-
tics, see, for example, Dominicy and Ley (2023), Davis et al.
(2024), Mansurali and Mahmoud (2024). Among the various
research directions in sports analytics, particular attention
has been devoted to the quantitative evaluation of the most
decisive technical actions, such as goal scoring in soccer,
serving performance in tennis, shot conversion in handball,
and penalty shooting in ice hockey.

In basketball, the act of shooting is arguably the most
crucial and fundamental action a player performs. The suc-
cess of a team is ultimately measured by its ability to convert
shooting opportunities into points, so a player’s shooting
performance is a key indicator of their value on the court. To
gain a deeper understanding of a player’s offensive profile,
it is essential to look beyond simple shooting percentages.
A comprehensive analysis must consider several critical
aspects related to shooting, namely the spatial intensity of
attempts and the scoring probability of shots from different
locations on the court. The probability of scoring on each
shot attempt is a fundamental concept, commonly quanti-
fied using the effective field goal percentage (EFG %), since
the establishment of a formal analytical framework for bas-
ketball by Kubatko et al. (2007). Analyzing the probability
of scoring from a spatial perspective, Le., considering the
specific location on the court where a shot is taken, provides
a much richer and more granular evaluation, as pointed
out in the spatial analysis of professional basketball by
Miller et al. (2014).
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However, a deep analysis of the scoring probability
can only be performed after having accurately addressed
the issue of the shooting intensity. In fact, in a spatial
context, simply measuring the probability that a shot is
going in can be misleading if the underlying distribution
of shots is not taken into account. A player might appear
to be highly efficient from a specific spot, but this could
be of limited interest (and even scarcely reliable from
a statistical point of view) if few shots have been taken
from that location. By first mapping the shooting inten-
sity, we establish a foundational “footprint” that reveals
where the player tends to operate on the court. This gives
us a more realistic and complete picture of their offen-
sive behavior. Without this crucial step, an analysis of
the scoring probability might give undue weight to sta-
tistically insignificant areas, leading to biased conclusions
about true efficiency. Therefore, assessing intensity first
provides the necessary context to accurately and reliably
interpret scoring probability maps. Subsequently, the shoot-
ing intensity maps can be combined to obtain an estimate
of the EFG %.

This two-step approach finds its natural methodological
framework in spatial point process analysis (Baddeley et al.
2015; Diggle 2013). Specifically, shot attempts are treated as a
spatial point pattern. The intensity function of this process
describes the rate or density of points (shots) at any given
location on the court. The outcome of each shot (made or
missed) is considered a mark on that point. According to this
framework, the analysis of marks (scoring probability) is
often conditional on the underlying point pattern (shooting
intensity).

In this context, Jiao et al. (2021) propose a Bayesian
joint model for the mark and intensity analysis of marked
point processes, where the intensity is incorporated in the
mark model as a covariate. Yin et al. (2022) and Yin et al.
(2023) employ Bayesian nonparametric learning for point
processes, with a flexible modeling of the underlying spa-
tial intensity of shot attempts built upon a combination of
Dirichlet process and Markov random field, which allows
a local spatial homogeneity when estimating a globally
heterogeneous intensity surface. Narayanan et al. (2023)
develop a new family of marked point processes, which,
although applied to football data, can be of interest also
in basketball, as they have been proven to be capable
of quantifying characteristics of game dynamics, predict
event occurrences, and extract event-specific team abilities.
Furthermore, Wang and Zheng (2022a) resort to Bayesian
hierarchical models to examine positional differences in
shooting accuracy, acknowledging that players in different
roles might exhibit varying spatial shooting profiles, and
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Cao et al. (2025) develop a Bayesian log-Gaussian Cox pro-
cess model to jointly analyze the spatial distribution of shot
locations and outcomes across multiple games, where the
log-intensity function is modeled hierarchically with Gaus-
sian processes, incorporating spatially varying effects of
game-specific covariates.

Other approaches in the context of spatial performance
measurement include hierarchical spatial models for shot
chart data, which allow for spatially varying effects of
covariates (Reich et al. 2006), a model-based approach of
Scrucca and Karlis (2025), who propose a statistical frame-
work for shot charts that explicitly considers the physi-
cal boundaries of the basketball court by means of Gaus-
sian mixtures for bounded data, and Shortridge et al. (2014),
who propose methods to characterize and visualize relative
spatial shooting effectiveness in basketball by developing
metrics to assess spatial variability in shooting. Methods
that directly address scoring probability without explic-
itly considering intensity include some proposals based on
machine learning techniques such as CART, random forests,
and extremely randomized trees, which have been applied
for spatial performance analysis by Zuccolotto et al. (2023),
building upon previous work on spatial performance indi-
cators and graphs (Zuccolotto et al. 2021). In these works,
machine learning methods have proved able to effectively
capture non-linear relationships between shot location and
scoring probability. More recently, Carlesso et al. (2024)
explored the use of Indicator Kriging to generate scoring
probability maps, providing an alternative that can account
for spatial correlation. A more structured approach has
been proposed by Sandholtz et al. (2020), where allocation
efficiency is considered in a spatial context at a lineup level,
with players’ shooting performance estimated at every loca-
tion in the offensive half court using a Bayesian hierarchical
model.

In this paper, we make use of a spatial point process
modeling framework to estimate the intensity of basketball
shot attempts and, subsequently, to derive scoring proba-
bilities through the analysis of marked point processes. In
particular, we introduce a semiparametric specification for
shooting intensity that coherently integrates spline-based
smoothing and random effects, thereby striking a balance
between model flexibility and interpretability. The use of
splines provides a highly flexible yet computationally effi-
cient way to model nonlinear relationships between the
response and two covariates, namely distance from the bas-
ket and angle of the shot. By representing these relation-
ships with smooth piecewise polynomials, splines capture
complex spatial variations without enforcing a rigid func-
tional form.
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Moreover, we employ random effects to enhance the
model through partial pooling of information between play-
ers, taking advantage of the inherent hierarchy in shots
attempted by the same player. This hierarchical structure
stabilizes individual parameter estimates, especially when
data for certain players are sparse, while still preserv-
ing unit-specific variability. Random effects also account
for unobserved heterogeneity and correlation within play-
ers, leading to more interpretable inference and improved
generalizability. By combining splines and random effects
within a spatial point process framework, we establish a
methodology capable of capturing complex spatial patterns
and reliably characterizing player-specific shooting behav-
iors across varying levels of data granularity. Only a limited
number of studies have applied spatial point process models
that incorporate mixed effects, particularly within a fre-
quentist framework. This makes our approach methodolog-
ically innovative, as it extends a modeling strategy that has
received relatively little attention in the existing literature.
The few existing contributions, such as Bell and Grunwald
(2004) and Illian and Hendrichsen (2010), represent early
attempts in this direction, but comprehensive developments
remain scarce and, to the best of our knowledge, no appli-
cation has been made in the context of basketball.

The remainder of the article is structured as follows.
In Section 2, we briefly describe the statistical approach
to our problem, outlining how splines are combined with
the mixed-effects component in the proposed spatial point
process framework. Section 3 presents and discusses in
detail the results of the case study based on data from the
2024-2025 NBA season, describing the impact of angle and
distance on shooting intensity, and the patterns that charac-
terize different players. The section continues validating the
proposed approach analysing the model’s residuals. Finally,
we discuss strategic implications based on shooting inten-
sity and scoring probability maps derived from the fitted
model. Section 4 concludes the paper and outlines direc-
tions for future research.

2 Methodology

In the following, we will assume that the basketball shots
taken by the j-th player,withj € {1, ..., J} and J identifying
the total number of players in a complete season, consti-
tute a finite realization of a spatial point process X within
a bounded window W C R? (Diggle 2013). We denote the
collection of shots for the player j as {sy;, ... Sy, j1, with
s;j = O, Yy, i=1,...,n; representing the Cartesian coor-
dinates of the shot and n; the total number of shots taken
by the j-th player within the basketball court. Assume that
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there exists a function, say A(s), s € W, satisfying the fol-
lowing condition:

E[N(A)] = //l(s) ds, ACW,
A

where N(A) denotes the number of shots falling in the set A.
This function is usually termed the intensity function of the
process and, broadly speaking, describes the rate at which
events occur in the given region. Following a classical and
pragmatic hypothesis in the literature of spatial point pro-
cesses, we assume that X is an inhomogeneous Poisson point
process on W. The log-likelihood function for this model is
(up to a constant) equal to:

=

J

-3

J
j=1

log A(s;j) — /A(s) ds. (€))]
w

i=1

We specify a semiparametric log-linear mixed-effects model
for A(s), s = (x, y) € W as a function of covariates related to
the characteristics of the shot with respect to the basketball
court. Specifically, the functional formulation considered in
this paper is as follows:

log A(s) = By + p1(x) + p,(y) + ps(distance(s))
+ fy(angle(s)) + by; + by ;(distance(s))
+ by;(angle(s)). )

In Equation (2), B, represents the intercept, while the
terms f.(-), c = 1,2, 3,4, denote spline transformations that
may capture potential non-linear relationships between the
covariates and the shooting intensity (Friedman et al. 2009;
Wood 2017). The terms distance(s) and angle(s), respectively,
denote the Euclidean distance from the locations s to the
basket and the shooting angle, measured in radians from
0 to z. Natural cubic splines are used to smooth the first
three covariates, while a cyclic cubic spline is applied to
the angular component to capture its periodic structure
and enforce boundary continuity. These semiparametric
transformations improve the flexibility of the regression
model by capturing smooth spatial variations and incor-
porating the geometric properties of the basketball court.
Lastly, the remaining three terms in Equation (2) represent
the random-effects components specific to each player j
in the log-linear intensity model. In detail, by; denotes the
random intercept, while bs;(-) and b,;() represent the ran-
dom slopes at the player-level associated with distance and
angle, respectively. In line with the fixed component speci-
fication, the distance covariate is modeled through natural
cubic splines, allowing flexible non-linear estimation while
preserving smoothness at the boundaries. Similarly, the
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angular random covariate is modeled using cyclic cubic
splines, which appropriately capture the inherently peri-
odic nature of shooting angles on the basketball court.
Inclusion of random terms allows the model to account
for player-specific heterogeneity beyond population-level
effects. That is, each player is assigned individual coef-
ficients that describe how their shooting intensity varies
with respect to the common fixed structure that reflects the
shared shooting tendencies. Specifically, we include random
effects for distance and angle as these features characterize
a player’s shooting style, which varies markedly across play-
ers (see Sections 3.1 and 3.2). For a comprehensive discus-
sion and detailed presentation of the mixed-effects method-
ology, interested readers are referred to, e.g., Pinheiro and
Bates (2006) and Demidenko (2013).

Following the approach described in Bell and Grunwald
(2004), the parameters in Equation (2) are estimated using
a two-step procedure. First, the likelihood of the model
in Equation (1) is approximated by employing a technique
known as Berman-Turner Device (Berman and Turner 1992)
via a discretization of the window W that uses approx-
imately 1,600 dummy points for each player. Then, con-
sidering that our model contains both fixed and random
effects, we adopt the strategy proposed by Wolfinger and
O’connell (1993) to iteratively estimate the two sets of spline
parameters until convergence. The computations were per-
formed using the R software (R Core Team 2024) and, in
particular, the R package spatstat (Baddeley et al. 2015).
It took approximately 1h to perform the aforementioned
procedure on the dataset described in Section 3.

As a last worthy note, although our primary focus here
is on unmarked point processes for estimating the shoot-
ing intensity surface, the same framework can naturally be
extended to marked processes, for example to investigate
relative risks associated with shot outcomes. More formally,
let A,(s) and A,(s) denote the intensity function of missed
and successful shots, respectively. The spatial EFG %, usu-
ally named (normalized) relative risk function in the point
process literature, can be defined as

)«1(3)

7/10(3)_'_ )’ seWw. 3)

p(s) =
This function represents the probability that a shot made at
the location s is successfully converted. Clearly, p(s) € [0, 1].
Values of p(s) near 0.5 indicate that shots made and missed
are equally likely; values approaching 1 indicate that almost
all shots taken at s go in; and values near 0 imply that
almost every shot is missed. A plug-in estimator of p(s) can
be obtained by replacing 4,(s) and A,(s) with their para-
metric estimates derived using the procedure described in
the previous paragraph. Scoring probability maps derived
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from the relative risk definition, together with ad hoc visual
representations of player-specific distance and angle shoot-
ing patterns, provide substantial analytical value in char-
acterizing individual shooting styles across the basketball
league. A comprehensive analysis is presented in the follow-
ing section.

3 Case study

Building on the theoretical framework introduced above,
we now turn to its practical application by analyzing real-
world basketball data. Our empirical study is based on
a comprehensive dataset from the NBA 2024/2025 season,
which includes 219,527 shot events.! Each record in the
dataset corresponds to a shot attempt and contains all
the information required to estimate the spatial model
detailed in the previous section: the two-dimensional coor-
dinates of the attempt on the half-court and other contextual
attributes related to the shots, such as name of the player
who attempted it or the team in which he plays for. The other
two covariates were calculated from the coordinates of the
location s. In addition, the last part of this section incor-
porates the outcomes of the shot (i.e., made or missed) to
construct relative risk maps that characterize the shooting
performances of the players.

As discussed in the previous section, each shot is repre-
sented as a point located in the two-dimensional space of the
basketball court, thereby producing a spatial point pattern.
A crucial element of this framework is the definition of the
observation window W which specifies the region where
points might be observed. Rather than adopting the entire
half-court as W, we construct a tailored observation win-
dow that reflects the areas of the court where shots typically
occur. Specifically, regions corresponding to highly improb-
able attempts are removed from the analysis, such as those
near the half-court line or behind the basket, which is an
area where shots typically occur in desperate or late-clock
situations. These zones contribute little to understanding
the offensive behavior of players and, if included, could
introduce noise and distortions in the statistical analysis.
Restricting W in this way ensures that our analysis remains
focused on meaningful shooting behavior and improves
both the interpretability and robustness of the results.

1 Datawere downloaded in June 2025 and are publicly available at the
following link: https://github.com/shufinskiy/nba_data. We also thank
BigDataBall (www.bigdataball.com), a data provider which leverages
computer-vision technologies to enrich and extend sports datasets with
lots of unique metrics, for supplying play-by-play data used to test the
model on additional datasets.
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Anthony Edwards

Figure 1: Left: The outermost rectangle denotes the half-court, whereas the gray polygon denotes the chosen observation window W. Right: Shotchart
of 1,612 shots - data of Anthony Edwards (Minnesota Timberwolves), season 2024/2025.

Figure 1 illustrates this setup. The left panel shows
the observation window W (the gray polygon) within the
half-court, while the right panel presents a scatterplot of
Anthony Edwards’ shot attempts, a leading player of the
Minnesota Timberwolves. Analogous maps can be created
for each player in the NBA league. It is immediately evident
that shots are not randomly distributed across the court:
some areas exhibit a high density of attempts, while others
remain scarcely used. This non-uniformity underscores the
importance of studying the spatial distribution of shots, as it
provides insight into players’ tendencies, preferred scoring
zones, and strategic decision-making during the game. Fur-
thermore, we can clearly see that the vast majority of shots
are taken within the observation window W, highlighting
the adequacy of our proposal.

As already mentioned, we decided to focus on the analy-
sis of individual players. To ensure that the estimated shoot-
ing patterns reflect stable and representative behaviors, we
only included players who appeared in at least 50 % of the
regular-season (41 games out of 82). This criterion reduces
the dataset from 650 to 291 players, effectively excluding
those whose limited appearances could produce shooting
distributions overly influenced by short-term variability or
small-sample noise. Globally, the 291 considered players
(45 % of the total) represent 182,025 shot attempts (83 % of
the total), indicating that these players are the main contrib-
utors driving the league.

Based on this sample, we initially constructed two non-
parametric shooting intensity maps using nonparametric
kernel-based methods (Silverman 2018). The results are
shown in Figure 2. The first map includes the 30 players
with the highest shot volume (with an average of about 1,200
shots per player in the whole season), henceforth denoted
as High-Volume Shooters, while the second group, termed as
Secondary Shooters, aggregates all remaining players (with
an average of about 560 shots per player). High-Volume
Shooters have been selected as the players with the highest
number of field goal attempts per game. Field goal attempts,
rather than points scored, are used as the selection criterion
because shot intensity maps are intended to model shoot-
ing behavior and spatial shot frequency, independently
of the outcome. Using per-game averages instead of total
attempts allows for comparability across players by control-
ling for differences in playing time and game participation,
and ensures that the selected sample reflects consistently
high offensive involvement rather than cumulative volume
driven by availability. Alternative selection criteria could
have been considered, including total field goal attempts,
minutes played, usage rate, or points per game. Each
of these measures captures different aspects of offensive
contribution, but places emphasis on cumulative volume,
playing time, or scoring efficiency rather than on the spa-
tial distribution and frequency of shot attempts, which is
the primary focus of the present analysis. Overall, the 30
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High-Volume Shooters
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Secondary Shooters

>>

High

Low

Figure 2: Nonparametric estimation of shooting intensity A for High-Volume Shooters (left) and Secondary Shooters (right). Values of A are displayed

on a log-scale.

High-Volume Shooters? belong to 23 teams.® The contrast
between these two maps is striking. High-Volume Shoot-
ers make extensive use of the central court area: inten-
sity decreases gradually with distance from the basket, yet
it remains relatively high even in the mid-range. In con-
trast, Secondary Shooters show a much more polarized
distribution, concentrating their attempts either near the
rim or from the corners and wings beyond the three-point
line.

This distinction highlights the structural organization
of modern NBA offenses around two principal roles. High-
Volume Shooters function as primary creators, generat-
ing scoring opportunities through distinctive shot patterns,
whereas other players typically exploit the spacing and
playmaking facilitated by the former (Wang and Zheng
2022b; Zajac et al. 2023). Given the extent of this spa-
tial divergence, the remainder of the analysis focuses on
High-Volume Shooters (so J = 30). This group captures the
most meaningful spatial patterns and individual varia-
tions in shooting behavior, while its analysis is especially

2 The High-Volume Shooters include: Anthony Davis, Anthony
Edwards, Cade Cunningham, C] McCollum, Damian Lillard, De’Aaron
Fox, DeMar DeRozan, Devin Booker, Donovan Mitchell, Franz Wagner,
Giannis Antetokounmpo, Ja Morant, Jalen Brunson, Jalen Green, Jaylen
Brown, Jayson Tatum, Kevin Durant, Kyrie Irving, LaMelo Ball, LeBron
James, Miles Bridges, Nikola Joki¢, Paolo Banchero, R] Barrett, Shai
Gilgeous-Alexander, Stephen Curry, Trae Young, Tyler Herro, Tyrese
Maxey, Victor Wembanyama.

important for decision-making processes that guide team
composition (see Section 3.4 for further discussion).

Building on the methodological framework outlined
in Section 2, our objective is to model the overall shoot-
ing intensity by accounting for the individual contribu-
tions of the 30 High-Volume Shooters. Specifically, we aim
to determine whether these players exhibit shooting den-
sity patterns that closely resemble the aggregate heatmap,
or whether they display distinct spatial tendencies that
can be grouped into meaningful subcategories. The uni-
fied specification introduced in Equation (2) allows us to
examine how the shooting behavior of each player deviates
from the general trend in the two primary spatial dimen-
sions: the distance and angle of the shot relative to the
basket.

Following the approach adopted by Illian and Hen-
drichsen (2010) and to clarify how the model fitting is imple-
mented in practice, we report below a simplified pseudo-
code summarizing the main step of the estimation proce-
dure, that was run using the spatstat R package.

3 The teams in which the high-volume shooters play are: Atlanta
Hawks (ATL), Boston Celtics (BOS), Charlotte Hornets (CHA), Cleveland
Cavaliers (CLE), Dallas Mavericks (DAL), Denver Nuggets (DEN), Detroit
Pistons (DET), Golden State Warriors (GSW), Houston Rockets (HOU),
Los Angeles Lakers (LAL), Memphis Grizzlies (MEM), Miami Heat (MIA),
Milwaukee Bucks (MIL), Minnesota Timberwolves (MIN), New Orleans
Pelicans (NOP), New York Knicks (NYK), Oklahoma City Thunder (OKC),
Orlando Magic (ORL), Philadelphia 76ers (PHI), Phoenix Suns (PHO),
Sacramento Kings (SAC), San Antonio Spurs (SAS), Toronto Raptors
(TOR).
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mppm (
Y ~ ns(x, df = 7) +
ns(y, df = 7) +

ns(dist.m, df = 3) +
bsp(angle.m, degree = 3,
df = 3, periodic = TRUE),

# fixed effects
data = hy.data,
# hyperframe with all shots
~ ns(dist.m, df = 3) +
bsp(angle.m, degree = 3,
df = 3, periodic = TRUE) |
PLAYER_NAME,
# player-specific deviations
nd = c(40, 40)
# spatial grid resolution

)
Here, mppm() denotes the fitting function. The object

hy.data is a hyperframe containing the full set of
shot locations and associated covariates, which is
required to jointly estimate fixed and random effects.
The spatial coordinates (x,y) are included only in the
fixed-effects component. The covariates dist.m (distance
to the basket) and angle.m (shooting angle) are included
both as fixed effects, representing the overall trend, and as
random effects grouped by player, allowing each shooter to
deviate from the population-level pattern. The argument
nd controls the spatial discretization used for numerical
integration.

When spline bases are employed, the choice of the
spline degree and the number of degrees of freedom is
guided by two main considerations. The spline degree is
selected based on domain knowledge. For example, shoot-
ing intensity as a function of distance from the basket is
expected to be high close to the rim, decrease with dis-
tance, and increase again around the three-point area, a
pattern that can be reasonably approximated by a cubic
functional form. The number of degrees of freedom is
instead chosen with computational complexity in mind.
Given the high dimensionality of the mixed-effects Pois-
son point process model, limiting the flexibility of the
spline bases helps ensure numerical stability and feasible
computation.

In the following subsections, we explore the two esti-
mated random components separately. First, we investi-
gate the random effect on distance by fixing the shooting
angle, assessing how the shooting intensity of each player
varies with proximity to the basket. Second, we analyze the
random effect on angle by fixing the shooting distance to
identify potential asymmetries or directional preferences
in individual shooting patterns. Section 3.3 discusses the
problem of model validation and reports a series of anal-
yses that were run to test the adequacy of our proposal

random =
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focusing on a few relevant examples. Finally, in Section 3.4
we present two examples of player-specific shooting inten-
sity and scoring probability maps. These maps high-
light individual spatial tendencies as deviations from the
population-level trend and spatial scoring effectiveness,
demonstrating the practical applicability of the model to
generate actionable insights.

3.1 Player-specific effects along the distance
dimension

To gain a deeper understanding of how players differ in
their shooting behavior with respect to proximity to the
basket, we first focus on the random effect associated with
the shooting distance. By examining this component, while
maintaining the shooting angle fixed as perpendicular to
the baseline, we can explore how the intensity-distance
relationship varies between players. This highlights indi-
vidual shooting preferences and allows us to distinguish
between players who rely heavily on close-range or long-
range attempts and those who make more balanced use of
intermediate areas. To this aim, we generate player-level
prediction curves. Specifically, we select a grid of values
that span the full range of observed shooting distances from
the basket at an angle of 7 /2 and predicted the shooting
intensity for each player at each point on the grid. This
procedure yields, as shown in Figure 3, intensity-distance
profiles for the 30 High-Volume Shooters.

The first key finding is that the dependence of the shoot-
ing intensity on the distance does not exhibit the same pat-
tern between players. Instead, the 30 profiles reveal hetero-
geneous tendencies that reflect distinct offensive identities.
To identify groups of players described by similar curves,
we perform a cluster analysis of the 30 trajectories using a
partitional clustering procedure equivalent to a functional
k-means algorithm. In this framework, each trajectory is
represented as a vector of log-intensities, computed at the
same distances from the basket. The similarity between
two trajectories is quantified using the Euclidean distance
between the corresponding vectors. This distance captures
pointwise differences in amplitude between trajectories and
assumes that all trajectories are aligned with respect to the
distance from the basket and of equal length. To determine
the optimal number of clusters, the clustering procedure
is repeated for values of k ranging from 2 to 10. For each
solution, three internal validation indices are computed,
namely the Silhouette index (Rousseeuw 1987), the Dunn
index (Dunn 1974) and the Modified Davies—Bouldin index
(Kim and Ramakrishna 2005). These indices provide com-
plementary assessments of clustering quality, taking into
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Figure 3: Relationship between fitted intensity J and distance from the basket for each player of the High-Volume Shooters set. Values of Aare

displayed on a log-scale. The dashed vertical line denotes the 3 points area.

account both intra-cluster compactness and inter-cluster
separation. The results are reported in Table 1.

While more parsimonious solutions are supported by
the Silhouette and Modified Davies—Bouldin indices, which
suggest three clusters as the optimal solution, the six-cluster
solution provided by the Dunn index is selected to improve
interpretability and to capture subtle but meaningful vari-
ations in shooting patterns. Given the intrinsic similarity
of shooting behavior among High-Volume Shooters, these
differences are necessarily nuanced. Visual inspection of the
resulting cluster plots confirms that the three-cluster solu-
tion produces a cluster that contains highly heterogeneous
trajectories, representing players with markedly different

Table 1: Internal validation indices for different values of k when
clustering the intensity-distance curves. For each index, optimal values
are reported in italic.

k Silhouette Modified Davies-Bouldin Dunn
2 0.3252 11114 0.1422
3 0.3417 0.9479 0.1762
4 0.2941 1.1290 0.1360
5 0.1862 1.1558 0.2691
6 0.2437 1.0910 0.3107
7 0.2882 1.2296 0.2639
8 0.2502 1.4109 0.2133
9 0.3027 1.3822 0.2214
10 0.2901 1.4920 0.2214
1 0.2745 1.4819 0.2214
12 0.2512 1.4898 0.2214

shooting patterns, while the six-cluster solution provides
a more coherent grouping, with clusters corresponding to
players exhibiting more comparable trajectory profiles and
shooting styles (Figure 4). This observation is also confirmed
by the resulting cluster-level intensity maps (Figure 5) which
show distinct spatial structures across clusters and provide
empirical support for the chosen level of granularity.

Cluster 1, composed of Miles Bridges (CHA) and R] Bar-
rett (TOR), includes players who concentrate a very high
share of their attempts close to the rim, with shooting inten-
sity that drops abruptly as distance increases. Only at three-
point range their intensity rises again, producing a distinctly
two-zone shot profile focused on athletic finishes at the
basket and perimeter attempts, with virtually no usage of
the mid-range area.

Cluster 2 groups DeMar DeRozan (SAC) and Kevin
Durant (PHO), two of the few NBA players who continue
to rely heavily and effectively on the mid-range area. Their
trajectories highlight a deliberate preference for this zone,
making them different in an era where mid-range shots
have become increasingly rare.

Cluster 3, which includes Anthony Davis (LAL-DAL)
and Giannis Antetokounmpo (MIL), represents physically
dominant players whose offensive game naturally develops
around the basket. Their shooting intensity peaks in the
immediate vicinity of the rim, followed by a sharp decline
with increasing distance, and no notable rise from three-
point range. This pattern stems from their exceptional size,
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Figure 4: Relationship between 4 and distance from the basket for each player of the High-Volume Shooters set. Players are grouped in 6 categories

following the indications of the Dunn index (see Table 1).

strength, and finishing ability, which make close-range scor-
ing their primary and most efficient offensive option.
Cluster 4, the largest group with 12 players,* presents
a more balanced version of the modern shots distribution
seen with cluster 1. Their curves still show a clear empha-
sis on rim attempts and a prominent peak at the three-
point line, but the decline in intensity between these two

4 Players belonging to cluster 4: Anthony Edwards (MIN), CJ McCol-
lum (NOP), Damian Lillard (MIL), Donovan Mitchell (CLE), Jalen Green
(HOU), Jayson Tatum (BOS), Kyrie Irving (MIL), LaMelo Ball (CHA),
Stephen Curry (GSW), Tyler Herro (MIA), Tyrese Maxey (PHI), Victor
Wembanyama (SAS).

areas is less abrupt than cluster 1, revealing a moderate
amount of mid-range activity. This group includes players
such as Anthony Edwards (MIN) and Tyrese Maxey (PHI),
whose versatility allows them to combine efficient three-
point shooting with strong finishing ability at the rim and
occasional use of the mid-range area.

Cluster 5, consisting of Devin Booker (PHO) and Trae
Young (ATL), features players with a more balanced distri-
bution. They attempt fewer shots at the rim but frequently
rely on pull-up jumpers and mid-range actions (roughly
8-15 feet from the basket). Compared with DeRozan and
Durant, they exhibit greater three-point and rim volume,
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Figure 5: Cluster-level intensity A maps. Values of A are displayed on a log-scale.

placing them in an intermediate position between tradi-
tional mid-range scorers and the modern perimeter or rim
oriented style.

Finally, Cluster 6, which includes 10 players,’ displays
a trajectory similar to Cluster 4 but with a slightly lower
three-point peak and a noticeable bump in intensity around
8-10 feet. This feature corresponds to players skilled at
creating and converting tough shots such as fadeaways,
turnarounds, or contested pull-ups. Among them are Jalen
Brunson (NYN), Nikola Joki¢ (DEN), LeBron James (LAL), and
the 2024/25 regular-season MVP Shai Gilgeous-Alexander
(OKO).

All the aforementioned patterns, observed in the trajec-
tories partitioned into the six clusters shown in Figure 4, are
clearly reflected in the intensity maps presented in Figure 5.

Overall, this clustering reveals how diverse offensive
profiles coexist even among High-Volume Shooters, from
interior-dominant scorers to perimeter specialists and ver-
satile mid-range creators, illustrating the rich spectrum of
spatial shooting behaviors captured by the model. From a

5 Players belonging to cluster 6: Cade Cunningham (DET), De’Aaron
Fox (SAC-SAS), Franz Wagner (ORL), Ja Morant (MEM), Jalen Brunson
(NYK), Jaylen Brown (BOS), LeBron James (LAL), Nikola Jokic (DEN),
Paolo Banchero (ORL), Shai Gilgeous-Alexander (OKC).

practical perspective, this analysis offers valuable insight
for player evaluation and team construction, allowing
coaches and analysts to understand not only individual
shooting profiles but also how players spatially complement
each other on the court. For instance, our analysis shows
that the Orlando Magic have two High-Volume Shooters
assigned to Cluster 6 (Franz Wagner and Paolo Banchero).
Although this may suggest potential predictability in their
offensive patterns, it also highlights how their strengths can
be mutually reinforced. Such insights derived from mixed-
effects spatial modeling provide actionable information for
coaching decisions, roster design, and strategic planning.
Albeit to a lesser extent, additional game-related implica-
tions can be drawn by examining the player-specific effects
also along the angle dimension, as discussed in the following
subsection.

3.2 Player-specific effects along the angle
dimension

We now turn to the random effects associated with the
shooting angle. While the previous section examined how
the shooting intensity varies with distance from the bas-
ket, this analysis focuses on its variation between different
angular positions on the court. In doing so, our aim is to
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Figure 6: Relationship between intensity 4 and the angle with respect to the basket for each player of the High-Volume Shooters set. Values of A are

displayed on a log-scale.

understand how players distribute their shooting attempts
across the court, whether they maintain a balanced pattern
between the two sides or display a clear preference for one.
Such asymmetries often reveal key aspects of the offen-
sive profile, including dominant-hand tendencies, preferred
driving directions, and typical movement patterns.

To isolate the effect of the shooting angle, we visu-
alize as in the previous section player-level prediction
curves, derived from the model introduced in Section 2.
The results are displayed in Figure 6. For each angular
value, the estimated shooting intensity is reported for all
players in the High-Volume Shooters group, fixing the dis-
tance at 18 feet from the basket. The overall pattern reveals
two pronounced peaks at angles of approximately 0.8 and
2.4 radians. These peaks correspond to shots taken from
positions that enable optimal use of the backboard in close-
range finishes, a common feature of attempts near the rim.

This analysis becomes particularly insightful when
examining individual players, as deviations from this gen-
eral pattern may indicate asymmetrical or distinctive shoot-
ing behaviors. Given that variations in shooting angle have
a more limited impact on overall intensity compared to
distance, focusing on selected player profiles offers a clearer
and more meaningful way of interpreting these directional
effects.

Taking Shai Gilgeous-Alexander (OKC) and Giannis
Antetokounmpo (MIL) as illustrative examples, we com-
plement their intensity-angle profiles with corresponding
shooting charts to further interpret the player-specific

random effects on the shooting angle. By jointly examining
the predicted intensity-angle relationship of each player
and their actual shot distribution on the court, we can
directly visualize how the model captures their character-
istic offensive behaviors.

The first case concerns Shai Gilgeous-Alexander, the
2024/2025 NBA regular-season MVP. His intensity angle pro-
file (Figure 7, left) reveals a clear asymmetry, with the
intensity of the shots concentrated on the left side of the
court. This model-derived evidence, combined with inspec-
tion of his shot chart (Figure 7, right), allows us to charac-
terize Shai Gilgeous-Alexander’s offensive behavior more
precisely than either sources alone. Gilgeous-Alexander fre-
quently operates in isolation or pick-and-roll actions, where
defenses are structured to try to deny him drives toward
his dominant right hand. As a result, many of his scoring
opportunities arise on the left side, where he effectively cre-
ates separation for step-back or turnaround jumpers. This
behavior is typical among right-handed scorers, who often
find a more natural body alignment and shooting rhythm
when taking jump shots while dribbling with the left hand.

In contrast, Giannis Antetokounmpo exhibits
a markedly different profile (Figure 8, left). His
intensity-angle curve reveals a concentration of shooting
intensity around the central and slightly left portions
of the court. This information, together with his shot
chart (Figure 8, right), offers a detailed picture of his
offensive behavior that closely aligns with his real on-court
tendencies. The scoring production of Antetokounmpo is
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Figure 7: Left: Relationship between intensity A and the angle with respect to the basket. Profile of Shai Gilgeous-Alexander (OKC) displayed in red
versus all the other High-Volume Shooters in gray. Values of Aare displayed on a log-scale. Right: Shotchart of 1,656 shots.
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Figure 8: Left: Relationship between intensity 4 and the angle with respect to the basket. Profile of Giannis Antetokoumpo (MIL) displayed in red
versus all the other High-Volume Shooters in gray. Values of Aare displayed on a log-scale. Right: Shotchart of 1,319 shots.

heavily concentrated near the rim, where he dominates
through direct drives and powerful finishes. His attacks
are typically front-facing, leading to dunks or layups from
the center of the paint rather than angled finishes off
the backboard. The slight prevalence of left-side attempts
corresponds to his frequent low-post isolations on that side,
a common preference among right-handed players. Indeed,
from that position they can face the middle of the floor
with their strong hand and execute more natural fadeaway
shots. These aspects explain the shape of his intensity-angle
profile and confirm how the model effectively captures his
distinctive, physically driven offensive style.

3.3 Model validation and analysis
of residuals

After exploring the player-specific effects along the dis-
tance and angle dimensions derived from the proposed
random-effects point process framework, we now focus on
the problem of model validation and residuals’ analysis. In
fact, model validation represents a fundamental step for
developing a proper data analysis pipeline as it ensures
reliability and accuracy of the model’s prediction, detects
misspecifications, and strengthens the robustness of our
analytical findings.
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Following the approach and the ideas introduced in
Baddeley et al. (2005), we define the Pearson residual mea-
sure for the j-th NBA player as:

R(B) = Zi(sij)‘l/z—/ilfz(s) ds, j=1...J] @

s5;;€B B
where B denotes any possible region of W, A(-) is the fitted
intensity, and the notation s; € B implies that summation
is restricted only to the shots taken by the j-th player from
region B C W. Intuitively, the first term in Equation (4)
computes the (weighted) observed intensity in B, while the
second term represents the (weighted) fitted intensity under
the estimated model. Ideally, these two quantities should be
close if the model fits the observed data adequately, pro-
ducing a residual measure of approximately zero for every
B € W. More precisely, in Baddeley et al. (2005) it is shown
that the weighting schema included in Equation (4) implies
that the residual measure RZ(B) has mean 0 and variance
equal to the area of B if the model is correctly specified.
For a more complete and thorough introduction to residual
analysis for spatial point patterns we refer to Baddeley et al.
(2005) and Baddeley et al. (2015).

As an illustrative example, a smoothed version of the
residual measure is reported in Figure 9, focusing on three
representative players: LeBron James, Stephen Curry, and
Jalen Brunson. As we can see, the residuals for LeBron
James and Stephen Curry are concentrated around zero
with no evident spatial patterns, highlighting that the pro-
posed model adequately fits their shooting intensity. Such
behavior is highly consistent among the majority of NBA
players in our dataset, supporting the model’s reliability
and broader applicability. However, a handful of players,
such as Jalen Brunson, exhibit slightly higher residuals and
reveal local areas where the model overestimates or under-
estimates the true intensity. A plausible explanation for the
spatial pattern observed for Jalen Brunson may be related
to his left-handed shooting style. Left-handed players often
display asymmetric shot selection, for instance taking a
larger share of long-range shots from the right side of the

LeBron James

Stephen Curry

I .1
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court and attempting more shots close to the basket on the
left side. This behavior is consistent with the residual field
shown in Figure 9, where the model tends to underestimate
shooting intensity far from the basket on the right side of
the court and close to the basket on the left. These localized
discrepancies suggest that factors such as whether a player
shoots primarily with the left or right hand may influence
individual shooting patterns and may warrant further
exploration in future work.

All in all, the statistical approach considered and vali-
dated here not only provides a coherent and realistic tool
for modeling real-world dynamics, but can also be readily
employed by managers and team builders to effectively
construct a winning team. A qualitative discussion of these
aspects is presented in the following section.

3.4 Comparative analysis and strategic
implications

Having examined the random components associated with
distance and shooting angle and assessed the model fit, we
now apply the full methodological framework to construct
player-specific intensity maps. We illustrate the procedure
with two representative examples: Kevin Durant (PHO) and
Miles Bridges (CHA). For each player, the intensity surface
is obtained by generating a fine grid of points within the
observation window. At each grid location, the correspond-
ing covariates, namely distance and shooting angle, are
computed, and the estimated model is used to predict the
expected shooting intensity based on both the spatial coordi-
nates and the player-specific random effects. This procedure
produces a smooth, player-level surface that displays how
the fitted model translates into spatial shooting behavior.
The resulting maps, shown in Figure 10, clearly reflect
the distinctive spatial tendencies of each player’s offensive
behavior. Kevin Durant, as discussed in Section 3.1, belongs
to Cluster 2, characterized by sustained midrange usage. His
intensity surface confirms this tendency, showing a broad
area of elevated values across the midrange region. At the

Jalen Brunson

-02 0 02 04

Figure 9: Smoothed Pearson residual field for the three representative players: LeBron James, Stephen Curry, and Jalen Brunson.
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Figure 10: Predicted intensity A(s) for Kevin Durant (left) and Miles Bridges (right).

same time, a very mild increase in intensity appears on
the right side of the court, reflecting a subtle directional
tendency captured by the random effect on shooting angle.
Conversely, Miles Bridges (Cluster 1 with respect to distance)
displays a sharply polarized distribution, with two domi-
nant hotspots corresponding to finishes near the rim and
three-point attempts. Although his overall pattern empha-
sizes these interior and perimeter areas, a slight increase in
intensity can also be observed on the right side of the court,
reflecting the subtle influence of the player-specific random
effect on the shooting angle. Overall, as already anticipated,
these results highlight that distance from the basket is the
dominant covariate in explaining shooting intensity, while
angle provides a secondary, finer-scale characterization of
directional tendencies.

Beyond shooting intensity, the same framework can be
extended to capture spatial variations in scoring efficiency
through the construction of scoring probability maps. As
already mentioned, these maps can be derived from the
relative risk formulation introduced in Equation (3), which
quantifies the probability of successfully converting a shot
from any given location on the court.

To obtain these estimates, two separate mixed-effects
models are estimated: one for made shots only and one for
missed shots only, each sharing the same spatial structure
adopted in the previous analysis. Following this, a fine grid
of points is generated within the observation window. For
every grid location, the corresponding covariates (distance
and angle) are computed, and the two models are used to
predict the expected intensities of shots made and missed.

Finally, the relative risk is calculated as the ratio between
the predicted intensities of the successful shots and the sum
of the intensities of made and missed shots, providing the
estimated probability of making a shot from each position
on the court.

This approach shifts the analytical perspective from
where players shoot to how effectively they score in dif-
ferent areas. To illustrate these ideas, scoring probability
maps are presented in Figure 11 for the same two previ-
ously considered players, namely Miles Bridges (CHA) and
Kevin Durant (PHO). The contrast between the two players
clearly emerges. Durant displays higher scoring probabili-
ties across most shooting zones, reflecting his superior effi-
ciency and shot-making versatility. Bridges, on the contrary,
shows lower overall values, with effectiveness concentrated
near the rim and selected three-point areas.

Despite these differences, both maps share a broadly
consistent spatial structure, shaped by the design of the
mixed-effects models and the influence of player-specific
random effects on distance and angle. This common foun-
dation ensures model stability while preserving meaningful
inter-player variability.

The inclusion of a relative risk estimate completes the
case study, extending the analytical framework from the
shot frequency to the shot efficiency. In conclusion, the
proposed methodology provides a comprehensive and fine-
grained assessment of shooting performance, delivering
both descriptive and comparative insights into the offen-
sive characteristics of the considered High-Volume Shooters
players.
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Figure 11: Relative risk maps j(s) for Kevin Durant (left) and Miles Bridges (right).

4 Conclusions and future works

The paper has been devoted to the practical and method-
ological value of applying semiparametric mixed-effects
spatial models to basketball shooting analysis. Incorporat-
ing players as random effects to model individual devia-
tions, while capturing nonlinear shooting trends with flex-
ible splines, has enabled direct and interpretable compar-
isons among athletes within a unified statistical framework.
This comparative perspective is crucial in sports analytics,
where variations in spatial behavior provide actionable
insights for applications ranging from game planning to
scouting.

By incorporating two Kkey spatial covariates, namely
distance from the basket and shooting angle, the proposed
model has captured fundamental aspects of shot creation
and selection. Inspecting player-specific trajectories along
these covariates has proved particularly informative, as it
summarizes each athlete’s shooting style in a concise and
comparable manner, enabling the identification of charac-
teristic patterns across the league.

At the same time, the model formulation allows the con-
struction of player-specific shooting intensity maps, which
provide a visually intuitive depiction of shooting tendencies
across the court. Although these maps are less suitable for
direct quantitative comparison than trajectory-based pro-
files, they complement the statistical analysis by illustrating
how such tendencies manifest over the entire court sur-
face. The analysis continues demonstrating the validity of
model’s prediction via the Pearson residual measure and
concludes with the introduction of relative risk maps, which
shift the focus from shot frequency to shot efficiency. These
maps model the spatial probability of converting a field

goal, capturing how shooting success varies across the court.
This perspective allows for evaluating players not only by
where they shoot, but also by how effectively they score
from different locations. Overall, the combination of shoot-
ing intensity modeling and relative risk estimation demon-
strates how the spatial point pattern framework offers a
comprehensive and versatile approach for the analysis of
basketball shooting performance. It allows researchers and
practitioners to progress from describing spatial tendencies
to assessing their effectiveness, providing a complete spatial
perspective on offensive behavior in the modern game.
The present study opens several avenues for future
research. One line of work involves developing tech-
niques to quantify the uncertainty associated with inten-
sity, distance curves and their clustering, and relative risk
maps. Methodologically, the statistical framework intro-
duced herein could be extended in multiple directions. A
particularly promising development is a spatio-temporal
alternative of the model, which would capture temporal
variations in players’ shooting intensities throughout an
NBA season. Such dynamics are likely influenced by factors
such as physical condition, game scheduling, and injuries.
Another line of investigation concerns improving the com-
putational efficiency of the proposed methodology, scal-
ing it to the complete set of NBA players (approximately
300 grouping levels). Alternative strategies for construct-
ing spatial features may also be worth exploring. Data-
driven approaches such as Nonnegative Matrix Factor-
ization (NMF) have proven effective in basketball analyt-
ics for identifying archetypal shooting patterns or “shot
types” from estimated intensity surfaces (Franks et al. 2015;
Jiao et al. 2021; Miller et al. 2014). These methods could
provide a complementary perspective to the distance-angle
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parametrization adopted in this work. At the same time,
NMF-based approaches entail their own methodological
considerations: they require an initial intensity estimation
step and involve design choices regarding the construction
of the input matrix, both of which may influence the result-
ing components. A systematic comparison between spline-
based approaches and data-driven decompositions would
therefore be a valuable research direction, as it could help
clarify the trade-offs between interpretability and predic-
tive performance in the analysis of players shooting behav-
ior. Finally, relaxing the Poisson process assumption would
allow the model to better capture spatially clustered shoot-
ing behavior, for example, by employing Log Gaussian Cox
processes (Cao et al. 2025; Mgller et al. 1998), which could fur-
ther improve the model’s fit and address the sporadic cases
with elevated residuals. However, estimating such mod-
els within a random-effects framework remains computa-
tionally demanding. Several of these extensions are cur-
rently under investigation and will be addressed in future
work.
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