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ABSTRACT

Ensuring algorithmic fairness is a central challenge in high-stakes machine learning applications, where biased
predictions can have harmful societal consequences. Discrimination may persist even when sensitive features are
excluded from model inputs, due to statistical dependencies between protected and ostensibly non-sensitive at-
tributes that allow bias to be indirectly learned. Mutual information is a principled measure of such dependence,
yet its non-differentiability under hard-threshold classification rules precludes direct use in gradient-based train-
ing. This paper proposes a fairness-aware learning strategy that embeds a differentiable surrogate of mutual
information directly into the objective of nonlinear classifiers. The surrogate replaces hard label assignment
with a Bernoulli relaxation of predicted probabilities, stabilizes empirical distributions via kernel smoothing,
and accounts for epistemic uncertainty through Monte Carlo dropout, yielding an uncertainty-aware regularizer
compatible with stochastic gradient optimization. Experiments on synthetic and real-world datasets show that
the method achieves favorable fairness-accuracy trade-offs, with substantial bias reduction and minimal impact
on predictive performance. Additional evaluations confirm robustness under counterfactual perturbations and
reveal sublinear runtime growth with dataset size, contrasting favorably with the superlinear scaling of a ge-
netic algorithm baseline. Overall, the framework offers a general, theoretically grounded, and practically viable
approach to fairness-aware learning in complex, high-dimensional settings, supporting responsible algorithmic
decision-making alongside expressive modeling.
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1. Introduction

Fairness in machine learning has emerged as a critical area of re-
search at the intersection of ethics, data science, and algorithmic design.
As predictive models are increasingly deployed in socially sensitive
contexts—such as hiring, lending, law enforcement, and healthcare—
their potential to reinforce or even exacerbate systemic biases has drawn
growing scrutiny [1,2]. These concerns are not merely philosophical;
unfair decision-making can result in tangible harms, including discrim-
ination against marginalized populations and a loss of public trust in
automated systems. High-profile cases, such as racial bias in recidivism
risk assessments, have highlighted the societal damage that can arise
when models perpetuate historical inequities, emphasizing fairness as
a fundamental requirement for the responsible deployment of artificial
intelligence [3,4].

Beyond its ethical and societal implications, achieving fairness in
machine learning presents significant technical challenges. These dif-
ficulties have motivated efforts across research, policy, and industry to
develop robust and scalable mitigation strategies [5]. One of the primary
obstacles lies in balancing predictive performance with fairness guaran-
tees: models optimized solely for accuracy may learn to exploit spurious
correlations that mirror societal disparities, while models constrained to
meet fairness criteria may experience reduced utility, particularly when
base rates differ across groups [6].

Fairness itself is not a monolithic concept. Multiple formal defini-
tions have been proposed, generally falling into two broad categories:
group-level and individual-level fairness. Group fairness notions, such
as demographic parity and equalized odds, require statistical parity in
model outcomes across predefined protected groups. In contrast, individ-
ual fairness aims to ensure that similar individuals are treated similarly,
often requiring more granular similarity metrics and careful feature
representation [7,8]. These definitions can be mutually incompatible,
and choosing among them requires contextual sensitivity and normative
judgment. Moreover, enforcing a chosen criterion within the learning
pipeline is nontrivial. Simply removing sensitive attributes rarely suf-
fices, as ostensibly non-sensitive features may exhibit strong correlations
with protected variables and act as proxies, thereby enabling indirect
discrimination [9,10].

These challenges are further compounded by the increasing com-
plexity and opacity of modern machine learning models, particularly
deep neural networks. Although such models learn expressive repre-
sentations, their “black-box” nature hinders interpretability and compli-
cates efforts to verify whether predictions are distributed fairly across
demographic groups.

To address these concerns, a range of bias mitigation techniques has
been developed, commonly grouped into pre-processing, in-processing,
and post-processing methods. Pre-processing approaches alter the train-
ing data—for example, via reweighting or massaging [11]—but may
obscure underlying structure and often lack adaptability to specific
architectures. Post-processing methods modify decision thresholds or
outputs with minimal changes to internal mechanics [12], yet can
compromise transparency and calibration and may yield inconsistent
outcomes for similar individuals. In contrast, in-processing techniques
integrate fairness constraints directly into training, introducing fairness-
aware objectives or regularization terms that seek to balance accuracy
and fairness from the outset [13].

Despite their promise, in-processing methods face their own set of
challenges. A central difficulty lies in the choice of an appropriate met-
ric to quantify bias. Mutual information (MI) has gained traction in
fairness-aware learning due to its ability to capture general statistical
dependencies [14,15], including nonlinear relationships that traditional
correlation measures may fail to detect [16]. However, using MI as a reg-
ularizer introduces two intertwined difficulties: the non-differentiability
of discrete prediction rules and the instability of empirical MI estimates
in high-dimensional or sparse settings.
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First, MI is often computed using hard predictions or threshold-
ing, which are not compatible with gradient-based optimization. While
smoothing techniques or gradient-free optimization methods have been
explored [17,18], they can incur substantial computational costs or
unstable convergence in nonlinear models.

Second, estimating MI from data requires reliable approximations
of joint and marginal distributions, which become noisy in high-
dimensional spaces typical of neural networks. Stochastic training pro-
cedures further introduce variability, leading to fairness metrics that
may fluctuate across training runs [19]. Robustness to model uncer-
tainty is therefore essential for preventing misleading or brittle fairness
assessments [20].

In response to these challenges, this paper proposes a novel in-
processing bias mitigation method, suitable for application within neural
network models, that emphasizes both differentiability and uncertainty-
awareness by introducing a regularization term based on ML

Specifically, the main contributions are the following:

Differentiable fairness surrogate: Introduction of a differentiable,
uncertainty-aware surrogate for MI, suitable for use as a regular-
ization term in gradient-based in-processing bias mitigation. The
proposed surrogate incorporates Bayesian approximation techniques
and kernel smoothing to address data noise in high-dimensional set-
tings and model epistemic uncertainty. The formulation is accompa-
nied by theoretical guarantees on the tightness of the approximation
as a lower bound.

Integration into nonlinear models: Integration of the proposed
surrogate into the training of nonlinear binary classifiers, demon-
strating its adaptability to modern architectures, its ability to achieve
favorable fairness-accuracy trade-offs relative to traditional bias
mitigation methods, and improved scalability over gradient-free
alternatives.

Comprehensive evaluation: A comprehensive experimental evalu-
ation, including both a controlled synthetic dataset and a real-world
dataset, to empirically validate the proposed method. In addition,
a counterfactual fairness analysis and a sensitivity analysis are con-
ducted in the synthetic setting to further substantiate the robustness
of the approach.

The remainder of this paper is organized as follows. Section 2 reviews
related work on fairness-aware learning, with a focus on in-processing
methods and MI approximation strategies. Section 3 presents the prob-
lem formulation and highlights the limitations of classical MI for fairness
regularization. Section 4 introduces the proposed methodology, includ-
ing the construction of the differentiable surrogate and the techniques
used for estimation and uncertainty handling. Section 5 describes the
experimental setup and presents the results. Section 6 discusses current
limitations and potential directions for future work. Finally, Section 7
summarizes the main findings of the paper.

2. Related work
In-processing bias mitigation

In-processing bias mitigation has become a central focus in the algo-
rithmic fairness literature, with numerous strategies proposed to imbue
the training process with fairness criteria. A seminal example is the
prejudice remover regularizer [13], which adds a penalty term to the
classifier’s objective to discourage dependence between the predicted
outcomes and the sensitive attribute. Although conceptually simple, this
and related early approaches often targeted linear or low-capacity mod-
els and were tied to specific fairness criteria, limiting their applicability
to modern neural networks.

Subsequent work introduced fairness as a constrained optimization
problem. For example, Zafar et al. [21] proposed convex proxy con-
straints for enforcing fairness metrics like disparate impact and disparate
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mistreatment in linear classifiers. Similarly, Cotter et al. [22] developed
a general framework for optimizing models under rate constraints using
proxy-Lagrangian formulations. Beutel et al. [23] introduced an abso-
lute correlation regularizer for deep neural networks that effectively
zeroes out linear dependency between a protected attribute and the log-
its, while [24] employed the Wasserstein-1 distance between outcome
distributions for different groups as a differentiable fairness loss. These
explicit regularization methods are appealing for their simplicity and
flexibility but they can be limited by the fidelity of the chosen surrogate
metric. For example, a correlation penalty addresses only linear depen-
dence and might miss nonlinear discrimination, whereas a Wasserstein
distance focuses on distributional overlap but might be less sensitive to
other statistical relations.

Another influential line employs adversarial training, wherein an
auxiliary adversary attempts to infer sensitive attributes from learned
representations. The main model is penalized when the adversary suc-
ceeds, thus promoting invariance to protected information [25]. While
effective, adversarial training introduces instability due to its minimax
nature and is sensitive to hyperparameter selection [26].

An alternative minimizes statistical dependence between model out-
puts and sensitive attributes via kernel-based measures such as the
Hilbert-Schmidt Independence Criterion (HSIC) or Maximum Mean
Discrepancy (MMD) [27,28]. These regularizers maintain differentiabil-
ity and avoid adversarial components but can incur high computational
costs and kernel sensitivity, especially in large-scale or high-dimensional
settings.

Recent extensions include meta-learning for fairness generaliza-
tion [29], distributionally robust optimization [30], and fairness-aware
disentangled representations [31]. Despite progress, in-processing meth-
ods continue to face challenges related to scalability, gradient stability,
and out-of-domain generalization.

Mutual information approximation

Estimating MI in high-dimensional or nonlinear contexts remains
a difficult task. Classical estimators based on histograms or nearest
neighbors are non-differentiable and sample-inefficient, making them
unsuitable for training deep models [32].

Differentiable surrogates based on variational bounds have there-
fore been proposed. One widely known approach is MINE [33], which
estimates MI by optimizing a neural critic to approximate the density
ratio between joint and marginal distributions. Although differentiable,
these bounds often suffer from high variance and require careful tun-
ing. CLUB and related methods instead approximate upper bounds using
variational marginals, improving stability at the cost of a constant
bias [34].

Contrastive learning-based surrogates, such as InfoNCE, estimate MI
via auxiliary classification tasks that distinguish true pairs from negative
samples [35]. These approximations are more stable in high dimensions
but tend to underestimate MI due to loose lower bounds and rely on
negative-sampling strategies and batch composition.

Another popular method, Nguyen-Wainwright-Jordan (NWJ), is a
variational lower bound that optimizes a function class over joint and
product-of-marginals samples [36]. It is theoretically grounded and
easier to implement than some other variational bounds, but its perfor-
mance is highly dependent on the capacity of the function approximator
and may degrade under limited data or high noise.

Donsker-Varadhan (DV) bounds represent another classical family of
variational estimators based on a dual representation of Kullback-Leibler
(KL) divergence [37]. Despite their theoretical elegance, DV-based meth-
ods are often unstable in practice due to unbounded objectives and
gradient explosions during training.

Reparametrization-based estimators, such as those derived from
Barber-Agakov bounds, decompose MI into conditional entropy
terms that can be approximated using reparameterizable variational
distributions. These methods tend to offer better sample efficiency
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and tractability, especially when latent variables are involved [38].
However, they require access to tractable posteriors and may suffer from
amortization gaps when neural inference networks are used. Some meth-
ods approximate MI using mutual predictability frameworks [39]. In
such frameworks, the goal is to predict one variable from another using
auxiliary models, and the predictive loss serves as a proxy for MI. While
intuitive and simple to implement, these methods are fundamentally
limited by the expressiveness of the predictive model and may conflate
statistical dependence with functional relationship strength, potentially
overestimating MI when spurious but learnable patterns exist.

Finally, sliced or projected MI estimators offer scalable alternatives
by computing MI over random linear projections of the data [40]. These
methods approximate the full MI by aggregating results over several
low-dimensional slices. While efficient and differentiable, their accuracy
depends on the number and quality of projections used, and they may
miss nuanced dependencies not captured by the chosen slices.

The proposed method contributes to this landscape by introducing a
differentiable, uncertainty-aware MI surrogate tailored for in-processing
bias mitigation. It is designed to be compatible with gradient-based op-
timization, robust to model uncertainty and data sparsity, and scalable
to modern nonlinear architectures.

3. Problem setup

Consider a supervised binary classification setting in which the
dataset is defined as
= ((xD 70 LN
D= {x"z",y")} (€]
consisting of N samples drawn from an unknown joint distribution
p(x,z,y). In this formulation, x € X denotes the vector of non-sensitive
(i.e., non-protected) features, z € Z represents the sensitive (protected)
attributes, and y € Y is the target variable. The feature spaces X, Z, and
Y are assumed to be discrete, with the target domain specified as

Y =1{0,1}. ®))

The conditional distribution p(y|x) is assumed to exhibit complex,
potentially nonlinear interactions among the components of x, accom-
modating a wide range of functional dependencies.

The goal is to train a fair, parametric, probabilistic model p,(y|x)
with parameters § € R?, to estimate the conditional distribution of the
target based solely on non-sensitive features. The probabilistic output
of the model is subsequently transformed into a binary classification
decision y using a thresholding mechanism:

3

. {1, it ppy=1lx)>7,
y:

0, otherwise.

Here, 7 is the classification threshold, typically set to 0.5, though alterna-
tive values may be adopted based on application-specific requirements.

Although the model does not utilize z as an explicit input, the ex-
clusion of sensitive attributes does not inherently ensure fairness. This
is due to potential statistical dependencies between x and z, which can
result in the learned predictions  being indirectly influenced by pro-
tected information. Such indirect influence may lead to discriminatory
outcomes, even when sensitive features are not explicitly provided to
the model.

To address this concern, the learning framework jointly opti-
mizes two competing objectives—predictive accuracy and algorithmic
fairness— unified within a composite loss function:

L(0) = (1 — ) Ly(0) + a Lg(6), 4

where L (6) denotes the utility loss, measuring prediction error, and
L(0) represents the fairness loss, introduced to penalize biased behavior
in the model’s predictions. The scalar hyperparameter a € [0, 1] governs
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the trade-off between these two objectives: lower values of a prioritize
predictive performance, while higher values assign greater importance
to fairness considerations.

In the context of binary classification, the utility loss L (6) is typically
instantiated as the binary cross-entropy (BCE) loss:

N
1 ] .
L@ =-— Y [y log(py(y = 1xD))
v 2| (5)

+(1=y®) log(1 = py(y =1 |x<">))].

To quantify and mitigate bias, the fairness loss L(#) is formulated using
a dependency measure that captures the statistical association between
the model’s predicted label § and the sensitive attributes z. Mutual infor-
mation (MI) is employed as the foundational metric due to its capacity to
measure general statistical dependence without assuming specific forms
of interaction.

Formally, the MI between two discrete random variables A and B is
defined as

p(a,b)
I(A,B) = ) £LD) ) 6
e a;;sp(a ) °g<p(a>p<b>> ©)

where A and B denote the support sets of A and B, respectively. This
expression can be equivalently rewritten as the KL divergence between
the joint distribution p(a, b) and the product of its marginals p(a) p(b):

I(A, B) := Dyt (p(a, b) || p(a) p(b)), )]

highlighting that MI measures the deviation of the joint distribution
from statistical independence. A value of zero indicates independence
between A and B, whereas higher values reveal stronger statistical
associations.

In the context of fairness, MI is used to quantify the dependence be-
tween the predicted label and the sensitive attributes. Letting A = z and
B = , the MI becomes

5 o Po(z, 9)
Tota.5) = @ pog( L8220, ®
ey zeZZﬁe%l)pe e p(2) pp(P)

where the subscript 6 denotes that the joint and marginal distributions
are influenced by the model parameters through the predicted out-
come J. A high value of I,(z, §) suggests that the classifier’s predictions
are statistically dependent on sensitive attributes, potentially indicating
bias. Conversely, a value of zero implies independence and aligns with
fairness desiderata.

When the sensitive attribute z is multidimensional, a weighted sum
of marginal MI terms can be adopted to enable component-wise fairness
control:

IM(2,9) 1= ) B I(z;, ), 9
j=1

where n, is the number of sensitive features, z; denotes the j-th com-
ponent, and f; is a non-negative weighting factor. This component-wise
adaptation is not, in general, equal to the joint MI 1,(z, $) unless the com-
ponents z; are mutually independent; nonetheless, it provides a practical
mechanism for enforcing fairness across individual sensitive attributes.
In the present framework, the joint MI is used to quantify bias, while the
component-wise variant is noted as a possible extension for applications
requiring per-attribute control.

While MI is a powerful tool for detecting statistical dependence and,
by extension, bias, its direct use in the composite objective function (4) is
hindered by non-differentiability. In particular, the hard thresholding in
(3) introduces discontinuities that prevent gradient-based optimization.

To overcome these obstacles, a differentiable surrogate for MI is in-
troduced. This surrogate retains the interpretability and effectiveness of
the original metric while enabling seamless integration into gradient-
based training routines. Furthermore, the formulation is designed to be
robust under uncertainty and to perform reliably in scenarios involving
noisy, high-dimensional, or sparse input data.
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4. Methodology

The proposed methodology builds upon core principles from statis-
tical dependence and information theory, introducing a differentiable
variant of MI tailored for optimization with respect to model param-
eters. This reformulation permits the direct use of MI as a fairness
objective within gradient-based learning algorithms. To enhance robust-
ness in practical settings—particularly in the presence of noisy data
and model uncertainty—the framework incorporates kernel-based and
Bayesian techniques.

4.1. Differentiable relaxation

The derivation begins by revisiting the MI expression in (8), with
emphasis on components dependent on the model parameters. In par-
ticular, the joint distribution term py(z, §) can be factorized using the
chain rule as:

po(z, 9) = py(9 | 2) p(2). (10)

Since the model only receives non-sensitive features x as input, the
conditional independence relation

po(P|x,2) = py(P|x), y A4 z|x an

holds by construction. Using the definition of conditional probability,
one obtains:

po(3.x12) = py(P|X,2) p(x | 2) a2

and by applying the law of total probability, the marginal conditional
distribution becomes:

pe@12) =) (3, x2). 13)

XeX

Substituting (12) into (13) and applying the independence relation (11)
leads to the expression:

Pe 1) =Y pp(3 %) p(x | 2). a4

XeX

Despite the dependence of p,(y|x) on the model parameters, the
resulting function is not differentiable. Specifically, due to the determin-
istic thresholding rule defined in (3), the predicted label § is obtained as

gy(x) = 1{759(’() > T}7 (15)

where 1{-} is the indicator function and r,(x) denotes the predicted
probability:

mo(x) 1= pg(y =1]x). (16)

Under this definition, the conditional distribution of y given x becomes
a Kronecker delta:

. Loif §=gyx),
Po(P1x) = 5ﬁ,g0(x) = { a7

0, otherwise.

As a function of the model parameters 6, this distribution is piecewise
constant, changing only at the decision boundary defined by the set {0 :
7y(x) = 7}. Consequently, its gradient is either zero or undefined:

R undefined, if 7y(x)=r7,
Vope(P1x) = . (18)
R otherwise.

This vanishing or undefined gradient propagates to any quantity that
depends on py(y|x), including the MI term, thus rendering direct
optimization via backpropagation infeasible.
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To enable gradient-based optimization, a continuous relaxation of
the hard predictor is introduced via Bernoulli modeling of the predicted
label. Recall the class-probability score defined in (16), which appears
in the deterministic thresholding rule in (15). Rather than assigning a
label deterministically, the relaxed model treats the output as a random
variable:

yIx~ Bernoulli(;rg(x)), 19)

which yields the following conditional likelihood:

o3 1%) = 7 (%) [1 = 7] . (20)

Notably, the resulting expression is continuously differentiable with
respect to 6.

Replacing the original non-differentiable term p,(|x) with its re-
laxed counterpart p,(p|x) in the law of total probability formulation
(14) leads to a soft, parameter-dependent conditional distribution:

heG1m) =Y hp(31%) p(x | 2), @D

XeX

which can be substituted into (10) to obtain a relaxed version of the
joint distribution:

Po@.9) =Y, py(P1X) p(x|2) p(2)
XEX

= Y (3% p(x,2).

XeX

(22)

Similarly, applying the law of total probability to the relaxed conditional
likelihood yields the marginal distribution:

Be() =Y, he(P1%) p(x). (23)

xXeX

The distributions p(x,z), p(x), and p(z), which are independent of the
model parameters, can be estimated empirically over the entire dataset.
Let {x, }LXZ‘I and {z; }}i‘l denote the distinct observed values of the non-
sensitive and sensitive features, respectively. Define the empirical joint

counts as

N
n(xy,z;) = Z l{x(i) =X,, 2 = zj} @4

i=1

with marginal counts obtained by summation:

12|

n(x,) = z n(Xg,2;), (25)
j=1
|X]

n(z;) = 2 n(Xy.z;). (26)

/=1
The corresponding empirical probability estimates are:

(X¢»2;)
B2 = — @7
Bx) = "(]’ff), (28)
(z;)
b = 29)

Precomputing these estimates on the full dataset prior to training is
typically the preferred choice, as it provides statistically stable approx-
imations with reduced variance and minimal sparsity issues. However,
in settings where access to the full dataset is constrained or where data
statistics evolve dynamically, the same estimation procedure may be
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applied within each mini-batch. In this case, the batch size B replaces
the dataset size N in the above formulas, and the resulting estimates
are updated online. Due to limited sample sizes, such batch-level esti-
mates often exhibit higher variance and may suffer from sparsity-related
artifacts. To mitigate these issues, a moving average scheme may be
employed to combine batch-level estimates over time, smoothing fluc-
tuations while gradually adapting to the evolving data distribution. This
approach offers a practical compromise between the statistical stability
of offline estimation and the flexibility of online computation, and may
be especially beneficial in stochastic optimization regimes.

In this work, the plug-in distributions in (27)-(29) are computed
once on the full training set and then kept fixed throughout optimiza-
tion. Mini-batches are sampled uniformly at random, without explicit
stratification by the sensitive attribute z. Consequently, the only batch-
dependent terms in the surrogate are the model predictions p,(J|x),
while the empirical distributions remain global. The mini-batch-based
fairness loss therefore acts as a standard stochastic approximation of the
full-data regularization term: sampling noise affects the variance of the
gradient estimator, but not the definition of the underlying MI objective.

Incorporating these empirical estimates and the relaxed probabil-
ity terms into the MI expression in (8), a continuously differentiable
surrogate is obtained:

o o Doz, 9)
Ig(z,y)—z Z pg(z,y)log<m>

zeZ y{0,1}

=y ) (Z Pe(P1%) B(x, z)) (30)

z€Z (0.1} \xeX

< Dxex Do %) p(x,2) >
lo .
P(@) Yxer Po(F %) P(X)

All components of (30) that depend on 6 are continuously differentiable
with respect to 6, thereby enabling effective integration of the fairness
objective within standard gradient-based training routines.

Approximation guarantees. The Bernoulli relaxation described above
can be interpreted as a stochastic channel applied after the determinis-
tic classifier g,(x). The resulting relaxed label j is obtained by injecting
noise whose distribution depends only on the non-sensitive features x,
and not directly on the sensitive attributes z. The plot on the left of Fig. 1
schematically illustrates this computational pipeline, with solid arrows
representing deterministic mappings and a dashed arrow representing
the stochastic relaxation applied to the classifier output. From a prob-
abilistic standpoint, the key conditional independencies are y 1 z | x
and gy(x) L z | x, corresponding to the Markov chains z - x — $ and
zZ — X — gy(x). This emphasizes that the relaxation perturbs the clas-
sifier output while preserving the conditional independence structure
with respect to z.

As a consequence of this Markov structure, by the data processing
inequality, the corresponding relaxed MI f,(z, §) is guaranteed to be no
greater than the true (i.e., non-relaxed) MI, defined here as I(z,)) =
1y(z, gy(x)):

Iy(z. ) < Iy(z, gy(x)). (31

Furthermore, the deviation between the true and surrogate MI is
bounded as:

0 < Iy(z, gp(x)) — Ip(z, 9) < max Hy(m()), (32)

where H,(q) = —qloggq — (1 — g)log(1 — ¢) denotes the binary entropy.

The upper bound is maximized when z,4(x) = 0.5, corresponding to
maximal predictive uncertainty, and vanishes when z,(x) approaches 0
or 1. The characteristic shape of H,(x) is illustrated in the plot on the
right of Fig. 1, and reflects how uncertainty controls the tightness of the
surrogate.
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Sensitive attributes
Z
Group-dependent
features: p(x|z)

[Non—sensitive attributesj
b

Deterministic rule:
1{mo(x) > 7}

Deterministic classifier
9o(x)

i Relaxation:
v Bernoulli(7g(x))

Relaxed output
Yy
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1.001 uncertainty region

- r=05

0.4 0.6 0.8 10
T (x)

Fig. 1. Schematic structure of the surrogate mutual-information formulation. The plot on the left illustrates the information-flow diagram, highlighting the deter-
ministic mappings (solid arrows) and the stochastic relaxation applied to the classifier output (dashed arrow). The plot on the right shows the binary entropy as a
function of r,(x), with the high-uncertainty region around 0.5 emphasized to illustrate where the surrogate most strongly deviates from the true mutual information.

More precisely, the tightness of the bound is governed by the dis-
tribution of mass near the threshold. Let A; = {x : |7p(x) — 7| <
6} with § > 0 small. When p(x |z) assigns non-negligible probability
to A, the relaxed channel induces maximal label noise in those re-
gions, depressing I,(z, ) regardless of the dependence produced by the
deterministic rule g,. Loosening is most pronounced when the near-
threshold mass is imbalanced across groups, i.e., p(A; | z) is larger for
certain values of z; in that case the surrogate can under-penalize group-
localized dependence and tilt the fairness—accuracy trade-off toward
utility. Conversely, when uncertainty is low away from the boundary or
balanced across groups, I, approaches I, and the intended trade-off is
recovered.

Expectations over J in the surrogate MI expression are computed an-
alytically using the values 7,(x) and 1 — 7,(x), resulting in zero-variance
gradients. This property avoids the stochastic noise associated with
sampling-based methods and preserves stable optimization dynamics.

As the sample size increases and the Bernoulli relaxation asymptoti-
cally approaches deterministic thresholding, the surrogate converges to
the true MI, thus ensuring consistency while retaining differentiability
throughout training.

Despite its theoretical advantages, the proposed differentiable for-
mulation has two key limitations. First, it relies on frequency-based
estimates fp(xz,z;), p(x,), and p(z;), which can be sparse or noisy
in sample-scarce or high-dimensional settings, potentially making the
penalty respond to estimation artifacts rather than genuine statistical
dependencies.

The second limitation concerns the assumption that the model’s out-
put probability is a well-calibrated measure of confidence. In practice,
many discriminative models—and in particular deterministic neural
networks— are known to exhibit overconfidence, particularly in am-
biguous input regions or during the early stages of training. As a result,
miscalibrated predictions can distort the MI estimate, potentially ex-
aggerating or misrepresenting unfairness by assigning undue certainty
to spurious associations. It is important to note that this issue specifi-
cally affects the surrogate formulation, whereas the original MI in (8)
collapses probabilities to hard labels and is thus unaffected by model
confidence.

The following subsections introduce extensions to the proposed for-
mulation designed to address these limitations. These enhancements
yield a robust, differentiable metric that remains well-suited for in-
tegration as a fairness regularization term in gradient-based learning
algorithms.

4.2. Kernel smoothing of empirical distributions

The plug-in estimates introduced in (27)-(29) assume that each
observed configuration appears with sufficient frequency in the data.
However, when the support sets are large, many combinations exhibit
low or zero empirical counts. This leads to unreliable, high-variance es-
timates and undefined logarithmic terms in the surrogate MI expression.
Such sparsity is typically driven by the high dimensionality of x. In con-
trast, the protected attribute vector z generally has lower dimensionality
and therefore may require smoothing only in specific applications. To
mitigate sparsity-induced instability while preserving differentiability,
a kernel smoothing technique is introduced. This approach enables in-
formation sharing across similar configurations of x and can be trivially
extended to z if needed.

Let dyy : ¥ X X - R* denote a distance function on the discrete
input space, such as the Hamming distance. Define a kernel function as
a positive, monotonically decreasing function of this distance:

K(x,x';0) = f(dg(x,X');0), (33)

where f is parameterized by a hyperparameter o, typically interpreted
as a bandwidth or scale parameter. Examples include exponential, tri-
angular, or rational quadratic kernels. In practice, the choice of distance
dy, kernel type, and bandwidth ¢ controls how strongly nearby config-
urations of x share statistical strength, trading off local detail against
smoother, more stable estimates. Importantly, differentiability of the
fairness loss with respect to the model parameters 6 is preserved, even if
the kernel is not differentiable with respect to x, as long as kernel values
remain fixed and independent of 6. The smoothed joint pseudo-counts
can be computed offline using the full dataset as follows:

N
i(xp,2;) = Z K(x/,x(");a)l{z(” = zj}, (34)
i=1

where hard-counting over x is replaced by kernel-weighted similarity.
Marginal pseudo-counts for x are derived by summing over the observed
configurations of z:

12|
fix,) = Z Ai(Xs.2;). (35)

j=1
The total kernel-adjusted sample size is given by

N= ; Ai(x,.2;) = 2; K(x,,x;6), (36)
) 1
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which ensures proper normalization of the pseudo-distribution.
The smoothed joint and marginal distributions are given by:

N (X, 2;) - Ai(X,)
p(xf,z,)=T’, Bxe) = ——. (37)

The marginal j(z;) is retained as in (29), though smoothing may
optionally be applied.

Substituting j(x,,z;) and j(x,) into (30) yields the kernel-smoothed
mutual information surrogate:

L= 3 (Zﬁe(ﬁIX)ﬁ(x,Z)>

zeZ ye{0,1} \xex (38)

o < Dxex Do %) p(x,2) )
B(2) Yiex Po(P %) B(X)

All terms remain continuously differentiable in 6, and the positivity of
kernel weights ensures numerically stable logarithms. While the same
smoothing strategy can be applied online during mini-batch training,
this approach incurs significant per-iteration overhead from recomput-
ing distances and normalizing kernels. Offline computation is therefore
generally preferred, as it enables precomputing all kernel weights once
and amortizing their cost across training iterations, yielding more stable
and computationally efficient updates.

To further enhance computational efficiency, kernel methods offer
several practical strategies. One such approach is kernel truncation,
which reduces the cost of computing smoothed pseudo-counts by limit-
ing the kernel summation to a fixed number of nearest neighbors. This
technique approximates the full kernel-weighted sum using only the
k most similar data points, thereby lowering computational overhead
during offline estimation.

Let N (x,) C {1,..., N} denote the set of k nearest neighbors of x,
under the distance function dy(-,-). The truncated pseudo-counts are
then computed as:

iy (Xp,2;) = Z K(xﬁ,x(i>;a)1{z(i):zj}. (39)
IEN}(Xp)

The hyperparameter k controls the trade-off between computational ef-
ficiency and statistical robustness: small values accelerate computation
but may lead to unstable estimates for rare or outlying configurations of
x, while large values increase stability at the expense of higher cost. In
practice, moderate values of k often provide a good balance, especially
when combined with safeguards against zero counts. In low-density re-
gions, truncated neighborhoods may yield insufficient kernel weight,
causing pseudo-counts to approach zero and reducing the robustness of
the surrogate. To mitigate this risk, positivity safeguards are introduced
to ensure that all pseudo-counts remain strictly positive.

One safeguard consists of explicitly including the self-match x® =
x, in N (x,). An alternative strategy involves applying a kernel floor,
defined as:
K(x,x’;a)emax(K(X,X’;a),e), £>0. (40)
These techniques guarantee that kernel-weighted pseudo-counts are
bounded away from zero, preserving numerical stability, ensuring the
well-defined nature of the MI surrogate under truncation, and maintain-
ing compatibility with gradient-based optimization frameworks.

4.3. Bayesian approximation via monte carlo dropout

To address model overconfidence and account for epistemic uncer-
tainty, a Bayesian approximation is introduced via Monte Carlo (MC)
dropout to enhance the robustness of the proposed fairness metric.
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This technique treats the classifier as a stochastic function by enabling
dropout layers during both training and inference. In this setting, a
binary mask is sampled at each pass to induce stochasticity:
m=(my,....my) € (0,1}, m; ~Bernoulli(l = pyq,). (41)
This mask is applied independently to each of the d trainable parameters
collected in 6. Define the joint variational posterior over weights w and
dropout mask m as

d
qp(W,m) = [H (I- pdrop)m/ p(Iir_o':j:| 5(W -60 m)’ (42)

Jj=1

where the product term gives the probability mass of the sampled mask
m and the Dirac delta enforces the deterministic mapping w = 6 © m.

By marginalizing out the dropout mask, the variational posterior over
weights becomes:

d
ACEEDY [H(l—pdmp>’"f pL;,f,"] s(w—00m). (43)

me{0,1}¢ Lij=1

This expression describes a discrete mixture of Dirac measures, each cor-
responding to a subnetwork defined by a specific dropout configuration.
Each MC sample drawn from g,(w) corresponds to a unique mask real-
ization and its associated subnetwork. Under this formulation, the model
behaves as a stochastic function, with each forward pass generating
predictions from a different subnetwork.

During training, dropout is selectively enabled only in the compu-
tation of the fairness loss. The utility loss is evaluated with dropout
disabled, ensuring that the optimization is performed with respect to
the deterministic mean network. This choice provides low-variance,
unbiased gradient estimates for the log-likelihood component of the
objective. In contrast, the fairness loss requires accounting for the
full posterior predictive distribution induced by dropout. To that end,
T stochastic forward passes are performed per input x, producing a
collection of predictive probabilities { pg)(y =1 |x)}tT=1. These samples
represent draws from the approximate posterior predictive distribution
and capture epistemic uncertainty. In this construction, the stochastic-
ity induced by MC dropout defines a distribution over subnetworks;
the fairness objective is therefore evaluated as the expectation of the
kernel-smoothed MI surrogate with respect to this distribution.

For each sample, the smoothed MI surrogate I,(z, ') is computed
using (38), where 7 denotes the corresponding stochastic label realiza-
tion. The final Bayesian term is computed via MC averaging:

Iy, 99). (44)

M=

= 1
Mz, 9) = —
P T &

This estimator makes explicit that MC dropout contributes to the fair-
ness loss solely through the averaging in (44). No term based on the
sample variance of the predictive probabilities is introduced; predictive
variability affects the loss only indirectly, through its influence on the
individual surrogate values I(z, ') entering the MC expectation. This
expression defines the final form of the differentiable, uncertainty-aware
MI surrogate, which is used as the fairness loss term

Ly =1;'C (45)

within the composite training objective (4). The hyperparameter T di-
rectly controls the bias—variance trade-off of the estimator in (44): small
values of T reduce computational overhead but increase the variance of
the fairness loss, whereas large values stabilize the estimate at the cost
of additional forward passes. In practice, moderate values (e.g., T be-
tween 5 and 20) often suffice to capture predictive variability without
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incurring prohibitive cost. The dropout rate p,, also interacts with this
trade-off: higher dropout induces stronger posterior variability, which
enhances robustness to overconfidence but may lead to noisier fairness
penalties if T is too small. The surrogate remains fully differentiable
with respect to 0, as the stochasticity introduced by dropout lies outside
the computational graph. To improve numerical stability and avoid un-
necessary memory overhead when T is large, the MC average in (44) is
implemented using a running-mean update:

L0 ==L e Ly 50y (46)
f T T

which keeps the fairness loss L; on the same scale as the total loss at
each iteration and introduces no additional computational cost. The
expression in (44) is an unbiased estimator of the expectation

Eegyom [To@ ™)), (47)

where igw) denotes the MI surrogate computed using predictions from a
particular dropout-induced weight realization w. Owing to the convex-
ity of the KL divergence and Jensen’s inequality, this expectation upper
bounds the surrogate MI of the averaged predictive distribution:

Ey [Ip@ 3] > Iy (2, E,[3M€) (48)

where JMC denotes the label assigned by thresholding the average pre-
dictive probability across MC samples. As a result, minimizing (44)
encourages reduction of dependence between z and the final predictions,
even under uncertainty. The resulting regularizer is conservative—it
may overestimate dependence, but never underestimate it—thus provid-
ing robustness guarantees under uncertainty. Intuitively, regions where
the posterior predictive distribution is more dispersed across dropout
samples exhibit higher conditional entropy and therefore contribute
less to the expectation in (44); this attenuation arises intrinsically from
the MI surrogate and does not rely on any additional variance-based
penalty. Moreover, this formulation avoids over-penalizing uncertain
predictions: near the decision boundary, the entropy of the predictive
distribution increases due to dropout-induced variability, which reduces
MI. Therefore, the fairness penalty is naturally attenuated in ambigu-
ous regions, allowing the model to remain flexible where confidence
is low while enforcing fairness more stringently where the model is
confident.

The complete training pipeline is summarized in Algorithm 1, which
details (i) the required inputs and hyperparameters, (ii) the offline
kernel-based computation of empirical pseudo-counts, and (iii) the
stochastic gradient-based optimization combining utility and fairness
losses. A complementary schematic overview is provided in Fig. 2. To
ensure consistency between training and deployment, dropout remains
active at inference time. Final predictions are obtained by averaging MC
samples,

T
_ 1
Z(X) = = ;pgw =1]x) (49)

followed by thresholding. This inference strategy ensures that the de-
ployed model adheres to the same stochastic prediction rule used
during training for fairness optimization. A mild mismatch arises with
respect to the utility loss, which is optimized under a deterministic
(dropout-disabled) predictor. This introduces a slight bias in the training
objective, as the deterministic model underestimates the expected log-
loss of the deployed ensemble. The bias is typically small in practice,
as predictive distributions produced by different dropout masks tend
to be highly correlated. If exact alignment is required, the utility loss
can be replaced with its MC estimate using the same set of stochas-
tic forward passes. In this work, the deterministic utility formulation
is retained to improve gradient stability and computational efficiency,
without substantially affecting performance.
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Algorithm 1 Training pipeline with differentiable, uncertainty-aware
fairness regularization.

Require: Training dataset D = {(x(”,z, y(”)}i’i1
Neural model architecture py(y | x)
Dropout rate py,
Kernel type K(-,-;¢) and scale hyperparameter ¢
Fairness regularization weight «a, learning rate »
Batch size B, number of epochs E
Number of MC samples T
Number of neighbors k (for kernel truncation)

1: Offline Preprocessing:

2:  Compute empirical count n(z;)

3:  Vx, € &, find top-k nearest neighbors under d (-, -)
4 Compute pseudo-counts 7i, (X, z )

5:  Normalize to obtain j(x,,z;), j(x,), and p(z;)

6: Initialize:

7:  Model parameters 6

8:  Optimizer state

9

. for epoch =1 to E do
10:  for each mini-batch B Cc D do

11: Utility Loss: compute L,(6) on B (dropout off)
12: Fairness Loss: initialize Li(6) < 0

13: fort=1to T do

14: Sample mask m® ~ Bernoulli (1 — pdmp)®d

15: Forward pass to get n{(;)(x(")) for all (x®,z®, y)y e B
16: Compute fg) 1= Iy(z, 30)

17: Running average: L(0) « % L0 + % fé’)
18: end for

19: Total Loss: L(0) < (1 — a) L,(0) + a L(6)

20: Gradient Step: backpropagate and update 0

21: end for

22: end for

23: Return: trained parameters 6*

4.4. Scalability and complexity analysis

This subsection analyzes the computational complexity of the full
training pipeline, considering both offline preprocessing and online opti-
mization. The analysis focuses on scalability with respect to the training
dataset size N, and compares the method to alternative gradient-free in-
processing approaches. The discussion is architecture-agnostic: it applies
to any differentiable probabilistic classifier p,(y|x), with model-specific
details absorbed into per-batch forward/backward costs defined below.

Prior to training, the algorithm computes empirical estimates of j(z),
p(x,z), and p(x) using kernel smoothing over the dataset D. When no
truncation is applied, the all-pairs kernel distances require O(N?) oper-
ations. However, with k-nearest neighbor truncation, the cost is reduced
to O(Nk) under fixed bandwidth ¢ and approximate neighbor search.
These kernel-weighted pseudo-counts are computed once and cached,
resulting in a one-time preprocessing cost that scales near-linearly in N
when k < N and is easily parallelizable.

During training, stochastic gradient descent is applied over E epochs
with mini-batches of size B. For each batch, the utility loss is computed
once with dropout disabled, while the fairness loss requires T stochastic
forward passes under different dropout masks (or, more generally, differ-
ent stochastic subnetworks). Each MC sample evaluates the MI surrogate
in (38) using the precomputed distributions. The per-batch computa-
tional cost is O((1+T)(Cpyq + Cpwa))> Where Cpyq and Cp,,q are the costs
of a forward and backward pass, respectively.

Aggregating across all batches and epochs yields an overall worst-
case training complexity of

O(EN(1+ T)(Cppa + Cowd)) (50)
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Fig. 2. Pipeline schematic with offline and online stages; the fairness weight « is user-adjustable to balance bias and accuracy. Batch-level implementation details are

omitted for brevity and clarity.

which is linear in both the dataset size N and the number of MC passes
T. The constants Cpyq and C,4 depend only on model depth and do
not scale with N, while kernel truncation limits the dependence on in-
put dimensionality to O(k). This expression represents the worst-case
asymptotic bound for the proposed training pipeline.

Compared to gradient-free optimization, the proposed approach of-
fers substantial advantages. Using the non-differentiable MI metric
directly would necessitate black-box methods such as the genetic al-
gorithm (GA) [41], which operates by evaluating the model over the
entire training dataset for each individual in the population. For a
GA with population size P and G generations, the total computational
cost is O(PGN) forward passes, each involving a full traversal of the
dataset (with a per-pass cost that still depends on the chosen archi-
tecture). This results in a number of full evaluations that is typically
several orders of magnitude larger than the number of training steps re-
quired by standard gradient-based methods. Additionally, gradient-free
methods scale poorly with the number of parameters d and lack the di-
rectional information provided by backpropagation, often resulting in
slow convergence, particularly in high-dimensional spaces.

In contrast, the proposed training strategy scales linearly with N
and 7, introduces only a constant-time overhead relative to standard
training, and maintains compatibility with GPU-accelerated autodiff
frameworks.

From a practical standpoint, however, the effective number of
epochs often saturates or decreases with N due to early stopping,
and mini-batch parallelization amortizes part of the per-batch over-
head. Consequently, the effective runtime may grow at a rate slightly
below the theoretical linear bound. Such deviations are implementation-
dependent and reflect optimization and hardware efficiencies rather
than a tighter asymptotic property.

5. Experimental results

This section presents an experimental evaluation of the proposed
fairness-aware learning strategy, which incorporates a differentiable sur-
rogate of MI into the training objective of a nonlinear binary classifier. As
detailed in the previous section, the surrogate is fully differentiable, ro-
bust to uncertainty through MC dropout, and stabilized by kernel-based
smoothing techniques—features that enable effective and scalable fair-
ness regularization in gradient-based optimization pipelines. The goal of
the experiments is to assess the practical utility of this surrogate, par-
ticularly in scenarios where nonlinear models are required to capture
complex data dependencies and offer greater flexibility than traditional
approaches.

Two datasets are considered for empirical validation: a synthetic
dataset and a real-world dataset. The majority of the experiments are

conducted in the synthetic setting, which offers full control over the
generative dependencies between input, sensitive, and target variables.
This flexibility enables rigorous testing of the method’s fairness behav-
ior and generalization properties, as well as specialized evaluations—
such as counterfactual fairness analysis and scalability assessment via
controlled variation in sample size.

In addition, the proposed approach is applied to a real-world dataset
to assess its practical utility in realistic settings that reflect complex so-
cioeconomic structures. The chosen dataset is widely adopted in the
fairness literature, enabling comparisons against existing methods and
serving as a benchmark for empirical performance.

The remainder of this section is organized as follows. The ex-
perimental setup is first detailed—covering datasets, baseline models,
hyperparameter choices, and evaluation metrics. Next, synthetic-data re-
sults are reported, including counterfactual and scalability analyses and
a sensitivity study of key hyperparameters. Finally, results on real-world
datasets are presented.

5.1. General experimental settings

The synthetic dataset used in this study was generated following the
two-step procedure introduced by Barbierato et al. [42], which leverages
Structural Equation Modeling (SEM) to construct data with explicitly
controlled MI between specified attributes. This approach facilitates the
creation of a synthetic environment with indirect bias patterns that can
be precisely tuned and studied.

The generated dataset comprises n = 50,000 samples, each character-
ized by:

« A binary target variable y;
« Ten discrete non-sensitive attributes x, x,, X3, X4,Xs, Xg, X7, Xg, X9, X0}
« Two discrete sensitive attributes z;, z,.

A key design feature of this synthetic setting is the introduction of
indirect bias: the sensitive attributes z, and z, are not directly used
for target generation but are correlated with the non-sensitive inputs
x; and x,, respectively. Meanwhile, the target variable y is generated
solely based on the non-sensitive attributes. This structure allows for
the presence of bias through statistical dependency, without explicit use
of sensitive information in the classification rule. The characteristics of
the variables are summarized in Table 1, and the underlying dependency
structure is visualized in the Bayesian network presented in Fig. 3, which
highlights how the sensitive attributes influence the output indirectly
through their correlations with specific non-sensitive features.

In addition to these primary dependencies, a sparse, context-specific
interaction is introduced between x, and xg, which becomes active only
when x5 € S = {5,12,19}. This subset corresponds to approximately
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Table 1
Attribute summary of the synthetic dataset, including data type, num-
ber of unique values, and assigned role (sensitive, non-sensitive, or

target).
Attributes Type Values Role
z binary 2 sensitive
z, ordered categorical 3 sensitive
X binary 2 non-sensitive
X, ordered categorical 10 non-sensitive
X3 binary 2 non-sensitive
X4 ordered categorical 15 non-sensitive
Xs, Xg, X7, Xg ordered categorical 20 non-sensitive
X9, X1 ordered categorical 100 non-sensitive
y binary 2 target

_se

() () () 0 (@) () () () () G
\\Q///

Y

Fig. 3. Bayesian network structure of the synthetic dataset used in this study.
Nodes represent dataset attributes, with red indicating sensitive features, blue
the target variable, and white the non-sensitive features. Directed edges denote
conditional dependencies.

15 % of the marginal distribution of x5, ensuring that the effect remains
rare but non-negligible. Under these conditions, the conditional distri-
bution of xg is obtained by applying an exponential tilt to its baseline
distribution, with a small tilting coefficient A = 0.08. This construc-
tion induces a weak, non-local association without altering the global
dependency structure.

The data generation process can be briefly outlined as follows:

1. Gradient-free optimization (Independent estimation): The desired MI
levels between selected attribute pairs are first specified. To
achieve these targets, correlation coefficients are tuned through
a direct search over the interval [—1, 1], where MI is numerically
computed for each candidate. The value minimizing the deviation
from the target MI is selected. Due to the lack of a closed-form
expression linking correlation and MI, this step is implemented

Table 2
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using a gradient-free method, specifically the Nelder-Mead algo-
rithm.

2. Gradient-based optimization (Joint parameter fitting): Once
the optimal correlation coefficients are identified, the SEM
parameters—including linear coefficients and noise variances—
are jointly optimized using gradient-based techniques to ensure
that the resulting covariance structure aligns with the desired
correlations.

Following the SEM fitting phase, the binary target y is generated
through a logistic regression model incorporating both linear and non-
linear terms. Specifically, y depends on the main linear effects of the
non-sensitive attributes and a second-order interaction term defined as
XXy + X Xg + X3 — X2 + x7xg + X2 + x2,, thus introducing nonlinearity
into the classification task. The regression coefficients, derived from the
SEM parameter optimization, are set as follows: y; = 0.75, y, = 0.6,
y3 = 0.25, y, = 0.4 for the respective input variables, and ys = 1.0 for the
interaction term.

For the second part of the experimental evaluation, the 2001 Dutch
Census dataset [43] was selected. This dataset is widely used in fairness
literature and provides a comprehensive snapshot of socio-economic and
demographic characteristics of the Dutch population at the time of the
2001 census. The original version contains 60,420 samples and 12 at-
tributes. For the purpose of this study, the feature space was reduced
to the five most informative attributes in terms of mutual information
with respect to the binary target variable, which indicates occupational
status.

The selected attributes were preprocessed to ensure a clean, concise,
and numerically balanced dataset, without compromising the under-
lying causal and statistical structures relevant to fairness analysis.
Preprocessing was performed as follows:

« Age: The original numerical values were binned into discrete age
groups: 15-19, 20-24, 25-34, 35-49, and 50-59. To address data
imbalance, the last two groups were merged, resulting in four fi-
nal bins, which were treated as an ordered categorical variable and
mapped to integer codes.

Current economic activity (“cur_eco_activity”): This variable was
reclassified into four broad sectors—Public Sector, Business and fi-
nancial, Trade and Services, and Primary/Industry—and subsequently
one-hot encoded.

Economic status: This categorical variable was directly one-hot
encoded.

The structure of the resulting dataset is summarized in Table 2, and
the underlying dependency relations among the variables are depicted
in the Bayesian network shown in Fig. 4.

Summary of attribute characteristics for the 2001 Dutch Census dataset after preprocessing. Each attribute is
annotated with its type, number of unique values, role in the classification task (sensitive, non-sensitive, or

target), and a brief description.

Attributes Type Values Role Description

sex binary 2 sensitive The biological sex of the person {Male;
Female}

age ordered categorical 4 sensitive The age group of the person {15-19; 20-24;
25-34; 35-59}

edu_level ordered categorical 6 non-sensitive The person’s education level, ranging from 0
(lowest) to 5 (highest)

economic_status categorical 3 non-sensitive The person’s economic status (class of
worker) {Salary worker; Self-employed;
Unemployed}

cur_eco_activity categorical 4 non-sensitive The current economic activity {Public Sector;
Business and Financial; Trade and Services;
Primary/Industry}

occupation binary 2 target The person’s occupation {Low-level; High-

level}




A. Incremona, A. Pozzi, A. Guiscardi et al.

Fig. 4. Bayesian network structure of the preprocessed 2001 Dutch Census
dataset. Nodes represent dataset attributes, with red indicating sensitive fea-
tures, blue the target variable, and white the non-sensitive features. Directed
edges denote conditional dependencies.

Although the attribute sex is commonly used as the primary pro-
tected attribute in fairness literature, in this study, the variable age is
also considered a sensitive attribute. This choice introduces additional
complexity to the fairness evaluation framework, allowing the analy-
sis to account for multiple sensitive features. Importantly, while sex
directly influences the target, age contributes to unfairness through indi-
rect statistical dependencies. From a practical perspective, this inclusion
is well-justified, as age can often be a source of unjustified disparities in
treatment, even when qualifications or competencies are comparable.

All experiments presented in this work, both on synthetic and real
datasets, follow a consistent evaluation protocol. Each dataset is parti-
tioned into training, validation, and testing subsets using a fixed split
ratio of 60 %, 20 %, and 20 %, respectively.

The primary nonlinear backbone within the proposed framework is a
Multi-Layer Perceptron (MLP) with two hidden layers, configured as 64
and 32 units. To demonstrate architectural generality, two additional
variants were considered: a linear model based on logistic regression
with an ¢, (ridge) penalty set to 0.1, and an FT-Transformer, a state-of-
the-art architecture for tabular data [44]. The FT-Transformer tokenizes
each feature and applies self-attention over the resulting sequence, en-
abling the model to capture higher-order and context-specific feature
interactions while remaining permutation-agnostic with respect to the
input ordering and naturally handling heterogeneous attributes. The
adopted FT-Transformer uses d,., = 64 with a learnable feature tok-
enizer, Ny, = 3 encoder blocks, Ny, = 4 attention heads, GELU
activations, pre-norm LayerNorm, an expansion factor of 2 in the feed-
forward sublayers (d; = 128), a classification token for aggregation,
attention and residual dropout of 0.10, token (embedding) dropout of
0.05, and stochastic depth of 0.05.

Training is performed using stochastic gradient descent with a learn-
ing rate 7 set to 0.05, a batch size of 256, and a maximum of 200 epochs.
Early stopping is applied to prevent overfitting, with a patience of 40
epochs and a tolerance threshold of 1 %.

The training objective consists of two components: a utility loss L,
instantiated as BCE, which optimizes the model’s predictive accuracy,
and a fairness loss L, defined using the proposed differentiable sur-
rogate of MI. The latter acts as a proxy for classifier bias, quantified
in this work as the statistical dependence between sensitive attributes
z and predicted labels y, formally measured by the MI I,(z, ). In all
experiments, the sensitive attribute vector z is multidimensional, and
the fairness objective treats each of its components equally, without
prioritizing any individual dimension.

The implementation integrates offline kernel smoothing of the prob-
ability distributions associated with the non-sensitive features x and
MC dropout to improve robustness and uncertainty calibration, as de-
tailed in Section 4. The kernel function K(:,-;c) used for smoothing

11
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is exponential, with the scale hyperparameter ¢ set to 1. To mitigate
the computational cost of all-pairs similarity calculations, kernel trun-
cation is applied using k-nearest neighbors with k = 8, computed via
approximate nearest-neighbor search. The dropout probability is fixed
at pyop = 0.2, and T = 10 MC samples are drawn per mini-batch to
compute the uncertainty-aware fairness objective.

To analyze the impact of fairness regularization, experiments are
conducted across multiple values of the regularization parameter «,
ranging from O to 0.8. Although the theoretical domain of «a spans the
interval [0, 1], values approaching 1 were excluded from practical eval-
uation. This decision is motivated by the observation that excessive
emphasis on the fairness term leads to over-regularization, severely im-
pairing the model’s ability to capture the underlying data distribution.
Under such conditions, the classifier often produces degenerate outputs,
becoming nearly invariant with respect to the target labels, due to the
dominance of the fairness constraint over the utility loss. Therefore, «
is limited to a subrange where the model maintains sufficient predictive
capacity while still addressing fairness concerns.

The proposed pipeline is also compared against standard bias-
mitigation techniques, specifically two classical pre-processing
methods—massaging and reweighting [11]—a post-processing method
known as reject option classification (ROC) [45]—and a widely adopted
in-processing approach, adversarial debiasing [46].

For the massaging strategy, a modified implementation is adopted,
differing from the original in its use of a ratio-based fairness metric
instead of statistical parity difference. The number of label modifi-
cations is computed proportionally to the dataset’s initial unfairness,
and a priority-based sorting strategy is employed to minimize classifi-
cation disruption. Specifically, low-confidence privileged positives and
high-confidence disadvantaged negatives are targeted for relabeling.

The reweighting approach estimates the expected frequencies of
sensitive attribute-label pairs under the assumption of independence,
assigning sample weights proportional to the ratio between expected
and observed joint probabilities. This weighting scheme is designed
to reduce bias by emphasizing underrepresented group-label combina-
tions while maintaining the data distribution. The resulting weights are
integrated into the loss function during training.

The ROC approach operates on the calibrated prediction scores
produced by the trained classifier, leaving the training pipeline un-
changed. At test time, instances whose predicted scores fall within a
symmetric uncertainty band [z, 7, ] around the classification thresh-
old are identified as candidates for corrective relabeling. Within this
reject region, predictions are reassigned to favor the disadvantaged
group—privileged positives are flipped to negatives, and disadvantaged
negatives to positives—thereby reducing disparate impact while pre-
serving high-confidence decisions. The adopted configuration employs a
reject-band width of 6z = 0.15 and a group-specific flip rate coefficient
of yroc = 0.6.

For the massaging, reweighting, and ROC strategies, an MLP clas-
sifier with the dataset-specific architecture is employed, without any
additional in-processing fairness regularization (i.e., « = 0.0).

For adversarial debiasing, an in-processing minimax configuration
following [46] is adopted, with the predictor instantiated as an MLP
identical in architecture to that used for the proposed method. The ad-
versary is a shallow MLP comprising two hidden layers with 32 and 16
units, respectively, ReLU activations, LayerNorm between layers, and a
dropout rate of 0.20; it branches into two heads (one per sensitive at-
tribute), each a binary softmax trained with cross-entropy. Coupling to
the predictor is implemented via a gradient-reversal layer parameterized
by A,4,. Training alternates one predictor update with one adversary
update per mini-batch, using the same optimizer, learning rate, early-
stopping rule, and batching strategy as the other experiments; gradients
are clipped at 1.0, and label smoothing of 0.05 is applied to stabilize
the adversary. To trace accuracy-bias frontiers, 4,4, is varied within the
interval [0, 0.8].
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Fig. 5. Trade-off between utility loss L, and fairness loss L; at training time across regularization values « for the proposed nonlinear classifier in the two considered
variants: MLP (left) and FT-Transformer (right). Each point corresponds to the final loss values obtained for a specific «, with color indicating its magnitude.

All hyperparameter values—including model architectures, opti-
mization settings, kernel parameters, dropout rate, and number of
MC samples—were selected based on validation performance in the
synthetic setting using a grid search over a diverse set of configu-
rations. The same values were reused for the real-world dataset to
assess cross-domain robustness, with two targeted adjustments to re-
flect its lower effective complexity: the MLP hidden-layer sizes were
set to (32,32) (instead of (64,32) in the synthetic experiments), and
the FT-Transformer dropout on attention and residual connections was
increased to 0.20 (from 0.10). All other settings remained unchanged.

For clarity and reproducibility, the hyperparameter configurations
adopted for the proposed method are concisely summarized in Table A.1
of Appendix A.

The evaluation focuses primarily on bias-accuracy trade-offs ob-
tained by adjusting the relevant hyperparameters of each approach.
Leveraging the synthetic framework, additional analyses are conducted:
counterfactual fairness, computational complexity, and a sensitivity
study of key hyperparameters.

All experiments were performed on a MacBook Pro equipped with an
Apple M3 Pro chip and 18 GB of unified memory, running macOS 14.6.1.
The implementation was developed in Python, utilizing the PyTorch

framework.

5.2. Synthetic dataset experiments

The impact of the regularization parameter a on the training be-
havior of the proposed approach is illustrated in Fig. 5, which depicts
the trade-off between the utility loss and the fairness loss for the MLP
(left) and FT-Transformer (right) architectures. As expected, due to the
convex formulation of the cost function, improvements in one loss com-
ponent generally correspond to a decline in the other. Interestingly, the
fairness loss exhibits an exponential decay as the utility loss increases,
corresponding to higher values of «. Notably, the plots suggest the pres-
ence of a “knee” point at approximately a ~ 0.66 in both cases, up to
which the fairness loss decreases by approximately 79 %, while the util-
ity loss increases by only about 13 % for the MLP case and 10 % for the
FT-Transformer case, indicating favorable trade-off regions.

This observation is corroborated by results on the test set, where
the generalization performance of the proposed nonlinear approaches
is benchmarked against the linear counterpart and additional bias-
mitigation strategies.

The comparative results are presented in Fig. 6, where each model’s
bias (x-axis) is plotted against its accuracy (y-axis). For the in-processing
methods, multiple trade-off points are shown, corresponding to different
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Fig. 6. Bias-accuracy trade-off on the synthetic test set for the proposed in-
processing method with three backbones—MLP and FT-Transformer (nonlinear)
and logistic (linear)—plus an in-processing adversarial debiasing model, two
pre-processing techniques (massaging, reweighting) and a post-processing ap-
proach (ROC). Each point represents test performance for a given value of the
regularization parameter «; for adversarial debiasing, each point corresponds to
a value of the adversarial scaling coefficient 4,,,; overlapping points indicate
repeated results for different regularization coefficient values. In its nonlinear
variants, the proposed method traces a consistently stronger bias-accuracy fron-
tier than the alternative approaches. The green-circled region highlights a values
in the range [0.62, 0.74], where a favorable balance between bias mitigation and
accuracy emerges, particularly pronounced for the FT-Transformer.

values of « (for the proposed pipeline) and to the scaling coefficient 4,4,
(for adversarial debiasing).

As anticipated, an increase in fairness (i.e., reduced bias) is generally
accompanied by a drop in accuracy. Nevertheless, the proposed nonlin-
ear strategies consistently outperform the baselines, offering improved
performance and greater flexibility. In particular, for ¢ ranging from
0 to 0.8, the FT-Transformer-based and MLP-based approaches yielded
seven and five bias-accuracy trade-offs, respectively, compared with
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Comparison of test-time bias and accuracy on the synthetic dataset for the proposed approach, in all its variants, and the

adversarial debiasing method, evaluated across varying values of the regularization parameter a (4

for the adversarial

adv

debiasing). Results from two pre-processing baselines—massaging and reweighting—and the ROC post-processing approach
are included as well. For each method, percentage changes are reported in parentheses relative to the same method with no bias
mitigation (« = 0). For the pre-processing and post-processing strategies, the percentage changes are relative to the proposed
approach under the MLP backbone and a = 0, as they share the same model architecture.

a Oursy p Oursgy Oursy Aagy Adv. Debiasing
Bias Accuracy Bias Accuracy Bias Accuracy Bias Accuracy
0.0 0.0229 0.7924 0.0227 0.7922 0.7760 0.0184 0.0 0.0208 0.7910
0.1 0.0168 0.7913 0.0189 0.7917 0.7760 0.0184 0.1 0.0175 0.7900
(—26.64 %) (-0.14 %) (—16.74 %) (-0.06 %) (0.00 %) (0.00 %) (—15.87 %) (=0.13 %)
0.2 0.0150 0.7893 0.0165 0.7914 0.7760 0.0184 0.2 0.0158 0.7880
(—34.50 %) (-0.39 %) (-27.31 %) (—0.10 %) (0.00 %) (0.00 %) (—24.04 %) (-0.38 %)
0.3 0.0150 0.7893 0.0142 0.7909 0.7760 0.0184 0.3 0.0158 0.7880
(—34.50 %) (-0.39 %) (—37.44 %) (-0.16 %) (0.00 %) (0.00 %) (-24.04 %) (-0.38 %)
0.4 0.0150 0.7893 0.0142 0.7909 0.7760 0.0184 0.4 0.0158 0.7880
(—34.50 %) (-0.39 %) (—37.44 %) (-0.16 %) (0.00 %) (0.00 %) (—24.04 %) (-0.38 %)
0.5 0.0150 0.7893 0.0142 0.7909 0.7760 0.0184 0.5 0.0158 0.7880
(-34.50 %) (-0.39 %) (=37.44 %) (-0.16 %) (0.00 %) (0.00 %) (-24.04 %) (-0.38 %)
0.6 0.0150 0.7893 0.0128 0.7902 0.7750 0.0142 0.6 0.0158 0.7880
(—34.50 %) (=0.39 %) (—43.61 %) (-0.25 %) (=0.13 %) (—22.83 %) (—24.04 %) (-0.38 %)
0.7 0.0113 0.7867 0.0112 0.7888 0.7690 0.0128 0.7 0.0122 0.7850
(—50.66 %) (=0.72 %) (—50.66 %) (—0.43 %) (=0.90 %) (-30.43 %) (—41.35 %) (=0.76 %)
0.8 0.0107 0.7741 0.0099 0.7760 0.7690 0.0128 0.8 0.0105 0.7820
(-53.28 %) (-2.31 %) (-56.39 %) (-2.04 %) (-0.90 %) (-30.43 %) (-49.52 %) (-1.14 %)
Pre-processing methods
Method Bias Accuracy
Massaging 0.0135 (—41.05 %) 0.7740 (-2.32 %)
Reweighting 0.0127 (—44.54 %) 0.7710 (-2.70 %)

Post-processing method

Method
ROC

Bias
0.0115 (—49.78 %)

Accuracy
0.7690 (—2.95 %)

only three for the logistic model. Adversarial debiasing, as 4,4, varied
over the same range, produced five bias-accuracy trade-offs marginally
inferior to those of the proposed MLP. More importantly, consistent
with the training loss behavior, the proposed method achieves a favor-
able compromise for a € [0.62,0.74], where substantial bias reduction is
obtained with minimal loss in accuracy.

This trade-off is further quantified in Table 3, which summarizes the
numerical performance of all approaches. At « = 0.7, both the MLP-
and FT-Transformer-based variants of the proposed method halve the
original bias while keeping the accuracy loss below 1 %, outperforming
the other strategies, none of which achieve comparable bias mitigation
without substantially larger drops in accuracy.

5.2.1. Surrogate bound analysis

The theoretical discussion in Section 4 highlights that the proposed
surrogate defines a lower bound whose tightness depends on predictive
uncertainty, as quantified by the entropy of the class-probability scores
7p(x). To empirically characterize this effect in the synthetic setting, an
additional analysis was carried out focusing on the operating point a =
0.7, previously identified as a favorable bias—accuracy trade-off, for the
MLP backbone.

The experiment consists of collecting predictions on the test set and
computing the following quantities:

« the true MI between the sensitive attributes z and the hard clas-
sifier decisions gy(x), obtained by thresholding the deterministic
class-probability scores at = = 0.5;

« the differentiable surrogate.

To study how the discrepancy between these two quantities depends
on predictive uncertainty, the test samples are partitioned into six bins

13

according to the average predictive entropy.

Hy(myx) = — == > [ne(x(f)) log 5 (x0)+ (1= 7y (x®)) log (1 - ne(x(’)))],

1
1Sb1 /&5,
where S, denotes the set of test samples falling into the 5-th entropy bin.
Bins cover the range of observed entropies and are contiguous but not
necessarily equidense, so the number of samples in each bin is deter-
mined by the empirical distribution of z,4(x). For each bin, the average
predictive entropy, the true ML, and the surrogate MI are estimated, and
their difference is reported as a “gap” curve. The resulting trends are
summarized in Fig. 7, which shows that, for the considered operating
point, the true MI remains approximately constant across entropy bins,
with values close to the test-set bias reported in Table 3 for « = 0.7.
This behavior is consistent with the fact that the dependency between z
and the hard decisions is largely driven by global structural relations in
the synthetic data-generating process rather than by local variations in
predictive confidence.

In contrast, the surrogate exhibits a clear decreasing trend as the
average predictive entropy increases, consistent with the theoretical
analysis of the Bernoulli relaxation. For low-entropy bins, where the
classifier is confident (predicted probabilities close to 0 or 1), the sur-
rogate closely matches the true MI and the gap remains very small
(typically below 2 % of the local MI). As entropy increases and predic-
tions concentrate around the decision boundary, the surrogate becomes
progressively more conservative, leading to a systematically larger gap.
In the highest-uncertainty bins, this gap reaches approximately 20-25 %
of the corresponding true MI, with intermediate bins remaining well be-
low 10 %. Overall, the deviations remain moderate relative to the bias
levels observed in the main synthetic experiments and are comparable
to the variations induced by small changes in « in Table 3.
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Fig. 7. Comparison between the true MI and the differentiable surrogate as a
function of the average predictive entropy, evaluated on the synthetic test set
for the proposed approach with an MLP backbone at a = 0.7. The true MI re-
mains approximately constant across uncertainty levels, whereas the surrogate
exhibits a progressively larger underestimation as entropy increases, reflecting
its conservative behavior in high-uncertainty regions. The gap curve quantifies
this deviation but remains moderate relative to the corresponding MI values,
consistent with the theoretical properties of the surrogate bound.

5.2.2. Counterfactual fairness

One of the key advantages of conducting experiments in a syn-
thetic framework is the ability to manipulate the dependency structure
among dataset attributes, thanks to full knowledge of the data genera-
tion process. This enables the modeling of causal relationships involving
sensitive attributes, thereby supporting rigorous counterfactual anal-
ysis to evaluate the fairness properties of the proposed in-processing
strategy. Counterfactual scenarios are constructed by altering the sensi-
tive attributes z and updating the associated non-sensitive attributes x
accordingly. This adjustment is performed using the known structural
dependencies, whereby new values (x},x) are sampled from the con-
ditional distribution p(x,, x, | z’l‘,zz), while (xj3,...,xy) are held fixed,
as they are independent of the sensitive features. Here, the superscript
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# denotes the counterfactually modified values. Let x;” denote the full
input vector for sample i, counterfactually generated under a specific as-
signment z of sensitive attributes. That is, it includes the modified values
for the sensitive-dependent features (x,, x,), conditioned on the sensitive
assignment z, along with the unchanged values (xs, ..., x,o). To quan-
tify counterfactual fairness, two complementary metrics are adopted:
Counterfactual Mean Absolute Difference (CF-MAD) and Counterfactual
Flip Rate (CF-FR). CF-MAD captures the average absolute change in the
predicted probabilities due to counterfactual perturbations, accounting
for subtle shifts in model confidence even when the final predicted class
remains unchanged. It is defined as:

l n
CE-MAD = — > (51)
i=1

I7i | > ‘pg(y 1) = Py 1™
zl (z,2)ep,

where P, denotes the set of all distinct pairs of sensitive attribute values,

and |7,| is the number of such pairs.

Conversely, CF-FR measures the proportion of instances for which
counterfactual changes in sensitive attributes result in different binary
classification decisions, providing an interpretable measure of decision-
level instability. CF-FR is defined as:

1
17, ]

n

1 -

CF-FR = > > 1{1py1x,") 2 05}
i=1

(z,2))eP,

(52)
(i)

#{py(y|x,”) 205} b

The results of the counterfactual fairness analysis are summarized
in Fig. 8 and Table 4, which report both CF-MAD and CF-FR as func-
tions of the regularization parameter a. The CF-MAD curve exhibits a
smooth, gradual decline for a« < 0.6, followed by a steeper drop be-
yond this threshold. This behavior is expected, as CF-MAD is sensitive
to continuous changes in predicted probabilities. In contrast, CF-FR re-
mains relatively flat across smaller values of «, but undergoes a sharp
decline once a exceeds 0.6. This abrupt drop reflects the nature of CF-FR,
which depends on discrete changes around the classification thresh-
old (typically 0.5) and may be influenced by practical decision rules.
Both nonlinear model variants are shown: the FT-Transformer follows
the same qualitative pattern as the MLP but attains lower CF-MAD and
CF-FR at comparable a—especially beyond a ~ 0.6—indicating a more
favorable counterfactual-fairness profile on this synthetic dataset.
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Fig. 8. Counterfactual fairness analysis showing CF-MAD (left y-axis, blue) and CF-FR (right y-axis, orange) as functions of the regularization parameter «a, evaluated
on the test set, for the two model variants: MLP (left panel) and FT-Transformer (right panel). In both panels, CF-MAD decreases gradually up to « ~ 0.5 and then
drops sharply; CF-FR is nearly flat at low a and decreases abruptly beyond « ~ 0.6. Relative to the MLP, the FT-Transformer attains lower CF-MAD and CF-FR at
comparable a—especially past the knee—indicating a more favorable counterfactual-fairness profile on this dataset.
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Table 4
Test set results for CF-MAD and CF-FR across different a values.
Percentage variations are reported relative to the baseline case

(a =0).
1 Oursy; p Oursgy
CF-MAD CF-FR CF-MAD CF-FR
0.0 0.3405 0.5112 0.3330 0.5092
0.1 0.3385 0.5088 0.3154 0.5068
(-0.59 %) (—0.47 %) (=5.29 %) (—0.47 %)
0.2 0.3350 0.5088 0.2978 0.5043
(-1.62 %) (—0.47 %) (-10.57 %) (-0.96 %)
0.3 0.3282 0.5078 0.2802 0.5019
(-3.61 %) (-0.67 %) (—15.86 %) (—1.43 %)
0.4 0.3149 0.5078 0.2626 0.4994
(=7.52 %) (-0.67 %) (-21.14 %) (-1.92 %)
0.5 0.2872 0.4978 0.2450 0.4970
(—15.65 %) (-2.62 %) (—26.43 %) (—2.40 %)
0.6 0.2323 0.4945 0.2190 0.4920
(-31.78 %) (=327 %) (-34.23 %) (-3.38 %)
0.7 0.1526 0.4381 0.1500 0.3000
(—55.18 %) (-14.30 %) (—54.95 %) (—41.08 %)
0.8 0.0817 0.3021 0.0690 0.2800
(-76.01 %) (—40.90 %) (=79.28 %) (—45.01 %)
Table 5

Execution time comparison between the proposed gradient-
based method and a gradient-free GA, across increasing dataset

sizes.
Dataset size ~ Oursyy p GA
5000 12 min 16 s 34 min 0 s
10000 17 min 27 s 3h5min25s
50000 47 min 20 s 14h49 min 20 s
100000 1h35min47s 1d5h10min0s
500000 11h48min32s 18d14h9min0s
1000000 18h40min 25 s 38 d 15 h 5 min 30 s (estimated)

These results are consistent with earlier findings from standard
performance evaluations, reaffirming that the range 0.6 < a < 0.7
corresponds to an optimal trade-off zone where indirect bias is sub-
stantially mitigated with minimal loss in accuracy. The consistency of
trends across MLP and FT-Transformer further supports the robustness
of the proposed regularization with respect to the underlying nonlinear
architecture. Furthermore, the pronounced reduction in counterfactual
unfairness metrics observed beyond this threshold underscores the ef-
fectiveness of the proposed fairness regularization in addressing indirect
discrimination.

5.2.3. Computational complexity

Another key advantage of using a synthetic framework lies in the
ability to generate datasets of arbitrary size, enabling systematic in-
vestigations into algorithmic complexity and scalability. Since one of
the principal benefits of the proposed approach is the ability to employ
gradient-based optimization—as opposed to more computationally de-
manding gradient-free methods—a comparative runtime analysis was
conducted against GA, representing a popular gradient-free technique.

The execution time of both methods was evaluated across six config-
urations with increasing sample sizes N, and the results are summarized
in Table 5. For the GA, the population size was fixed at 200, and the al-
gorithm was run for 150 generations. A single-point crossover was used
with a probability of 0.8, per-parameter mutation was applied with a
probability of 0.02 (using Gaussian noise with a standard deviation of
0.1), and tournament selection of size 3 was employed. These hyperpa-
rameter choices aim to strike a balance between solution diversity and
computational tractability across different dataset scales. Increasing the
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Fig. 9. Computational complexity analysis comparing the proposed gradient-
based method and a gradient-free GA, in terms of execution time across
increasing synthetic dataset sizes. Both axes are shown on a log-log scale. Each
point corresponds to the training time for a given number of samples, with
dashed lines indicating linear fits on the log-transformed data.

population size or number of generations further would significantly in-
flate the execution time, especially for large datasets, whereas reducing
them would risk insufficient exploration. Similarly, the chosen mutation
and selection strategies are designed to prevent premature convergence
while maintaining effective evolutionary pressure. For analogous rea-
sons, and to ensure a fair comparison, the MLP-based architecture was
used in this analysis.

Crucially, the same GA configuration was applied across all dataset
sizes in order to isolate the effect of scaling with N, without conflating
results with variations in algorithmic settings.

Both methods were executed under the same computational condi-
tions and took advantage of parallelism wherever appropriate. In the
proposed method, MC samples and training batches were processed
jointly to reduce overhead, and parallel computation was used to ac-
celerate both forward and backward passes. For the GA, population
members were evaluated in parallel batches to the extent allowed
by available memory. However, due to the structure of evolutionary
algorithms, individual models differ across the population and must
be processed independently during selection, crossover, and mutation.
These operations involve additional sequential steps and repeated ac-
cess to intermediate representations, which inherently limit parallelism
and increase overhead. While both methods benefited from paral-
lel execution, these structural differences contributed to the observed
discrepancy in scalability.

The results of this comparison are shown in Fig. 9, where execution
time is plotted against dataset size N on a log-log scale. A linear rela-
tionship in this representation indicates a power-law dependence of the
form:

log(time) = 5log(N) + constant —  time ~ N?. (53)

In this formulation, a slope § > 1 corresponds to superlinear growth,
while 6 < 1 indicates sublinear behavior. Empirically, the GA exhibits a
slope of approximately 1.35, indicating superlinear scaling. In contrast,
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Fig. 10. Sensitivity of the proposed pipeline to kernel bandwidth ¢ at « = 0.7. The left and the right panels show the MLP-based and FT-Transformer—based variants,
respectively. Very small ¢ produce under-smoothed pseudo-counts and increased bias with a slight accuracy drop; ¢ € [1,1.5] stabilizes the surrogate and reduces
bias with negligible impact on accuracy; excessively large o (e.g., 2.0) mildly degrades both metrics due to over-smoothing.

the proposed approach shows a significantly lower slope of about 0.89,
revealing sublinear scaling with respect to dataset size.

The discrepancy between the theoretical linear bound reported in
Section 4.4 and the observed § < 1 arises because, in practice, the effec-
tive epoch count tends to saturate or slightly decrease for large N due
to early stopping, and because GPU-level parallelization amortizes the
cost of MC passes.

Although the full training pipeline includes both kernel smoothing
and stochastic regularization via dropout sampling—each introducing
additional overhead—their contributions remain well-behaved in prac-
tice. Kernel smoothing is performed once offline with a fixed number of
nearest neighbors and contributes a modest, near-linear preprocessing
cost that is negligible compared to the total training time. Meanwhile,
MC dropout introduces a multiplicative factor on the per-batch training
cost proportional to the number of samples, but this cost is efficiently
distributed across parallel operations. In practice, this results in runtime
multipliers that remain below the theoretical upper bound derived in
Section 4.4.

These findings demonstrate not only that the proposed method re-
quires lower absolute execution time for large datasets, but also that it
offers superior computational scalability relative to the GA baseline. For
N = 1,000,000, the GA’s runtime becomes prohibitively long and was
extrapolated from the fitted power-law model for practical purposes.

5.2.4. Sensitivity analysis

In this subsection a sensitivity analysis is conducted on three hy-
perparameters central to the proposed pipeline—kernel bandwidth o,
number of MC samples 7, and dropout probability py,,—using the
two most effective backbones (MLP and FT-Transformer). To isolate
the effect of these hyperparameters from the fairness—utility trade-off,
the analysis fixes the regularization weight to « = 0.7, which was
previously identified as the best operating point on the test set for
both backbones; keeping a constant in this regime avoids confound-
ing changes in the bias—accuracy frontier and yields a representative
high-performance baseline. For each study, a single hyperparameter is
varied while all others are fixed to the synthetic defaults (¢ = 1, k =8,
T = 10, pgp = 0.2), and performance is reported on the held-out test
set. The explored ranges are selected to cover the practically relevant
regimes around the validated defaults while exposing under- and over-
regularized behaviors: ¢ € {0.25,0.50,1.00,1.50,2.00} spans from an
under-smoothed regime—where pseudo-counts are sparse and the MI
surrogate is noisy—through the validated neighborhood around ¢ = 1
up to an over-smoothed regime that can blur informative local structure;
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T € {1,2,5,10,20,40} moves from minimal averaging—higher estimator
variance and noisier gradients—toward larger averages where dimin-
ishing returns are expected, with choices that remain computationally
affordable given the linear cost in T; Parop € {0.0,0.1,0.2,0.3,0.4,0.5}
ranges from no stochasticity to moderately strong dropout, excluding
extreme values that typically harm capacity without providing further
fairness benefits. Results are summarized in Figs. 10-12; each figure con-
tains two panels (MLP on the left and FT-Transformer on the right) and
overlays test accuracy on the left y-axis with the bias on the right y-
axis. Fig. 10 shows that very small bandwidths (e.g., o = 0.25) yield
under-smoothed pseudo-counts, which manifest as higher bias and a
slight reduction in accuracy; moving toward ¢ € [1,1.5] stabilizes the
surrogate and reduces bias with negligible impact on accuracy, whereas
excessively large values (e.g., ¢ = 2.0) mildly degrade both metrics due
to over-smoothing. Fig. 11 indicates that increasing T monotonically
decreases the bias with diminishing returns beyond T = 10, consistent
with variance reduction in the surrogate estimate and a more reliable
optimization signal; accuracy remains essentially stable, with variations
limited to a few tenths of a percent, suggesting that improvements stem
from lower estimator noise rather than from changes in effective reg-
ularization strength. Fig. 12 highlights that moving from no dropout
to moderate levels (0.2-0.35) lowers bias at a modest accuracy cost, in
line with the conservative behavior of the uncertainty-aware MI un-
der stochastic subnet sampling; pushing py., to high values (= 0.5)
begins to impair model capacity and no longer improves bias. Taken to-
gether, the three figures delineate robust operating regions shared across
backbones—os € [1,1.5], T € [10,20], and Parop € (0.2, 0.35]—that at-
tain near-minimal bias with negligible or limited changes in accuracy,
whereas extreme settings either under-capture dependence or induce
over-regularization.

5.3. Real dataset experiments

The same experimental procedure adopted for the synthetic frame-
work was applied to the 2001 Dutch Census dataset, and the results
exhibit a consistent pattern. In particular, Fig. 13, which illustrates the
bias—accuracy trade-off on the test set as a function of the regularization
parameter a, confirms that improvements in fairness (i.e., reductions in
bias) are generally accompanied by a decrease in classification perfor-
mance. However, this trade-off does not occur uniformly; the magnitude
of accuracy loss is significantly smaller than the corresponding bias re-
duction in several regions of a. Notably, even in this non-idealized,
real-world scenario, it is possible to identify values of a that yield
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Fig. 11. Sensitivity of the proposed pipeline to the number of MC samples T" at « = 0.7. The left and the right panels show the MLP-based and FT-Transformer—based
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societal and economic patterns.
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of the fairness regularization mechanism under real-world conditions,

where the data are not artificially constructed but represent genuine
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Comparison of test-time bias and accuracy on the 2001 Dutch Census data for the proposed approach, in all its variants, and
the adversarial debiasing method, evaluated across varying values of the regularization parameter a (4,4, for the adversarial
debiasing). Results from two pre-processing baselines—massaging and reweighting—and the ROC post-processing approach
are included as well. For each method, percentage changes are reported in parentheses relative to the same method with no bias
mitigation (a = 0). For the pre-processing and post-processing strategies, the percentage changes are relative to the proposed
approach under the MLP backbone and a = 0, as they share the same model architecture.

a Oursy;p Oursgy Oursy Aaay Adv. Debiasing
Bias Accuracy Bias Accuracy Bias Accuracy Bias Accuracy
0.0 0.0126 0.7960 0.0126 0.7950 0.0112 0.7764 0.0 0.0126 0.7960
0.1 0.0126 0.7959 0.0125 0.7949 0.0112 0.7764 0.1 0.0121 0.7928
(0.00 %) (=0.01 %) (=0.79 %) (-0.01 %) (0.00 %) (0.00 %) (—4.12 %) (~0.40 %)
0.2 0.0097 0.7758 0.0096 0.7746 0.0112 0.7764 0.2 0.0113 0.7880
(-23.02 %) (—2.54 %) (—23.81 %) (-2.57 %) (0.00 %) (0.00 %) (—10.86 %) (-1.01 %)
0.3 0.0097 0.7758 0.0096 0.7746 0.0112 0.7764 0.3 0.0104 0.7805
(-23.02 %) (-2.54 %) (-23.81 %) (-2.57 %) (0.00 %) (0.00 %) (~17.59 %) (-1.95 %)
0.4 0.0095 0.7739 0.0094 0.7727 0.0112 0.7764 04 0.0104 0.7805
(—24.60 %) (—2.78 %) (—25.40 %) (-2.81 %) (0.00 %) (0.00 %) (-17.59 %) (—1.95 %)
0.5 0.0092 0.7710 0.0092 0.7695 0.0111 0.7763 0.5 0.0104 0.7805
(-26.98 %) (-3.14 %) (-26.98 %) (=321 %) (-0.89 %) (-0.01 %) (~=17.59 %) (-1.95 %)
0.6 0.0092 0.7710 0.0092 0.7695 0.0111 0.7761 0.6 0.0099 0.7710
(—26.98 %) (-3.14 %) (—26.98 %) (-3.21 %) (—0.89 %) (—0.04 %) (-21.95 %) (-3.14 %)
0.7 0.0083 0.7576 0.0082 0.7570 0.0106 0.7667 0.7 0.0099 0.7710
(-34.13 %) (—4.82 %) (—34.92 %) (—4.78 %) (=5.36 %) (-1.25 %) (-21.95 %) (-3.14 %)
0.8 0.0080 0.7485 0.0079 0.7479 0.0101 0.7619 0.8 0.0096 0.7650
(-36.51 %) (=597 %) (-37.30 %) (-5.92 %) (-9.82 %) (-1.87 %) (-23.93 %) (—3.89 %)
Pre-processing methods
Method Bias Accuracy
Massaging 0.0099 (-21.51 %) 0.7631 (—4.13 %)

Reweighting 0.0097 (-23.25 %)

0.7613 (—4.36 %)

Post-processing method

Method
ROC

Bias
0.0096 (—23.81 %)

Accuracy
0.7590 (—4.65 %)

On the Dutch Census, the FT-Transformer— and MLP-based vari-
ants exhibit comparable performance. Over « € [0.18,0.36], both
attain advantageous bias-accuracy trade-offs; this is consistent with the
dataset’s lower effective complexity, which limits the incremental bene-
fit of architectures more expressive than an MLP. Relative to the baseline
mitigations (massaging, reweighting, adversarial debiasing), both vari-
ants trace a more favorable trade-off frontier and, compared with the
linear logistic counterpart, offer greater flexibility by yielding a denser
set of operating points along the bias-accuracy curve. Quantitative re-
sults are summarized in Table 6 and visualized in Fig. 14, further
motivating the adoption of the proposed in-processing pipeline within
nonlinear architectures.

6. Limitations and future directions

While the proposed framework demonstrates strong empirical per-
formance, several limitations remain. These span practical, methodolog-
ical, and theoretical dimensions, and offer promising avenues for future
research.

The first limitation concerns the assumption that the input space
X is discrete. This design choice facilitates the estimation of joint
and marginal distributions via kernel-weighted counts and aligns with
many benchmark datasets in the fairness literature—such as the 2001
Dutch Census. However, real-world data often include continuous or
mixed-type features. While discretization is a common workaround, it
introduces sensitivity to binning schemes and results in information loss.
A more principled approach could involve an adaptation of the proposed
surrogate to variational MI estimators, such as MINE [33] or CLUB [34],
which support continuous inputs through learned discriminators.

Another limitation concerns the scalability of the kernel smooth-
ing strategy in high-dimensional input spaces. While the proposed
pipeline is explicitly designed for compatibility with nonlinear and
high-dimensional data, it can become computationally burdensome
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when dimensionality reaches extreme levels. Kernel truncation (via
k-nearest neighbors) partially addresses this issue, but it does not fully
overcome the curse of dimensionality, which degrades the informa-
tiveness of Hamming distances and can lead to sparse pseudo-counts.
Scalable alternatives include locality-sensitive hashing, product kernels
exploiting feature independence, or factorized models that approximate
MI component-wise [47].

The choice of the kernel itself is nontrivial and can significantly in-
fluence the quality and stability of the smoothed estimates. Standard
kernels like exponential or triangular forms may not generalize well
across heterogeneous feature spaces or mixed-type variables. Automatic
kernel selection strategies—such as data-driven metric learning [48] or
multiple kernel learning [49]—have shown promise in other domains
and could enhance adaptivity in fairness-aware settings, particularly
when group-wise data characteristics vary.

The use of MC dropout in the proposed method serves as a
lightweight Bayesian approximation that mitigates model overconfi-
dence and enhances the reliability of the fairness surrogate. The current
implementation exploits simple averaging across dropout-induced sub-
networks. While this is standard and yields low-variance estimates [50],
future work may consider robust aggregation strategies, such as trimmed
means or entropy-weighted averaging [51], which can reduce the influ-
ence of subnetworks that produce unstable predictions due to parameter
masking. Any such strategy must retain differentiability to preserve
gradient flow through the fairness surrogate. Extending uncertainty
modeling to the utility loss may also yield more coherent training dy-
namics, provided that variance reduction techniques are used to ensure
stable gradients.

Robustness across domains is another key consideration. A single
set of hyperparameters was applied to both synthetic and real-world
datasets in this work, showing promising generalization. Still, a fixed
grid search limits exploration and may overlook better fairness-utility
trade-offs. This issue is heightened in dynamic or non-stationary
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Fig. 14. Bias-accuracy trade-off on the test set of the 2001 Dutch Census dataset
for the proposed in-processing method with three backbones—MLP and FT-
Transformer (nonlinear) and logistic (linear)—plus an in-processing adversarial
debiasing strategy, two pre-processing baselines (massaging, reweighting) and
a post-processing approach (ROC). Each point represents test performance for
a given value of the regularization parameter o; for adversarial debiasing, each
point corresponds to a value of the adversarial scaling coefficient 4,,,; over-
lapping points indicate repeated results for different regularization coefficient
values. In its nonlinear variants, the proposed method traces a consistently
stronger bias-accuracy frontier than the alternative approaches. The green-
circled region highlights « values in the range [0.18, 0.36], where a favorable
balance between bias mitigation and accuracy emerges.

environments. Adaptive tuning, meta-learning-based strategies [52],
or domain-adaptive surrogates could improve flexibility and robust-
ness [53]. In this regard, results from the sensitivity analysis—
characterized by broad plateaus and stable trends—suggest that hyper-
parameter self-adaptation could replace static grids with slow, data-
driven adjustments. A particularly promising target is the trade-off
weight a, whose conservative, feedback-guided updates based on held-
out bias measurements may stabilize the fairness-utility balance under
distributional drift; complementary, cautious schedules for o, T, and
Parop keyed to estimator stability could track the observed “sweet spots”
without full re-tuning. Related ideas have proved effective in adja-
cent areas through diversified or fine-grained adaptive regularization
and nonlinear canonical polyadic decompositions for high-dimensional,
incomplete data [54-56], indicating a feasible path to integrate analo-
gous self-adaptation mechanisms into the present framework as a future
direction.

Nevertheless, the sensitivity analysis conducted in Section 5 revealed
wide stability plateaus for both ¢ and py,,, indicating that the proposed
pipeline remains robust across broad ranges of these hyperparameters.
This empirical evidence supports the use of fixed settings in the present
study, avoiding unnecessary online overhead while preserving the sub-
linear runtime growth with dataset size established in Section 4.4. In
more complex or dynamically evolving scenarios, however, adaptive
strategies could further enhance flexibility and fairness generalization—
for instance, ¢ could be adjusted online based on local data density
(e.g., via plug-in estimators or median-heuristic updates), while pg,
could be modulated as a function of epistemic uncertainty. In such cases,
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particular care should be devoted to mitigating the computational over-
head introduced by per-batch updates so as to maintain the scalability
advantages of the proposed approach. These considerations open a broad
avenue for future research on adaptive yet efficient extensions of the
framework.

Lastly, it is worth noting that the fairness objective employed in
this work targets demographic parity, expressed as independence be-
tween predicted labels and sensitive attributes. While this is a general
and powerful statistical fairness criterion, it does not inherently guaran-
tee properties like equalized odds or equal opportunity. In applications
where fairness policies are more nuanced, the scalar trade-off pa-
rameter « may lack sufficient expressiveness to balance competing
objectives. Future extensions could explore multi-objective optimiza-
tion [57], fairness-constrained learning formulations [58], or dynamic
fairness weighting based on policy-specific requirements [59].

7. Conclusion

This study proposes a fairness-aware training strategy that embeds
a differentiable, uncertainty-aware surrogate of mutual information
within standard neural classifiers. By combining Bernoulli relaxation,
kernel smoothing, and Monte Carlo dropout, the resulting regular-
izer integrates seamlessly into gradient-based optimization and remains
model-agnostic, promoting statistical independence between predictions
and sensitive attributes while preserving competitive utility. Empirical
evidence on synthetic and real-world data, together with a complex-
ity analysis, indicates favorable fairness—utility trade-offs with modest
computational overhead, making the approach practical for large-scale
settings. Looking ahead, extending the objective beyond demographic
parity, exploring adaptive or learned kernels and temperature sched-
ules, and developing multi-objective or constraint-based formulations
tailored to application-specific policies represent promising directions
for further refinement and deployment.
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Appendix A. Implementation hyperparameters summary

This appendix summarizes all implementation hyperparame-
ters adopted in the proposed framework across its three model
variants—Logistic Regression, Multi-Layer Perceptron (MLP), and
FT-Transformer—to improve clarity and facilitate reproducibility. The
regularization coefficient « is not included here, as its influence on
fairness—utility trade-offs was systematically analyzed in Section 5.
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Table A.1
Implementation hyperparameters for the proposed method.

Neurocomputing 669 (2026) 132498

Hyperparameter Synthetic framework

Real-world framework

Logistic Regression — penalty
MLP — hidden layers

¢, =0.1 (ridge)

FT-Transformer — token dimension d,., 64
FT-Transformer — encoder blocks Ny 3
FT-Transformer — attention heads N4 4

FT-Transformer — feed-forward hidden size d;;
FT-Transformer — activations

FT-Transformer — attention / residual dropout ~ 0.10
FT-Transformer — token (embedding) dropout 0.05
FT-Transformer — stochastic depth 0.05

Kernel function Exponential
Kernel bandwidth ¢ 1.0

Truncation criterion

Dropout rate pgrop 0.20
Monte Carlo samples T’ 10
Learning rate n 0.05

Optimizer

Batch size B
Maximum epochs E,
Early stopping

Utility loss L,
Fairness loss L,

256
200

128 (expansion factor 2)
GELU, pre-norm LayerNorm

k-nearest neighbors, k = 8

[64, 32] units, ReLU activations

Stochastic Gradient Descent (SGD)

Patience: 40 epochs; tolerance: 1 % improvement
Binary Cross-Entropy (BCE)
Differentiable MI surrogate

¢, = 0.1 (ridge)

[32, 32] units, ReLU activations
64

3

4

128 (expansion factor 2)

GELU, pre-norm LayerNorm
0.20

0.05

0.05

Exponential

1.0

k-nearest neighbors, k = 8

0.20

10

0.05

Stochastic Gradient Descent (SGD)
256

200

Patience: 40 epochs; tolerance: 1 % improvement
Binary Cross-Entropy (BCE)
Differentiable MI surrogate

Data availability

Data will be made available on request.
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