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Abstract
The availability of information that suppliers possess about the production
process, as well as about the technical and economic consequences for cus-
tomers, encourages the development and application of acceptance sampling
plans that follow economic criteria, such as the Bayesian ones proposed in the
literature. The combination of prior knowledge described by the prior distribu-
tion and empirical knowledge based on the sample leads to the decision to accept
or reject the lot under inspection. The main purpose of this study was to derive
acceptance sampling plans for attributes based on a prior generalized beta dis-
tribution following the economic criterion to minimize the expected total cost
of quality. Specifically, a procedure is proposed to define the optimal sampling
plan based on the technical characteristics of the production process and the
costs inherent in the quality of the product. After the methodological aspects are
described in detail, an extensive simulation study is reported that demonstrates
how the optimal plan changes according to the main parameters, providing
guidance for practitioners.
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1 INTRODUCTION

Decision making regarding product quality is one of the oldest aspects covered by statistical quality control.1 The main
goal is to provide the desired level of production for customers as well as suppliers. Acceptance sampling is a statisti-
cal methodology commonly used to check whether products meet the required quality level. A typical application is in
the context of manufacturing, where acceptance sampling plans may be applied in many stages of manufacturing lines.
Particularly, they may be applied in incoming material inspection to verify that the quality of goods satisfies certain
requirements before they are used or assembled, in online production control to verify that the quality of semi-finished
products is acceptable before moving to the next manufacturing step, and in finished product quality auditing to ver-
ify that the customer’s specifications are satisfied before the shipment. For example, in food industries the production
process involves the microbiological inspection of incoming goods, preparation, production, transformation, processing,
packaging, and transport of food. In this sector, Luca et al.2 reporting three different case studies regarding the inspection
This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2022 The Authors. Applied Stochastic Models in Business and Industry published by John Wiley & Sons Ltd.

Appl Stochastic Models Bus Ind. 2022;1–17. wileyonlinelibrary.com/journal/asmb 1

https://orcid.org/0000-0002-3753-0406
https://orcid.org/0000-0002-0321-5731
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fasmb.2710&domain=pdf&date_stamp=2022-08-24


2 FACCHINETTI et al.

of a lot of apples by an apple juice company, the control of the eggs freshness before and during the egg processing, and
the inspection of an outgoing shipment of pieces of cheese.

The sampling procedure is based on the inspection and classification of a sample of units selected at random from a lot
and the final decision to accept or reject the lot. Often, sampling plans are chosen by committees composed of suppliers
and customers to consider the opposite needs of the two categories to define the economic/technical effects of product
quality with great reliability and validity. This leads to improved quality and reduced costs.

Different types of schema can be applied, such as a single sampling plan, double sampling plan, and multiple sampling
plan. In this study, the focus is on single sampling plans by attributes. For a lot of size N submitted for inspection, a single
sampling plan is based on the parameters n and c: a lot of size N is accepted if the number of nonconforming units in a
sample of size n taken from the lot is less than or equal to the acceptance number c. Therefore, for a given lot, the design of
the plan is based on the determination of the sample size to be inspected and the number of nonconformities tolerated for
the lot to be accepted. The rejection of a lot means returning the lot to the supplier or its submission to 100% inspection.

The basic assumption underlying the theory of sampling plans by attributes is that the lot quality, in terms of a defective
fraction, is a constant, that is, the production process is stable. In practical situations, however, the production process
quality often is not constant, and the proportion of nonconforming units in the lot varies frequently. In such situations, the
Bayesian approach is more appropriate because it allows incorporate prior process knowledge to account for the variation
in the sampling scheme.

This approach has been extensively used in statistical process control (SPC). For example, some researchers have
developed different types of control chart for the process mean and variance based on a Bayesian methodology,3-6 while
others have proposed Bayesian sampling plans for attributes1,7 and variables.8-10 Brush11 and Sharma and Bhuttani12

compared the risks of classical and Bayes producers and consumer, respectively. Recently, Cobb and Li,13 among others,
have suggested the use of Bayesian networks as an alternative to other approaches for Bayesian SPC with attributes, and
Ouyang et al.14 proposed a Bayesian approach for online robust process design.

During the past two decades, Bayesian acceptance sampling plans have received considerable interest in both research
and applications. Of particular relevance are the works by Hald,15-17 who gave an extensive account of sampling plans
based on discrete and continuous prior distributions of product quality. Yuvaraj et al.18 compared sampling plans in the
presence of Bayesian and classical settings. GonzÁLez and Palomo19 developed a Bayesian acceptance sampling plan for
the number of defects which minimizes the expected total cost of quality, using both gamma and noninformative prior
distributions. Yuvaraj and Subramaniam20 proposed a Bayesian single sampling plan based on the beta prior distribu-
tion obtained by minimizing a cost function and minimizing the cost associated with a defective item that is accepted.
Hemalatha and Iyappan21 presented a procedure for the selection of Bayesian single sampling plans through acceptable
and limiting quality levels with the application of numerical algorithms. Nezhad and Saredorahi22 proposed a policy for
designing Bayesian acceptance sampling plans based on the minimum proportion of the lot that should be inspected in
the presence of inspection errors. Kaviyarasu and Sivakumar23 developed a design for a Bayesian single sampling plan
under gamma-zero inflated Poisson distributions.

The most commonly used prior distributions to describe the random fluctuations in the lot or process quality p are
binomial, gamma, or beta. The purpose of this study was to develop a sampling schema based on a prior generalized
beta distribution, which is more flexible and can adapt to multiple and different situations. In fact, for a suitable choice
of the parameters that characterized the generalized beta, we are able to select the most compliant distribution for the
considered productive process such as beta, binomial, uniform, triangular and so forth. Moreover, the proposed prior
generalizes the beta distribution assuming a restriction in the range of p in the interval [pL, pU] ∈ [0, 1], whose extremes
can be easily identified by the quality controller on the bases of his knowledge about the considered process. This need
is motivated by the fact that in many processes (e.g., manufacturing processes) there is high prior evidence that product
quality is very high, and priors models on p with values in the interval [0,1] can be quite unattractive.

A procedure was implemented to define the optimal sampling plan for several values of lot size N on the basis of
the technical characteristics of the production process and the costs inherent to the quality of the product. Specifically,
minimizing the expected total cost of quality C(N,n, c) is proposed subject to the condition that the consumer risk is
reduced.

The remainder of this article is organized as follows. Section 2 provides a description of traditional sapling plans and
introduces the Bayesian ones. The Bayesian acceptance sampling plan under a prior generalized beta distribution for
the lot fraction nonconforming is given in Section 3. In Section 4, two hypotheses about lot formation are presented,
along with the distribution of defective items in a lot. Section 5 focuses on the distribution law of the discrete random
variable that describes the number of defective elements in a sample. In Section 6, we derive the average cost function
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to be minimized to find an economical balance between the cost of sampling and the expected loss resulting from an
incorrect decision about the lot. In Section 7, we discuss the main results of an extensive simulation study conducted to
evaluate the sensitivity of the procedure to the change of the hypotheses and the main parameters, while Section 8 offers
the conclusion.

2 TRADITIONAL AND BAYESIAN SINGLE SAMPLING PLANS,
DECISION RULE AND OC CURVE

Considered a lot of size N, single sampling plans requires two numbers to be specified: the sample size n and the accep-
tance numbers c. Assume that the lot is submitted for inspection. Based on the outcome of the inspection process in terms
of the observed number of nonconforming elements, the decision maker decides to accept the lot, reject it, or perform
more inspections.

In single sampling plans the decision about the lot is based on the information contained in only one sample. If more
than one sample is required in order to reach a decision regarding the disposition of the lot, double, and multiple sampling
plans are considered, as extensions of the single sampling ones.

The procedure for arriving at a decision about the lot is based on three steps:

1. extracting a random sample of size n from a lot of size N received from the producer;
2. inspecting all units in the sample and count the number of defective elements d;
3. comparing the number of defective elements d in the sample with acceptance number c: if d ≤ c, the lot is accepted; if

d > c, the lot is rejected.

The decision rule can be expressed considering a function 𝜙c that assumes values 0 and 1 in correspondence with the
acceptance or rejection of the lot:

𝜙c =

{
0 if d ≤ c,
1 if d > c.

(1)

This function can be seen as the probability of rejecting the lot conditioned to a number of defects in the sample equal
to d:

P
{

Rejection|d} = 𝜙c(d),

and therefore

P {Acceptance|d} = 1 − 𝜙c(d).

Acceptance sampling is subject to decision-making risks that an incorrect decision might be made to accept or reject a
lot by a consumer or producer. This type of risk is divided into two categories: the producer’s risk (𝛼) that a lot with a
satisfactory quality level may be rejected based on the statistics of a single sample, and the consumer’s risk (𝛽) that a lot
with an unsatisfactory quality level may be accepted based on the statistics of a single sample.

The risk for the consumer negatively affects customers because they will use a substandard product which could
lead to premature failures and/or an increased maintenance regime. Therefore, clients have not received the product
quality for which they paid. The risk for the producer negatively affects manufacturers because a conforming-quality
lot will be deemed unsatisfactory, and, consequently, more expensive processes to improve its quality must be imple-
mented. Finally, to combat the risk of rejection, suppliers increase product prices, and this leads to a value-for-money
that is invalid for both consumers and producers. Sampling plans are usually designed to control one or both of
these risks.24

In this context, an important measure of the performance of a sampling plan is the operative characteristic (OC)
curve that provides the relationship between the probability of accepting a lot and its production quality.1 Let D be the
number of defective elements in the lot. Let sd|D and Sd|D be the probability distribution function (p.d.f.) and cumulative
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F I G U R E 1 OC curves of the single sampling plan. Left: N = 1000,n = 100 and several values of c; right: N = 1000, c = 3, and several
values of n

distribution function (c.d.f.) of the number of defective elements in a sample, respectively. The probability of accepting a
lot is defined as

Pa = P {Acceptance|D} = P(d ≤ c) =
n∑

d=0
[1 − 𝜙c(d)]sd|D(d) = Sd|D(c). (2)

For example, if we suppose that the distribution of the number of defective elements in a sample follows a binomial
distribution with parameters n and p, the Pa in Equation (2) becomes

Pa =
c∑

d=0

(
n
d

)
pd(1 − p)n−d

, (3)

where p is the fraction of defective elements in the lot.
The OC curve is developed by evaluating Pa for different values of p.
For N = 1000, Figure 1 shows how the OC curve changes as the acceptance number (left figure) and sample size (right

figure) change. It is generated by evaluating Equation (3) for several values of p.
This curve plot describes the performance of the plan for different quality levels p, sample sizes n, and acceptance

numbers c, and it displays the discriminatory power of the sampling plan. It helps to control the quality of products and to
find adequate sample sizes, contributing to the design of better and more efficient experiments. Specifically, in Figure 1 if
c increases, the OC curve shifts to the right. Thus, plans with smaller acceptance numbers provide discrimination at lower
levels of lot defective fraction than those with larger values of c. Moreover, the OC curve becomes closer to the idealized
OC curve shape as the sample size increases. This means that the ability of a sampling plan to differentiate between good
and bad lots increases with n.

There is a widely used approach of picking n and c: require that the OC curve pass through two specific points such
that Pa(p) = 1 − 𝛼 for lots with fraction defective p = p1, and Pa(p) = 𝛽 for lots with fraction defective p = p2. It is usual in
many industries to consider p1 = AQL (acceptable quality level), that is the quality level corresponding to the consumer’s
risk and p2 = LQL (limiting quality level), that is the quality level corresponding to the producer’s risk.

The basic assumption underlying the theory of sampling plans by attributes is that the lot quality, in terms of a defective
fraction, is a constant, that is, the production process is stable. This happens when the two types of quality variation in
sampling inspection, the within-lot (sampling) and between-lot (sampling and process) variations, are equal. In practical
situations, however, the production process often is not constant because the between-lot variation is greater than the
within-lot variation, and the proportion of nonconforming units in the lot varies frequently. In these cases, decisions
regarding a lot should be made considering the between-lot variations, and the quality of the lot should be treated as
a random variable; hence, the conventional sampling schemes cannot be employed (see Suaresh and Umamaheswari25

and Vijayaraghavan et al.26 for details). In such situations, the Bayesian approach is more appropriate for studying the
sampling plan based on attributes.

The difference between the frequentist and Bayesian approaches is related to the use of prior process history or knowl-
edge in making decisions about a lot.27 In fact, the idea of the Bayesian approach is to consider not only the most recent
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observations from sample data, but also other information about unknown parameter probability distributions available
from expert judgment, past experience, observations of managers and engineers, or the literature. Quantification of this
prior information would lead to better decisions.

One of the most common choices for a prior distribution of productive process quality is the beta distribution, owing
to its mathematical simplicity, especially the reproducibility property.16 We generalize this approach by considering the
generalized beta distribution as prior, and we analyze its properties. Moreover, the Bayesian approach can be used to
optimize some utility function in order to select the optimal sampling plan. In the following sections we will show how
to determine the optimum single sampling plan (n, c) based on prior generalized beta distribution by minimizing the
average acceptance cost C(N,n, c) subject to the condition that the consumer risk is reduced.

3 GENERALIZED BETA PRIOR DISTRIBUTION

The Bayesian acceptance sampling approach is based on prior process history for the selection of the appropriate distri-
butions used to describe the random fluctuation involved in acceptance sampling. The prior distribution is the expected
distribution of the productive process quality on which the sampling plan operates.

The quality p(t) is defined as the probability of obtaining a nonconforming element in the lot at production time t.
It is assumed that the quality of the productive process p is a random variable (r.v.) that varies over time following a
statistical law that depends on the nature of the productive process and satisfies the stationarity property. In this study,
it was assumed that p follows a generalized beta distribution (GB), which is a linear transformation of a beta r.v. (Beta).
The major details about continuous distributions can be found elsewhere.28

Specifically, let X ∼ Beta(a, b) be a r.v. with density function (d.f.) and c.d.f. as follows:

𝜑(x) = xa−1(1 − x)b−1

B(a, b)
for 0 ≤ x ≤ 1,

and

𝜙(x) =
∫

x

0
𝜑(t) dt = Ix(a, b) for 0 ≤ x ≤ 1,

where B(a, b) is the beta function

B(a, b) =
∫

1

0
ta−1(1 − t)b−1dt,

and Ix(a, b) is the incomplete beta function

Ix(a, b) =
∫

x

0

ta−1(1 − t)b−1

B(a, b)
dt.

The expected value and variance of X are, respectively:

{
𝜇X = a

a+b
,

𝜎

2
X =

ab
(a+b)2(a+b+1)

.

(4)

The quality of the productive process p is defined as

p = pL + (pU − pL)X , (5)

where pL and (pU − pL) are a location and a scale parameter, respectively, such that 0 ≤ pL ≤ pU ≤ 1. Therefore, the quality
of the productive process p assumes values in the interval [pL, pU] whose extremes can be easily identified by the quality
controller on the bases of his knowledge about the considered process. In particular, if the quality controller selects pL = 0
and pU = 1, p follows a Beta distribution with parameters a and b.
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It follows that p ∼ GB(pL, pU , a, b), with d.f.

fp(p) =
(pU − pL)1−a−b

B(a, b)
(p − pL)a−1(pU − p)b−1 for pL ≤ p ≤ pU , (6)

and c.d.f.

Fp(p) =
∫

p

pL

fp(t)dt = I p−pL
pU−pL

(a, b) for pL ≤ p ≤ pU . (7)

The expected value and variance of p can be derived from the expected value and variance of X as follows:{
𝜇p = pL + (pU − pL)𝜇X ,

𝜎

2
p = (pU − pL)2𝜎2

X .
(8)

The generalized beta can adapt to multiple and different situations and hypotheses by a suitable selection of the
parameters pL, pU , a, b that characterize the distribution. As said above, the proposed prior generalizes the beta distribu-
tion assuming a restriction in the range of p in the interval [pL, pU] ∈ [0, 1]. The values of pL an pU can be selected by
the quality controller on the bases of his knowledge about the process. This restriction is very suitable for such processes
characterized by high prior evidence that product quality is very high, and for which the choice of p ∈ [0, 1] is quite
unattractive. Moreover, the choice of a and b allow us to select the most compliant trend of the density function in (6). In
fact, if a = b, X follows a symmetric distribution; if a = b = 1, X follows a uniform distribution in (0, 1); if a = 1, b = 2, X
follows a triangular increasing distribution in (0, 1), if a = 2, b = 1, X follows a triangular decreasing distribution in (0, 1).

In the next sections we will consider several GB distributions with different combinations of parameters.
Parameters a and b are linked to the expected value and variance of the r.v. p, and they can be estimated using

Equations (4) and (8). From (8), one can obtain

𝜇X =
𝜇p − pL

pU − pL
𝜎

2
X =

𝜎

2
p

(pU − pL)2
.

Solving Equation (4) with respect to a and b results in

⎧⎪⎪⎨⎪⎪⎩

a =
(𝜇X − 𝜇2

X − 𝜎
2
X )𝜇X

𝜎

2
X

,

b =
(𝜇X − 𝜇2

X − 𝜎
2
X )(1 − 𝜇X )

𝜎

2
X

.

(9)

Because a, b > 0, the values of 𝜇X and 𝜎2
X must be such that*

0 < 𝜇X < 1 0 < 𝜎2
X < 𝜇X (1 − 𝜇X ). (10)

Therefore, the quality of the considered productive process can be summarized with a prior generalized beta distribution:
p ∼ GB(pL, pU , 𝜇X , 𝜎

2
X ).

4 LOT FORMATION AND DISTRIBUTION OF DEFECTIVE ITEMS

In the previous section, we defined the quality of the productive process p and the associated prior distribution Fp(p)
reported in Equation (7). This distribution does not highlight the sequential structure that could exist in the production
cycle, and therefore, the time series nature of the quality p which may affects the defects of the lot elements.

In this regard, it is difficult to put forward concrete hypotheses because the type of product, the nature of the defect,
the technological methods of production, and the collection and construction of lots, can differ greatly.

In this study, two hypotheses about lot formation were considered.

*If 𝜇X assumes an extreme value (0 or 1), the r.v. p degenerates into a discrete r.v. with a single value (pL or pU ).
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4.1 Hypothesis 1

The lot is composed of elements coming from a phase of the production cycle characterized by a constant quality value,
which may differ from one lot to another. In this situation we suppose that there is high dependence among the quality
of the lot elements. This can reasonably be assumed when the lot size is limited.

For a given lot of size N, the number of defects D follows a discrete distribution identified in relation to the prior
distribution of the process quality p. Under the assumption of a constant probability for each element of the lot to be
defective, the p.d.f. of the conditioned random variable D|p results in

rD|p(D) =
(

N
D

)
pD(1 − p)N−D D = 0, 1, … ,N. (11)

In other words, the conditioned r.v. D|p follows a binomial distribution with parameters N and p: D|p ∼ Bin(N, p).
To obtain the distribution law of the number of defects D in a lot considering the prior distribution of p, it is necessary

to consider the distribution function of the marginal r.v. D

rD(D) =
∫

1

0
rD|p(D)dFp(p) =

(
N
D

)
∫

1

0
pD(1 − p)N−DdFp(p) D = 0, 1, … ,N. (12)

Assuming as the prior distribution of p the one reported in Equation (6), one obtains

rD(D) =

(
N
D

)
(pU − pL)1−a−b

B(a, b) ∫

pU

pL

pD(1 − p)N−D(p − pL)a−1(pU − p)b−1dp. (13)

This relationship is complex and does not lead to synthetic analytical expressions. From this equation, the associative
structure between the binomial and the generalized beta distributions is evident.

It is of interest to consider some particular situations.

1. If the prior distribution of p degenerates into a discrete r.v. with a single value p = p0 and unit probability, the p.d.f. of
D in Equation (13) becomes

rD(D) =

(
N
D

)
pD

0 (1 − p0)N−D D = 0, 1, … ,N. (14)

Therefore, D follows a binomial distribution with parameters N and p0.
2. If the prior distribution of p is uniform in the interval (0, 1), that is p ∼ GB(0, 1, 1∕2, 1∕12), the p.d.f. of D in

Equation (13) becomes

rD(D) =

(
N
D

)
B(D + 1,N − D + 1) = 1

N + 1
D = 0, 1, … ,N. (15)

Therefore, D follows a discrete rectangular distribution.
3. If the prior distribution of p is uniform in the interval (0, p0), with p0 < 1, that is p ∼ GB(0, p0, 1∕2, 1∕12), the p.d.f. of

D in Equation (13) becomes

rD(D) =
Ip0(D + 1,N − D + 1)

p0(N + 1)
D = 0, 1, … ,N. (16)

4. If p follows a beta distribution with pL = 0 and pU = 1, and the parameters a and b are obtained using Equation (9),
the p.d.f. of D in Equation (13) becomes

rD(D) =
B(D + a,N − D + b)

(N + 1)B(D + 1,N − D + 1)
D = 0, 1, … ,N. (17)

Even in these particular situations, one obtains expressions of considerable complexity for the p.d.f. of D.



8 FACCHINETTI et al.

4.2 Hypothesis 2

The lot is composed of elements from different stages of the production cycle, with quality values different from element
to element. In this situation we suppose that there is independence among the quality of the lot elements.

The condition of independence implies that each element i of the lot (i = 1, 2, … ,N) could be defective. There-
fore, r.v. Di which takes values 0 and 1 depending on whether the element of the lot is nondefective or defective, is
introduced.

The p.d.f. of the r.v. Di expressed in terms of the prior distribution of the quality p, results in

rDi(Di) =
∫

1

0
pDi (1 − p)1−Di dFp(p) Di = 0, 1.

More precisely,

rDi(0) = 1 −
∫

1

0
pdFp(p) = 1 − 𝜇p,

rDi (1) = ∫

1

0
pdFp(p) = 𝜇p.

Therefore, every r.v. Di follows a binomial distribution Di ∼ Bin(1, 𝜇p) for i = 1, 2, … ,N, and the total number of defects
D in a lot follows a binomial distribution given by the sum of the N r.v.s Di as follows

D =
N∑

i=1
Di ∼ Bin(N, 𝜇p).

The p.d.f. of D is therefore:

rD(D) =

(
N
D

)
𝜇

D
p (1 − 𝜇p)N−D D = 0, 1, … ,N (18)

with mean and variance, respectively, of

E(D) = N𝜇p Var(D) = N𝜇p(1 − 𝜇p).

In this case, the prior distribution of p is related to the distribution of the lot only through its expected value 𝜇p.
Following Hald,15,16 the above distributions of D defined under Hypothesis 1 or 2 are the prior distributions on which

to base the optimal choice of the sampling plan.
Once the p.d.f. of defects in a lot is defined, one can define the quality of the lot p̂ as the discrete r.v.

p̂ = D
N
, (19)

whose p.d.f. is provided by the one of D as follows

gp̂(p̂) = rD(Np̂) p̂ = 0, 1
N
,

2
N
, … , 1. (20)

Both the distributions of D and p̂, depend on the lot size N.

5 DISTRIBUTION OF DEFECTIVE ELEMENTS IN THE SAMPLE

In this section, a simple random sample of size n extracted from a lot of size N is considered. The focus is on the distribution
law of the discrete r.v. which describes the number of defects d in the sample.
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If D is the number of defective elements in the lot, the conditioned r.v. d|D follows a hypergeometric distribution
d|D ∼ Hypergeometric(N,D,n) with p.d.f.

sd|D(d) =

(
D
d

)(
N − D
n − d

)
(

N
n

) d = d0, d0 + 1, … , df , (21)

where

d0 = max[0,n − (N − D)] and df = min[n,D].

For the sake of simplicity and speed of the calculation, the hypergeometric distribution can be approximated by
considering the binomial distribution

d|D ∼ Bin
(

n, p̂ = D
N

)
, (22)

or the Poisson one,

d|D ∼ Poi(𝜆 = np̂). (23)

However, attention must be paid to the accuracy of the final result because, if the value of N is rather small, the
considered approximation may not be satisfactory. For the motivation to the use of discrete distributions for the number
of defective elements in a sample from a production line see for example, Irony.29

Because the distribution of the number of defects in the lot is known (see Section 4), the joint p.d.f. of the defects in
the sample and in the lot is

sdD(d,D) = sd|DrD(D) =

(
D
d

)(
N − D
n − d

)
(

N
n

) rD(D), (24)

for D = 0, 1, … ,N and d = d0, d0 + 1, … , df .
Therefore, the marginal distribution of the number of defects in the sample is

sd(d) =
N∑

D=0

(
D
d

)(
N − D
n − d

)
(

N
n

) rD(D), (25)

assuming that the binomial coefficients
(

x
y

)
are null for x < y.

Remembering the identity

(
D
d

)(
N − D
n − d

)
(

N
n

) =

(
n
d

)(
N − n
D − d

)
(

N
D

) , (26)
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and indicating with M = N − n the number of uninspected elements in the lot, and with E = D − d the number of
defective elements in the uninspected part of the lot, one obtains

sd(d) =

(
n
d

) M∑
E=0

(
M
E

)
(

N
d + E

) rD(d + E), (27)

which is a compound hypergeometric distribution.
Considering the compound hypergeometric, Hald15(sec. 8) introduced the distribution reproducibility condition for the

prior distributions, that is: if the compound hypergeometric distribution defined in (27) (the marginal distribution of the
defective elements in the sample extracted from a lot of size N) is equal to the distribution rD(D) of the defective elements
of a lot of size N = n, then the prior distributions are said to be reproducible or invariant to hypergeometric sampling.

This definition could be interpreted as follows: consider a process able to generate lots, corresponding to finite popula-
tions of size N, draw a random sample of size n without replacement from every lot of size N > n. The sample distributions
will coincide with the lot distributions of size N = n generated by the process. Therefore, the information obtained from
the sample may be considered as drawn directly from the productive process.

The Hald’s condition of distribution reproducibility is verified only under Hypothesis 2 (see Section 4.2). Only in this
case we can consider the information obtained from the sample as taken directly from the productive process. Otherwise,
under Hypothesis 1 (see Section 4.1), the information obtained from the sample depends on the selected lot which corre-
sponds to a specific quality value. The only exception is the case of a uniform prior distribution of p in the interval (0, 1)
(case 2. in Section 4.1) which implies a rectangular distribution of D.

6 COST FUNCTION AND OPTIMAL SAMPLING PLAN

In this article, the choice of a sampling plan is delegated to an economic optimization that considers the costs of quality
and sampling that fall on the supplier and buyer.

The expected total cost for acceptance sampling depends on the acceptance or rejection of the lot. If the lot is accepted,
the remainder of the lot is not inspected and, for each defect, a cost is incurred. If the lot is rejected, there is a cost related
to the lot size. In addition, the sample inspection cost is a function of its size.19

The following linear cost functions are assumed in the case of acceptance or rejection of the lot:

CA = K1d + K2n + K3(D − d) if lot is accepted,

CR = K1D + K2N if lot is rejected. (28)

The above costs are total for the N elements of the lot and are supplementary to the manufacturing and general costs.
Specifically:

1. K1d: replacing cost for defective elements found in the sample;
2. K2n: cost of sample survey;
3. K3(D − d): cost associated with defective elements in the accepted lot;
4. K1D: replacing cost for defective elements found in the lot (assuming the hypothesis of 100% inspection in case of

rejection);
5. K2N: cost of sample survey and of 100% inspection carried out in case of rejection.

The coefficients K1, K2, and K3 are obtained based on the cost assessments made by the supplier (K1,K2) and customer
(K3).

Given the random nature of some quantities present in the cost functions in Equation (28), as well as the decision rule
in Equation (1), one can define the r.v. cost C as follows:

C = CA(1 − 𝜙c) + CR𝜙c = C(d,D). (29)
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The aim is to provide a procedure for striking an economical balance between the cost of sampling and the expectation
of loss resulting from the acceptance of a lot with an unsatisfactory quality level or the rejection of a lot with a satisfactory
quality level.

The optimization procedure is carried out by minimizing the average cost function E(C), which, because both d and
D assume discrete values, is given by

E(C) =
N∑

D=0
E(C|D)rD(D), (30)

where

E(C|D) = n∑
d=0

C(d,D)sd|D(d),

is the average cost for a given number of defective elements D in the lot.
Thus, the expected value of the cost function E(C) is a linear combination of the conditioned averages E(C|D), whose

weights are the probability function of defects D in the lot.
Assuming K3 = 1 for simplicity, from Equations (28) to (30), one obtains

E(C|D) = (K1D + K2N) + [K2n − (K1 − 1)D − K2N]Sd|D(c) + (K1 − 1)Ed|D(c), (31)

where

Sd|D(x) =
x∑

d=0
sd|D(d) and Ed|D(x) =

x∑
d=0

dsd|D(d), (32)

are functions of x, with parameters N,D, and n.
Together with the objective function E(C) for minimizing, two supplementary conditions are considered. The first is

related to the lot size N, which, instead of being specified at the beginning, can be determined as a result of the opti-
mization procedure, requiring only that it is included in an interval (NL ≤ N < NU ). In this case, for values of N included
in the above interval, one consider, as an objective function for minimizing, the average cost per element of the lot
E(C)∕N = C(N,n, c).

The second condition is related to the risk for the consumer to ensure a high rejection probability for lots whose
quality p̂ = D∕N is to be considered unsatisfactory. In this case, when a small value for the probability 𝛽 (5%–10%), and
a limit value p̂∗ for the quality of the lot are fixed, the optimal sample plan must be such that Pa(p̂∗) < 𝛽. The presence
of this constraint makes the choice of the sampling plan approach that of the traditional type or that proposed by Dodge
and Roming,30 while not neglecting the characteristic of an economic optimization based on an assumption of prior
distribution for the productive process quality. In this way, the need of the consumer to be protected sufficiently from
highly defective lots whose effects on the economy and efficiency of the buyer could be greater than can be assessed on the
basis of the normal quality level of the product can be satisfied. For example, in the case in which the buyer is an entity that
manages delicate and complex services, such as public transport, electricity, and hospitals, the direct economic burden
caused by the defective elements can be added to the one related to the safety and continuity of the service. Obviously,
compliance with this need of the consumer should not conflict with the definition of the economic expression, in which
unit costs should be considered within the normal values and quality parameters in relation to the average production
cycle, as the supplier expects. An excessively high defect cost evaluation and a excessive control by the consumer would
lead the producer to increase the quality, but with increases in production costs that would fall on the customer.

In summary, a design model is proposed that minimizes the cost function E(C)∕N = C(N,n, c) subject to the condition
that the lot size is bounded in an interval and the consumer risk is reduced:

min
N,n,c

C(N,n, c) = min
N,n,c

{
K2 +

1
N

[
K1 𝜇D − K2(N − n)

N∑
D=0

Sd|D(c) rD(D)+

−(K1 − 1)
N∑

D=0

(
D Sd|D(c) − Ed|D(c)) rD(D)

]}
, (33)

where 𝜇D =
∑N

D=0D rD(D), and for NL ≤ N < NU , Sd|D∗ (c) < 𝛽, with D∗ = p̂∗N.
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F I G U R E 2 Trend of the cost function C(N,n, c) for N = 1000

In Figure 2, an example of the behavior of the cost function C(N,n, c) to minimize for N = 1000 and for different
values of n ∈ [40,200] and c ∈ [0, 8] is provided. We observe that the average cost function tend to be U-shaped, decreasing
as c decrease and n increase, and then increasing for high values of n and low values of c. The aim is to find the best
combination (n, c) that minimizes the curve subject to the above constraint conditions.

7 SIMULATION STUDY

In this section, simulation study was performed to select the optimal sampling plans such that the function in
Equation (33) is minimized with respect to the condition Pa(p̂∗) < 10%.

It was assumed that K1 and K2 are cost assessments made by the supplier.
There may exist multiple solutions depending on the considered hypothesis and on a number of parameters. In this

study, the quality of the considered productive process is a r.v. that follows a prior generalized beta distribution. In line
with what was described in Section 4, two hypotheses about lot formation were considered: Hypothesis 1, for which the
lot is composed of elements coming from a phase of the production cycle characterized by a constant quality value, and
Hypothesis 2, for which the lot is composed of elements from different stages of the production cycle, with quality values
different from element to element related to the prior distribution.

The results of some of the simulation study for both the hypothesis follow.

7.1 Hypothesis 1

The distribution function rD(D) of the number of defects in the lot is defined by Equation (13). It is supposed that p
follows a generalized beta distribution p ∼ GB(pL, pU , 𝜇X = 0.05, 𝜎2

X = 0.00226), where the values 𝜇X and 𝜎2
X are derived

from Equation (4) by choosing the Beta parameters a = 1 and b = 19.
Initially, the costs are fixed as K1 = K2 = 0.1. For pL = 0, pU = 1 and c ∈ [0, 8], the tables in Figures 3–5 report

the parameters of the sampling plans (N,n, c) and the values of the cost function that satisfy the condition Pa(p̂) <
10% for N = 100,500, 1000, respectively. For each N, the optimal triad that minimizes the cost function is iden-
tified and is indicated in bold. Moreover, the probabilities of acceptance Pa(p̂) and the corresponding values of
p̂ are calculated. Finally, the OC curves of the optimal sampling plans are presented on the right side of the
figures. The lot fraction of defective items in correspondence to the red point represents the limiting quality lev-
els which represents the average poorest level of quality that the consumer is willing to accept in an individual lot
for 𝛽 = 10%.
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F I G U R E 3 Optimal sampling plan (left) and behavior of CO (right) for N = 100

F I G U R E 4 Optimal sampling plan (left) and behavior of CO (right) for N = 500

F I G U R E 5 Optimal sampling plan (left) and behavior of CO (right) for N = 1000

To evaluate the sensitivity of the proposed procedure to the change in the main parameters, other optimal sampling
plans were determined for several values of the costs regarding quality K1 and sampling K2, and some values of the
parameters pL and pU characterizing the GB distribution. The results are listed in Table 1.

Table 1 shows that the values of the cost function depend strongly on the values of K1 and K2. For increas-
ing values of K1 = K2, C(N,n, c) increases. For example, the minimum cost is 0.01818 for K1 = K2 = 0.01, and it is
3.88470 for K1 = K2 = 30. Considering the values of K1 ≠ K2, it seems that the sampling cost K2 has more influ-
ence on the trend of the minimum of C(N,n, c) than the quality-related cost K1. Moreover, if the parameters of
the GB distribution (pL and pU ) are changed, the minimum of the cost function changes together with the optimal
triad.
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T A B L E 1 Optimal single sampling plans based on prior GB distribution (Hypothesis 1)

N n c K1 K2 pL pU C(N,n, c) Pa(p̂) p̂

100 30 1 0.01 0.01 0 1 0.01818 0.09931 0.110

100 21 2 0.07 0.07 0 1 0.05056 0.09996 0.220

100 11 3 1 1 0 1 0.17072 0.09986 0.500

100 11 3 30 30 0 1 3.88470 0.09986 0.500

100 11 0 0.01 0.05 0 1 0.04032 0.09887 0.180

100 21 2 0.1 0.07 0 1 0.05126 0.09996 0.220

100 11 3 30 0.07 0 1 0.27158 0.09986 0.500

100 30 1 0.01 0.01 0.2 0.7 0.01306 0.09931 0.110

100 21 8 1 1 0.2 0.7 0.46290 0.09787 0.530

500 52 1 0.01 0.01 0 1 0.01452 0.09995 0.070

500 56 3 0.05 0.05 0 1 0.03822 0.09998 0.112

500 36 8 1 1 0 1 0.13600 0.09995 0.332

500 36 8 30 30 0 1 2.81506 0.09995 0.332

500 56 3 0.01 0.05 0 1 0.03692 0.09998 0.112

500 44 4 0.01 0.07 0 1 0.04436 0.09997 0.170

500 112 0 0.07 0.01 0 1 0.01317 0.09991 0.018

500 112 0 0.01 0.01 0.2 0.7 0.01225 0.09991 0.018

500 21 8 1 1 0.2 0.7 0.46290 0.09787 0.530

1000 115 1 0.01 0.01 0 1 0.01067 0.09967 0.032

1000 135 3 0.03 0.03 0 1 0.02602 0.09997 0.047

1000 105 6 0.07 0.07 0 1 0.04543 0.09997 0.096

1000 50 8 1 1 0 1 0.14194 0.09944 0.245

1000 50 8 30 30 0 1 3.09027 0.09944 0.245

1000 40 5 0.03 0.1 0 1 0.04873 0.09943 0.218

1000 125 4 0.1 0.03 0 1 0.02915 0.09984 0.061

1000 135 3 0.01 0.01 0.4 0.9 0.01425 0.09997 0.047

1000 50 8 1 1 0.2 0.7 1.03967 0.09944 0.245

Table 2 displays the optimal single sampling plan for the special case of Hypothesis 1 in which a = b = 1 that is, p
follows a uniform distribution in (0, 1); consequently, the number of defects in the lot follows a discrete rectangular
distribution, see Equation (15).

As expected, different parameters associated with the prior GB and, consequently, different distributions of the
number of defects in the lot strongly affect the minimum cost function and thus the choice of the optimal sampling plan.

7.2 Hypothesis 2

The number of defects in the lot follows a binomial distribution with parameters N and 𝜇p as in Equation (18). The
optimal sampling plans were derived for several values of the quality K1 and sampling K2 costs and several values of the
binomial parameters N = 100,500, 1000 and 𝜇p = 0.01, 0.1, 0.25 (Table 3).
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T A B L E 2 Optimal single sampling plans based on prior rectangular distribution

N n c K1 K2 pL pU C(N,n, c) Pa(p̂) p̂

100 30 1 0.01 0.01 0 1 0.01664 0.09931 0.110

100 30 1 0.07 0.07 0 1 0.10381 0.09931 0.110

100 21 8 1 1 0 1 1.17682 0.09787 0.530

100 11 3 30 30 0 1 33.26709 0.09986 0.500

100 30 1 0.01 0.05 0 1 0.05484 0.09931 0.110

100 30 1 0.1 0.07 0 1 0.11874 0.09931 0.110

100 21 8 30 0.07 0 1 13.00993 0.09787 0.530

100 30 1 0.01 0.01 0.2 0.7 0.01459 0.09931 0.110

100 21 8 1 1 0.2 0.7 1.11915 0.09787 0.530

500 112 0 0.01 0.01 0 1 0.01499 0.09991 0.018

500 80 2 0.05 0.05 0 1 0.07417 0.09943 0.062

500 36 8 1 1 0 1 1.27427 0.09995 0.332

500 36 8 30 30 0 1 37.36674 0.09995 0.332

500 80 2 0.01 0.05 0 1 0.05420 0.09943 0.062

500 56 3 0.01 0.07 0 1 0.07330 0.09998 0.112

500 112 0 0.07 0.01 0 1 0.04499 0.09991 0.018

500 112 0 0.01 0.01 0.2 0.7 0.01450 0.09991 0.018

500 36 8 1 1 0.2 0.7 1.35045 0.09995 0.332

1000 115 1 0.01 0.01 0 1 0.01503 0.09967 0.032

1000 40 3 0.03 0.03 0 1 0.04757 0.09950 0.158

1000 85 4 0.07 0.07 0 1 0.10293 0.09976 0.090

1000 40 3 1 1 0 1 1.40569 0.09950 0.158

1000 40 3 30 30 0 1 42.00908 0.09950 0.158

1000 40 3 0.03 0.1 0 1 0.11102 0.09950 0.158

1000 135 3 0.1 0.03 0 1 0.07959 0.09997 0.047

1000 135 3 0.01 0.01 0.4 0.9 0.01650 0.09997 0.047

1000 40 3 1 1 0.2 0.7 1.44849 0.09950 0.158

8 CONCLUSION

An approach to find optimal Bayesian acceptance sampling plans for attributes under the hypothesis that the pro-
cess quality follows a prior generalized beta distribution was proposed. After a detailed description of the generalized
beta distribution of the process quality, two hypotheses about lot formation was presented: the lot is composed of ele-
ments coming from a phase of the production cycle characterized by a constant quality value (Hypothesis 1), and the
lot is composed of elements from different stages of the production cycle (Hypothesis 2). These two hypothesis lead
to different distributions of defective items in a lot. The combination of the prior distribution (and consequently the
distribution of defects in a lot) and the hypergeometric distribution, has lead to the compound hypergeometric distri-
bution that describes the number of defective elements in a sample. Under these conditions, optimal sampling plans
are obtained by minimizing the expected total cost of quality C(N,n, c) subject to the condition that consumer risk
is reduced.



16 FACCHINETTI et al.

T A B L E 3 Optimal single sampling plans based on prior binomial distribution

N n c 𝝁p K1 K2 C(N,n, c) Pa(p̂) p̂

100 11 3 0.01 0.01 0.01 0.01001 0.09986 0.500

100 30 1 0.1 0.01 0.01 0.02244 0.09931 0.110

100 30 1 0.25 0.01 0.01 0.01283 0.09931 0.110

100 11 3 0.01 0.1 0.07 0.01671 0.09986 0.500

100 30 1 0.1 0.1 0.07 0.08257 0.09931 0.110

100 30 1 0.25 0.1 0.07 0.09521 0.09931 0.110

500 30 5 0.01 0.01 0.01 0.01001 0.09997 0.284

500 112 0 0.1 0.01 0.01 0.01100 0.09991 0.018

500 112 0 0.25 0.01 0.01 0.01250 0.09991 0.018

500 30 5 0.01 0.01 0.07 0.01361 0.09997 0.284

500 112 0 0.1 0.01 0.07 0.07100 0.09991 0.018

500 112 0 0.25 0.01 0.07 0.07250 0.09991 0.018

1000 40 5 0.01 0.01 0.01 0.01000 0.09943 0.218

1000 115 1 0.1 0.01 0.01 0.01101 0.09967 0.032

1000 175 7 0.25 0.01 0.01 0.01250 0.09986 0.064

1000 40 5 0.01 0.1 0.03 0.01084 0.09943 0.218

1000 115 1 0.1 0.1 0.03 0.04000 0.09967 0.032

1000 175 7 0.25 0.1 0.03 0.05500 0.09986 0.064

Given the many parameters involved, an extensive simulation study was conducted to show how the optimal design
of the experiment varies according to the change of the hypotheses about lot formation and the main parameters. This
study confirms that our proposal turns out to be an automatic procedure for determining the optimal sampling plan
following an economical criteria. In fact, it provides a mechanism so that the sampling plans would be automatically
adjusted to changes in the prior generalized beta distribution related to the characteristics of the considered productive
process and/or the information from previous inspection results.

In summary, for quality controllers, to select the optimal sampling plan, we suggest the following steps:

1. choosing a prior distribution of the productive process quality fp(p) (in this case generalized beta distribution),
2. choosing between Hypotheses 1 and 2 about lot formation,
3. setting the lot size N and the parameters of the distribution function rD(D) of defective items in the lot,
4. deriving the distribution law of defective elements in the sample,
5. defining the cost function and setting the cost parameters (K1,K2),
6. deriving the optimal sampling plan (N,n, c) as a result of the conditioned optimization of the cost function for a fixed

consumer risk 𝛽.

The further research will be devoted to the design of sampling plans and to evaluate their effects on the sampling and
inspection cost levels considering more than one stage (double and multiple plans). These sampling methods are based
on the assumption that on the first inspection the sample did not produce the necessary support to take a decision about
the lot. The principal advantage of double and multiple sampling plans with respect to single ones is that they may reduce
the total amount of required inspection nevertheless the high complexity of these plans.
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