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Abstract

In this paper we study the following nonlinear fractional Choquard-Pekar equation
(=A)u+ pu = (I, * F(u))F'(u) in RV, (%)

where u > 0, s € (0,1), N > 2, a € (0,N), I, ~ I:r\% is the Riesz potential, and F
is a general subcritical nonlinearity. The goal is to prove existence of multiple (radially
symmetric) solutions u € H*(RY), by assuming F odd or even: we consider both the case
> 0 fixed and the case f]RN u? = m > 0 prescribed. Here we also simplify some arguments
developed for s =1 [20].

A key point in the proof is given by the research of suitable multidimensional odd paths,
which was done in the local case by Berestycki and Lions [6]; for (x) the nonlocalities play
indeed a special role. In particular, some properties of these paths are needed in the asymp-
totic study (as p varies) of the mountain pass values of the unconstrained problem, then
exploited to describe the geometry of the constrained problem and detect infinitely many
normalized solutions for any m > 0.

The found solutions satisfy in addition a Pohozaev identity: in this paper we further
investigate the validity of this identity for solutions of doubly nonlocal equations under a
Cl-regularity.

Keywords: fractional Laplacian, Hartree type term, nonlinear Choquard Pekar equation, double
nonlocality, Berestycki Lions assumptions, even and odd nonlinearities, normalized solutions,
prescribed mass, infinitely many solutions, Pohozaev identity.
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1 Introduction

Given a nonlinearity ' € C*(R,R) and set f := F', we are interested to seek for multiple
solutions of the nonlocal system

(—A)Yu+pu=¢f(w) RV, .
(~A)*2¢ = F(u) in RV, |
where N > 2, s € (0,1) and « € (0, N). In literature this system has several physical motivations
and it is usually called fractional Schrédinger- Newton system.
By solving the second equation of (1.1) through the Riesz-Poisson kernel I,,, and substituting
¢ in the first, we come up with the single equation

(—=A*u+ pu = (I * F(u)) f(u) inRY, (1.2)

which is also known as fractional Hartree (or Choguard-Pekar) equation.

Applications of (1.2) can be found in quantum chemistry [2,28,47] (see also [12] for some
orbital stability results): here (1.2) appears in the study of the mean field limit of weakly
interacting multi-particle systems. In particular the equation applies to the study of graphene
[67], where the nonlocal nonlinearity describes the short time interactions between particles.
Doubly nonlocal equations appear also in the dynamics of populations [8].

One of the main applications anyway arises in the study of exotic stars: minimization prop-
erties related to (1.2) play indeed a fundamental role in the mathematical description of the
dynamics of pseudorelativistic boson stars and their gravitational collapse, as well as the evolu-
tion of attractive fermionic systems, such as white dwarf stars [33,37-39,46,56,64,65,73,79]. In
fact, the nonlocality of the operator is expression of the relativistic velocity of the particles, while
the nonlocal source describes the mutual interaction of the particles in the same body. Here the
study of the ground states to (1.2) gives information on the size of the critical initial conditions
for the solutions of the corresponding pseudorelativistic equation, where a critical value is given



by the Chandrasekhar [10] limiting mass. In particular, when s = %, N =3, a=2and f(u) = u,
we obtain [36,49,57]

V—=Au+ pu = < * u2> uw in R3. (1.3)

1
4r|x|
We recall that equation (1.3), in the case of non-relativistic Laplacian —A, was elaborated in
1954 by Pekar [81] (see also [58]), and subsequently considered as a physical model by many
authors [13,48,61,82,90]; the fractional Laplacian operator was instead introduced by Feynman
[35] in 1948 (see also [55]).

Remark 1.1 In (1.3) f(0) = |o|"20 with r = 2 is L?-critical: in this paper, when dealing with
the mass-constrained problem, we essentially address the subcritical case v € (%, 2) (see condition
(CF3) below), but we believe that this result, together with the developed minimazx tools, can be
a first step towards the study of the L?-mass critical (and supercritical) case, since for these
problems the minimization approach is generally not well posed.

If u is a solution of (1.2), then the wave function v(xz,t) = e**u(z) is a solitary wave of the
time-dependent equation (when, for example, f(¢) = g(|¢|) or f(v) = g(|¢|)¢, and similarly F')

iy = (=AY — (In * F@)) f(¢) in RY x (0,+00). (1.4)

The study of standing waves of (1.4) has been pursed in two main directions, which opened two
different challenging research fields.

A first topic regards the search for solutions of (1.2) with a prescribed frequency p and free
mass, the so-called unconstrained problem. The second line of investigation of the problem (1.2)
consists of prescribing the mass m > 0 of u, thus conserved by v in time

/ (@, )2 dz =m ¥t € [0,+00),
R3

and letting the frequency p to be free. Such problem is usually said constrained problem, and
its study is also strictly related to the dynamical properties of the solutions of (1.4) [43].

For the unconstrained problem, the first investigations on the existence of solutions when
s =1 go back to [14,62,70,71,74,88]; variational methods were also employed to derive existence
and qualitative results of standing wave solutions for more generic values of a € (0, N) and of
pure power nonlinearities F'(o) = %\a]p by Moroz and Van Schaftingen [75] (see also [78]), and
then generalized for doubly nonlocal equations in the papers [27] by D’Avenia, Siciliano and
Squassina. In particular the authors in [27] considered the special model

(=A)*u+ pu = (I * [ulP)|uP~2u  in RY, (1.5)
and they proved that (1.5) has solutions if

N+« N+« N
o = N <P < g = 2 (1.6)

When dealing with variational (and regular) solutions, they proved that range (1.6) is optimal.
Other results can be found in [68] for general superlinear nonlinearities, in [11] for the non-
autonomous case, in |60] for critical case, in [69] for zero mass case.

Recently in [19] the authors considered the problem (1.2) when F is a Berestycki-Lions [5]
type function under the following general assumptions, extending to the fractional case what has
been done by Moroz and Van Schaftingen |77]



(F1) F € CY(R,R);
(F2) there exists C' > 0 such that, for every o € R,
# .
|0 ()] < C(lo** + |of?);
(F3)
Flo) o o F(0)

o—0 |0—‘2f o o—+00 |o-‘22,s

(F4) F #0, that is, there exists o9 € R, 09 # 0 such that F(og) # 0.

In particular they prove the existence of a Pohozaev minimum, which is equivalently proved
to have a mountain pass structure, satisfying the Pohozev identity [19, Theorem 1.1]. Further
qualitative properties, such as regularity, summability, positivity and asymptotic decay, have
been then investigated in [16,19,40] (see also [41]).

The assumptions (F1)-(F4), which rely essentially only on the growth of the nonlinearity
at zero and at infinity — not including regularity, homogeneity, Ambrosetti-Rabinowitz-type or
monotonicity conditions — can be considered, from a variational point of view, almost optimal.
They include for instance the most common power type functions f(o) ~ |o|P~ta, f(o) ~ |o|?,
but also combined powers representing cooperation f(o) ~ |o|P~to + |09 o, f(o) ~ |o|P + |o|?
and competition f(o) ~ |o[P7lo — |o|7 o, f(o) ~ |o|P — |o]9, as well as asymptotically linear

sources f(o) ~ %, flo) ~ 1‘122 typical of saturation effects arising in nonlinear optics [32,84],

and many others.

The existence of an infinite number of standing wave solutions to (1.5) was faced by [27] (while
previous results for s = 1 go back to [23,66]): here the homogeneity of the source plays a crucial
role, and similar ideas have been applied for s = 1 in [1,83] in presence of more general sources
satisfying Ambrosetti-Rabinowitz type conditions. We highlight that all the abovementioned
papers work with odd nonlinearities f.

It remains open the existence of infinitely many radially symmetric solutions for the nonlinear
fractional Choquard equation (1.2) under the optimal assumptions (F1)—(F4) and symmetric
conditions on the nonlocal source term (I, * F'(u)) f(u), that is

(F5) Fis odd or even.

Differently from existence [19], the symmetry of F' is crucial for the multiplicity of solutions.
Here we assume F' to be odd or even, which guarantees the evenness of the energy functional
associated to (1.2). Contrary to the source-local case [6,17,51,52], where the nonlinear term is
usually assumed odd, for nonlocal sources we emphasize that both the cases F' odd and even
are meaningful (see also [26] where (F5) is assumed to achieve existence of a single nonradial
solution).

By virtue of [80], radially symmetric solutions to (1.8) can be searched as critical points of
the Cl-functional 7, : H$(RY) — R

Tu(u) = ;/]RN |(—A)*2u|? do + % /N u? dx — ;/]RN(LX * F(u))F(u) dx,

R

where H2(RY) denotes the fractional Sobolev space of radially symmetric functions. We establish
thus the following result.



Theorem 1.2 Suppose N > 2, a € (0,N), s € (0,1) and o > 0 be fized. Assume that (F1)—(F5)
hold. Then there exist countably many radial solutions (uy,), of (1.2) which satisfy the Pohozaev
identity

S [yt S [ =SS [ (s PP =0 0

Moreover we have

Tu(un) = 400  as n — 4o0.

Our multiplicity result is the counterpart of what done in [6] (for N > 3, see also [4] for N = 2)
in the local case with odd nonlinearities and extend the existence result in [27].

Due to the generality of the source, in order to get compactness, we use a variant of the
Palais-Smale condition [51,53], which takes into account the Pohozaev identity, through which
we prove a suitable deformation theorem in an augmented space [22], and eventually we use the
genus tool to get infinitely many minimax solutions.

In order to implement minimax arguments, anyway, a key point is the construction of multi-
dimensional odd paths. When f satisfies some Ambrosetti-Rabinowitz condition (i.e., F' can be
estimated from below by an homogeneous function |o|P), the construction of such a path classi-
cally relies on the equivalence of the H®-norm and the LP-norm on finite dimensional subspaces
of H*(R™). When such condition is no longer available, a finer construction is needed: in the
celebrated paper [6] Berestycki and Lions build this path for a local problem by exploiting an
inductive process based on piecewise affine functions.

In our nonlocal case, in order to prove the existence of multiple solutions, unlike the elaborated
approach of |6] we can obtain the existence of a multidimensional odd path by exploiting the
positivity of the Riesz potential functional. This gives also a simplified approach, differently
from what was presented in [20]. See anyway Remark 1.5 below for some comments.

We move now to study the constrained case, which appears more delicate. The existence
of L2?-normalized solutions was investigated when F(o) = L|o|P in [44,91] (see also [12] where
some Ambrosetti-Rabinowitz conditions are assumed and [45] where scattering properties are
investigated for L?-supercritical evolutive problems). More recently, the authors in [18] obtained
existence of a solution u € H$(RY) to

(—A)u+ pu = (I + F(u)) f(u) in RY,

1.8
/ w?der =m, p>0, (18)
RN

assuming that F satisfies (F1), (F4) and it is L%-subcritical, namely

(CF2) there exists C' > 0 such that, for every o € R,

# m
()] < C(lo* + |of?);

(CF3)
F F
(0;2 =0, i (ng) =0,
o—0 |O-|2a o—+00 ‘0" a,s
where
m N +oa+2s
205,8 = T

When s = 1, multiplicity of radial standing wave solutions to (1.8) with prescribed L?norm
has been faced for powers again by Lions in [66] (see also [21] for the planar logarithmic Choquard



equation). As regards instead the case of general nonlinearities f, recently Bartsch et al. [3]
obtained the existence of infinitely many solutions of (1.8) by assuming that f is an odd function
which satisfies monotonicity and Ambrosetti-Rabinowitz conditions; here the authors in [3] rely
on concentration-compactness arguments, together with the use of a stretched functional. When
s € (0,1) some results have been achieved in [92] in presence of local perturbations, and in [59]
for the supercritical case. In this paper we address the case of general f, when monotonicity and
Ambrosetti-Rabinowitz type conditions do not hold, or f is not odd.

A typical approach is to characterize solutions to (1.8) as critical points of the C''-functional
L:H(RN) - R

1 1
Llu) = / (=AY 2uf? dz — / (I + F(u))F(u) dz,
2 RN 2 RN
constrained on the sphere
Sm = {ueHﬁ(RNH uzdx:m},
RN

and find here a minimum of this functional (whenever bounded). On the other hand, this
approach requires much attention in order to control the tails of the functions. That is why, in
the spirit of [51], we work instead with a Lagrangian formulation of the nonlocal problem (1.8).
We highlight the advantage of this method, that can be suitably adapted to derive multiplicity
results of normalized solutions in several different frameworks, and does not require boundedness
of the functional on the L2-ball.

Through this formulation we prove the following result.

Theorem 1.3 Suppose N >2, o € (0,N), s € (0,1) and (F1)-(CF2)-(CF3)-(F4)-(F5).

(i) For any k € N there exists my > 0 such that for every m > my, the problem (1.8) has
at least k pairs of nontrivial, distinct, radially symmetric solutions (fn, TUn)n=1..k, which
satisfy the Pohozaev identity (1.7).

(ii) Assume in addition an L?-subcritical growth also at zero, i.e.

(CF4)

. |F(o)]
;IL% ’O‘|2ZL,S = 100

additionally, if F' is odd, assume that there exists 9 > 0 such that F' has a constant
sign in (0, o] and

F(oh)
sup < 4005 (1.9)
a€(0,00], h€[0,1] F(o)

for example, this is satisfied if |F| is assumed non-decreasing in [0, dp).

Then my = 0 for each k € N, that is for any m > 0 the problem (1.8) has countably many
pairs of solutions (fin, £un)n satisfying the Pohozaev identity (1.7). Moreover L(uy) < 0,
n € N and we have

L(up) =0 asn— 4oo.

Remark 1.4 We comment condition (1.9). Set

F(oh
M = sup (oh)

< 400
€(0,60], he[0,1] F(o)
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we have, when |F| is non-decreasing, M = 1. As a nontrivial example one can consider €
(21%72?,5») and F oscillating near zero between |o|® and 2|o|®, so that M < 2; for instance the
odd extension of

F(o) := o (2+4sin(d)) aso— 0T,

If instead F oscillates (not strictly) between |o|?' and |o|P2, with 28 < 81 < By < 2005, then
M = +o00; thus for instance the odd extension of
F(o) ==o"(1+ sin(1)) + o (1—sin(d)) aso— 0"

is not covered by (1.9).

As mentioned before, in the spirit of [17,18,20], the approach to the proof of this result relies
on some Lagrangian formulation, developed on a Pohozaev mountain geometry and a Palais-
Smale-Pohozaev compactness condition: this setting allows to detect a minimax structure on a
product space and thus the existence of infinitely many solutions.

Of key importance here is the asymptotic analysis of the mountain pass values of the un-
constrained problem (as g — 07 and u — +o00). To this aim, again, a delicate issue is the
construction of suitable multidimensional odd paths. To prove the existence of multiple solu-
tions for m > 0 (point (i) of Theorem 1.3) we can apply the same arguments of Theorem 1.2.
A similar approach can be implemented also to gain existence of infinitely many solutions for
any m > 0 when F is even (first part of point (i7) of Theorem 1.3), since in this case F' can be
assumed nonnegative in a neighborhood of the origin. See anyway Remark 1.5 below.

A quite delicate issue, instead, comes up when F' is odd and m > 0 is arbitrary. As in
[20], differently from [17,51], we need to implement a new approach to gain the existence of an
admissible odd path which satisfies some finer condition. Such a path is built by using suitable
annuli: the interactions, produced by the Riesz potential, between the characteristic functions of
these annuli have to be specifically investigated, and some sharp estimates for the Riesz potential
[89] are here used to this goal. The power o € (0, N) describes the strength of this interaction,
and it reveals to be stronger when « is small, i.e. a € (0,1].

Remark 1.5 We highlight that the easier approach for building a multidimensional path, based on
the positivity of the Riesz kernel (Proposition 2.3), cannot generally be applied to more generally
frameworks (also if F is even); for examples, when dealing with kernels K = K (x,y) which does
not make the functional

g / K(z,y)g(z)g(y)dzdy
RN JRN

positive (e.g., K(x,y) sign-changing): some examples are given by K(z,y) = log(|lz — y|),
K(z,y) = (Xlaxp, F Ipxss)(® —y) for some o, € (0,N), but also K(z,y) = % In
this case, the approach here developed, based on suitable annuli, might instead be adapted. This

s an interesting line of research for the future.

Finally, in this paper we deal with the Pohozaev identity, which essentially says that

o Tulul:/))jg = .

This identity may be useful in different occasions: nonexistence results, information on multipli-
ers, semiclassical analysis (see [15]), and so on. We note that in Theorems 1.2 and 1.3 we find
solutions satisfying the Pohozaev identity; however, it is not known whether this identity holds
for all weak solutions or not. When f is a power, such identity has been proved [27, equation



(6.1)]: in this case the solutions are indeed C2, which is a key point in the proof. In this paper,
in the spirit of [7] and [30], we show this identity by asking only a C'-regularity; we highlight
that in the proof we avoid the use of the s-harmonic extension. We get thus the following result.

Theorem 1.6 Let u € H*(RN) N L>®(RYN) be a weak solution of (1.2), and assume (F1)-(F2).
Assume moreover [ € C’l%’g(]R) for some o € (0,1] and one of the following:

“ocib),
e se 1), ae(1-2sN)and o € (52,1],
e s€(0,3), € (0,2) and o € (1 —2s,1].
Then u € CY(RY) for some v € (max{0,2s—1},1), and u satisfies the Pohozaev identity (1.7),

or equivalently

1
A Pulf + Ll — D(u) =0
28,5 27
where D(u) := [pn (IoaxF(w))F(u). The result in particular applies to nonnegative weak solutions
u € H¥(RN) of (1.2).

The paper is organized as follows. In Section 2 we recall some facts about the fractional
Laplacian and the Riesz potential. Section 3 is dedicated to the construction of different mul-
tidimensional paths, both with a simple approach and a more refined approach, suitable for
existence of infinitely many normalized solutions. Then these refined paths are exploited in some
asymptotic analysis in Section 4, and these results are then applied to achieve multiplicity results
in Section 5. Finally, in Section 6, we prove a Pohozaev identity for the fractional Choquard
equation.

2 Preliminaries
Set, for u € L%(RY) with [£]2*F(u) € L?(RY), the fractional Laplacian [29]
(=A)%u = FH[g* F(w);

when u is regular enough, we can write

‘ u(z) — u(y) N
(—A)S‘u(x) = CN@PV /RN Wdy, rzeR
4SF( N+23) .
where Cy s 1= WF(Q—S” > (0. We set the homogeneous fractional Sobolev space

D*2(RV) = {u measurable | (—A)*/2y € LQ(RN)}
and the fractional Sobolev space
HS (RN) _ L2 (RN) DS,2 (RN)

endowed with |lul|%s := |lul|3 + ||(—=A)%?ul3. An equivalent form of the seminorm is given by

C’Ns )’2 s
o = 5 [ [ S ey = -yl

8




Consider moreover the subspace of radially symmetric functions
Hy(RY) := {u € H*RY) | u(z) = u(|z|)}

and recall that H*(RY) — LP(RY) for every p € [2,2], and HS(RY) << LP(RY) for every
pE(2,29).

A sufficient condition in order to have (—A)*u well defined pointwise is given by [86, Propo-
sition 2.4| (see also [42, Proposition 2.15] and [7, Lemma 2.4]). We use the notation

CY(RY) := chI=DbI(RN)
and Lip(RY) := CO(RY), and similarly C] (RY), Lipjo.(RY), CZ(RY) and Lip.(RY).

Proposition 2.1 Let s € (0,1). Assume

/ wdw < 00; (2.10)
R

N (1 + |$|)N+25

e.g., u € (L' + L®)(RY). Assume morecover u € C;| (RN) for some v > 2s. Then

loc
. u(x) — u(y)

—A)® =Cnsl — "

(=A)%u(x) N,s 1L RN\ B (a) |E — Y]V T2 Y

_ Ongs / 2u(z) —u(z +y) —u(z — y)d
2 Jgw |y|N+2s Y

for every x € RN, and in this case we have (—A)*u € C(RYN). Moreover the last integral is
absolutely convergent.

Proof. We check only the absolute convergence. Indeed, let 2 € RY and R > 2|z| + 1. Notice
that, for |y| > R, we have, for |y| > R,

le+y| > |y| — |z] > R—|z| > |z[ +1

and | "
T+yl +
r+y —|x
o+ 91~ ol 2 2
thus
2u(z) —u(z +y) —u(z —y)| / 2Ju(x)| / u(z +y)| u(z —y)|
dy < dy + —— v dy + —— Ay
/B% |y[NF2s B, [y T2 By [yINTE By [yINT
1 u(2)]
< 2|u(x)|/ dy+2/ ———dz
Be YN+ Be,., (21— [ N2
|u(2)|
< Crlu(x)| +2(2 + CL‘|)N+25/ ————-dz < 0.
e, (71+ DV
Let now s € (0, 3). Then, being u € CZOO’Z(]RN) for some v > 2s,
2u(z) —u(z +y) —u(@ —y)| / 1
dy <2C —————dy < 00;
/BR |y‘N+28 B |y‘N+237'y

notice that a similarly argument shows also that the first integral of the Proposition’s claim does
not need the principal value, being absolute convergent.



If instead s € [%, 1), then, being u € CIO’Z(RN) for some v > 25 — 1, for each z,y € RN there
exists 0 = o(z,y) € (0,1) such that

2u(z) —u(r+y) —u(lz—y)| , \Vu(z 4 oy) -y — Vu(z — oy) -y
Nt2 dy = N2 dy
Br |y |V H2s Br |y|N+2s

</ 2 e
< ——dy < 0.
Br |y|N+2$ v—1

Joining the pieces, we have the claim. |

Set then the Riesz potential
CN,a
Ia(x> = ‘$|N_oé

reize)

207 N/20(Z)

Dalg,h) == | (I BN qrdy.
(9: 1) / *9)h /]RN/RN \x—y!N“

The following theorem ensures the well posedness of the Riesz potential (see [63, Theorem 4.3|
and [54, pages 61-62|).

where Cn o := > 0, and define

Proposition 2.2 (Hardy-Littlewood-Sobolev inequality) Let a € (0,N).

o Let g be a measurable function. Then I, * g is finite almost everywhere if and only if

l9(2)]|
/]RN de < 00. (2.11)

In partzcular I, * g is well defined if g € Lloc(RN) NL"(B f?() for some R > 0 and some
re[l, ) Moreover, if (2.11) does not hold, then I, * |g] = oo

o Letre|l, %) Then the map
g€ L'RY) s I % g € Lo (RV)
1s continuous. In particular, since the operator is linear,
gn — g weakly in L"(RN) = I, % g, — I, * g weakly in L%(RN).

o Letr,t € (1,400) be such that %4—% = Nﬁo‘. Then there exists a constant C = C(N, o, r,t) >
0 such that

Dalg, )| < Cllgll|[7]l:
for all g € L"(RN) and h € LY(RY).

We observe the following: if g € § |87, Lemma 5.1.2] or if a € (0, %) and g € L~ (RM)
[63, Corollary 5.10] then we have

2
Dalgg) = [ (ar)ade = [ Fltaro)Flopte= [ Fur@Pic= [ T a0

This shows that

g+ Dalg,9)

is a positive bilinear form. A more general result can be adapted from a = 2 |63, Theorem 9.8|
to a generic a € (0, V) as follows.

10



Proposition 2.3 ([63]) Let g : RN — R measurable be such that

Da(lgl; lg]) < oo.
Then
Du(g,9) >0

and the above quantity is zero if and only if g = 0 almost everywhere. In particular the following
representation holds

—+o00
Dal9,9) = / 2N ol / \h(t-) % g|>dadt > 0
0 RN

for a whatever nonnegative, radially symmetric h € C°(RYN) normalized in such a way that
SPON= a1 (hx h)(t)dt = C g

We state now the standard convergences for the nonlinear Choquard terms in the case of a
subcritical growth. Hereafter we use < to indicate less or equal up to a constant.

Proposition 2.4 Assume (F1) and (F2).
o Let uy, — u in H*(RYN). Then for any o € H*(RY) we have

/RN (In % F(un)) flun)p = | (Lo x F(w)) f(u)ep.

RN

e Assume in addition (F3). Let u, — u in HS(RY). Then

/ (Lo * F(un))F(uy) — (I * F(u))F(u)
RN RN

and

/R (Tar Fln) funun = [ (T F@)) flu)u

RN
Proof. Let u, — u in H*(R"), then (up to a subsequence) u, — u in L (RY) for p € [1,2}),
and a.e. pointwise. By assumptions F'(u,) is bounded in L%(RN) and F'(u,) — F(u) in
2N
LL (RN) for ¢ € [1,2¥). Thus F(u,) — F(u) in L¥+a (RY). By some standard topological

loc ’ N+a
argument, the convergence holds for the whole sequence.

Moreover, by Proposition 2.2 we gain

I % Flun) — Lo % F(u) in L¥a(RN). (2.12)

Let now ¢ € C°(RY), and set Q := supp(y). Since u, — u in LP(Q) for each p € [2,2}), we

. : 2N
have (by the LP-dominated convergence theorem) f(un) — f(u) in LP(Q) for each p € [1, ;55;)-

Let p € (A?—fa, Oﬂ\és) be whatever and let ¢ be such that % + % = %; since ¢ € L1(2) for such

q, we have f(up)p — f(u)p in LNLIa(Q), and actually in L%(RN). Thus, joining with (2.12),

/RN (Ia * F(un)) f(un)p — o (Io* F(u)) f(u)e Vo€ C>(RY).

We want to extend the relation to ¢ € H*(RY). Indeed

L o Flan) | S 1) g 0ol g
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#_ *
S Mnl® = ll_zn + [[fun "ol 2
Fa N+«
o a+2s
< lun ¥ [z [l ll2 4 [[Tun[¥=25 ]| 2a_{lll2;
« a+2s

o _q 25,51
< Nunlls llellas + llunllr™ el S el

since u,, are equibounded in L?(RY) N L2 (RY). Being the estimate uniform in n, we obtain the
claim by density.
N+tao
Assume now (F3). Let G(t) := (F(t))% By the assumptions we have

G(t Fo) G(t F(t)\ =
lim L = lim *) =0, lim (*) = lim 2(*) =0.
t—0 [t]? t—0 ]t]ﬁ t—oo [t|% =0 \ |t]%as

Thus, by [9, Lemma 2.4] we gain G(u,) — G(u) in L*(RY), which means F(u,) — F(u) in
2N
L™+ (RM). In particular, by Proposition 2.2 we obtain

2N
Io % F(up) — I * F(u) in L¥=a(RY),
Thus we get the first claim. Moreover, arguing as before we get f(upn)u, — f(u)u in L¥+a (RM),
and this concludes the proof. |

Remark 2.5 We observe that, by substituting I with —F, there is no loss of generality in
assuming
F(og) >0 for some og #0

in (F4) (oo can be chosen positive if, for example, (F5) holds) and
F
lim ﬁ

o—0t |O'|2(T’S

:+OO

in (CF4). Thus, for the remaining part of the paper, we assume this positivity on the right-hand
side of zero.

3 Multidimensional annuli-shaped paths: even and odd nonlin-
earities

We briefly denote by ¢ the lower-critical exponent 2 and by p the L?-critical exponent 205 L.

N N 2
q:=2 = o p:=2" _ Y hates i

N s N

To avoid problems with the boundary of Ry, we write from now on (see [18] for a different
approach)
p=ete(0,400), AeR.

We also set
D(u) := Do (F(u), F(u)) = /R (T F(u)F(u) dr.

Using Proposition 2.2 and (F1)-(F2), we notice that D is continuous on L?(RN)NL% (RY), where

2y = NQiV% is the Sobolev critical exponent, and thus continuous on H32(RY); notice that if we

assume (CF2), then D is continuous also on L2(RN) N L** Nta (RM).
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To deal with the unconstrained problem, we further define the C'-functional J : R x
HE(RYN) — R by setting

1 1 A
T (A u) = 5!\(—A)S/QUH§ - §D(u) + %HuH%, (A, u) € R x HE(RM). (3.13)

For a fixed A € R, u € HZ(RY) is critical point of J(,-) if and only if u solves (weakly)
(=AYu+eru= (I * F(u))f(u) in RV, (3.14)
In this Section we study the geometry of
ue H¥(RY) = J(\u) € R,

for a fixed A € R. We introduce a sequence of minimax values a,(\), n € N*: these values play
important roles to find multiple solutions for the constrained problem (Theorem 1.3) as well as
for the unconstrained problem (Theorem 1.2).

For n € N* and A € R we introduce the set of paths

Tn(A) := {7 € C(Dn, H}(RY)) | v 0dd, T (A, vjap,,) < 0},
where D, := {z € R" | |z| <1}, and the minimax values

n(A) = inf A, .
an(N) velrim;%’nj( v(§))

For n > 2 the nonemptiness of I',(\) has to be checked; for n = 1 we refer to [77, claim 1 of
Proposition 2.1]. Classically, in the local framework this fact was proved in [6] by constructing
inductively piecewise affine paths. This construction does not fit the nonlocality interaction given
by the Choquard term, thus we need another approach.

Proposition 3.1 Assume (F1)—(F4) and F(+og) #0. Let n € N* and A € R. Then T',,(\) # 0,
thus an(X) is well defined. Moreover, an(N\) > 0 and it is increasing with respect to X and n.

Proof. Start observing that the polyhedron

Zn = {t = (tla"'atn> | .lTllaX ’tz| = 1}

i=1,...,n

is homeomorphic to dD,, (we pass from the L? to the L™ norm). Let us fix e1, . .., e, € CX(RY),
each of them between 0 and 1, radially symmetric, equal to one in some annulus A;, and such
that their supports are mutually disjoint. Then set v : ¥, — HZ(R™) by

V(t)(x) = Uoztiei(ﬂﬁ) (3.15)
i=1

for every t = (t1,...,t,) € ¥, and € RY. The map 7 is clearly odd and continuous. More-
over every ¢t € X, has at least a nontrivial component |¢;] = 1, thus we have F(v(t)(z)) =
F(ootiei(x)) = F(£o0) # 0 on A;, hence F(v(t)) # 0. By Proposition 2.3 we have

D(y(t)) >0 for each t € 3,,.
Since D o~ : ¥, — R is continuous, and Y, is compact, we obtain

min D(y(t)) =: €' >0,

13



l.e.

D(v(t)) >C >0 foreachteX,.

Call moreover M := maxy, ||7|%s € R. By scaling, we obtain

9N 2s 0N A 9N+o¢
I ()(-/0)) = I(=2)2x(1)]5 + Iz — ——D((#)
9N 2s QN A 9N+o¢
< 5 M + M — 5 <0

for some § = 6* > 0. Thus we consider 7 := v(-)(-/0*) : dD,, — HZ(RY). Finally we extend 7

to Dy, by
19 =1k ()

for every t € D,, \ {0}, and 5(0) := 0. Therefore 4 € I',,(\) # 0.
What remains to prove is the monotonicity and positivity of a, (). Since D, C Dyy1, we
may regard for v € T, 11(A),
YDy, € Fn()‘)

Thus we have a,(A) < an41(A). Since J (A, u) is monotone in A, we also have the monotonicity
with respect to A. The positivity of a;()\) is instead essentially obtained in [77]. Thus

an(N\) > a;(A) > 0. |

In the proof of Proposition 3.1 we hardly relied on the positivity of the Riesz potential
functional given in Proposition 2.3, to obtain the existence of path v : D,, — HS(RY) and a
C > 0 such that

D(H(§)) > C >0 for each £ € OD,,. (3.16)

Anyway, no good information on C are given by this approach.
A useful estimate in order to get infinitely many solutions for any m > 0, when (CF4) holds,
is the one which relates D(y(6-)) to F(fog) (see Lemma 3.5 and Section 4), that is

D(0y(€)) > C(F(x80p))*> for each € € OD,, and 0 € [0,1] (3.17)

for some uniform C' > 0. When F' is nonnegative in a neighborhood of the origin (which is the
case of F' even and (CF4)), then one can easily build a suitable v which satisfies (3.17).

Proposition 3.2 Assume (F1)-(F4). Assume moreover that F' is nonnegative in some [—oy, 0],
F(+00) #0. Let n € N* and A € R. Then the path v € I'y, () defined in (3.15) satisfies (3.17).

Proof. Assume the notation of the proof of Proposition 3.1. For each ¢t € X, there exists
|te| = 1, thus, by exploiting that foot;e;(z) € [—09,00] for each z € RV, we obtain

~v(60t)) = /]RN /RN In(x —y)F (900;?5@'61'(1‘)) F QUO;tjej(a:) dxdy
= ZZ/N /RN (z — y)F (Gootiei(z)) F (Bootje;(x)) dady

i=1 j=1

/ / (z — y)F (Bootrer(z)) F (Bootrer(y)) dudy
RN JRN

14



> (F(:l:@ao))Q/A /A I (z — y) dzxdy

which is the claim. |

When F is odd but not trivial around the origin (thus it cannot be here nonnegative) it seems
not an easy task to build a v € T',,(\) satisfying (3.17); indeed some estimate from below on

A FOQE@)FEOW)
/RN \/RN Ia( y) (F(@O’Q))Q d dy

F(ch)

uniform for 8 — 0 seems required; this is related to quotients of the type Flo)

with o € (0, 0¢]
and h € [0,1]. This is essentially the meaning of condition (1.9).

To deal with this case we need a deep understanding of the Riesz potential on radial functions.
We thus give now a different construction for a v € I',,(\): this procedure might be investigated
also for more general Choquard-type equations, where different kernels (possibly sign-changing)
appear.

We start by recalling a result contained in [89, Theorem 1] (see also [72, Lemma 6.3] and
references therein).

Theorem 3.3 ([89]) Let a € (0,N) and g € L*(RY) N L>®(RY) be radial. Then I, * g is radial

and
r

oo
(Lrgr) = [ . (p) o g(p) dp (3.15)
0
where Fy, is positive and it satisfies, for some constants Cn, Cnoo, C(N,a) > 0,

Fo(r) = Cno asT—0, Fo(m)rV =% — CNoo GST — 400

and Fu(r)
0T
N 1 1
Ga(T>—>C( ,a) asT — 1, (3.19)
with
1 ifa e (1,N),
Go(s) =1 [log|T —1|| ifa=1, (3.20)

T =1t ifa e (0,1).

For a proof of Proposition 3.1, we prepare some notation and some estimates. We introduce
the annuli
A(R7 h) = {J" € RN | ‘$| € [R —h,R+ h’]}a X(R7 h; ) ‘= XA(R,h)

for any R > h > 0.
By applying Theorem 3.3 to g(|z|) = x(1, h;|z|) and arguing as in [20, Lemma 1| (see also
[41]), we obtain

/ / La(z — y)x(R, b 2)x (R, hs y) dady (3.21)
RN xRN

= RNt //[RNXRN Io(z — y)X(L %;ﬂf)x(l, %;y> dxdy

15



RN*te(Ly2 if o € (1, N),
~ § RNFLH(ENlog 1| if o =1,
RN*a(lLylte if a € (0,1).

For R > 2, we set the thickness of the annuli as

RS if o € (1, N),
hpi={ B2 (logR)"V/? ifa=1,
R 17 if a € (0,1),

so that a uniform bound for (3.21) is gained.
We show how to use these annuli to build a continuous odd map in L2(RY) N L2 (RY). By
a regularization argument, we will obtain a refined path in I';,(\).

Proof of Proposition 3.1 (refined). In correspondence to op, we will construct now a v €
I';,(A); this path will moreover satisfy maxecp,, [|7(€)]|oe < 00-

Step 1: Construction of an odd path in L".
For n > 2 we consider again the polyhedron

Sp={t=_(t1,...,tn) | iirll?%nm =1}.
For a large R > 1, which we will choose later, we define
n .
= ngn(ti)x(RZ, tilhgisz) + Ty — L"(RY)
where r € [1,4+0oc]. Here we regard x(R?,0;2) = 0. We have

D(oonlt ZF g (t3)00) F (sgn(t5)0)-

- / / Ln(z — y)X (R, ltilhs; ©) X (R, [t hs; ) daedly.
RN xRN

We note that
(i) For any ¢t = (t1,...,t,) € X, there exists at least one ¢ such that |tx| = 1.

(ii) By [20, Lemma 1],
F(%o)? // Io(z = y)X(R", hyw; @) x(RY, hye; y) dady > Co.
RN xRN
(iii) By (i) and (ii),
Fzoo? [[ | Talo = xR b o)X (B i) dody = Co
— RN xRN
(iv) If i # j, by [20, Lemma 2],
// In(z — y)x(R', hpi;z)x (R, hpisx)dedy — 0 as R — oo.
RN xRN
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By (i)-(iv), we have for sufficiently large R > 1,
D(ooyr(t)) > C >0 forallteX,. (3.22)

In what follows we fix R > 1 so that (3.22) holds.

Step 2: Construction of an odd path in H}.
For 0 <h < R and € > 0, we set

1 if x € A(R,h),
Xe(R,hyz):=¢1— %dist(:r,A(R, h)), if dist(z, A(R, h)) € (0,¢),
0 otherwise.

Here we regard A(R,0) = {z € RV||z| = R}. We note that

Xe(R, h;-) € HS(RN) for e > 0,
Xe(R, ki) = x(R, h;-) in L"(RY) as e — 0 for all r € [1, 00),
supp Xe(R', hgi;-) Nsupp xe(R7, hgi; ) = 0 for i # j for € small.

We set Ve g € C(Zn, H(RY)) as
Ve, r(t ngn IXe(RY, [tilhgis-), t€ D, (3.23)

By (3.22) and the continuity of D on L2(R™) N L% (RY), we have for £ > 0 small
D(ooYe,r(t)) > C >0 forallteX,.
Since \
1 1
T u(-/6)) = 56N (=8)"2ul3 + -6V |jul3 — 56N D(w),
we have for large 6 > 1
TN, 007e,r(t)(-/0)) <0 for all t € ¥, = OD,,.
Considering D,, = {ht | h € [0,1], t € £,,} and extending oo r(t)(-/0) to D, by
Y(ht) == hooye,r(t)(-/0),
finally we obtain a path 7 € T',,(\). |
Remark 3.4 Even without assuming the positivity of F (see Proposition 3.2), we notice that
the construction of an odd map in L" gets easier when F is an even function. Indeed there is
no negative contribution given by the mized interactions. We give only an outline of the proof,

highlighting that in this case we do not need to use the fine Theorem 3.3 given by [89].
Define for every i =1,...n and h € [—1,1] the annuli

Ai(h) = {x € RN | |z| € [2ni — ||, 2ni + |R[]},

and by X a,(n) its indicator function. For everyt = (t1,...,tn) € Xy we have that A1(t1), ..., An(ts)
are disjoint. Moreover, if t; = 0, then meas(A;(t;)) = 0. Thus we define a continuous, odd map
by

ngn XAyt (@) © Sn — LARY) 0 L% (RY).
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Since F is even, we obtain
D(oov(t
> / / o Tl = D0 0 () F (0w (s, 1 0) ey
) x t]

= g X — X (o) 2
- (F( 0)) %//Ai(ti)XAj(tJ)IQ( ) dedy 2 (F( 0)) €0

where C' does not depend on the specific t. The regularization to a H-path can be done as in the
general case (or by mollification), as well as the extension to D,,.

We are ready now to show that yp. : %, — HZ(RY), defined in (3.23), has the desired
property (3.17).

Lemma 3.5 Assume (F1)-(F5), and F > 0 in some (0,0]. If F is odd, additionally assume
(1.9). Then there exists a constant A > 0 independent of o € (0,0p] and t € ¥,, such that

(F(0))*(A+0(1)) ase— 0.

DN | =

D(0VRe(t) 2

Here o(1) is a quantity which goes to 0 as € — 0 uniformly in t € ¥,, and o € (0, do].

Proof. We prove Lemma 3.5 in two steps.
Step 1: For t € X, set

)= [ Tale~ )R lhnsa (R ) dady,
X

Then for sufficiently large R > 0, we have
A= i i(t) — ij . .
jnf Z aii(t) Z ai;(t) | >0 (3.24)
=1 i#]
This fact follows from [20, Lemmas 1 and 2|. We fix R > 1 so that (3.24) holds.

Step 2: D(0Vr.(t)) > £F(0)?A as e — 0.
We note that for € > 0 small

supp Xe (R, [ti|hpis-) N supp xe (R, [t|hgsi-) =0 for i # j.
Thus we have
D(0VRe(t)
-3 / /R o Tale = P (st (R s ) (o sen(t e (), [y ) dady

We consider cases i = j and i # j separately.
First we focus on the case ¢ = j. For both even and odd F' we have

Bii(O', t)
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=[] Tl = )P s (R s ) F(o gm0 (B s ) dady
X
— [[[, e = X (B Ilhs o) Flox(R tlhs ) dody
RN xRN
> / / I(@ — y) F(ox (R, [l e @) F(ox (R, [l e ) dady
RN xRN
— F(0)2aa(t), (3.26)

where we used the positivity of ' and the monotonicity of the integral. Next we consider the
case i # j for even F. Since F(o) > 0 for o € [—dg, dp] we obtain

Bij(07 t) >0 forallteX,. (327)
Finally we consider the case i # j for odd F. Since |F(o)| = F(|o|) for o € [—do, do]
Bij (O’, t)

=[] Tale = P st (R il ) F (o sgnlt e (R, 4 ) dody
X

> — // In(z — y)F(oxe(RY, |tilhgi; ©))F(ox:(R?, |tj|hgisy)) dody. (3.28)
RN XRN
Setting '
Ci(t,e) := {x | dist(z, A(R', |t;|hgi)) € (0,€)}
we have

XE(Ri, ‘ti‘hRi;fL') S (O, 1) for x € Ci(ti,&‘),
Xe(RY, |tilhgisz) = X(RY, [ti|hgi; ) for x & Ci(t;, e),
meas(Cy(t;,€)) = 0 as e — 0, uniformly in ¢t € %,,.
1 i
——F(ox:(R", |tilhgi; x))| dx

<
r N Li(ti,€) F(J)

— max ‘F(Jh)’ TmeaS (-
B <h€[0,1] ‘F(O‘)’ > (C’L(tlag))

— 0 ase— 0uniformly int € X,. (3.29)

Thus for r € [1,00) and o € (0, d]

T

1 ' ; i . L.
[ o )

F(ch)
F(o)
assumption in (CF4). We note that (3.29) implies, exploiting again (CF4)

Here we use the fact that max,eo 1] < C, which follows from the local almost-monotonicity

1 Z. ,
ot [y Tol = DR i) Pl (R ) dady a0
—0 ase—0. (3.30)
By (3.28) and (3.30),

Bij(o,t) > —F(0)*(a;j(t) +o(1)) ase— 0. (3.31)
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Thus, it follows from (3.25)—(3.27) and (3.31) that

This concludes the proof. |

4 Asymptotic analysis of mountain pass values
In this Section we give some key estimates on the asymptotic behaviour of a, () as A — £oo.
Proposition 4.1 Assume (F1)—(F4) and let n € N*.

(i) If (CF3) holds, then limy_, o “2) = 400,

(i) If (CF4) holds, then limy_,_o “) = 0.

Part (i) of Proposition 4.1 can be found in [18, Lemma 1|, once observed that a,(u) > a1(n)
for each n € N*.
We deal now with the proof of (ii) of Proposition 4.1. We highlight that, when F' is even, the
proof can be simplified (see [17] and Proposition 3.2).
The proof will be based on the key Lemma 3.5. We start noticing that, by (CF4) and Remark
2.5, for some 69 > 0
F(o) >0 for o€ (0,0,

which implies
(i) when F is even, F(o) > 0 for all o € [—do, do] \ {0};
(ii) when F'is odd, F'(o) < 0 for all o € [—0dy,0).
By (CF4), we also note that there exists L, > 0 with L, — 400 as 0 — 0% such that
F(1) > L, for all 7 € [0, 0]. (4.32)

Proof of (ii) of Proposition 4.1. We write u = e here. For og € (0,8] and p > 0, we
consider the map

ot € Dy, = 0ooyre(t)(-/pn"2) € HI(RY). (4.33)
We have by Lemma 3.5 (since ¢ is fixed, we write A instead of A + o(1))

p T (1, 000 R (8) (/17 2))

1 _n~ 1 _~ 1 _w~

= L o0 =AY e )1 + 2 F 000 lm (013 — S Doy (1)
1 w 1 »~

< L ¥ 0ol Ol — su¥F(oo)A.

Thus for p small and o0 =1

T (1, 00vRe()(-/p72)) <0 for t € 5y,
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which implies that (4.33) is a path in I';, (). Moreover by (4.32)

- - _1
2 1an(ﬂ) < max u 1j(u, oo0YR,e(t)(-/pn2))
o€l0,1], teX,
L 2 2 _N
<  ma 2 Az, L
= seioi) tes, 2" (000)°[1vRe ()7

< 1~
max — 2

= o€01],tex, bl

< Coy,

(000) 17RO IFs — -

where . .
Cyy == sup <2T||”)/R’5(t)||%;[s - 4L00A7'p> e R.
7>0,t€X,

Thus we have
lim sup Mflan(lu’) < Coo-
n—0t

Since Cy, — 0 as o9 — 0, we have (ii) of Proposition 4.1. |

5 Existence of multiple solutions

5.1 The Pohozaev mountain

In this Section we start studying the Lagrangian formulation, applying the previous asymptotic
estimates to a Pohozaev geometry. We consider the functional Z™ : R x HZ(RY) — R defined
by
1 s/2 12 L et 2 smN
"0 u) = S (-A) a3 - 5D + S (B —m), () eRx HXRY).  (534)

It is immediate that, for any (A, u) € R x HZ(RY), I"(\u) = J(\u) — %m. Under some
additional condition (see Section 6 and [27]) every critical point satisfies the Pohozaev identity
(1.7). Inspired by this relation, we also introduce the Pohozaev functional P : R x H3(RY) — R
by setting

N -2 N N
— ;aD(u)+Ee/\HuH%, (\u) € R x HSRY).  (5.35)

We consider the action of G := Zs on R”, n € N*, and on R x H$(R"), given by

P\ u) = I(=2)*"2ull3 —

(£1,6) € G x R™ — ££ € R,
(£1,\u) € G x (R x HE(RY)) = (A, £u) € R x HE(RN).

We notice that, under the assumption (F5), Z™, J and P are invariant under this action, i.e.
they are even in u. In addition, we observe by the Principle of Symmetric Criticality of Palais
[80] that every critical point of Z™ restricted to R x HZ(RY) is actually a critical point of Z™
on the whole R x H*(RM).

Moreover we consider the Pohozaev set
Q:={(\u) e Rx HXRY) [ P(\,u) >0} U{(N\0)| e R};

under the assumption (F5), € is symmetric with respect to the axis {(A,0) | A € R}. We start
showing the following property, due to the fact that D(u) = o(||u||%:) as u — 0.
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Lemma 5.1 We have
{(N0) | A e R} Cint(Q). (5.36)

Proof. By
[F (o) < 167+ [t

where g = % and p = W < 2%. Thus

I ()l ax S Wl ll_an + el 2n = flellg + fleel o, -
+a +a

N N+«o Nt¥a

Therefore by Proposition 2.2 and Young’s inequality we have

2
/ (Lo * |F())| F(u) do S [|F(u)|Pon S (HUHZ + HUII”W)
RN

N+a N+«

2 2 2 2
S llly” + llullZyy < ullfgs + lulls
+a

thus
2 2
P u) S [lullzrs — llull3s = llullfs >0

for ||u|| s small, u # 0. |
By (5.36) we obtain
00 = {(\u) € Rx HSRY) | P(\,u) =0, uz0}

and we call 0Q Pohozaev mountain, on which Z™ has height bounded from below (Proposition
5.2) and which separates zones where Z'™ is small (Proposition 5.3), as we see next. We observe
that 9Q # 0, for instance by [77, Theorems 1 and 3|.

Proposition 5.2 Assume (F1)-(F4) and (F5). We have the following properties.
(i) T (A, u) >0 for all (N, u) € 2.
(it) TN\, u) > ar(X) >0 for all (A, u) € 0Q.

(i1i) Assume (CF3). For any m >0, we set

A
E™:= inf 7I™(\u), and B":=inf (al()\) - em) .
(A\u)edn XER 2

Then E™ > B™ > —o0.
Proof. We notice that for all (A\,u) € Q

P, u) a+2
. ) _ —A s/2
N+« 2(N+a)H( )

ull3 + eMull3 > 0

a
Trw) 2 T4 ) 2(N + )
and thus (i) follows. As regards (¢ii): the fact that E™ > B™ is a direct consequence of (ii),
while the fact that B™ > —oo comes from Proposition 4.1 (i).

Focus now on point (i¢): this comes from the fact that for each A the mountain pass level
a1 () coincides with the ground state energy level (see [76, Section 4.2] and |19, Proposition 3.3|
for details). Differently, without exploiting the existence result for the unconstrained problem,
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we argue as follows (see [41, Remark 3.4.3]): let v € I'(A); by definition of I';(\) and by point
(i) there exists t* such that y(t*) € 9Q and ~(t*) # 0, thus P(X,v(t*)) = 0. This means that

T = 5 AN + geas ) = 1) v
thus
oWzt ulf
where (9€) = {u € HS(RY)\ {0} | P(\,u) = 0}. Since, by (5.36), (9), is far from the line
(A, 0), we obtain that the right-hand side is strictly positive, which is the claim. |

From now on we assume (CF3) to give sense to the quantity B". In view of Proposition 5.2
(iii), we set for m > 0 and n € N*
.= {@ € C(Dp, R x Hﬁ(RN)) | © is G-equivariant, Z™(0(0)) < B™ — 1,
O©lop, ¢ Q2 I™(Olop,) < B™ — 1}

and

b .= inf 7(© :
" @16%5861%)” ©));

we point out that asking © = (©1,02) € I'" to be G-equivariant means that ©; is even and ©O2
is odd, and in particular ©2(0) = 0 which implies ©(0) € Q. Arguing as in [17,20] we obtain the
following.

Proposition 5.3 Assume (F1)-(F2)-(CF3)-(F4)-(F5). We have the following properties.

(i) For any m > 0 and n € N*, we have I']' # () and

bt < ap(A) — e)‘%,

for each A € R. Moreover, b))’ increases with respect to n.

(ii) For any k € N* there exists my, > 0, namely given by

o eap(N)
Mtk ':2>1\2]{% e

)

such that for m > my,
byt <0 forn=1,2... k.

Moreover, my, 1s increasing with respect to k.

(#ii) If (CF4) holds, then my = 0 for each k € N*. That is, for each m > 0 we have

by <0 for all n € N*.

Corollary 5.4 For any m > 0, we have
B™ =E™ =",

i.e. the first minimaz value b" equals the Pohozaev minimum E™ on the product space.
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5.2 The Palais-Smale-Pohozaev condition

For every b € R we set
KP™ = {(\u) € R x HXRY) | Z"(\u) = b, DI™(\,u) = 0, P(\,u) = 0}.

We notice that, assuming (F5), K lf) "™ is invariant under the G-action.

As already observed, under (F1)-(F2) it is not known if 9,Z™ (A, u) = 0 implies P(A,u) = 0,
thus it seems hard to recognize the compactness of K" := {(A\,u) € R x HF(RY) | Z™(\,u) =
b, DI™(X,u) = 0} (through the standard Palais-Smale condition) without the additional condi-
tion P(\,u) = 0.

Inspired by [50,51,53], we make use of the Palais-Smale-Pohozaev condition, a weaker com-
pactness condition that takes into account the scaling properties of Z" through the Pohozaev
functional P. Through this tool we will show that Klf)’m is compact when b < 0.

We thus have the following result, which can be found in [18, Theorem 3|.

Proposition 5.5 Assume (F1)-(CF2)-(CF3) and let b < 0. Then I™ satisfies the the Palais-
Smale-Pohozaev condition at level b (shortly the (PSP), condition), that is every (Ap,un)n C
R x H5(RY) satisfying

Z™(An,un) — b,

a)\Im(An; un) - 0’
10uT™ (Any i) | 12 vy« — O,

5.37
5.38
5.39

(
(
(
(5.40

)
)
)
)

has a strongly convergent subsequence in R x H2(RN).
As a consequence, KéD’m N(R x {0}) =0 and Kf’m is compact.

We emphasize that Kéj ™ is not compact, since we can consider an unbounded sequence
(An,0) with A\, = —oc0.

Proof of Theorem 1.3. Once obtained the (PSP) condition, one can argue as in [17,20,51].
We construct a deformation flow for Z™ through a deformation of an augmented functional

H™(0, N\, u) :=T™(\, u(efa'))

on a Hilbert manifold M := RxR x H?(R N) with a suitable metric. Applying genus arguments
we can find multiple solutions. We refer to [17,20,51] for details. |

Proof of Theorem 1.2. Theorem 1.2 can obtained as a byproduct of the techniques developed
for Theorem 1.3. See |20, Section 5| for details. |

6 The Pohozaev identity

In |27, equation (6.1)], in presence of power nonlinearities, it is proved that every weak solution
u is C? and thus satisfies the Pohozaev identity (1.7).

Here we want to extend the identity to more general nonlinearities and to more general
solutions v € C'. We consider the following assumption:

(F6) f e CY?(R) for some o € (0,1].
From |19, Theorem 1.2 and Proposition 4.9] and |16, Section 3.1| (see also [41, Section 4.4.5]) we

have the following regularity results.
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Proposition 6.1 ([16,19,41]) Assume that (F1)-(F2) hold. Let u € H*(RY) be a weak solu-

tion of (1.2). Then
RACAI oo, then u € L®(RN).

i) if u is nonnegative or limsup,_, To]

Let now u € H*(RN) N L®(RYN) be a weak solution of (1.2). Then

H?(RN); in particular, F(u) € LY(RYN) N L2 (RN);

i) ue LYRN)N
N (0,1);

iti) if s € (0, 3], then u € COV(RYN) for any v € (0,2s]
w) if s € (3,1), then u € CYY(RY) for any v € (0,25 — 1).

Assume (F6

(

(

) in addition. Then

if s € (0,3) and w := min{2s0,a} < 1—2s, then u € COV(RY) for every v € (0,w + 2s]

v) 1
(0,1);
vi) if s € [,1) and w := min{2s0,a} > 1 — 25, then u € CYI(RY) for every v € (0,w + 2s —
111(0,1);
vii) if s € [3,1) and w := min{o,a} < 2 —2s, then u € CYY(RYN) for any v € (0,w + 2s — 1]
(0,1);
viii) if s € (3,1) and w := min{o, a} > 2 — 2s then u € C**T25~2(RN);

and moreover
ir) if « <2 and o0 > 1 —2s, then u € CYY(RY) for every v € (0,1).

Finally assume f € C*(R). Then
z) if s € (3,1), then u € C*V(RN) for every v € (0,2s — 1).

In particular, we have the following.
Corollary 6.2 Assume that (F1)-(F2) hold. Let v € H*(RN) N L>®RYN) be a weak solution of

(1.2). Assume in addition one of the following

l\’)\)—l

o s€(5,1),
e s=1 and (F6),

(1—2s,N) and (F6) with o € (152,1],

ese} ), ac

e s€(0,3),ac

(0,2) and (F6) with o € (1 — 2s,1].
Then u € CYY(RY) for some v € (0,1). If s € (3,1) and (F6) holds too, then we can choose

v e (2s—1,1).
Under a pointwise well posedness of the fractional Laplacian, and the existence of a weak
gradient, we obtain the following integration by parts rule, inspired by [31, Lemma 4.2].
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Proposition 6.3 Let s € (0,1). Let u € D¥*(RY) N C) (RY) N Lipoc(RY) for some v > 2s,
and assume (2.10). Let moreover X € CH(RYN,RN) be a vector field, and define, for x,y € RV,

T Fy,

(div(X)) (=) + (div(X))(y) N +2s(X(z) - X(y) (x—y)
2 2 |z —y?

K (x,y) =

the fractional divergence kernel related to X. Then it holds
CNS |2 5 s
/RN /RN |x7 |N+25 ICX(a:,y)dxdy:—/RN(—A) u(Vu - X)dx;

noticed that the left-hand side is the weighted Gagliardo seminorm with weight KC5 , set

u(z) — u(y)]?

2 oy

Gulz,y) ==

we can write
(G2 K5 22wy = = ((=A)°u Vi, X) o .

Proof. For the proof, we follow the lines of [30] (see also [25]). We start noticing that, being
u € D*2(RYN), by the assumptions we have

G e LYR?), K% e L=(R?*M)

so that the product is summable. By Dominated Convergence theorem, the symmetry of the
kernel, and the Fubini theorem, we obtain

2 S S
e (G2 /CX)L2(R2N)

—u(y)® .
] we \:c— To— g k(m )y
= lim uW (g, @—y - X@)\
_‘ll_)O//z yl>e \x—y!N”S <d (X)(@) = (N +25) iz — g2 >ddy

= lim M iv ) — S (a:—y)—X(x) x
_;_>o RN </]RN\BE(y) |z — y|N+2s <d (X)(z) — (N +2s) = — o2 >d )dy.

Exploiting that, for x # y, V;Ulm_y'% =—(N+ 23)@%, and the Divergence theorem

(possible because \—MLN“S € CLHRN\ B.(y)) and u € Lipj.(RY) € Wh*(supp(X)), see [34,
Theorem 4.6])

2 S S
CN,S( s KX ) L2 (m2my

. oy e (AVEO@) =y X@)Y
e Ja </RN\Bs(y)| @ =l <|w—y|N+2s V291 = N“s“)d )dy
=lim w(z) — u(y)|’div L T
— RN </RN\BE<y>| (#) - uly)ld m(fﬂ—y!N“S)( )

X(z)

dr | d
=—21i — PR
tiy | ( Lo (1) V) |N+2sdx) dy+
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. X(x) -y
+ lim / u(x) —u 2 do d
t | ( o @) )P e o >> y

= —2lim / —— 2 Vulz) - X(z)dx | dy+
e—=0 JrN ( RN\ B, (y) |£L’—y‘N+28 ( ) ( ) ) Y

i /R § ( /a o 1) P X @) (o - y)dom) dy.

=: —2lim I, -l—hmEg,

e—0

here we split the limits since we will prove the existence of both.
For the first integral, we notice that x fRN\BE(:p) %‘VU( z)-X (z)|dy < Cel|uoo| Vu(z)-

X (z)| € LY(RY) so that we can apply Fubini theorem, then we perform a symmetrization sub-

stitution and apply again Fubini theorem, and finally Dominated Convergence theorem (since

y o 2l oy ¢ [1(RN) by Proposition 2.1), obtaining

Cn,s hm I. = Cn s lim //| ‘ yN-i(-Qz u(z) - X (x)dzdy
T—Y|>€

e—0 \x —
~ Ongs . 2u(z) —u(r +y) —u(z —y)
= lm //|y|>a [y N+25 Vu(z) - X (z)dady
: Cn,s 2u(z) —u(z +y) —u(z —y)
—1 X (z) [ 2N
lim - Vu(z) - X(x) ( 5 /RN\BE( ) WEEEE dy | dz

= /RN Vu- X(—A)u

For the second integral, notice that the set {(z,y) € R?N | x € supp(X), |z —y| = €} is
bounded. Thus the integrand (being bounded) is summable, which allows us to implement the
Fubini theorem and obtain, by exploiting also a symmetrization argument,

(N + 29) . Emsﬂ J[ 1) = )P o= ota) <
= o | /| k) = u)PK () = X(0) (2 = )y
If supp(X) C Bgr(0), then out of the set

Ape = {(2,y) € Br(0) x Br(0) [ |z —y| =}

the integrand is null. Thus, being u € Lip;,(RY) (actually it is sufficient u € C%S(RN) for some
0 > s) and X € Lip(RY,RY), we get

1 4
x do(x) x d
cN+25+1 //RJ y[*do(x) x dy

— E_N_25+3m2N_1 (AR,e)-

Ee

AN

Observed that may—1(Arc) S mn(Br)my-1(0B:) ~ Y71, we obtain E. < e 22 — 0.
Joining the pieces, we reach the claim. |
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Corollary 6.4 In the assumptions of Proposition 6.3, let G € C*(RY) with G(u) € L'(RY) and
(—A)Yu=g(u) inRY

in the pointwise sense, where G' = g. Then

CNS |2
——— K3 drdy = — VG(u) - X d
/RN /RN |J,‘— |N+25 X(:Evy) ray RN (U) £

= G(u)div(X)dx,
RN

1.e.

(Go: KX) p2reny = (G (u), div(X)) 2 ).
We deal now with the Riesz kernel, right-hand side of the equation.
Proposition 6.5 Let o € (0, N) and H € Lipj.(RY) N L¥(RN) be such that
(Lo * [H)IH| € LYRY), (Lo [H|)|VH]| € Ljoo(RY).

Let moreover X € CH(RYN RN) be a vector field and set, for x,y € RN, z # vy,

_a div(X))(x div(X -« T)— - (x —
/CXQ(a?,y) — ( ( ))( );L( ( ))(y)_N2 (X (z) |f£y:;|)2( y)
Then
/ / In(z — y)H(x)H(y)IC;(%(x, y)dxdy = —/ (In* H)VH - X dz,
RN JRN RN
1.e. set
Ry (@,y) = la(z — y)H(2)H(y)
we have

(R K ) 2oy = — (T * HYVH, X) 2 -
Proof. We proceed as in the proof of Proposition 6.3. We start noticing that
% e L'RY), Ky® e L°(R2Y)
by the assumptions, so that the product is summable. Thus

(R, Kx?) 2 (rev)

= lim ( / Io(z —y)H(x)H(y) <div(X)(x) — (N — a)(“'_y)'X(x)) dm) dy.
RN\ JRN\ Be(y)

e—0 |5L' - y|2

Since H € Lipjo.(RY) € W (supp(X)), we have
L (ry. k) I / l  H)VH()- X(2)dr | dy+
= — lim —_— .
Cno 70X LARY) e=0 Jen \ Jri\B.(y) |2 — YN Y : B A

1
Hlim e [ ( [, HOHGXE)- = pists >> .
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=: — lim I, +11mE

e—0

For I. we notice that (I,*|H|)|VH||X| € L*(RY), thus (z,y) — Io(z—y)H(y)VH(z) X (z) €
L'(R?Y) and we can apply (twice) Fubini theorem; moreover I, (x —-)H € L'(R"), and we can
apply Dominated Convergence theorem. Hence we obtain

CnN.,a hmI = lim // | (x —y)H(y)VH(z) - X(z)dzdy
xr— y>€

e—0

= lim VH(z)  X(z) (/ Iy(z — y)H(y)dy) dx
RN RN\ B.(z)

e—0

= VH(z) X () (lim /]RN\B ( )Ia(:c - y)H(y)dy) dx

RN e—0

= VH(z)- X (Io* H).
RN

We can write E. instead as

B = g [ H@HOE) ~X @) (@ )i @) < dy

If supp(X) C Bg(0), set Ar. := {(z,y) € Br(0) x Br(0) | |z —y| = ¢} and observed that
H € L*=(RY), we obtain

1 _
EeS v=or //AR |z — y[do(x) x dy = VT myn 1 (ARe) S — 0,
being o > 0. This concludes the proof. |

Theorem 6.6 Let s € (0,1) and a € (0, N) and assume that (F1)-(F2) hold. Let u € H*(RY)N
CY (RM) N Lipioe(RY) for some v > 2s, be a pointwise solution of (1.2). Then u satisfies the

loc

Pohozaev identity (1.7).

Proof. We apply Proposition 6.3 and Proposition 6.5 with H = F(u); notice that the as-
sumptions on u and F imply the needed conditions on H (in particular we highlight that

flu) € L;Zc*“ (RM)). Thus, for a generic X € CL(RN RY) we obtain
(gfu K;)LZ(RWV) = - ((_A)su vua X)LQ(RN)
= M(U vu’X)L2(RN) - ((Ia * F(u))f(u) VU, X)L2(RN)

%
= §(v(u2)7X)L2(RN) - ((Ia * F(U))VF(U),X)LQ(RN)
I . o
= _§(u2’d1V(X))L2(RN) (RF(U,)’KX )LQ(RQN),

In particular, we apply the result to

Xn(x) :=pp(z)x

where ¢, is a cut-off function with ¢, = 1 in B,(0), supp(¢vn) C Bn+1(0), [|¢nllec = 1 and
|z||Vn(z)| < C for each x € RV and n € N; for instance, defined such 1, we can set ¢, :=
¢1(-/n) and obtain

2] [Vn(@)| = |z/nl[Ver(z/n)] < [[|l2]IVer(2)]] -
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In particular, x — x¢, () is equi-Lipschitz. Noticed that div(X,) = Ny, + Vi, - © we gain

(gun ICX )LQ(RQN

_COns W)? [ N(gn(x) + on(y))
> L /RN |x— |N+2S ( 2 ety
CNS W)> (N +2s (en(z)z — pn(y)y) - (z — )
/RN /RN ’:U_ |N+23 drdy+

(¢on(2)
2 |z —y|?
CNs / / u (W)? (Von(x) 2+ Vou(y) -y dedy
RN RN ]a:—y! +25 2
C 2 N +2s N —2s
- Ns/ / N+2| N - - []RN
RN JRN ’55 —y[Nee 2 2
where we used ¢, — 1, Vi, — 0 and Dominated Convergence theorem. Similarly

R 5o = [ [ 1ol = wP@) Pt (¥ = 25 ) doay

_ N;O‘ /RN (I * F(u)) F ().

and

woog N
§(u2,dlv(Xn))L2(RN) — ,U Hu||2
Joining the pieces, we have the claim. |
Proof of Theorem 1.6. The theorem is a consequence of Corollary 6.2 and Theorem 6.6. |

Remark 6.7 We comment the name of K%. Indeed, up to a multiplicative constant, we have,
for any B € (0,1) and X € Lip.(RY,RYN), by [2/, equations (2.9c) and (2.11)] (see also [85])

/RN/RN |ac— |N+ﬁ 1 :/RN </Rdey>dx_
S (L )

(N4 B—1) /RN div? (X ) (z)dz — Y28 /RN div®(X)(z)dz

=(N+28-2- 25)/ div? (X);

RN

/]RN /]RN ]a:— ’N+s T ={V-2) /RN div®(X).

We refer also to [30, Chapter 3] where K% is seen as the derivative of a suitable family of
deformations.

in particular
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