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1 Introduction

There is cumulative evidence that theories with exponential non-local operators of the form

e~ (@A) (1.1)

have interesting renormalization properties. After early studies of quantum scalar field
theories [1-4] and gauge and gravitational theories [5—11], in recent years there has been
a surge of interest in non-local classical and quantum gravity [12-34]. A non-local theory
of gravity aims to fulfill a synthesis of minimal requirements: (i) spacetime is a continuum
where Lorentz invariance is preserved at all scales; (ii) classical local (super-)gravity should
be a good approximation at low energy; (iii) the quantum theory must be perturbatively
super-renormalizable or finite; (iv) the quantum theory must be unitary and ghost free,
without extra pathological degrees of freedom in addition to those present in the classical
theory; (v) typical classical solutions must be singularity-free.
The typical structure of the gravitational action in D topological dimensions is

1

So=353

dPx/=g [R — 2A + Ry, Fo(0) R*™ + RF,(D)R],
where k? = 871G is the gravitational constant and Fo,2 are form factors dependent on
the dimensionless ratio r.0 := [O/M?, where M = 1/ \/T+ is the characteristic energy
scale of the system, [J = V,V# is the Laplace-Beltrami or d’Alembertian operator and
V,Vy:=09,V, — FZVVU is the covariant derivative of a vector V,. Our conventions for the
curvature invariants are

1
FZI/ = igpa (8ugua + &Jgua - aag;w) ) (1.2)
Rp/w,/ = 60Fp -0, F'D + FLVFgT — F;UF,’?T , (1.3)
Ry =R, , R := R, g"" . (1.4)

The particular choice of form factors

e U 1 e U 1
m=S_"- ) P
Fa(0) 5 S 5O
leads to the action [21, 23-25, 28]
S, = %2 dPxv/=g [R —2A + G, 7, (O) R™], (1.5)
where G, is the Einstein tensor (D.6) and
e ™H 1
r(0) i = ———— 1.
. (0) = (1.6)

This model is dictated by the above program (i)—(v) and may be also regarded as a phe-
nomenological non-local limit of M-theory [28]. The role of the non-local operator 1/ is to



compensate the second-order derivatives in curvature invariants. Its definition is presented
in appendix A. To date, the perturbative renormalizability of the theory with (1.6) has
been proven only with the use of the resummed propagator [30], while infinities have not
been tamed yet in the orthodox expansion with the bare propagator. Nevertheless, this
theory encodes all the main features of those non-local quantum gravities that have been
shown to be renormalizable and its dynamics is simpler to deal with.

Even without considering gravity and the quantum limit, there is a general concep-
tual issue usually characterizing non-local physics. Namely, the Cauchy problem can be
ill defined or highly non-standard in non-local theories [35-38]. In fact, while there is
a time-honored tradition on linear differential equations with infinitely many derivatives
that admit a fair mathematical treatment [35, 36], non-linear non-local equations such as
those appearing in non-local field theories are a very different and much trickier business.
For any tensorial field ¢(t,x), it entails an infinite number of initial conditions ¢(t;,x),
&(ti, x), $(ti,x), ..., representing an infinite number of degrees of freedom. As the Taylor
expansion of ¢(t,x) around ¢t = 0 is given by the full set of initial conditions, specifying
the Cauchy problem would be tantamount to knowing the solution itself, if analytic [39].
This makes it very difficult to find analytic solutions to the equations of motion, even on
Minkowski spacetime. Fortunately, the exponential operator (1.1) is under much greater
control than other non-local operators, since (at least for finite n) the diffusion-equation
method is available to find analytic solutions [40-47] which are well defined when pertur-
bative expansions are not [40]. The Cauchy problem can be rendered meaningful, both in
the free theory [36, 37, 48] and in the presence of interactions [42]. Consider a real scalar
field ¢(z) dependent on spacetime coordinates z = (¢,x). According to the diffusion-
equation method, one promotes ¢(t,x) to a field ®(r,¢,x) living in an extended spacetime
with a fictitious extra coordinate r. This field is assumed to obey the diffusion equation
(0= 0,)®(r,t,x) = 0, implemented at the level of the (D + 1)-dimensional action by in-
troducing an auxiliary scalar field x(r,z) (dynamically constrained to be x = O®). Since
the diffusion equation is linear in ® (and x, consequently), the Laplace-Beltrami operator
O commutes with the diffusion operator J, and exponential operators act as translations
on the extra coordinate, e*5®(r,t,x) = 0 ®(r,t,x) = ®(r + s,¢,x). One can then show
that, from the point of view of spacetime coordinates, the (D + 1)-dimensional system is

fully localized and that the only initial conditions to be specified are ®(r,t;,x), ®(r, t;, %),
x(r, i, %), x(r, ti,x) [42]. The infinite number of initial conditions ¢(t;,x), ¢(ti, x), ¢(ti, ),
... have been transferred into two initial conditions, which are actually boundary conditions
in r, for an auxiliary field. When interactions are turned off, x vanishes and one obtains
the single degree of freedom, represented by ¢(t;,x) and ¢(t;,x), of the free local theory.!
The original system is recovered when r acquires a specific, fixed value proportional to the
scale r,. This value depends on the solution and is determined by solving the localized
equations at r = fr,, where [ is a constant. The resulting solutions ¢(x) = ®(Srs, )
are not exact in general but they satisfy the equations of motion to a very good level of

approximation [41, 45, 47].

!This is obvious when integrating by parts the kinetic term, ¢f(0)¢ — h(0)¢0Oh(0)d, and absorbing
non-locality with the field redefinition ¢ = h(O)e.



For non-local gravity, one would like to apply the same method to the metric itself
or to curvature invariants R(g), but this is not possible in a direct way. Calling R(r,z)
the curvature invariants of a putative localized theory, since the diffusion equation (O —
0r)R(r,x) = 0 would be non-linear in the metric g,,, one would have

[((g), 0, ]R(g) # 0, (1.7)

and one would be unable to trade non-local operators for shifts in the extra direction. More-
over, the diffusion method applies for exponential operators, while in the actual quantum-
gravity action (1.5) non-locality is more complicated.

In this paper, we address this problem. First, we will use a field redefinition (already
employed in other non-local gravities, although not for (1.5) [16, 27], and similar to those
used in scalar-tensor theories and modified gravity models) to transfer all non-locality to an
auxiliary field ¢,,,. Next, we impose the diffusion equation on ¢, : the linearity problem
is thus immediately solved and one can proceed to localize the non-local system, count the
initial conditions and identify the degrees of freedom, which are finite in number. From
there, one can begin the study of the dynamical solutions of the classical Einstein equations,
but this goes beyond the scope of the present work. Counting non-local degrees of freedom
is a subject surrounded by a certain halo of mystery and confusion in the literature. To
make it hopefully clearer, we will make a long due comparison of the counting procedure
and of its outcome in the methods proposed to date: the one based on the diffusion equation
and the delocalization approach by Tomboulis [49].

1.1 Plan of the paper

In preparation for the study of non-local gravity, the diffusion-equation method is reviewed
in section 2 for a scalar field. This example is very useful because it contains virtually all the
main ingredients we will need to localize non-local gravity and rewrite it in a user-friendly
way: localized action, auxiliary fields, slicing choice, matching of the non-local and localized
equations of motion, counting of degrees of freedom, solution of the Cauchy problem, and
so on. The non-local scalar is introduced in section 2.1, while the localization procedure
is described in section 2.2. The counting of initial conditions and degrees of freedom is
carried out in section 2.3, where we find that this number is, respectively, 4 and 1 for the
real non-local scalar with non-linear interactions. Section 2.4 reviews another practical use
of the diffusion-equation method, the construction of analytic solutions of the equations of
motion. In section 2.5, we compare the diffusion-equation method with the results obtained
in other approaches, mainly the delocalization method by Tomboulis [49]. A generalization
of the method to non-local operators exp H(O) with polynomial exponents is proposed in
section 2.6, while non-polynomial profiles H (LJ) require some extra input which is discussed
in a companion paper [50].

The non-local gravitational action (1.5) is studied in section 3, where we find the
background-independent covariant Einstein equations for any form factor v(OJ) and recast
the system in terms of an auxiliary field. Contrary to other calculations in the literature [27,
51, 52], we find the equations of motion for an exponential-type form factor (1.6) in terms of



parametric integrals rather than from the series expansion of the non-local operators. This
new form is crucial both to solve the initial-value problem and to find explicit solutions
with the diffusion-equation method.

The localized system corresponding to the non-local gravitational action (1.5) is in-
troduced and discussed in section 4. After defining the localized action in section 4.1, we
obtain the equations of motion in section 4.2, which agree with the non-local ones. The
counting of initial conditions and degrees of freedom is done in section 4.3, where we find
that they amount to, respectively, 4 and D(D — 2). Appendices contain several technical
details and the full derivation of the equations of motion.

Therefore, although in sections 2.2 and 4 we will concentrate on the form factor (1.6)
for which renormalization is likely but still under debate, our results with auxiliary fields
(section 3.2) will be valid for an arbitrary form factor, while in section 2.6 and in [50]
we will generalize the diffusion-equation approach to form factors associated with finite
quantum theories.

1.2 Summary of main equations and claims
To orient the reader, we summarize here the key formulse:

e Scalar field theory.

— Non-local action: (2.1).

— Non-local equation of motion: (2.2).

Localized action: (2.4).

— Localized equations of motion: (2.9), (2.14), (2.15).
— Constraints on localized dynamics: (2.12), (2.16).
— Number of field degrees of freedom: (2.33).

— Number of initial conditions: (2.34).
o Gravity.

— Non-local action: (3.1).

— Non-local equations of motion: (3.4).

— Non-local action with auxiliary field: (3.12).

— Non-local equations of motion with auxiliary field: (3.13).
— Localized action: (4.3).

— Localized equations of motion: (4.11), (4.12), (4.13), (4.14).
— Constraints on localized dynamics: (4.19), (4.20).

— Number of field degrees of freedom: (4.21).

— Number of initial conditions: (4.22).



2 Diffusion-equation method: scalar field

Before considering gravity, it will be useful to illustrate the main philosophy beyond and
advantages of the diffusion-equation method. To this purpose, we review its application to
a classical scalar field theory [42], expanding the discussion therein to cover all important
points that will help us to understand the results for non-local gravitational theories. We
present a simplified version of the scalar system, with no nested integrals, no free parameters
in the diffusion equation, and fewer assumptions than in [42]. The original version of [42]
can be found in appendix B. A comparison between the scalar and gravitational systems

will be done in section 4.2.

2.1 Non-local system: traditional approach and problems

Consider the scalar-field action in D-dimensional Minkowski spacetime (with signature
— +)

S¢ = /dD.T £¢, £¢ = %(JSDE_T*D(;S - Vi(g), (2.1)

where r, is a constant of mass dimension [r,] = —2 and V(¢) is a potential. We chose the
exponential operator as the simplest example where the diffusion method works, but we
will relax this assumption later to include operators of the form exp H([J) not contemplated
in the original treatment in [42]. Applying the variational principle to S4, the equation of
motion is

Oe ™o — V'(¢) = 0, (2.2)

where a prime denotes a derivative with respect to ¢. The action (2.1) and the dynamical
equation (2.2) are a prototype of, respectively, a non-local system and a non-local equation
of motion.

The initial-condition problem associated with (2.2) suffers from the conceptual issues
outlined in the introduction. Rather than repeating the same mantra again, we recast the
Cauchy problem as a problem of representation of the non-local operator exp(—r.d). To
find a solution of (2.2), one must first define the left-hand side. The most obvious way to
represent the exponential is via its series,

+oo
—r )" 1
e-r*mzz(rn‘):1_7«*D+27~3D2+.... (2.3)
n=0 )

To find solutions, one can use different strategies. One of the oldest and most disastrous is
to truncate the non-local operator up to some finite order nyax. In doing so, one introduces
instabilities corresponding to the Ostrogradski modes of a higher-derivative theory which
has little or nothing to do with the starting theory [39, 40]. Exact procedures such as
the root method exist for linear equations of motion [37, 48, 53, 54] but they have the
disadvantage of being applicable only to non-interacting systems. Another possibility is
to choose a profile ¢(z) and apply the operator (2.3), but the series does not converge in
general [40]. This does not necessarily mean that the chosen profile is not a solution of the
equations of motion. Rather, the series representation (2.3) is ill defined for a portion of



Figure 1. Diffusion-equation method describing the dynamics of the scalar field theory (2.1) as
the dynamics of the localized system (2.4) on the slice r = Sr..

the space of solutions. Even in the case where an exact solution is found, however, this
may be non-unique for a given set of initial conditions [39, 49, 53].

2.2 Localized system

The diffusion-equation method [41, 42, 44, 47], some elements of which can be found already
in [37] (section IIL.B.3), bypasses the above-mentioned issues by converting the Cauchy
problem into a boundary problem.? All the non-locality is transferred into a fictitious
extra direction r and infinite initial conditions for the scalar field ¢(¢,x) are converted to
a finite number of field conditions on the r = Sr, slice along the extra direction, where
B is a positive dimensionless constant (i.e., it is the physical value of r measured in 7,
units). In other words, the rectangle [0, 8r.] x [ti,¢f] can be spanned either along the ¢
(time) direction, as done when trying to solve the problem of initial conditions by brute
force at t = t;, or along the r direction, as done in the boundary-value problem with the
diffusion method; see figure 1 here and figure 1 of [44].

We will also be able to find the exact number of conditions required and to compare
these results with those from other methods [49].

2.2.1 Lagrangian formalism

The main idea is to exploit the fact that the exponential operator in (2.1) acts as a trans-
lation operator if ¢ obeys a diffusion equation. Using this property, we can convert the
non-local system into a localized one where the diffusion equation is part of the dynamical

2A similar attempt was made in [55].



equations, the field is evaluated at different points in an extra direction (along which the
system is thus non-local), and only second-order derivative operators appear in the action
and in the equations of motion. In this way, one can make sense of the Cauchy problem
in the localized system and also in the non-local one, after establishing the conditions for
which the two systems are equivalent [42]. This construction goes through some initial
guesswork about the form of the correct localized system, especially regarding the integra-
tion domain of certain parts of the action, but this is not difficult in general. Both the scalar
case (2.1) and the gravitational action (1.5) are simple enough to create no big trouble.

Let us therefore forget temporarily about the non-local system (2.1) and consider the
(D + 1)-dimensional local system

S[®,x] = /dedr (Lo +Ly) , (2.4)
Lo = %@(r,w)D@(r —rx) = V[®(r,z)], (2.5)
L, = % /Or* dgx(r —q,z) (0, — O)®(r', ). (2.6)

where r is an extra direction, r, is a specific value of r, ® and x are (D + 1)-dimensional
scalar fields and

r=r+q—rs, (2.7)
hence 0,» = 9,. The action (2.4) is second-order (hence local) in spacetime derivatives and
non-local in r (because the fields take different arguments). The integration range of r
in (2.4) is arbitrary, it can be set equal to r € [0,+00) or any other interval containing
[0, Bry] (the slices 7 = 0 and r = [r, play a special role: the former is the value where
to specify the initial condition in r of the diffusion equation, while the latter will be the
physical value of the parameter r, for a given 3).

The equations of motion are calculated from the infinitesimal variations of the action,
using the functional derivative 0 f(r,z)/0f(7,Z) = 6(r — 7)6(P)(x — Z) for a field f. Since
Z and 7 are arbitrary, one can always assume the support of these delta distributions to
lie within the integration domains in (2.4), so that integrations in z, r and ¢ are removed
and the fields evaluated at x = Z and r = 7. Bars will be removed in the final equations
of motion.

The first variation we calculate is with respect to x. To keep notation light, let us
ignore the trivially local z-dependence from now on. Doing it step by step,

_ 0SSP, x] o B ,

0_5xrx /dr/ dgd(r—q—7)(0y —O)O(r")
1 T +T

—5 [ o -Doe)

The integration of the Dirac distribution in ¢ gives the prescription 0 < ¢ = r — 7 < 7y,

(2.8)

r’'=2r—7—ry

hence 7 < r < r,+ 7 such that the support of the § lies in both r- and ¢-integration ranges.
After a reparametrization p = r — 7, one gets an integral of the form for dp f(2p+ 7T —r1y).
Since 7 is arbitrary, the integrand must be identically zero on shell for any integration range:

0= (8, — O)d(r,z). (2.9)



Another way to obtain the same result is to restrict from the very beginning the integration
range in (2.4) from 0 to 400 or from —oo to 7. In the first case, the integration range
n (2.8) is reduced to [0,7 + 7|, since 7 > 0. In the second case, the range in (2.8) is
reduced to [T, r], since 7 < 7. In both cases, due to the arbitrariness of 7 the width of the
integration domain is arbitrary, which implies that the integrand is zero.

The diffusion equation (2.9) is the first equation of motion. The second equation
of motion is more complicated but very instructive, so that we report it in full. We
integrate (2.6) by parts, in order to load all derivatives onto x:

£o= 5 [ dndfxr =000 -5 [ da 860, + Ot o
= %[X(r —r)®(r) — x(r)®(r — ry)] % /0 dq®(r") (0 + D) x(r —q). (2.10)

Therefore, varying with respect to ®(7, ) gives

0= Sl = 5000 = r) + x( )]+ 50B(+ 72) = X(7 )]~ V()
1 7y
+§ /r dr (07 —O)x(2r —7 —1y). (2.11)

From this, we conclude that equation (2.11) reproduces (2.2) if

(fry,z) = ¢(x), (2.12)
where 8 > 0 is a real constant, and

x(r,z) =00(r,x) . (2.13)

In fact, in this case x obeys the same diffusion equation (2.9) as ®, so that the two
contributions in (2.11) must vanish separately, thus yielding the two equations of motion
(restoring z-dependence)

0= %[DI)(T — 1) + x(r —re,x)] + %[Di)(r + 1) — x(r + )] = V' [®(r,2)], (2.14)
= (0, —O)x(r,z). (2.15)

Then, when evaluating (2.14) at r = fBr, the first term yields (1/2)20e "5 ®(Br,,z) =
Oe~"H(x), the second term vanishes and (2.14) reproduces (2.2) exactly. See figure 2 for
a toy example. Note that imposing (2.12) only at r = 8r,

X(Bri,x) =0OP(Bry, x), (2.16)

or at any given r = 7 instead of for all » would again yield (2.12), provided x obeyed (2.15).
In fact, parametrizing with o = r — 7, x(r,z) = x(0 + 7, 2) = e’Px(F, ) = 0O (7, z) =
DeMd (7, z) = O®(0 + 7,2) = OD(r, ).

The introduction of the parameter [ in (2.12) reflects the fact that the choice of the slice
where the (D + 1)-dimensional scalar field coincides with the D-dimensional field does not
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Figure 2. In D = 1 flat Euclidean space, the solution of the diffusion equation (2.9) with initial
condition ®(0,z) = 6(x) is ®(r, x) = exp[—22/(4r)]/v/4nr. This solution is represented in the (r, )
plane as an orange surface (concavity upwards) in the left plot, together with x(r,z) = 82®(r, x)
(blue surface, concavity downwards). The section of these surfaces at r = fr. = 0.5 (black thick
line) are shown in the right plot.

affect the final result. For instance, one could have chosen 5 = 0 and identified ®(0,x) =
¢(z) (the “initial” condition in r of the diffusion equation), x(0,z) = O¢(z). However, in
section 2.4 we will argue that equation (2.12) is far better suited than ®(0,z) = ¢(x) for
the task of finding dynamical solutions. This is why we introduced a strictly positive 8 in
the first place.

To summarize the logic here, given the non-local system (2.1) one can always write
down the system (2.4)—(2.6) localizing it. This localized system is not in one-to-one corre-
spondence with the non-local system but it always admits, among its solutions, the solu-
tions of the non-local system. These solutions are defined by the boundary condition (2.12)
together with the local condition (2.16). The sub-set of solutions of the localized system
obeying these conditions are solutions to the original non-local one, since the above con-
ditions are valid on shell (i.e., applying (2.9) and (2.15) to (2.14)). In other words, (2.12)
and (2.16) define the sub-set of solutions of the localized system that recover the equations
of motion and solutions of the original non-local system. Recalling that the localized sys-
tem (2.4) must be reducible to the non-local one (2.1) only at a certain slice r = fr, in the
extra direction, it is clear that we do not need to study the most general (D+1)-dimensional
evolution of the localized dynamics, which is obtained by dropping (2.16).

Notice that it is not possible, while keeping the diffusing structure unaltered, to change
the status of (2.16) from a condition imposed by hand to a consequence of the dynamics.
For instance, one could try to add an extra term £y = A(r,z)[0®(r,z) — x(r,z)] to the
action (2.4), which would give (2.16) when varying S[®, x, A] with respect to the Lagrange
multiplier A. However, equations (2.8) and (2.11) would become, respectively, (...)—A =10
and (...) 4+ O\ = 0, where the extra terms would vanish separately if, again, we imposed
by hand

A(r,z) =0. (2.17)

~10 -



This condition, replacing (2.16), amounts to forbid source terms in the diffusion equa-
tion (2.9). Indeed, the infinitely many degrees of freedom of the original non-local system
are encoded in equation (2.16) or in the alternative equation (2.17), both of which are
a condition on the infinitely many r-values of the fields ® and x. Thus, demanding to
get a fully self-determined diffusing localized system equivalent to the non-local one is not
only impossible,® but also meaningless, since the equivalence between the localized and
the non-local system on one hand and the statement of the initial-value problem for the
non-local system on the other hand must both go through the setting of an infinite number
of conditions external to the dynamics.

For future use, we highlight three important features of the localization procedure
which will apply, in their essence, also to the non-local gravity action (1.5).

1. By the diffusion-equation method, one does not establish a one-to-one correspondence
between the localized system (2.4) and the non-local system (2.1). Rather, we showed
that there exist field conditions on the r = Br, slice such that the localized system
has the same spacetime dynamics as the non-local system. This correspondence on
a slice is depicted in figure 1.

2. To get the correct result, it was crucial to make a careful choice of the arguments
in the diffusion-equation term (2.6) and a careful treatment of the boundary terms
when integrating (2.6) by parts as in (2.10). Without such boundary terms, (2.14)
would have been unable to reproduce (2.2) on the r = fr, slice with the correct
numerical factors.

3. The localized system is second-order in spacetime derivatives, for both ® and Y.
Therefore, the Cauchy problem for this system, when restricted to spacetime direc-
tions x*, is solved by four initial conditions at some t = t;:

(I)(T', ti,X), (I)(T7 ti,X), X(ﬁ ti,X), X(ﬁ ti,X) . (218)

In particular, these conditions are valid at » = [Sry, so that also the Cauchy prob-
lem of the non-local system (2.1) is solved by four initial conditions, corresponding
(via (2.16)) to ¢(ti,x) and its first three time derivatives. We will find a similar
result also in non-local gravity gravity, with four initial conditions for the metric. In
general, given a non-local action with exponential non-locality for tensorial field ¢,,,...
representing n physical degrees of freedom, the diffusion-equation method relies on a
second-order localized system for a field ®,,.. and an auxiliary field x#** with the
same symmetry properties as ¢, thus leading to 2n initial conditions.

2.2.2 Ghost mode

In this subsection, we analyze a hidden ghost mode which, however, does not influence
the non-local dynamics. To understand this aspect, we will employ a reformulation of

30f course, this claim does not apply to an arbitrary localized system not diffusing with the standard
sourceless diffusion equation of Brownian motion.
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the localized dynamics (equation (2.24)), physically equivalent to (2.4)—(2.6), which is
convenient to study the degrees of freedom of the theory but is unsuitable for the practical
treatment (Cauchy problem, solutions, and so on) of the dynamics, due to problems we
will comment on in due course.

It is very well known that the kinetic term in (2.1) can be symmetrized after integrating
by part, so that the Lagrangian becomes

Lo = 2 Ta0(E 4 09) - V(). (219)

From here, one can make the field redefinition q5 = 67%“% so often used in p-adic and
string field theory. We will do something similar by considering the localized version
of (2.19), which is given by (2.4) with (2z-dependence omitted everywhere)

fo— %@ <7~ - ;) 0@ (r - ;r> V()] (2.20)

replacing (2.5). We note that the integral in (2.6) is pleonastic for the Laplace-Beltrami
term, since both x and ® obey the diffusion equation:

/ Pz /0 " dgx(r — @00 ()

= /de/ * dq 6(%T*_q)DX <7" - 17"*> e(q_%T*)DD(P ('I" - 1T*>
0 2 2
—/dDm/r*d r—lr () r—lr
- 0 qax 2 * 2 *
D 1 1
=r, [d7xx|r— o7 0o | r— o) - (2.21)

However, replacing (2.6) with a mixed term

N X 1 1 L[
'CX = *%X <T — 2T*> L) (T‘ — 27'*) + 2/(; dq X(T - q)a'f'/(b(’r,)

would not give the correct equations of motion, as we will see shortly. The reason is that
£~X is originated by an on-shell condition, a trick that invalidates the variational principle.
To find the correct Lagrangian, we generalize this term with a generic functional of the
fields, ® — f[®, x]. A last step we take (not necessary, but useful to simplify the physical
interpretation) is to consider the field redefinitions

1 . 1 X 1
o(r,x) = <r — 2m,x> — %X (7’ — 2r*,x> , P(r,x) = %X (r - 27“*,:0) , (2.22)
so that

o <7~ - ;) — () + (), (2.23)

- 12 —



and the total Lagrangian on Minkowski spacetime is

5 1 1 1 Tx 1 1
= = _ - 1z P o _Z r -
L 20M<I> <r 2r*> o+ <r 2r*> VI®(r)] + 5 Oux <7“ 2r*> o+ <r 2r*>

+3 | daxtr = 0 f)
= —% Lwp(r)oto(r) =V {s@ (r + ;7*) + 1) <r - ;rﬂ - %auw(maw(r) + :*I(T) ,

(2.24)

where

I(r) ::/O*dq¢<r—q+;r*> Oy f <T+q—;7"*>
= (r - ;r*> f <7‘+ ;7‘*> - (T+ ;m) f <7’— ;7‘*>
—/T* dqf(r—l—q—;r*) Oq0 <T—Q+;T*>. (2.25)
0

The function f is determined in appendix C by requiring the recovery of the non-local
dynamics on the r = fr, slice.

Observing (2.24), one sees that the canonical scalar ¢ propagates with a kinetic term
of the correct sign, while the canonical scalar ¢ (hence x) is a ghost. This detail went
unnoticed in [42].

There are two issues affecting (2.24) and described in appendix C, but we should not
lose sight of the reason why we introduced this Lagrangian. One may choose either (2.4)—
(2.6) or (2.24) depending on what one wants to study. For the analysis of the Cauchy prob-
lem and of the dynamical solutions, the action (2.4)—(2.6) is to be preferred, and in fact we
will analyze non-local gravity under the same scheme. On the other hand, for the charac-
terization (ghost-like or not) of the localized degrees of freedom the Lagrangian (2.24), or
the Hamiltonian (2.29) we will derive from it in the next subsection, is more indicated. The
counting of the localized degrees of freedom (section 2.3) can be performed indifferently in
the original system (2.4)—(2.6), in the Lagrangian (2.24), or in the Hamiltonian formalism
derived from (2.24).

2.2.3 Hamiltonian formalism

To count the number of degrees of freedom in a non-local theory, we must first count the
number of localized degrees of freedom in the associated localized (D + 1)-dimensional
theory. In the case of the scalar field, this information is already available in Lagrangian
formalism, but for completeness we can obtain the same result from Hamiltonian formalism.
The example presented in this subsection will illustrate the general method and its caveats.
Its application in the localization of the scalar field was sketched in [42], but here we will
fill several gaps in that discussion. The actual counting of localized degrees of freedom will
be done in section 2.3.
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Although we do not write the non-local system (2.1) in Hamiltonian formalism, we can
reach a lesser but still instructive goal, namely, the formulation of the Hamiltonian approach
for the associated localized system. However, if we take the localized system (2.4)—(2.6) as
a starting point we soon meet several problems, all of which stem from the non-locality with
respect to the r direction. Momenta acquire a rather obscure non-invertible form and one
cannot write down a Hamiltonian in phase space. However, the system is not constrained.
We can avoid all the trouble by acting directly on (2.24). Calling L := [d”~'x [ dr L the
Lagrangian, we can define the phase space and the Hamiltonian. The momenta are

oL oL
Sp(ryx) ol 2), my(r, @) = 5 (r, )
Notice that, if we had calculated the momenta directly from (2.5) and (2.20), we would
have obtained 7o (r) = (1/2)[®(r —r.) + ®(r +1.) — [3" dsx(r — 2s + 7,)] and my(r) =
—(1/2) [, ds ®(r 4 2s —r,), which are not invertible locally with respect to ®(r) and x/(r).

The non-vanishing equal-time Poisson brackets in terms of the spatial (D — 1)-vectors

= —o(r,z). (2.26)

To(r, x) =

X are

{o(r1, 1), Tp(r2, 22) bi=ty = 0(r1 — 12) 6PV (31 — x2), (2.27)
{(r1, 1), mp(ro, 22) oy mty = 6(r1 — 72) PV (x) — %), (2.28)

while the Hamiltonian of the system is (z-dependence omitted again)

H := /lexdr [7@,(7")4@(7’) +7r¢(7')1/}(r)] —L

— [ ixar {;ﬂi(r) Vi) V() — Srhr) — SV (r) Vi)

Vi) - 1), 0] | (2.20)
where it is understood that ®(r) = o(r + 7+/2) + ¢ (r +7./2). Since ® is shifted in r, H is
non-local in r due to the terms in the last line of (2.29). Nevertheless, the Hamiltonian is
written solely in terms of phase-space variables and the phase-space fields are completely
local in spacetime coordinates.

The evolution equations for the fields ¢ and 1 trivially gives the momenta, $(r) =
[e(). H} = 8H/5m,(r) = m,(r), b(r) = {0(r),H} = 0H/omy(r) = —my(r), while
the Hamiltonian evolution of the momenta give the localized equations of motion (C.1)
and (C.2):

0H . OH

ol7) = (mo(7), HY = s, o) = (moP), HY = 5 s

2.3 Initial conditions and degrees of freedom

(2.30)

The question about how many initial conditions we should specify for the non-local scalar
system is related to another one: how many degrees of freedom are hidden in equation (2.2)7
In higher-derivative theories, the presence of many degrees of freedom (Ostrogradski modes)
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is well known. For a system with n derivatives, the Cauchy problem is uniquely solved
by n initial conditions. However, there is an uncrossable divide between higher-derivative
and non-local theories, and one cannot conclude that non-local theories need n = oo initial
conditions; conversely, truncating a non-local theory to finite order leads to a physically
different model [40, 53].

To understand the problem, we review its root and also some confusion surrounding
it. First of all, there is agreement in the literature about the fact that the free system
with constant, linear or quadratic V(¢) has two initial conditions. In the absence of
interactions, the Cauchy problem associated with (2.2) is specified only by ¢(¢;,x) and
q'ﬁ(ti,x). The entire functional exp(—r.0J) introduces no new poles in the spectrum of ¢
and the system is equivalent to the local one with r, = 0, as is obvious from the field
redefinition qg = e "0/2% % This was first recognized as early as 1950 in the seminal paper
by Pais and Uhlenbeck [37] (section II1.B.3) and reiterated more recently, sometimes using
very different terminology and techniques, in other works [42, 48, 53, 56].

More contrived is the case with interactions. The reader unfamiliar with non-local
theories may wonder why interactions should make any difference when counting the num-
ber of initial conditions. The reason is that, in this case, there is no field redefinition
absorbing the non-local operator of the kinetic term. Any other rewriting will not work,
either. For instance, a non-local kinetic term can always be expressed as a convolution
with a kernel [37]. Consider the scalar-field Lagrangian L4 = ¢ f(0) ¢ — V (¢) with generic
form factor f(OJ). In momentum space, calling F' the Fourier transform of f,

o) f(O) ¢(z) = cb(w)/def(—kQ)Cs(k“—iV“) ¢()

dPz

_ (o) / Pk [ / o P e | =197 o(a)

DZ u
~ o [ (jﬂDF(z) Vi g(x)

dP -

- / G P (e +2)
o) [ (;l#)F(y—x)sﬁ(y)- (2.31)

Specifying the form factor f(—k?) determines the spectrum of the field. In general, the
poles of the propagator correspond to the zeros of f(—k?) and to the poles of F(z). This
correspondence is straightforward for a massless dispersion relation f(—k?) = —k?", where
F(z) o< 62" (2) and (2n) denotes the derivative of order 2n of the delta. The derivative
order of the delta is the order of the pole. Polynomial dispersion relations have a similar
structure, e.g., f(—k?) = —k% — ak?® gives F(z) « 6@ (2) + ad®(2). For n = 2, this
dispersion relation corresponds to one massive and one massless scalar mode, for a total
of two double poles.” Furthermore, when f([J) is non-local the field spectrum depends on

4 Another method, completely equivalent, is to work in Laplace momentum space.
°In fact, f~1(—k?) = —[k*(1 +ak®)]™' = =k 2 + (a7 + k%)™, The second mode is a ghost (positive
residue).
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whether the form factor is entire or not. In the case of (2.2), the propagator

—rok?

f_l(_kQ) = - kg

has a massless double pole, while F(z) x (2r, + 2%)exp[z?/(4r.)] has a double massive

e

(2.32)

pole. In the last two cases, the order and nature (massless or massive) of the particle poles
and the poles of F' is less transparent, although their counting agrees.

From this exercise, it should become clear that hiding infinitely many derivatives into
integrals with non-trivial kernels such as (2.31), or to transfer part of these derivatives
onto the scalar potential and then converting them into integral operators, does not help
in solving the Cauchy problem, since the two formulations are equivalent (on the space of
real analytic functions [39]). In [50], we complement this no-go result with its way out:
if the kernel F' can be found by solving some finite-order differential equation extra with
respect to the dynamical equations, then its contribution to the Cauchy problem becomes
under full control.

The novelty brought in by the diffusion-equation method is that it allows one to go
beyond the free theory and count the extra number of initial conditions. Surprisingly, in
the scalar-field case this number is two, which sums to the two initial conditions of the free
theory for a total of four. This result goes against the belief, implicitly endorsed in some
literature, that the information from the free theory is complete. In particular, when one
says that the number of initial conditions for solving the Cauchy problem of the theory (2.1)
is two, one should specify that this is true only for the free, perturbative case.

We reach this conclusion in three steps: (i) counting the number of field degrees of
freedom of the localized theory; (ii) specifying the number of initial conditions (in time)
for each localized field; (iii) restricting our attention to the slice r = Sr. where the non-
local dynamics is recovered, and proceeding with the counting thereon. In Lagrangian
formalism, we saw that there are two independent localized fields, either the pair ® and y
or the pair ¢ and 1. Consistently, the same result is obtained in Hamiltonian formalism,
where there are two non-vanishing independent momenta 7, and . Since the dynamics is
second-order in spacetime derivatives, there are two initial conditions per field, for a total
of four.

Number of degrees of freedom: scalar field. The localized real scalar field
theory (2.4)—(2.6) in D+1 dimensions has two scalar degrees of freedom ® and

X- On the r-slice where the system is equivalent to the non-local real scalar field
. . . _ , (2.33)
theory (2.1) in D dimensions, the degree of freedom x is no longer independent.

Consequently, the non-local theory has one non-perturbative scalar degree of
freedom ¢.

Number of initial conditions: scalar field. The Cauchy problem on
spacetime slices of the localized real scalar field theory (2.4)-(2.6) in D+ 1 di-

mensions is specified by four initial conditions ®(r, t;,x), ®(r, t;,x), x(r, i, X), (2.30)
x(r,ti,x). As a consequence, the Cauchy problem of the non-local non- ’

perturbative real scalar field theory (2.1) in D dimensions is specified by four

initial conditions ¢(ti,x), ¢(ti,x), ¢(ti,%x), ¢ (ti,x).
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The nature of the new degree of freedom x is quite peculiar. As we saw above with
a diagonalization trick (used, for instance, also in [57]), this field is a ghost and, in fact,
the Hamiltonian (2.29) is unbounded from below. From the point of view of the (D +
1)-dimensional localized system (2.4)—(2.6), x arises as a Lagrange multiplier introduced
to enforce the diffusion equation of ®; x itself does not appear in its own equation of
motion (2.9). Its (D + 1)-dimensional dynamics, given by the equation of motion of @,
is non-trivial (in Hamiltonian formalism, the momentum 7, o 7y does not vanish) but it
only amounts to diffusion, equation (2.15). Eventually, it turned up that it is associated
with ® by the second-order derivative relation (2.16). From the point of view of the D-
dimensional non-local system, x disappears because its diffusion is frozen at a given slice,
and the dynamics is written solely in terms of ¢, its derivatives and its potential. At this
point, there is only one degree of freedom whose perturbative classical propagator (2.32)
describes a non-ghost massive scalar mode. The potentially dangerous ghost mode in the
(D + 1)-dimensional system turns out to be non-dynamical in D-dimensions and in the
free theory.

In the interacting non-local theory, x does play a part in the dynamics, but in the form
of the potential for ¢. Combined with equation (2.2), the local condition (2.16) explains
in part the finite proliferation of degrees of freedom in the interacting case. Since (2.16)
implies x(r,x) = O®(r,x) for all r, then from (2.2) one has

X[(B - 1)T*7‘T] = DCI)[(B - 1)7‘*,.’E] = Deir*D(p(Br*vx) = VI[(I)(ﬂr*,x)] = V/[¢(w)] : (235)

If V x ¢?, then x[(8 — 1)74, 2] oc ®(Brs,z) = ¢(x) and there is no extra degree of freedom
with respect to the V' = 0 case. For a cubic or higher-order polynomial, x[(8 — 1)r«, z] is
not linearly equivalent to ¢. Non-linearities can generate new degrees of freedom (a typical
example is f(R) gravity, which contains a hidden scalar mode apart from the graviton) but
not in this case, since the field y is not dynamical on the r = fr, slice where (2.35) holds.

2.4 Solutions

Solutions of non-local theories can be categorized into perturbative and non-perturbative.
Perturbative solutions can have two meanings, either as the solutions obtained when
truncating the non-local operators to a finite order (a procedure we will not discuss
here [39, 40, 53]) or as the solutions obtained, order by order, starting from the free theory
and modeling interactions as a perturbative series [39, 53, 58]. When all non-locality acts on
interactions, the two meanings coincide. Non-perturbative solutions are all those solutions
that cannot be reached in these ways and, in general, they constitute the great majority of
all possible solutions of the system. The diffusion-equation method permits to get access
precisely to these solutions with generic non-perturbative potential [18, 40, 41, 43, 45, 46].

When introducing the condition (2.12), we commented on the fact that the identifica-
tion of the localized dynamics with the non-local one could take place at any r = 7 slice,
including at » = 7 = 0 where ®(0,2) = ¢(z). However, for the sake of the construction
of actual solutions this choice is not fortunate, since it corresponds to the initial condition
of the heat kernel. In other words, setting the initial condition (in r) of the (D + 1)-
dimensional system to be the solution of the non-local system would take us back to the
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usual paradox with non-local dynamics, namely, that knowing all the infinite number of
initial conditions (in time) ¢(t;,x), ¢(ti,X), ¢(ti,X), ... is tantamount to already knowing
the Taylor expansion of the full solution around ¢ = ¢;. It is more logical, then, to im-
pose (2.12) (the non-local solution is the outcome of the diffusion from r = 0 to r = fr.
rather than of anti-diffusion from r = fr, to r = 0) and to set the initial condition ®(0,x)
in » = 0 as something else. This “something else” can be most naturally recognized as the

solution ¢oc(x) of the local system obtained by setting . = 0 in equations (2.1) and (2.2):

(1)(0’ l‘) = ¢10c(x) . (236)

Then, the solution of the diffusion equation (2.9) can be found in integral form in momen-
tum space. Calling —k? the eigenvalue of the Laplace-Beltrami operator [J and writing

“+00 D ) B
Sroe() = /_ (;)}“D G (k). (2.37)

one has
—+00 de

—ik-x _—PBrik? ] k 92
@ e e Ploc(k) . (2.38)

¢(z) = ®(Brs,z) = ’HP(0,2) = /

Since we know ¢joc(x), we also know its Fourier transform éloc(k:) and we can obtain
the full non-local solution ¢(z). Examples of solutions of the scalar-field equation of mo-
tion (2.2) using the diffusion-equation method can be found in [40] (on a Friedmann-
Lemaitre-Robertson-Walker (FLRW) cosmological background), [41, 47] (Minkowski back-
ground, rolling tachyon of open string field theory), [42, 46] (Minkowski and FLRW back-
grounds, V o ®" and V o exp(A®)), [43, 45] (lump solutions on Minwkoski, FLRW and
Euclidean backgrounds; kink solutions on Euclidean background), and [18] (FLRW solu-
tions in a scalar-tensor non-local theory). Solutions of p-adic models, corresponding to (2.2)
without the [J in the kinetic term, have been considered in [43, 47]. In some of these cases,
a diffusion equation with opposite sign of the diffusion operator has been used, in which
case the representation (2.38) may be ill-defined. This is not a problem, since there exist
a more general integral form of the solution valid for any sign (see section 3.3 of [47]).
Note that, in general, convergence of the integral (2.38) will require g > 0. Also,
setting f = 1 in (2.35) would yield O¢ioc = V'(¢), implying ¢ioc = ¢. To avoid this
inconsistency, we exclude the value § = 1. Also, for any given potential V(¢) and for a
generic 0 < B < 1 the profile ¢(x) is not a solution to the non-local equation of motion,
not even approximately. Therefore, what one usually finds is an approximate solution ¢(x)
for a certain range of x. The actual value of 8 determines the limits of the x range, since
the profile typically depends on the combination x2/(4/r,). For instance, an approximated
solution valid at large x requires 5 > 1. However, cases are known where the profile ¢(x)
is an approximate solution for any z (even small) with a very good degree of accuracy,
which means that there exists a value of 8 such that the equation of motion is solved up to
a maximal deviation of a few percent or less for some z, and with much greater accuracy
everywhere else. These systems are related to ([41, 43, 45]) or inspired by (][40, 46]) string
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field theory. On the other hand, there may be special cases where ¢ is an exact solution,
but these in general require a specifically tailored potential. Some examples of this inverse
problem are given in [42].

2.5 Comparison with Tomboulis approach

Another approach handling non-perturbative solutions was proposed after the diffusion-
equation method by Tomboulis [49]. Here, by a field redefinition one transfers non-local
operators from the kinetic into the potential term, with a procedure analogous to that
leading to (2.31). The latter is then written as an integral kernel, as above. This type
of “delocalized” hyperbolic partial integro-differential equations are characterized by the
phenomenon, due to the smearing of the kernel in (2.31), of “spill-over” (or delays) outside
the standard causal cones of the local hyperbolic initial-value problem. Depending on the
system, delays may be present only in the past or both in the past and in the future.

Comparing the diffusion-equation method with Tomboulis’ delocalization (or delays)
approach in classical theories, we find several similarities.

e Both recognize the central role of interactions to distinguish between local and non-
local models.

e Related to this, both agree also on the fact that, independently on whether one
transfers non-locality from the kinetic term to interactions or not, it makes no sense
to count the number of initial conditions just from the order of the kinetic term
or by looking at any isolated part of the Lagrangian; in the limit of turning off the
interactions, one may obtain the wrong answer. In this sense, the distinction between
perturbative and non-perturbative solutions is not very useful in either method if one
aims to make existence and uniqueness statements on the full dynamics.

e The ill-defined concept of “infinitely many initial conditions” is traded with a
boundary-value problem. In the diffusion-equation approach, the value of the D-
dimensional field ¢(t;, x) and all its derivatives ¢(™(¢;,x) at one time instant ¢t = ;
is replaced by a field configuration ®(r,t,x) living in D + 1 dimensions, evaluated at
a certain slice r = fr, in the extra direction. In Tomboulis’ approach, one specifies
one or more functions rather than field values at one instant in the past, if delays
occur only in the past light cone. If delays occur also in the future cone, as in sys-
tems with Lorentz-invariant interactions, then analogous specifications of functions
must be done for them. For these systems, the type of non-local kernel has the same
spill-over at all sides of the causal cone and the number of specifications in the future
is finite and equal to the number of specifications in the past. Thus, both methods
predict a finite, even number of conditions (initial-value or boundary-value) for non-
local scalar field theories. The specific prediction of the diffusion method is (2.33),
for any non-quadratic potential.

e Consequently, because solutions are determined by picking conditions on r-slices in
one case and past-future delay specifications in the other case, there are no implicit
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choices nor hidden conditions in the construction of such solutions, which are there-
fore unique once the explicit conditions are specified. This solves the long-standing
problem of non-local theories where proving the existence of a solution by a brute-
force Ansatz does not imply, in the absence of any localization or delocalization
method, its uniqueness [53].

2.6 Generalizing to exp H([J) operators

Finally, let us comment on an extension of the above procedure to a non-locality of the
form exp[d — exp H(O) for some function H. In this case, one simply replaces [J with
H(O) in the Lagrange-multiplier equation (2.6). Everything else follows suit. However, the
system (2.4) is local and the Cauchy problem is well defined only if H([J) is a polynomial
in the Laplace-Beltrami operator, H(O) = ZnN:1 a,O". In this case, the number of initial
conditions increases from 4 to 4n: the value of the scalars ® and y at the initial time plus
their first 2n — 1 derivatives.

For entire functions H([J), the “localized” system would be non-local. It may still
be possible to localize (2.4) for special cases, for instance if H((J) = exp[]. However, in
the most general case the diffusion method is insufficient to deal with these non-localities
different from a pure exponential, unless an extra convolution equation is added to the

system [50].

3 Non-local gravity: equations of motion

Consider the gravitational action

1 v
Sy =53 | d’rv=g [R =20+ Gy (0) R, (3.1)

where () is a completely arbitrary form factor. In this section, we determine its dynam-
ics in two ways. First, by a brute-force calculation, eventually specializable to the form
factor (1.6). Second, by recasting the system in terms of an auxiliary field.

3.1 Einstein equations: pure gravity

To compute the Einstein equations for a generic form factor v(J), one must expand the
latter in series of the Laplace-Beltrami operator [,

+oo
v = chD", (3.2)
n=0

where ¢,, are constants, and vary with respect to the metric. We couple (1.5) to matter
minimally. Varying the total action S = S, + Sy, with respect to the contravariant metric
gH¥, the matter part is dispensed with by the usual definition of energy-momentum tensor

2 S
V=g ogr

Ty = (3.3)

—90 —



In general, also matter fields will be non-local, but we do not consider their details here.
The variations of curvature invariants and form factors are reported in appendix D and
the full derivation of the final result is given in appendix E:

1
T = (14+10) Gy + Mgy = 5 9w Gor YR +2G7,1Go)p + g V7V 1 Gor

1
—2VoV Gy + Q(GWVR + RYGuw) + O (Ror, G77) (3.4)

where the expression of ©,,(R,7,G°T) is given by (D.24) for any form factor y. The
non-local equation (3.4) can be compared with similar ones found elsewhere [27, 51].
For the particular choice of form factor (1.6),

(1 + ’YD)GMV = e_T*DG,uzu (3.5)
@/.LV(RO'T7 GUT) = _/ * dq éuu[e_qDRm—a VT*—Q(D)GUT] 5 (3'6)
0

where ©,,, is given by equation (D.14). The last expression, derived in appendix E, is fully
explicit.
3.2 Einstein equations: auxiliary field

An alternative form of the Einstein equations makes use of an auxiliary field [16, 27]. Here,
we apply this method to (1.5) for the first time. Consider the action

8101 = 5,5 [ aPov/=g R 28~ 207 O Ryt (07 = 5500 2O 600
(3.7)

where ¢, is a symmetric two-tensor, ¢ = ¢,7 = gV ¢, is its trace and fi 2 are some arbi-
trary form factors. The equations of motion for ¢, are given by the variation 69 JopH = 0:

1

= [1(O) Ry + f2(0O) by — mg;wa(D)¢:0- (3.8)

Taking the trace of (3.8), plugging it back and inverting for ¢, one sees that

D

b = O G+ ds 0= = (5 1) IO R4 AL, (39)

where ), is the homogeneous solution of fa()A,, = 0. Using (3.9) and fo(0)A, = 0
in (3.7) and integrating by parts, one gets the Lagrangian

26%L = R—2A — G fi fy " iR™ — N f1R™ ..
Comparing this with (1.5), we conclude that S = Sy on shell provided
iS5 AO) = —(@),  Aw=0. (3.10)

There are various possible choices for the form factors fi; and fs; physically they are all
equivalent as long as (3.10) holds. The simplest choice

fo=fi=— (3.11)
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for an arbitrary form factor (3.2) satisfies the first condition in (3.10), while only form
factors with co # 0 (i.e., those with trivial kernel) also guarantee that the second condition
in (3.10) is obeyed. In fact, v(O) = co + 10+ O(0?), so that v(0)A, = 0 if, and only if,
Ay = 0. The form factor (1.6) is of this type, since 7., (0) = —r, + (r2/2)0 + O(C?). In
other words, there is no homogeneous solution we should worry about when recasting (1.5)
as (3.7), contrary to what happens when making field redefinitions in f(0~!'R) non-local
gravity [59-62].
Thus, (3.7) becomes

g, 6] = —= / iPuy/=g [R— A + <2RW P 131_29W¢> () ¢W] |12

~ 9R2

In appendix F, we show that the covariant equations of motion of the theory (3.12) are

1
RQT/AV = G/w + Vo + Ag;w - *guVXUT'Y(ﬁUT + 2¢(Z’Y¢z/)a + g,uuvav‘r')’(bcﬁ

2
1
_2vav(u')’¢u)a - m(¢uu7¢ + ¢7¢pu) =+ @,LLV(XUT7 "), (3'13)
1
Xor = 2Rs7r — Gor + mga‘rﬁba (3'14)

accompanied by the equation of motion §S[g, ¢]/6¢* = 0 and its trace:

D-2
ow=Cuw =  6=G=-"""R, Xu=Ru. (3.15)

We call (3.13) Einstein equations because they come from the variation of the metric
and (3.15) Einstein-like equations because they resemble the Einstein equations of general
relativity, where ¢, plays the role of a stress-energy tensor. Notice from (3.15) that the
field ¢, is local and does not hide 1/0J operators. This check a posteriori guarantees that
the ordinary variational principle (where fields and their first derivatives vanish at infinity)
has been correctly applied.

Consistently, (3.4) and (3.13) agree on shell, i.e., when (3.15) is used (see appendix G).

3.3 Brief remarks on causality

Whenever a factor 0! appears in a non-local theory, causality may be in trouble. The line
of reasoning is well known and relies on the definition of the inverse d’Alembertian through
the Green equation (A.3), where one must specify a contour prescription for the Green
function K. The main point is that even if the causal (retarded) propagator Kiet(z — y) is
used to define the 07! operator, a variation of the action with respect to the fundamental
fields always gives rise to the even combination

Icrct(x - y) + Krct(y - .%') = K:rct(x - y) + Kadv(x - y) .

The retarded Green function is not even, and changing sign to its argument gives the ad-
vanced Green function Kpet(y — ) = Kaav(z — y), which is anti-causal. Therefore, the
equations of motion obtained from theories with non-localities of the type (7! (typically,
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theories where the quantum effective action, not the classical one, is non-local) are neces-
sarily acausal [63].

However, this argument does not apply in our case because the non-localities we deal
with do not need any prescription for the (0~! factor, as it always appears in a combination
(@) = ¢o + ai0 + O(0?) which is analytic when “00 = 0” (in particular, ~,, (0) =
—ry + (r2/2)30 + O(0?)). In other words, in all the theories of quantum gravity with
a fundamental non-locality, non-localities (at the level of the classical action, not of the
quantum effective one) are always of the type (A.2) with f(0) = 0. As a consequence of
this fact, the Green function associated with the non-local operator v(0) is symmetric.

A one-dimensional example in flat space will further clarify the matter. The non-local
operator containing (07! is (1.6), which can be written as (E.6). Its Green function K (z—y)
is the solution of the equation

@K@=y =~ | T dse D Kz —y) = bz — ). (3.16)

or, in momentum space,

/ s K (k)= 1. (3.17)
0

While the inverse of the [J operator needs to be prescribed because the naive solution 1/k?
of the Green equation does not define a tempered distribution, the solution of eq. (3.17)
does not need to be regularized, as its algebraic solution

~ T 2 -1 k‘2
K(k?) = - |:/0 ds GSk :| = —m (318)

already defines a tempered distribution. Its Fourier transform cannot be written in closed
form but is very well behaved and, most importantly, is manifestly symmetric under the
exchange = < y,°

Kz —y) = —% /Ooo ar, B coslhz —y)] (3.19)

er«k? — 1

The fact that the [0~! operator in the form factor «((J) of fundamentally non-local
quantum gravity does not introduce causality breaking is not, by itself, a guarantee of
causality of these theories but, at least, it shows that standard arguments against causal-
ity, plaguing effective non-local field theories, do not apply in our case. The problem of
causality in fundamentally non-local theories is subtle [49] and might not admit an all-
or-nothing solution, in the sense that the theory might retain macrocausality [64] while
including acceptable violations of microcausality. This interesting possibility will be ex-
plored elsewhere.

In the (0~ case, the regularization procedure needed to define 1/k? as a tempered distribution prevents
the Green function to be symmetric under the exchange = < y, leading to the known mismatch between
causality and symmetry of the propagator [63].
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4 Localization of non-local gravity

In section 3, we started from a gravitational action Sy[g(z)] and introduced an auxiliary ten-
sor field ¢,,, so that we could rewrite the original action as a functional of this field and the
metric, S;[g(2)] = S[guw(2), ()], where the gravitational part of S is given by the inte-
gral of (3.12). In this section, we will construct a functional Sy[g,. (), @ (7, 2), X (1, ),
Auv (7, )] representing a system living in D 4 1 dimensions and local in spacetime coordi-
nates. Here we show that the two systems coincide at a section r = fr, in the (D + 1)-
dimensional space,

Sg[guu(ﬁr*al‘)v(I);UJ(/BT*ux)vX;w(/BT*?I)] [Q;U/( ), ¢MV( ),X;w($)] = Sg[gm,(a:)], (4.1)

where the equalities are meant to be valid on-shell, i.e., at the level of the dynamics. This
statement, which can be immediately extended to actions that include also matter fields,
is the extension to gravity of the results of section 2 [42] for a scalar field in Minkowski
spacetime.

4.1 Localized action

We apply the procedure illustrated in section 2 to the gravitational theory with form
factor (1.6). We have seen that (1.5) is physically equivalent to the action (3.12), which
can also be written as

1 T 1
S0l = 50z [ aPov=a [R-2a - [ as (2R 0t 5 gawe) 0| 2)

thanks to (E.6). Using (4.2) instead of (1.5) will allow us to enforce the diffusion equation
to (D + 1)-dimensional fields without facing the commutation problem (1.7) mentioned in
the introduction and the fact that the metric field does not obey a linear diffusion equation.
This problem is solved by letting only auxiliary fields diffuse, while the gravitational field
does not diffuse at all: it is a dynamical field living in a fixed r = Br, slice. Therefore, an
interesting difference with respect to the scalar-field case is that here some fields (which we
will call ®,,(r,z) and x..(r,x)) are free to evolve in the whole (D + 1)-dimensional bulk,
while others (the metric g, (x) and the Ricci tensor Ry, (x) derived from it) are confined
into the slice where the higher-dimensional localized system is made equivalent to the non-
local one. This configuration strongly reminds us of braneworld scenarios where r is the
direction transverse to a brane at r = Sr, and the Einstein-Hilbert Lagrangian contributes
with a term [R(x) — 2A]d(r — fry). Another possibility, which we will follow from now on
and yields the same result, is to consider an r-dependent g,,, (1, ) dynamically constrained
to be constant along r:

/ P dr\/=g(r) (Lr + Lo+ Loy + L) (4.3)
Ln = R(r)— 24, (4.4)
Lo — _/0” ds [QRW( )= D) + 55 (1) ()| B (7 = 5) (4.5)
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L= = [ as [ donutr =00, -Dpem). (4.6)
Ly = A\ (r)0rgh” (r), (4.7)

where the metric is r-dependent just like the other fields, its Ricci curvature is denoted
with a curly R,,, we introduced a Lagrange multiplier A\,,, we omitted the z-dependence
everywhere, ® = g"¥®,,, is the trace of the symmetric rank-2 tensor ®,,, and

r'=r+q-—s, (4.8)

so that 0, = 0,y in (4.6). All tensorial indices still run from 0 to D — 1, so that the
theory (4.3) is a fake D + 1 system, which is not (D + 1)-covariant anyway due to the
diffusion equation term. In analogy with (3.14), it will be convenient to define the tensorial
combination

X (r) i= 2Ry (1) = () + =59 (1)2(r) (49)

Comparing with the scalar field theory (2.4), there are four major differences one
should note: (a) all fields are rank-2 tensors; (b) there is an extra integration — [;* ds
accounting for the more complicated form factor (E.6); (c) because of (b), the g-integral
in (4.6) is nested, while in (2.6) it is definite; (d) because of (c), (4.8) replaces the scalar-field
parameter (2.7).

4.2 Localized equations of motion

In intermediate steps of the derivation, we will omit the z-dependence in all fields as well
as the discussions of section 2 on integration domains. The equation of motion for A,
establishes the independence of the metric from the extra coordinate r:

_ 589 _ — .
0= 6)\uu(f) - 67«9/“/(7”, :B) = g;w(ry l') = g;w(x) . (4.10)

Therefore, in the following we can apply this equation on shell and ignore any change (shift,
integration, and so on) in the r-argument of the metric, of the Laplace-Beltrami operator,
and of curvature invariants, unless stated otherwise. The equations of motion turn out
to be

o O
I
—

Op — )P (r, ), (4.11)
o —0) ), (4.12)

0= / ds [ X (F — 8)+ X, (F + 8) = 2R (r — 8) X (F — 8) =Xy (F + 8)] , (4.13)

)
X (T @

—

o

Tx 1
/@2Tw, = Gu +Agu — /0 ds { —5 G Xor (1)@77 (r — s) + QCI)U(M(T)(I)V)J(?” —5)

+00,, (1 — 5) + 9 VOV Opr(r — 5) — ZV‘TV(M@V)U(T —5)

s [ ()R~ 8) + BBy (7 — )]

- sdqéw[xm—q>,<1>”<r+q—s>]}. (4.14)
0

— 95—



Let us see where they come from. The equation of motion for x,, is

0 = 5XW /dr/ ds/ dgé(r—q—7)(0p — O)®,, (1)
(4.10) T+T* ’
/ dr/ ds (Op — )@, (1)

/dp/ ds (D — D)@ (1)

where we first integrated in ¢, then restricted the integration in r from the condition

r'=2r—r—s

(4.15)

r'=2p+7—s ’

0 <q=r—7 < s < r and then made a reparametrization p = r — 7. Since 7 and
hence r’ in the argument of the integrand is arbitrary, we get the diffusion equation (4.11).
Integrating first in r or, after using (E.9), in s would yield the same result.

To obtain the equation of motion for ®,,, we note that

£ [T s [ dg (=0l - 90 + 96 0 + Dulr — )
0 0
- /0 ds [y (r = )@ (1) = X (1) 2" (1 — 5)]

+ /0 " ds /0 " dg & () (B + )X (r — ), (4.16)

where we used (4.10) to make \/—g slide through integration by parts (or, more precisely,
we omitted terms that vanish on shell). This expression is the doubly integrated tensor-field
analogue of (2.10). Then,

08,
D ()

_ /’”* ds | uu(f —8) + X (T4 8) = 2R (1 — 8) 4+ X (F — 8) — Xy (T + 8)]

0=

/ ds / O + O)xu(2r — 7 — 5) . (4.17)

Arbitrariness of 7 implies the diffusion equation (4.12) and we are left with the equation
of motion (4.13). We can easily find special solutions of this equation. For instance, it
vanishes identically if we set the integrand to be zero. As in the scalar-field case, we
can satisfy this equation by imposing certain constraints on the fields. The only one that
respects s-shifts is

X () = X, (1, ) L Ruw(r, ). (4.18)

Therefore, just like in the scalar-field case, there is a condition imposed by hand such that
one or more equations of motions are solved.” We recognize some similarities between the

"Other types of solution can be found by factorizing the r-dependence in X, and x,.. In fact, (4.13)
is of the form [J™ ds[Au,(r + s;2) + Buu(r — s;x)] = 2R, (x). Writing A, (r + s;2) = a(r + s) au(z)
and By, (r — s;x) = b(r — 5) by (x) with au, + b = 2R, the relation [[™ ds[a(r +s) + b(r — s)] = 1
can be solved by linear or trigonometric functions. The diffusion equations (4.11) and (4.12) then become
eigenvalue equations of the type O0®,, o ®,,. These solutions, which were called “stationary” in [18] since
they do not diffuse non-trivially, are still popular because they allow to solve the non-local cosmological
equations of motion directly [19, 76], although they are very limited tools when attempting to solve more
general non-local systems [18, 45, 47].
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scalar and the gravity case. In the scalar example, (2.15) held and one checked that (2.14)
reproduced (2.2) provided equation (2.13), x(r,x) = O®(r,x), held. In the gravitational
case, the analogue of the diffusion equation (2.15) for x is simply (4.12) for x,,,, while the
analogue of (2.13) is (4.18).

The similarities do not stop here. In fact, both (2.13) and (4.18) are second-order
derivative relations, y ~ 0?® and Xpuw ~ 829#,,. Also, in the gravity case there are two aux-
iliary fields instead of one, ®,,(r, ) and X, (r, ), but only the latter has been introduced
exclusively in the context of the localized system, just like the scalar x in section 2.2. &,
is “auxiliary” only because, on the slice r = fry, it is equivalent to the field ¢, introduced
to recast the non-local gravitational theory in a convenient way:

Py (Bre, x) = P () - (4.19)

The last parallelism we can draw with the scalar theory is between the condition
x = 0P, imposed to match the equation of motion of the localized scalar field with the
non-local equation of motion, and equation (4.18), which does exactly the same service
albeit in a subtler way. In fact, (4.18) is needed to satisfy one of the dynamical localized
equations, but in retrospective it cannot be valid for all r because of (4.10): on shell, the
rightmost member is independent of r. To put it in other words, we reached (4.18) only
because we took advantage of the pleonastic » — s dependence of the term R,,. This is
telling us that we should replace (4.18) with a condition valid only on the slice r = fr,:

X (BT ) = X, (Bry, ) = Ry = D, (Bre,z) = G . (4.20)

This is the analogue of (2.16), valid only at » = r.. Just like in the scalar system, the
auxiliary field x,, is related to the field(s) of the non-local theory by a relation (linear in
the Ricci tensor, non-linear in the metric) involving a finite number of derivatives.

On the r = fr, slice, the localized and non-local system coincide. Equa-
tions (4.9), (4.19) and (4.20) imply together (3.15). All pieces of the puzzle match beau-
tifully. The last one is the equations of motion for the metric, which is (4.14) (see ap-
pendix H). It is immediate to check that this expression agrees with (3.12) on the r = fr,
slice. Using (4.11), we can recast all the s integrals in (4.14) as non-local form factors,
— [ ds ®yr(r—35) = v, (O)Pyr (7). Then, (4.19) does the rest of the job. Also, from (4.12)
and (4.20), the last term in (4.14) reads

T s L s
/ ds/ dq éW[e_qDXUT(T)’e(q_S)Dq)aT(r)] = / ds/dq O {e_qDXgrae(q_s)D@aT
0 0 0 0

<27> @;W(Xcrﬂ QZ)UT) = QMV(RO'Ta ¢UT) ;
thus recovering the last and most complicated piece of (3.13). Considering the massive
effort it takes to derive the non-local Einstein equations (3.4) and (3.13), the advantage of
the diffusion-equation method to write down the dynamics is evident. Here we do not have
to deal with the variation of form factors and with the non-commutation rules involving the
O, and v, functions. Despite being as complicated as the second-order relation (D.14),
the function ©,, is not nearly as messy as its non-local counterpart (E.10).

—97 —



4.3 Initial conditions and degrees of freedom

We are finally in the position to discuss the Cauchy problem of non-local gravity. The
localized equations of motion of the previous sub-section are second order in spacetime
derivatives for all fields, so that there are only six initial conditions to be specified (“initial”
in spacetime time): g, G, @My,éuy,xw,xw. Using the r = fr, conditions (4.20), one
can see that ¢, ~ Gy ~ 829W and X, ~ Ry ~ 829,“, in the non-local system, so that,
overall, one has to specify only four derivatives of the metric. This is a striking resemblance
with the scalar-field case, where we had to specify the same number of initial conditions
once the auxiliary field was removed.

It is well known that the perturbative degrees of freedom are finite, as one can see from
the poles of the graviton propagator [21, 22, 33]. Here we can go beyond that result and
make a fully non-perturbative counting. For the graviton there are D(D+1)/2—D—D =
D(D-3)/2 polarization modes in D dimensions (a symmetric rank-2 tensor with D(D+1)/2
component that are not independent due to D Bianchi identities and D diffeomorphisms),
both in the localized and in the non-local system. Each of the localized rank-2 symmetric
tensor fields ®,,, and x,,, has D(D +1)/2 degrees of freedom, so that the total number of
degrees of freedom in the localized system is D(3D —1)/2, i.e., 22 in D = 4. This number
is not important, however, because it is greatly reduced in the slice » = fr,. Therein,
¢uvy = Guy has D(D +1)/2 — D = D(D — 1)/2 degrees of freedom; the —D comes from
the fact that, on shell, the Bianchi identities imply the transverse condition V#®,, = 0.
Also, ¢,,, should be regarded as independent of the metric, for the reason that it satisfies
non-trivial dynamical equations. The fate of x,, = R, is similar to the auxiliary field x
of the scalar system and consists in getting out of the game on the slice where the localized
system reproduces the non-local dynamics. What happens is that x,, depends on the other
fields, since from the definition (D.6) of the Einstein tensor ., = ¢u — guw®/(D — 2).
Therefore, the total number of degrees of freedom of the non-local gravitational system is
D(D-3)/2+D(D—-1)/2=D(D —2).

The central results of this paper can be summarized as follows.

Number of degrees of freedom: gravity. The localized gravitational the-
ory (4.3)=(4.6) in D + 1 dimensions has D(3D — 1)/2 degrees of freedom.

As a consequence, the non-local gravitational theory (1.5) has D(D — 2) non- (4.21)
perturbative degrees of freedom, amounting to eight in D = 4 dimensions.

Number of initial conditions: gravity. The Cauchy problem on space-

time slices of the localized gravitational theory (4.3)—(4.6) in D + 1 dimen-

sions is specified by siz initial conditions g, (ti,x), Guv(ti,x), Pu(r,ti,x), (4.92)

D, (7,15, %), X (1, ti, %), Xuw(r,ti,x). As a consequence, the non-local non-
perturbative gravitational theory (1.5) is specified by four initial conditions
g;w(tivx): g,uzz(tiax)z guu(tiax); .g./w(ti,x)'

We have not checked whether ¢, can be further decomposed into a spin-2 massive
ghost particle with D(D —1)/2 — 1 degrees of freedom and a scalar field, as done in higher-

~ 98 —



order Stelle gravity [65, 66]. Ghost modes are absent at the perturbative level, as proven
explicitly in [21, 29, 31], but their presence at the non-perturbative level remains an open
question. We will leave this interesting problem, together with the existence or avoidance
of ghosts in the non-local theory (1.5), for the future.

At any rate, we can state that the localized theory does not generate any extra non-
local ghost problem. It is useful to compare first the non-local theory (1.5) with another
non-local model employed in cosmology, where the Einstein-Hilbert Lagrangian is modified
by a term R — £ oc R[1 + f(O7'R)] [67]. Auxiliary fields can be introduced so that
the Lagrangian £ o R[1 + f(®)] + ¥(O® — R) replicates on shell the dynamics of the
original system [59]. However, this “localized” version is not completely equivalent to the
former because the equation of motion LJ® — R = 0 of the Lagrange multiplier ¥ is used
to obtain ® as a non-local function of R. The problem is that the solution of this relation
is of the form ® = O"'R+ \, where ) is a scalar mode obeying the homogeneous equation
X = 0 [60]. This extra mode is responsible for extending the space of solutions to dynamics
not admitted by the original non-local system [60]. Also, it makes an otherwise immaterial
ghost degree of freedom dynamical: YO® — —0,¥0"'® = —(1/4)0,(¥ + ®)0*(V + @) +
(1/4)0,(¥ — ®)0*(¥ — ®). Suitable conditions on f, found along the same lines of ghost
constraints in f(R) or higher-order theories [68-73], remove this ghost [57]. Coming back
to the theory studied in the present paper, the localized version (4.3)—(4.6) is not a field
redefinition of the model (1.5): it is a different system living in a different number of
dimensions that coincides with the non-local system only at a particular slice along the r
direction. A second important difference which we already had occasion to appreciate in
section 3 is that our localization does not entail any homogeneous mode. This means that
the ghost mode arising from the mixed kinetic term in (4.6) and originated by a Lagrange
multiplier does not propagate on the r = Br, slice.
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A The operator (0!

In this section, we define the formal expression “1/00” and show under what condition

11
O5=g0=1. (A.1)

This property allows one to write unordered expressions such as

f0)

0 (A.2)

which are used throughout the paper.
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Let K(z—y) be the solution of the Green equation in a curved D-dimensional spacetime,

O.K(z — y) = (A.3)

3P (z — y)

V=
Treated as an operator on the space of rapidly decreasing test functions ¢, K is nothing
but the operator 1/0. In fact, define the convolution

+oo

(Ke)(x) = / Py G — ) o(y). (A4)

Then, from (A.3) one has

+o0
Ok = [ aPy s - ) olw) = pla),
corresponding to 00 1y = .

A priori, it is not obvious that [J and [0~! commute. Indeed, they do. From (A.4),
one has

“+o00

KOp = dPy /=g K(z — y) Oye(y)

dPy /=g 0.K(z — y) ¢(y) + O(V)

Y o(@) +O(V). (A.5)
where O(V) are boundary terms. Therefore, (A.1) holds only if boundary terms vanish,
which happens if, and only if, ¢(+00) = 0 = Jup(£o0). These conditions are always
satisfied for rapidly decreasing test functions. In the context of this paper, ¢ is a curvature
invariant (R,, or R) and the boundary conditions simply require that the curvature and
its first derivative vanish at infinity.

An even simpler way to show (A.1) is the following. Since O and e=™

Tx Tx
—/ dre ™0y = —/ drie ™y
0 0

for any test function . This equality becomes

commute, then

1

1
(7P 1) S 0p= (" -1)0 =0,

|
which implies (A.1).

B Original version of the localized scalar system

For the reader interested in comparing the present formulation of the diffusion-equation
method with the original one, we redo the calculation of section 2.2 for the localized system
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presented in [42]. There is a major difference between the simplified system (2.4)—(2.6) and
that considered in [42]. All 7, in (2.5) and (2.6), except in the integration range of ¢, are
replaced by 7, where v > 0 is a positive constant (not to be confused with the form factor of
the present paper). Furthermore, the upper limit of the g-integration is now 7, so that this
becomes a nested integral. These changes make calculations slightly more complicated and
with no advantage with respect to the easier case of section 2.2. Concretely, equations (2.5)
and (2.6) are replaced by

Lo = =P(r,z)AP(r — yr,z) — V[®(r,x)], (B.1)

L=

N = DN =

/0 " dax(r",2) (10 — O)B(, ), (B.2)

where 7’ :=r(1 — ) + vq and " := r — yq. Varying with respect to x yields

(58[@,)(] 1/ /T "o /
- —_—— g el / |:| (b
0 Sx(7.7) lrme — 2 dr ; dqé(r" —7)(v0, YD (r')
1
— ~ [ dr(r0,, — D)d( ,
5 [aros—oee)|

where, for consistency, in the third line we integrated the inner integral in the nested
product and, from the integration of the delta, we obtained r” = 7, hence v¢ = r — 7
and 7 = r(2 —v) — 7. Having assumed that 0 < 7 < r implies, from v¢ = r — 7, that
0 < g < r/v, which is trivially satisfied if v < 1. Thus, we assume (rather than find,
as in the new version of the method) that the integrand rather than the integral is zero:
0= (v0, —O)®(r, z). Integrating (B.2) by parts,

Lo=1 / A X))~ / ds ®(r") (y0 + D)x(1")
2 Jr(1—) 2.Jo

= 5l = )80 xR0 =] = 5 [ R0 O, (B3)
so that
_0S[P,x] 1 o o 1 T T
0= SSat = 2ol g e () 1 (155
V[ () - 2(11_7)/dr (10 + D)x(=7 + 2r — 7 (B.4)

where from the integration of the delta we obtained 7’ = 7, hence v¢ = 7 — (1 — ) and
" = r(2 —v) — 7. The first condition implies (1 — 1/v)r < ¢ < r, which is trivially
satisfied if, again v < 1. Thus, for self-consistency we must limit the range of values of v
to 0 < v < 1. Thus, the analogues of equations (2.14) and (2.15) are

0= ;[D@(r—vr,m)+x(r—vr,x)]+2(11_7) [D@ <1i7,az> . <1i7x>]

VD (r, 7)), (B.5)
0= (v0, —O)x(r,z). (B.6)
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~"Ux(r, z) on shell, now equation (2.12)

Since ®(r—~r,z) = e "2 ®(r, x) and x(r—qr,x) = e
is mandatory if we want to reproduce the exponentials exp(—r.J). On the contrary, in sec-
tion 2.2 we could choose a different r slice where to impose the matching conditions (2.12).
Thus, one recovers (2.2) again. In [42], only the final result was given and the intermediate

steps (B.3), (B.4) and (B.5) were omitted.

C Comments on the system (2.24)

Thanks to (2.25), the variation of I with respect to ¢ vanishes identically:

(5g06(7“)/dr1(r) - /dr [¢ <T—;T*> fe <T+;r*>5<r+;r*—r>
—¢<r+ r*>f¢< ;*>5<r—;r*—77>]
/dr/ dqf7¢<r+q r*)
><(5<r+q—2 —r) q¢(7«_q+;r*>

i,

= (7 = 1) fo(F) = V(T + 1) [o(F) + fo(7) / dr 9,0 (2r — 7)

7"—57"*

= oMW = 1) = (T + 1) + (T 4 74) = P(7 = 1) = 0.

On the other hand, the variation of I with respect to ¢ is

O aeror= far [“aas (r—as b7 g (rra-1n)

FO(F = 1) fap(7) = (7 + 1) ()

o [Caar (e 1)
o(rrabrer) o (o 1)
= (M) —1i) — (7 +74)]

F+ir.
n / dr [0, f(2r — 7) + [y (F)0rp(2r — 7)]

1
F—35Tx

= fr+r) = f(F=7s).

Therefore, the equations of motion stemming from the Lagrangian (2.24) are

0 = Olp(r) — V' [@ <r - ;r)] , (1)
0= —O(r) — V' [cp (r - ;)] + :*[f(r b)) — fr—r)], (C.2)
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were we used (2.23). Taking the difference of (C.1) and (C.2),

1 1
0=02o <T2T*> fr—[f(r+r*)ff(rfr*)]. (C.3)
Comparing with the non-local equation of motion from (2.19) in terms of QB, 0= D(f; —
ez 0Oy (¢), if the field ®(r,z) obeyed the diffusion equation then we could make the
identification ®(8r, — r,/2, ) = ¢(z) and we would reproduce the equations of motion if

L1 (Bre 4 12) = F(Bre — 1) = 3™ OV[B(Br)]. (C.4)

*

As it stands, this equation should hold only at » = 8r, for some number .

Here we see two problems with the formulation (2.24). The first is that, having re-
moved the diffusion equation from the dynamics, we have to impose it by hand in order to
transform translations in r into non-local exponential operators. This procedure betrays
the spirit of the localization procedure, where diffusion was part of the dynamics. However,
a diffusion-equation term in the Lagrangian such as £, necessarily entails a non-diagonal
kinetic term, which in turn hides some properties of the degrees of freedom. In order
to spell out the nature of these degrees of freedom, we have to diagonalize the kinetic
terms, but in doing so the localization procedure cannot be applied transparently. In this
case, the match with non-local dynamics entails the imposition of three ad hoc conditions
(an r-dependent diffusion equation for ¢ and 3 and the point-wise condition (C.4)), in
comparison with only one condition (the point-wise expression (2.16)).

The second problem has to do with the condition (C.4), which was imposed by hand
to match the non-local dynamics. The reconstruction of f from (C.4) may turn out to
be very difficult because this condition is assumed at a given point in the r-direction. For
consistency, one should not attempt to generalize (C.4) to hold for any r. In fact, suppose to
replace Or, with r everywhere in (C.4). If we assume that f (hence both ® and ) translates
when exponential operators are applied, then the right-hand side of (C.4) should do the
same. In particular, (C.4) could be rewritten as f(r + r./2) — f(r — 3r./2) = r.V'[®(r)].
However, V is a non-linear function of ® and V' does not obey the diffusion equation
unless the potential is quadratic, V' oc ®2. Therefore, the approach using (2.24) may be
unsuitable in the most general case of non-linear self-interactions, unless one considers more
complicated functionals f.

D Variations of curvature invariants and form factors

This appendix collects a wealth of useful formulee that can be used when calculating the
Einstein equations in any local or non-local metric theory of gravitation. Some of these
relations may already be familiar to the reader, but others are delicate and deserve extra
care when implemented. For the sake of the record, we do not omit any important detail.
Our convention for multiplicative operators with insertions of derivatives will be such that
VABVC = (VA)BV(; differentiation of multiplicative operators to the right will be
indicated explicitly with a bracket, V(AVB), while VVAB = [V(VA)|B.
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First, we recall the index-flipping formula for the variation of the metric (inverse of
a matrix),

6907 = _gaugruégwja (D'l)

and the following one, stemming from (D.1) and valid for any symmetric rank-2 tensors
A% and B
(Gapgpn) AP B = —5(g%"¢"") Anp By - (D.2)

Also

1
5/—q = —§gwﬂ/—g5g‘“', (D.3)

(0% 1 (0
6By = V'V (8000 — [Dég,w + 6%V (,V,)000s] (D.4)
0R = 69" Ry + 9" 0 Ry E%ﬁ (R + gu O = Vi V) 69", (D.5)

where A, B,y = (A,B, + A,B,,)/2. The variation §G,,, of the Einstein tensor

1
G =Ry — §9WR (D.6)

can be obtained by combining (D.4) and (D.5). Another expression we will use often is the
contraction of 6 R, with a symmetric rank-2 tensor A":

20 R A" 0 24TV gy — AP (DG, + 7V, V 0005 )
= 260,aV, VA" — 59, 0A" — ¢°*F59,5V,V, A" + O(V)
Y 59" (DA + 9 VoV AT —2V,V, A7) + O(V), (D.7)

where O(V) symbolizes total derivative terms that do not contribute to the equations
of motions.

Now we list a series of relations involving the variation of the Laplace-Beltrami operator
[0 and of an arbitrary form factor . There is one essential fact that one must bear in mind
in order to calculate the equations of motion correctly: the metric g*” does not pass through
0. The reason is that the operator dl] acting on a rank-2 tensor of the “scalar times
metric” form Ag®? is not the same operator 60 acting on a scalar, 6C(g*? A) # g*#s0A:

[60,9%%] # 0. (D.8)

We calculate the variation of the Laplace-Beltrami operator when acting on an arbitrary
rank-2 contravariant symmetric tensor B7:

5‘:’3045 _ 5g,ul/vquBOéﬁ + 5VMV,U«B(15 + VN(SVMBO‘57 (Dg)

where
V.B* =8,B% +T5,B" + T} ,B*. (D.10)
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From (D.10), §V,B* = (51“2‘po5 +5F,€pBO‘p, where the variation of the Christoffel symbol

is 5Fgﬁ = %g”‘(Vg(SgW + Vadgus — V,dgag). After a tedious calculation, one finds

(60)B*F = §g"'V ,V, B’ +V,5¢g"'V,B*® — %g,vaangpBaﬁ
—g\*BR)Osg" — g* BIPY V69" + BV, V) 5gH

+2 |V, BV sgh — gl ,BANPs g — v, B gDV 69" | . (D.11)
Because of (D.8), A,360B% # A“¥500B,5. We also report the variation

1
(00)Bag = 09"V iV Bag + V09"V Bag = 50,uV"66""V yBag

+9ua B 0g"” = 9y Bp)p ViV 09" + BusVuV (009"

+2 [V B,V 309" + 90V Bp) V09" — VuB,a9s, V79" ] . (D.12)

For a generic symmetric rank-2 tensor A,g, integrating by parts (D.11) gives

1
Aus(00)BY = 69" AoV VB + V69" AoV B — §guyvpégWAa5VpBaﬁ
1
© Aus (B'Bl,Dég’“’ + Bﬁpvyvpégﬂy) + AugB% Y, V5 g
1
+2 <AaﬁvyBauvﬁagW — A, V,B NP5gh — Amqupavp(ng>
1
= 69" [AapV VB — V(A V. B?) + 5ng,,(Aaﬁvaaﬂ)
1
— O(AusB5,) = VaVu(A,sBP*) + VPV, (A B2)
o ¥
—2VP(AapVyB°,) + 2V (AysVeBP) + 2V4(A4,5V,B*)] + O(V)
1
= og"” _vuAaﬁvaaﬁ + §9uuvp(Aaﬁvaaﬁ)
1
1 Va(A,5VBP, — BEV*A,5) + V(Bua Vo, A*? — A%V, B,

+ Va(A,5V, B = BP*V,A,5)| + O(V)

= 89" 0,, (AP Bug) + O(V), (D.13)

where
O (Aap, B*?) 1= O3 (Aag, B*) + O5™ (A, B*), (D.14)
O (Aag, B*) := =V, A5V, B + ingp(Aagvaaﬂ + B*VP Aug), (D.15)
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~ anti 1 4
O5 ™™ (Aap, BY) = 203V p(Aap VP BY — BN Ang) + Va(AusV© BY, B, V" Ayg)

+V5(Bua VA — APV, B,o) + VoAV, B — BP*V,A,5) .
(D.16)

It is not difficult to prove similar expressions from (D.12), identical except for the signs
marked with an arrow, which are flipped. In particular, the function ém/ is not symmetric
under index lowering and raising of its arguments:

O (Ang, BYP) = 0, (A% Bug) + 2V (A,5V*BP, — BL VYA ,5). (D.17)
For two scalars, it is easy to see that
1
A(0O)B = é6¢g"” |-V, BV, A+ ig,va(AVpB) +O0(V)
= 6", (A, B) + O(V), (D.18)

where

_ 1
(A, B) 1= =VuBV, A+ Sgu(ADB + V,AV"B) (D.19)

When A,p = Agap for some scalar A, the following important formula (up to total deriva-
tives) can be derived from (D.14):

AgapdOB* — AdD(gapB*?) = 6g" (AOB,,, — B, 0A). (D.20)

This equation is the proof of (D.8). Also, replacing A,g = Agas or Bo# = Bg*P
into (D.14), we get two independent formulse

0, (Agas, B*?) = 9,,(A, B) + AOB,,, — B,,0A, B =g,sB*", (D.21)
o (Aap, Bg®P) = 9, (A, B) + A,,O0B — BOA,,, A=g¢"A.5, (D.22)

©]

which cannot be combined together unless B = A®#. Similar expressions are obtained
when lowering and raising the indices a3, but with opposite sign of the second and third
terms of (D.21) and (D.22).
We generalize the above formulae for an arbitrary form factor (3.2). Since §y =
e S e DRS00k it is not difficult to find

Aus6yB* = 69" 0, (Ans, B, ASyB = 5¢""9,,(A, B), (D.23)

up to total derivatives, where

+oo n

Ouv(Aap, B) =D a0, (0 1 Ags, O FBF) (D.24)
n=1k=1
+o00o n

Dyw(A,B) =D > el (0¥ 1A,0"FB). (D.25)
n=1k=1
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Both pairs (0, 7Y,,) and (©,,,7,,) are bilinear functionals of their arguments. By virtue
of (D.17),
AagdyB* # A96yB,g, (D.26)

as is obvious when considering the terms of the variation
6(9MagyﬁAaﬂ7Buu) = 5[Aa,87(guagyﬁB,uu)]-

Also, from (D.23) we get

Agaf;&’yBo‘ﬁ
D.24 R =
ZY 59" 3TN nBun(gapd" A, OB + O(V)
n=1k=1
+oo n
(D:.21) A(S’yB + 59“” Z Z Cﬂ([]kflAankJrlBlw o ankBlekA) + O(V)
n=1k=1
+00
= A6yB+ g™ cn (AD"By, — 0" B, 0A + 0" ' AOB,, — B,,0"A)
n=1
400 n—1
+0g" ) " en > (OFTAOR B, — O0"7F B, 0FA) + O(V)
n=1 k=2
+o0
= A6yB + 09" (AyBy — BuyA) +6g"™ > ¢, (0" ADB,, — 0" By, 0A)
n=1
+o0 n—1
+0g" Y en » (OFTAOHR B, — OFADFB,,) + O(V)
n=1 k=2
“+oo n
= AéyB + 69" (AyB, — BuyA) + dgH” Z Cn Z Dk_lAD”_kHBW
n=1 k=2
+o0 n—1
Y Z Cn Z DkADn_ka, + O(V)
n=1 k=1
, “+00 n—1
Wk AdoyB + 69" (AyBu, — BuuyA) + 6" Z Cn Z Dk/AD"_k/BW
n=1 k=1
+o0 n—1
—5g" > en Y _OFAD* By, + O(V)
n=1 k=1
= AéyB+ 69" (AyBu, — BuwyA) +O(V). (D.27)

Analogously, A,z67(Bg*?) = ASyB + §g"" (AuyB — ByA,,) + O(V). Therefore, for any
form factor

@,uy(Aga,Bv Baﬁ) = 19”,,(14, B) =+ A’YB,LW - B,Lw'YA7 (D'28)
0, (Anp, Bg™?) = 9, (A, B) + AuyB — ByA,, . (D.29)
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In particular,
0, (Gag, R*?) — 0, (Rap, G*P) = RyyR — RYR,, . (D.30)

Moreover, if BY = Ag®#, from (D.27) we obtain

(Agap)0v(Ag™®) = DASYA + O(V) = O, (Agas, Ag*?) = DV, (A, A). (D.31)

E Derivation of the Einstein equations (3.4)

The Einstein equations (3.4) can be obtained through the following steps. First, we
note that

1

5(GMV7R“V) =0 <G,UV’YGHV D_9

G7G>

2
= 6 (gwgﬁy) GG + 206G G — = 0GAG + Gy 571G
1
D -2
=90 (gaygﬁu) Gaﬂ VGMV + 25Guu Y G" + R ’YG + G/“, (S’YGH'V
1
D -2
@1 5 <gaugBV) Gap VG + 26R,, /G + 69" RyG,

G5vG + O(V)
G5vG + O(V)

1
where G is the trace of the Einstein tensor. From (D.23), the last line is proportional to
dgH¥ with coefficient

1

QHV(GUT7 GJT) - m

1
ﬁ“V(G’ G) = @#V(Gm'? Gm—) + iﬁ#u(R> G)

1
= Ouw(lor, G77) + 5 [0 (R, &) = O (gor R, G7T)]

. 1
= @,U,V(RO'Tu G ) + §(GMV7R — R’)/Guy). (E2)

Then,

2k2 5y/—
\/,;gé(\/i—g Ly) = V=L (R 2\ +GurR"™) + R + 8 (G R™)

e

3

1
Guy + Ag,ul/ _iguu Ga,B ’YRQ’B ) +5 <gaugﬁu) Gaﬁ 'YG/U/

1
+20R,,,yGH +§6g“”(GH,/yR + RYG ) + R, 69GH +0(V). (E.3)

(6]

/N
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We labeled the terms with numbers from to [6] for later use; this expression will be
extremely useful to prove the equivalence with the non-local system with auxiliary field
¢*. Using (D.7),

22

V=9

1 174
6(vV—g ‘Cg) = dgh” (G,uu + Aguu - 59;11/ Gaﬁ'yRa6> + 249" GUM'YGVU
+0g"" (YOG + 9 VOV vGor —2VV /G0 )
1

—i—i(GW’yR + RYG ) 4+ 09" 0, (Rer, G7T) + O(V),, (E4)
which yields (3.4). One should be careful about the order of derivative operators acting on
Riemann invariants. For instance, [V,,0JR = R, VY R. To avoid getting entangled with
commutation formulse, we have kept the natural order of the operators as it came from the
variation of the action.

When the form factor v is chosen to be (1.6), the functions ©,,, and ¥J,,, can be written

as parametric integrals rather than sums. The variation of the form factor is based upon
Duhamel’s identity [75]

Se—s0 — _/ dg e~ (50)ela=) | g s—q, (E.5)
0

which is invariant under a reparametrization ¢ — ¢’ = s — ¢. Noting that (1.6) can be

expressed as

—rd _ 1 Ty
3 0) = g = = [ s, (E.6)

one can show explicitly that the variation operation commutes with the integral, é-,, =
— g* dsde™*". Then we have

Ay oyBoT B / “ds Ay, 5e 0BT
0
E5) /*ds/ dq Agr e~ (50)eld=*)E BoT
0 0
= / ds/ dge A, (60)el 19U BT 4 O(V)
0 0
(219 (Sg“”/ *ds/ dg®,,[e" Ay, e 98B 4 O(V)
0 0
=: 0g"O(Asr, B°T) +O(V), (E.7)
A(y)B = — / “ds Ase—IB
0
= /*ds/ dg Ae~ P (s0)el 150 B
0 0
= / ds/ dge™ A (60)e' P B + O(V)
0 0

Q29 59“”/ ) ds/ dq 0, [e" A, =I5B 4+ O(V)
0 0
=: 0g"V,u(A,B)+O(V). (E.8)
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Noting that

/OT* ds/osdqf(s,Q) =/0m dq/qr* ds f(s,q), (E.9)

for any f(s,q), we obtain the final expressions
Oy (Arrs B7) = = [ 40,0710 A 5,y (O) B, (E.10)
9,u(A, B) / dgDule= A, 7y, _o(O)B]. (E11)

Both ©,, and ¥, are symmetric in pr. Also, remember from (D.17) and (D.26) that
O (Asr, B°T) # 0, (A7, By,), while 9., (A, A) is obviously symmetric with respect to
the exchange of its arguments, since it is unambiguously defined via the invariance g <> s—¢q
of Duhamel’s formula (E.5).

F Derivation of equation (3.13)

In this section, we derive the equations of motion (3.13) stemming from (3.12) in the
presence of matter and for an arbitrary form factor « with trivial kernel. When varying the
action, we decide that the contravariant symmetric tensor ¢** is constant in the metric,
while ¢, must be varied. Of course, this is only a convention to make the calculation
consistent, but the final result will be the same. Consequently, using

5((;5'7(;5) = 5(gaﬁguu¢a57¢uy) = 5gaﬁ¢a'8'7¢ + 5guu¢7¢lw + guu¢57¢lw
= 3G (" vd + dvP") + G pdy Pt
69" (b + VD) + G dSVH (F.1)

where ¢ = g, ¢"" is the trace, the variation 55[9, ¢)/dgH is
1 5 (5\/—9 A 5 m3 1 A 5
——0(v—9Llg,9]) = —=CLlg,dl+Llg,¢] = —5 9w dg""Llg, 9]+ 0L]g, ¢
N (V=9Llg, ¢]) N [9. 9] (9. ¢] 5 u (9. ¢] (9. ¢]
5) v 1 oT oT v
= 5 a (Guu + Aguu - §QWXJT’Y¢ > - 6(guagm')¢ W’“

(F 1)

+20RypH — 09" (DD + VD) + Xy 0ydH”

-2
(D-2) 5 e A 1 X oT ua vT
v T NG — 2g/w orVP ( )Qbm"}/ﬁb;w

-~ ~~

@ @ ®

1
+26RMV’Y¢“V _m(;gﬁw((ﬁwfy(ﬁ + ¢7¢;w) +X,1w57¢#y )

@ ® ©®

(F.2)

where X,,, = 2R, — ¢ + 9@/ (D — 2) was defined in (3.14). Applying (D.7), (D.24)
and (D.25) and taking into account the energy-momentum tensor (3.3), one obtains (3.13).
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G Equivalence of equations (3.4) and (3.13)

We can make this check by using the formal variations (E.3) and (F.2). Plugging (3.15)
into (F.2), one has

@Z Guu+AguV:a
1

1
@ = —59u Bor1G7T = =5 g Gory BT = 2],

@ = 5(9“09W)G07’7G;w = 7
@) = 20R,,~G" = 4],
1

1
@ = —még“”(GnyG + G’YG;W) = §5QMV(GMV’)/R + R’YG;W) = 7

© = R, 67G"™ =[6].

H Derivation of equation (4.14)

We split (4.3) into separate contributions, Sy = Sg + S¢ + Sy + S). Variation of the last
term yields

0= ox2 05 _ 1(F)8r[\/g(r)AW(r)] —%gw(f)g DY (H.1)

ogh () \/g

which will play no part in the equations of motion if we just choose a gauge where the

Lagrange multiplier A, is r-independent:
A () = A () (gauge fixing) . (H.2)

Variation of S gives the Einstein tensor plus a cosmological constant. Next,

0S8y (1.10) T 5 o
2K2 X = dDd\/—/d/dl,— oY (r!
K S (w)/ vdry=g | ds | daxu(r—a)5 @)
W [T s [ dgBpulvarlr = 0,077 (g = ). (1.3)
0 0
Finally,
(58@ Tu 5(900’977’)
252 = dPxd — d L Dy (1) P (r —
K Sgi / zdr+/ g/o s{ Sg (r) (r—s)
1 oo’ 77/ 0Ror oT 1
—m@ (T)Cb (7“ — S):| - 25'9#“/ P (T‘ - S)} - §guy£¢>

=" _ /0 " ds {2@0(“(7’)@”)‘7(7“—8) ~ 5 3 i 5 [Py ()@ (r—s) + (r) Dy (r — s)]}
- /0 " s [0y (r — ) + g V7T @ (1 — 5) — 2975, 8, (7 — 5)]

1

L gt (H.4)

Including the energy-momentum tensor, we get (4.14).

— 41 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

2]

V.A. Alebastrov and G.V. Efimov, A proof of the unitarity of S-matriz in a nonlocal
quantum field theory, Commun. Math. Phys. 31 (1973) 1 [INSPIRE].

V.A. Alebastrov and G.V. Efimov, Causality in quantum field theory with nonlocal
interaction, Commun. Math. Phys. 38 (1974) 11 [InSPIRE].

G.V. Efimov, Nonlocal interactions of quantized fields (in Russian), Nauka, Moscow Russia
(1977).

G.V. Efimov, Amplitudes in nonlocal theories at high energies, Theor. Math. Phys. 128
(2001) 1169 [NSPIRE].

N.V. Krasnikov, Nonlocal gauge theories, Theor. Math. Phys. 73 (1987) 1184 [INSPIRE].
J.W. Moffat, Finite nonlocal gauge field theory, Phys. Rev. D 41 (1990) 1177 [INSPIRE].

B.J. Hand and J.W. Moffat, Nonlocal reqularization and the one-loop topological mass in
three-dimensional QED, Phys. Rev. D 43 (1991) 1896 [nSPIRE].

D. Evens, J.W. Moffat, G. Kleppe and R.P. Woodard, Nonlocal regularizations of gauge
theories, Phys. Rev. D 43 (1991) 499 [InSPIRE].

N.J. Cornish, New methods in quantum nonlocal field theory, Mod. Phys. Lett. A 7 (1992)
1895 [INSPIRE].

N.J. Cornish, Quantum nonlocal field theory: physics without infinities, Int. J. Mod. Phys. A
7 (1992) 6121 [INSPIRE].

N.J. Cornish, Quantum non-local gravity, Mod. Phys. Lett. A 7 (1992) 631 [INSPIRE].

Yu.V. Kuz’'min, The convergent nonlocal gravitation, Sov. J. Nucl. Phys. 50 (1989) 1011
[Yad. Fiz. 50 (1989) 1630] [nSPIRE].

E.T. Tomboulis, Superrenormalizable gauge and gravitational theories, hep—th/9702146
[INSPIRE].

A.O. Barvinsky, Nonlocal action for long distance modifications of gravity theory, Phys. Lett.
B 572 (2003) 109 [hep-th/0304229] [INSPIRE].

A.O. Barvinsky, On covariant long-distance modifications of Finstein theory and strong
coupling problem, Phys. Rev. D 71 (2005) 084007 [hep-th/0501093] [INSPIRE].

T. Biswas, A. Mazumdar and W. Siegel, Bouncing universes in string-inspired gravity, JCAP
03 (2006) 009 [hep-th/0508194] [INSPIRE].

J. Khoury, Fading gravity and self-inflation, Phys. Rev. D 76 (2007) 123513
[hep-th/0612052] [INSPIRE].

G. Calcagni and G. Nardelli, Nonlocal gravity and the diffusion equation, Phys. Rev. D 82
(2010) 123518 [arXiv:1004.5144] INSPIRE].

— 492 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/BF01645588
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,31,1%22
https://doi.org/10.1007/BF01651546
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,38,11%22
https://doi.org/10.1023/A:1012351501139
https://doi.org/10.1023/A:1012351501139
https://inspirehep.net/search?p=find+J+%22Theor.Math.Phys.,128,1169%22
https://doi.org/10.1007/BF01017588
https://inspirehep.net/search?p=find+J+%22Theor.Math.Phys.,73,1184%22
https://doi.org/10.1103/PhysRevD.41.1177
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D41,1177%22
https://doi.org/10.1103/PhysRevD.43.1896
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D43,1896%22
https://doi.org/10.1103/PhysRevD.43.499
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D43,499%22
https://doi.org/10.1142/S0217732392001609
https://doi.org/10.1142/S0217732392001609
https://inspirehep.net/search?p=find+J+%22Mod.Phys.Lett.,A7,1895%22
https://doi.org/10.1142/S0217751X92002787
https://doi.org/10.1142/S0217751X92002787
https://inspirehep.net/search?p=find+J+%22Int.J.Mod.Phys.,A7,6121%22
https://doi.org/10.1142/S0217732392000604
https://inspirehep.net/search?p=find+J+%22Mod.Phys.Lett.,A7,631%22
https://inspirehep.net/search?p=find+J+%22Sov.J.Nucl.Phys.,50,1011%22
https://arxiv.org/abs/hep-th/9702146
https://inspirehep.net/search?p=find+EPRINT+hep-th/9702146
https://doi.org/10.1016/j.physletb.2003.08.055
https://doi.org/10.1016/j.physletb.2003.08.055
https://arxiv.org/abs/hep-th/0304229
https://inspirehep.net/search?p=find+EPRINT+hep-th/0304229
https://doi.org/10.1103/PhysRevD.71.084007
https://arxiv.org/abs/hep-th/0501093
https://inspirehep.net/search?p=find+EPRINT+hep-th/0501093
https://doi.org/10.1088/1475-7516/2006/03/009
https://doi.org/10.1088/1475-7516/2006/03/009
https://arxiv.org/abs/hep-th/0508194
https://inspirehep.net/search?p=find+EPRINT+hep-th/0508194
https://doi.org/10.1103/PhysRevD.76.123513
https://arxiv.org/abs/hep-th/0612052
https://inspirehep.net/search?p=find+EPRINT+hep-th/0612052
https://doi.org/10.1103/PhysRevD.82.123518
https://doi.org/10.1103/PhysRevD.82.123518
https://arxiv.org/abs/1004.5144
https://inspirehep.net/search?p=find+EPRINT+arXiv:1004.5144

[19]

T. Biswas, T. Koivisto and A. Mazumdar, Towards a resolution of the cosmological
singularity in non-local higher derivative theories of gravity, JCAP 11 (2010) 008
[arXiv:1005.0590] [INSPIRE].

J.W. Moffat, Ultraviolet complete quantum gravity, Eur. Phys. J. Plus 126 (2011) 43
[arXiv:1008.2482] INSPIRE].

L. Modesto, Super-renormalizable Quantum Gravity, Phys. Rev. D 86 (2012) 044005
[arXiv:1107.2403] [INSPIRE].

T. Biswas, E. Gerwick, T. Koivisto and A. Mazumdar, Towards singularity and ghost free
theories of gravity, Phys. Rev. Lett. 108 (2012) 031101 [arXiv:1110.5249] [INSPIRE].

S. Alexander, A. Marciano and L. Modesto, The hidden quantum groups symmetry of
super-renormalizable gravity, Phys. Rev. D 85 (2012) 124030 [arXiv:1202.1824] [INSPIRE].

L. Modesto, Super-renormalizable multidimensional quantum gravity, Astron. Rev. 8.2 (2013)
4 [arXiv:1202.3151] [INSPIRE].

L. Modesto, Super-renormalizable higher-derivative quantum gravity, arXiv:1202.0008
[INSPIRE].

F. Briscese, L. Modesto and S. Tsujikawa, Super-renormalizable or finite completion of the
Starobinsky theory, Phys. Rev. D 89 (2014) 024029 [arXiv:1308.1413] [INSPIRE].

T. Biswas, A. Conroy, A.S. Koshelev and A. Mazumdar, Generalized ghost-free quadratic
curvature gravity, Class. Quant. Grav. 31 (2014) 015022 [Erratum bid. 31 (2014) 159501]
[arXiv:1308.2319] [INSPIRE].

G. Calcagni and L. Modesto, Nonlocal quantum gravity and M-theory, Phys. Rev. D 91
(2015) 124059 [arXiv:1404.2137] [INSPIRE].

L. Modesto and L. Rachwal, Super-renormalizable and finite gravitational theories, Nucl.
Phys. B 889 (2014) 228 [arXiv:1407.8036] [INSPIRE].

S. Talaganis, T. Biswas and A. Mazumdar, Towards understanding the ultraviolet behavior of
quantum loops in infinite-derivative theories of gravity, Class. Quant. Grav. 32 (2015)
215017 [arXiv:1412.3467] [INSPIRE].

L. Modesto and L. Rachwal, Universally finite gravitational and gauge theories, Nucl. Phys.
B 900 (2015) 147 [arXiv:1503.00261] INSPIRE].

L. Modesto and L. Rachwal, Finite conformal quantum gravity and nonsingular spacetimes,
arXiv:1605.04173 [iNSPIRE].

J. Edholm, Revealing infinite derivative gravity’s true potential: The weak-field limit around
de Sitter backgrounds, Phys. Rev. D 97 (2018) 064011 [arXiv:1801.00834] [INSPIRE].

L. Buoninfante, A.S. Koshelev, G. Lambiase and A. Mazumdar, Classical properties of
non-local, ghost- and singularity-free gravity, arXiv:1802.00399 [INSPIRE].

D.C. Lewis, Infinite systems of ordinary differential equations with applications to certain
second-order partial differential equations, Trans. Am. Math. Soc. 35 (1933) 792.

R.D. Carmichael, Linear differential equations of infinite order , Bull. Am. Math. Soc. 42
(1936) 193.

A. Pais and G.E. Uhlenbeck, On field theories with nonlocalized action, Phys. Rev. 79 (1950)
145 [INSPIRE].

43 —


https://doi.org/10.1088/1475-7516/2010/11/008
https://arxiv.org/abs/1005.0590
https://inspirehep.net/search?p=find+EPRINT+arXiv:1005.0590
https://doi.org/10.1140/epjp/i2011-11043-7
https://arxiv.org/abs/1008.2482
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.2482
https://doi.org/10.1103/PhysRevD.86.044005
https://arxiv.org/abs/1107.2403
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.2403
https://doi.org/10.1103/PhysRevLett.108.031101
https://arxiv.org/abs/1110.5249
https://inspirehep.net/search?p=find+EPRINT+arXiv:1110.5249
https://doi.org/10.1103/PhysRevD.85.124030
https://arxiv.org/abs/1202.1824
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.1824
https://arxiv.org/abs/1202.3151
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.3151
https://arxiv.org/abs/1202.0008
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.0008
https://doi.org/10.1103/PhysRevD.89.024029
https://arxiv.org/abs/1308.1413
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1413
https://doi.org/10.1088/0264-9381/31/1/015022
https://arxiv.org/abs/1308.2319
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.2319
https://doi.org/10.1103/PhysRevD.91.124059
https://doi.org/10.1103/PhysRevD.91.124059
https://arxiv.org/abs/1404.2137
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.2137
https://doi.org/10.1016/j.nuclphysb.2014.10.015
https://doi.org/10.1016/j.nuclphysb.2014.10.015
https://arxiv.org/abs/1407.8036
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.8036
https://doi.org/10.1088/0264-9381/32/21/215017
https://doi.org/10.1088/0264-9381/32/21/215017
https://arxiv.org/abs/1412.3467
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.3467
https://doi.org/10.1016/j.nuclphysb.2015.09.006
https://doi.org/10.1016/j.nuclphysb.2015.09.006
https://arxiv.org/abs/1503.00261
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.00261
https://arxiv.org/abs/1605.04173
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.04173
https://doi.org/10.1103/PhysRevD.97.064011
https://arxiv.org/abs/1801.00834
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.00834
https://arxiv.org/abs/1802.00399
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.00399
https://doi.org/10.1090/S0002-9947-1933-1501717-0
https://doi.org/10.1103/PhysRev.79.145
https://doi.org/10.1103/PhysRev.79.145
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,79,145%22

[38]
[39]

W. Pauli, On the hamiltonian structure of non-local field theories Nuovo Cim. 10 (1953) 648.

N. Moeller and B. Zwiebach, Dynamics with infinitely many time derivatives and rolling
tachyons, JHEP 10 (2002) 034 [hep-th/0207107] [INSPIRE].

G. Calcagni, M. Montobbio and G. Nardelli, Route to nonlocal cosmology, Phys. Rev. D 76
(2007) 126001 [arXiv:0705.3043] INSPIRE].

G. Calcagni and G. Nardelli, Tachyon solutions in boundary and cubic string field theory,
Phys. Rev. D 78 (2008) 126010 [arXiv:0708.0366] INSPIRE].

G. Calcagni, M. Montobbio and G. Nardelli, Localization of nonlocal theories, Phys. Lett. B
662 (2008) 285 [arXiv:0712.2237] [INSPIRE].

G. Calcagni and G. Nardelli, Nonlocal instantons and solitons in string models, Phys. Lett. B
669 (2008) 102 [arXiv:0802.4395] [INSPIRE].

D.J. Mulryne and N.J. Nunes, Diffusing nonlocal inflation: Solving the field equations as an
initial value problem, Phys. Rev. D 78 (2008) 063519 [arXiv:0805.0449] [INSPIRE].

G. Calcagni and G. Nardelli, Kinks of open superstring field theory, Nucl. Phys. B 823
(2009) 234 [arXiv:0904.3744] [InSPIRE].

G. Calcagni and G. Nardelli, Cosmological rolling solutions of nonlocal theories, Int. J. Mod.
Phys. D 19 (2010) 329 [arXiv:0904.4245] [INSPIRE].

G. Calcagni and G. Nardelli, String theory as a diffusing system, JHEP 02 (2010) 093
[arXiv:0910.2160] [INSPIRE].

N. Barnaby and N. Kamran, Dynamics with infinitely many derivatives: the initial value
problem, JHEP 02 (2008) 008 [arXiv:0709.3968] [INSPIRE].

E.T. Tomboulis, Nonlocal and quasilocal field theories, Phys. Rev. D 92 (2015) 125037
[arXiv:1507.00981] [INSPIRE].

G. Calcagni, L. Modesto and G. Nardelli, Nonperturbative spectrum of nonlocal gravity,
arXiv:1803.07848 [INSPIRE].

A.S. Koshelev, Stable analytic bounce in non-local Einstein-Gauss-Bonnet cosmology, Class.
Quant. Grav. 30 (2013) 155001 [arXiv:1302.2140] [INSPIRE].

A. Conroy, T. Koivisto, A. Mazumdar and A. Teimouri, Generalized quadratic curvature,
non-local infrared modifications of gravity and Newtonian potentials, Class. Quant. Grav. 32
(2015) 015024 [arXiv:1406.4998] INSPIRE].

D.A. Eliezer and R.P. Woodard, The problem of nonlocality in string theory, Nucl. Phys. B
325 (1989) 389 [INSPIRE].

S.Yu. Vernov, Localization of non-local cosmological models with quadratic potentials in the
case of double roots, Class. Quant. Grav. 27 (2010) 035006 [arXiv:0907.0468] [INSPIRE].

J.A.R. Cembranos, S.E.R. Ciarreta and L.J. Garay, Scale holography, arXiv:1611.00853
[INSPIRE].

J.Z. Simon, Higher derivative Lagrangians, nonlocality, problems, and solutions, Phys. Rewv.
D 41 (1990) 3720 [INSPIRE].

S. Deser and R.P. Woodard, Observational viability and stability of nonlocal cosmology,
JCAP 11 (2013) 036 [arXiv:1307.6639] [INSPIRE].

— 44 —


https://doi.org/10.1007/BF02815288
https://doi.org/10.1088/1126-6708/2002/10/034
https://arxiv.org/abs/hep-th/0207107
https://inspirehep.net/search?p=find+EPRINT+hep-th/0207107
https://doi.org/10.1103/PhysRevD.76.126001
https://doi.org/10.1103/PhysRevD.76.126001
https://arxiv.org/abs/0705.3043
https://inspirehep.net/search?p=find+EPRINT+arXiv:0705.3043
https://doi.org/10.1103/PhysRevD.78.126010
https://arxiv.org/abs/0708.0366
https://inspirehep.net/search?p=find+EPRINT+arXiv:0708.0366
https://doi.org/10.1016/j.physletb.2008.03.024
https://doi.org/10.1016/j.physletb.2008.03.024
https://arxiv.org/abs/0712.2237
https://inspirehep.net/search?p=find+EPRINT+arXiv:0712.2237
https://doi.org/10.1016/j.physletb.2008.09.016
https://doi.org/10.1016/j.physletb.2008.09.016
https://arxiv.org/abs/0802.4395
https://inspirehep.net/search?p=find+EPRINT+arXiv:0802.4395
https://doi.org/10.1103/PhysRevD.78.063519
https://arxiv.org/abs/0805.0449
https://inspirehep.net/search?p=find+EPRINT+arXiv:0805.0449
https://doi.org/10.1016/j.nuclphysb.2009.08.004
https://doi.org/10.1016/j.nuclphysb.2009.08.004
https://arxiv.org/abs/0904.3744
https://inspirehep.net/search?p=find+EPRINT+arXiv:0904.3744
https://doi.org/10.1142/S0218271810016440
https://doi.org/10.1142/S0218271810016440
https://arxiv.org/abs/0904.4245
https://inspirehep.net/search?p=find+EPRINT+arXiv:0904.4245
https://doi.org/10.1007/JHEP02(2010)093
https://arxiv.org/abs/0910.2160
https://inspirehep.net/search?p=find+EPRINT+arXiv:0910.2160
https://doi.org/10.1088/1126-6708/2008/02/008
https://arxiv.org/abs/0709.3968
https://inspirehep.net/search?p=find+EPRINT+arXiv:0709.3968
https://doi.org/10.1103/PhysRevD.92.125037
https://arxiv.org/abs/1507.00981
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.00981
https://arxiv.org/abs/1803.07848
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.07848
https://doi.org/10.1088/0264-9381/30/15/155001
https://doi.org/10.1088/0264-9381/30/15/155001
https://arxiv.org/abs/1302.2140
https://inspirehep.net/search?p=find+EPRINT+arXiv:1302.2140
https://doi.org/10.1088/0264-9381/32/1/015024
https://doi.org/10.1088/0264-9381/32/1/015024
https://arxiv.org/abs/1406.4998
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.4998
https://doi.org/10.1016/0550-3213(89)90461-6
https://doi.org/10.1016/0550-3213(89)90461-6
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B325,389%22
https://doi.org/10.1088/0264-9381/27/3/035006
https://arxiv.org/abs/0907.0468
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.0468
https://arxiv.org/abs/1611.00853
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.00853
https://doi.org/10.1103/PhysRevD.41.3720
https://doi.org/10.1103/PhysRevD.41.3720
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D41,3720%22
https://doi.org/10.1088/1475-7516/2013/11/036
https://arxiv.org/abs/1307.6639
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.6639

[68] X. Jaén, J. Llosa and A. Molina, A reduction of order two for infinite-order Lagrangians,
Phys. Rev. D 34 (1986) 2302.

[59] S. Nojiri and S.D. Odintsov, Modified non-local-F(R) gravity as the key for the inflation and
dark energy, Phys. Lett. B 659 (2008) 821 [arXiv:0708.0924| [INSPIRE].

[60] N.A. Koshelev, Comments on scalar-tensor representation of nonlocally corrected gravity,
Grav. Cosmol. 15 (2009) 220 [arXiv:0809.4927] [INSPIRE].

[61] M. Maggiore and M. Mancarella, Nonlocal gravity and dark energy, Phys. Rev. D 90 (2014)
023005 [arXiv:1402.0448] INSPIRE].

[62] Y.-l. Zhang, K. Koyama, M. Sasaki and G.-B. Zhao, Acausality in nonlocal gravity theory,
JHEP 03 (2016) 039 [arXiv:1601.03808] [INSPIRE].

[63] E. Belgacem, Y. Dirian, S. Foffa and M. Maggiore, Nonlocal gravity. Conceptual aspects and
cosmological predictions, JCAP 03 (2018) 002 [arXiv:1712.07066] [INSPIRE].

[64] S. Giaccari and L. Modesto, Causality in nonlocal gravity, arXiv:1803.08748 [INSPIRE].

[65] K.S. Stelle, Renormalization of higher-derivative quantum gravity, Phys. Rev. D 16 (1977)
953 [INSPIRE].

[66] K.S. Stelle, Classical gravity with higher derivatives, Gen. Rel. Grav. 9 (1978) 353 [INSPIRE].

[67] S. Deser and R.P. Woodard, Nonlocal cosmology, Phys. Rev. Lett. 99 (2007) 111301
[arXiv:0706.2151] [iNSPIRE].

[68] S. Kawai, M.-a. Sakagami and J. Soda, Instability of 1-loop superstring cosmology, Phys.
Lett. B 437 (1998) 284 [gr-qc/9802033] [INSPIRE].

[69] S. Kawai and J. Soda, Evolution of fluctuations during graceful exit in string cosmology,
Phys. Lett. B 460 (1999) 41 [gr-qc/9903017] [INSPIRE].

[70] A. Nufiez and S. Solganik, Ghost constraints on modified gravity, Phys. Lett. B 608 (2005)
189 [hep-th/0411102] [INSPIRE].

[71] T. Chiba, Generalized gravity and ghost, JCAP 03 (2005) 008 [gr-qc/0502070] [INSPIRE].

[72] A. De Felice, M. Hindmarsh and M. Trodden, Ghosts, instabilities, and superluminal
propagation in modified gravity models, JCAP 08 (2006) 005 [astro-ph/0604154] [INSPIRE].

[73] G. Calcagni, B. de Carlos and A. De Felice, Ghost conditions for Gauss—Bonnet cosmologies,
Nucl. Phys. B 752 (2006) 404 [hep-th/0604201] [INSPIRE].

[74] G.M. Zaslavsky, Chaos, fractional kinetics, and anomalous transport, Phys. Rep. 371 (2002)
461.

[75] H. Yang, Stress tensors in p-adic string theory and truncated OSFT, JHEP 11 (2002) 007
[hep-th/0209197] [iNSPIRE].

[76] A.S. Koshelev, K. Sravan Kumar and A.A. Starobinsky, R? inflation to probe
non-perturbative quantum gravity, JHEP 03 (2018) 071 [arXiv:1711.08864] INSPIRE].

45 —


https://doi.org/10.1103/PhysRevD.34.2302
https://doi.org/10.1016/j.physletb.2007.12.001
https://arxiv.org/abs/0708.0924
https://inspirehep.net/search?p=find+EPRINT+arXiv:0708.0924
https://doi.org/10.1134/S0202289309030049
https://arxiv.org/abs/0809.4927
https://inspirehep.net/search?p=find+EPRINT+arXiv:0809.4927
https://doi.org/10.1103/PhysRevD.90.023005
https://doi.org/10.1103/PhysRevD.90.023005
https://arxiv.org/abs/1402.0448
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.0448
https://doi.org/10.1007/JHEP03(2016)039
https://arxiv.org/abs/1601.03808
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.03808
https://doi.org/10.1088/1475-7516/2018/03/002
https://arxiv.org/abs/1712.07066
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.07066
https://arxiv.org/abs/1803.08748
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.08748
https://doi.org/10.1103/PhysRevD.16.953
https://doi.org/10.1103/PhysRevD.16.953
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D16,953%22
https://doi.org/10.1007/BF00760427
https://inspirehep.net/search?p=find+J+%22Gen.Rel.Grav.,9,353%22
https://doi.org/10.1103/PhysRevLett.99.111301
https://arxiv.org/abs/0706.2151
https://inspirehep.net/search?p=find+EPRINT+arXiv:0706.2151
https://doi.org/10.1016/S0370-2693(98)00925-3
https://doi.org/10.1016/S0370-2693(98)00925-3
https://arxiv.org/abs/gr-qc/9802033
https://inspirehep.net/search?p=find+EPRINT+gr-qc/9802033
https://doi.org/10.1016/S0370-2693(99)00736-4
https://arxiv.org/abs/gr-qc/9903017
https://inspirehep.net/search?p=find+EPRINT+gr-qc/9903017
https://doi.org/10.1016/j.physletb.2005.01.015
https://doi.org/10.1016/j.physletb.2005.01.015
https://arxiv.org/abs/hep-th/0411102
https://inspirehep.net/search?p=find+EPRINT+hep-th/0411102
https://doi.org/10.1088/1475-7516/2005/03/008
https://arxiv.org/abs/gr-qc/0502070
https://inspirehep.net/search?p=find+EPRINT+gr-qc/0502070
https://doi.org/10.1088/1475-7516/2006/08/005
https://arxiv.org/abs/astro-ph/0604154
https://inspirehep.net/search?p=find+EPRINT+astro-ph/0604154
https://doi.org/10.1016/j.nuclphysb.2006.06.020
https://arxiv.org/abs/hep-th/0604201
https://inspirehep.net/search?p=find+EPRINT+hep-th/0604201
https://doi.org/10.1016/S0370-1573(02)00331-9
https://doi.org/10.1016/S0370-1573(02)00331-9
https://doi.org/10.1088/1126-6708/2002/11/007
https://arxiv.org/abs/hep-th/0209197
https://inspirehep.net/search?p=find+EPRINT+hep-th/0209197
https://doi.org/10.1007/JHEP03(2018)071
https://arxiv.org/abs/1711.08864
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.08864

	Introduction
	Plan of the paper
	Summary of main equations and claims

	Diffusion-equation method: scalar field
	Non-local system: traditional approach and problems
	Localized system
	Lagrangian formalism
	Ghost mode
	Hamiltonian formalism

	Initial conditions and degrees of freedom
	Solutions
	Comparison with Tomboulis approach
	Generalizing to exp H(Box) operators

	Non-local gravity: equations of motion
	Einstein equations: pure gravity
	Einstein equations: auxiliary field
	Brief remarks on causality

	Localization of non-local gravity
	Localized action
	Localized equations of motion
	Initial conditions and degrees of freedom

	The operator Box**-1
	Original version of the localized scalar system
	Comments on the system (2.24)
	Variations of curvature invariants and form factors
	Derivation of the Einstein equations (3.4)
	Derivation of equation (3.13)
	Equivalence of equations (3.4) and (3.13)
	Derivation of equation (4.14)

