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ARTICLE INFO ABSTRACT

Keywords: We construct representations of complex powers of the d’Alembertian operator [] in Lorentzian
Quantum gravity signature and pinpoint one which is self-adjoint and suitable for classical and quantum fractional
Non-local dynamics field theory. This self-adjoint fractional d’Alembertian is associated with complex-conjugate
Perturbative quantum field theory poles, which are removed from the physical spectrum via the Anselmi-Piva prescription. As
f;gill};g;gil:ﬁs an example of empty spectrum, we consider a purely fractional propagator and its Kéllén—
Unitarity Lehmann representation. Using a cleaned-up version of the diffusion method, we formulate and

solve the problem of initial conditions of the classical dynamics with a standard plus a fractional
d’Alembertian, showing that the number of initial conditions is two. We generalize this result
to a much wider class of nonlocal theories and discuss its applications to quantum gravity.

1. Introduction

Since the failure of standard quantum field theory (QFT) to renormalize Einstein gravity [1-9], much effort has been dedicated
to find alternative ways to quantize this theory or one of its extensions [10-14]. However, in recent years a sizable portion of the
community’s attention has been redirected back to perturbative QFT and to ways of adapting its ingredients to gravity without
spoiling its main tenets. For example, in nonlocal quantum gravity (NLQG) [15-18] one modifies the action with nonlocal operators
in such a way as to achieve renormalizability and unitarity but at the price of replacing the usual analytic continuation of the
amplitudes (Wick rotation) with Efimov analytic continuation [19-21]. In another example, which we may call quantum gravity
with fakeons [22-28], one obtains renormalizability with higher-order curvature terms as in Stelle gravity [29-36] and unitarity is
preserved by a Lorentz-invariant non-analytic prescription of Lorentzian amplitudes [28]. In a third case, the geometry of spacetime
and correlation functions change at different scales [37-39]. This promotion of spacetime to a deterministic or to a random multi-
fractal can be done in different ways but, eventually, one was singled out as the most manageable because it preserves Lorentz
invariance: fractional quantum gravity (FQG) [40,41]. This is a nonlocal QFT just like NLQG but with different kinetic terms, based
on non-integer (or, as commonly denoted, “fractional”) powers of the d’Alembertian operator []= V,V¥, where V , is the covariant
derivative in D spacetime dimensions (4 =0, 1,..., D — 1). The main message gathered from all these scenarios is that perturbative
QFT is a viable framework to quantize gravity, provided one is willing to tamper with technicalities to guarantee mathematical and
physical consistency.

The example of FQG shows that fractional d’Alembertians can play an important role in QFT similar to higher-derivative local
operators []", as a way to improve renormalizability and eventually to obtain an ultraviolet-complete description of gravity. At the
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same time, the intrinsically different nature of the spacetime geometry realized with fractional d’Alembertians [37] may also be the
one responsible for the different and perhaps more promising treatment of unitarity of these models with respect to higher-derivative
ones. However, although FQG and fractional QFTs in general are power-counting renormalizable and there is evidence that they
can be made unitary [41-45], little is still known about their classical solutions. Since FQG is a nonlocal theory and contains an
infinite number of derivatives, its Cauchy problem cannot be formulated in the usual way by taking the kinetic operator “as is”
and counting a finite number of independent initial conditions on the field and its derivatives. This long-standing issue in nonlocal
dynamics [46-48] has been solved for NLQG by using the diffusion method [49-51], which recasts the original nonlocal equations
for a single tensor field in a higher-dimensional localized form with a finite number of fields and their time derivatives. The purpose
of this paper is to adapt the diffusion method to fractional QFTs, including gravity, but before doing that there is another issue that
must be addressed: how to represent Lorentzian operators such as []'?

The Riesz fractional Laplacian [52] is one of the first examples of a differential operator in D-dimensional fractional calcu-
lus [53-56] and a special case of a complex power of an elliptic operator [57-60]. However, its coordinate-dependent definition
makes it unsuitable for Lorentz-invariant or manifestly covariant QFTs where the kinetic operator should be well-defined on any
curved background and in any coordinate system. This is also the reason why the construction of QFTs with fractional derivatives
is challenging [37,40,45,61-65]. These theories are difficult because fractional derivatives and integrals are defined as integro-
differential operators in spacetime coordinates which are not Lorentz invariant. Also, the quantum propagator from fractional
derivatives is non-analytic due to its dependence on |k?| [40,45]; strictly speaking, analyticity is not necessary to formulate a
well-defined QFT [28] but it helps in its handling.

Because of all this, it is more convenient to turn from the theory of fractional powers of pseudo-differential operators to the theory
of fractional powers of positive operators, summarized in the user-friendly textbooks [66,67] (see also [68] for an older account). The
mathematical literature on the subject has a long history. Fractional powers of a bounded operator A were explored already in the
first half of the XX century [69,70]. Several definitions of A* were proposed since the 1950s [71-91] but the current and most studied
definition of fractional powers A* for a closed linear positive operator A is due to Balakrishnan [78] and Komatsu [84,85], who also
proved the composition rule A“A? = A%+#_ The Cauchy problem for these operators [66,67] has been a constant preoccupation since
the beginning [75,76,78]. In contrast, less attention has been given to self-adjoint extensions of A* when A is not self-adjoint [81].

The d’Alembertian [] in Lorentzian signature is not a positive operator and the above results have a limited application to the
operator (—[])" in Euclidean spacetime. The scattering amplitudes of fractional QFT can be manipulated in Euclidean signature and
then continued to Lorentzian signature with little or no trouble [41-45] but the problem is that the basic Lorentzian action with
such operators is not Hermitian and, therefore, does not represent a classical dynamics. Thus, we need a different operator [-]" (“box
dot gamma”) with the same anomalous scaling as (—[])" but giving rise to a Hermitian Lorentzian action and a unitary theory. Any
representation of the operator [-]” should obey the following requirements:

(I) To be well-defined for the non-positive operator [].

(I1) To be self-adjoint, ()" = 7.
(III) To be convenient to solve the Cauchy problem (problem of initial conditions).
(IV) To yield a ghost-free spectrum.

(I) The first constraint is to guarantee mathematical consistency. (II) Self-adjointness is necessary in order for the action to
be Hermitian and for the theory to have a well-defined classical limit. Taking a scalar-field example, a non-self-adjoint kinetic
operator ¢X¢ would lead to a complex action S even for real field configurations ¢ and, thus, to an erratic path integral of
exp(iS) « exp(—¢pRek¢p) which may blow up in the classical limit or at saddle points. By the same token, time evolution may not
conserve energy and can lead to a non-conservation of probability. (III) The third is a technical but fundamental condition in order to
solve the classical equations of motion, a notoriously difficult problem in nonlocal theories. Certain definitions and representations
of nonlocal operators can be mathematically impeccable but practically (for the physicist) unsuitable for this task. Finally, (IV) is
a basic condition that, according to our current understanding, any viable quantum field theory should satisfy to be physical and
stable.

In this paper, we construct an operator [-]” satisfying requirements (I)-(III) and briefly check property (IV), leaving a full analysis
of (IV) to a separate publication [92]. In summary, self-adjointness is achieved by replacing the operator (—[J)” with a different one
given by the absolute value

-0y - 1O :=CP?. 6))

Despite the misleading appearance of the absolute value |[J|, we build one representation which allows for an analytic treatment
of this operator in momentum space and for a meaningful problem of initial conditions. An immediate physical consequence of the
replacement (1) is the conversion of the particle modes associated with this operator to ghosts and, through a careful projection,
their removal from the asymptotic states in scattering amplitudes. In other words, the physical spectrum of ([]2)% is empty and all
the particle content in a fractional QFT is due to other factors in the kinetic terms, e.g., the first, standard factor in []+ (D2)%.
After reviewing the definition and representations of complex powers of positive operators in Section 2, we construct several
representations of the fractional d’Alembertian in Section 3. In particular, in Sections 3.1 and 3.2 we recall the properties of the
Lorentzian [] operator and discuss why the known results of Section 2 do not immediately apply. In Sections 3.3 and 3.4, we offer
two representations of the operator (—[])”, while in Sections 3.5 and 3.6 we build two representations of the self-adjoint operator
|| The master representation [-]” we propose to use in fractional QFTs and quantum gravity is Eq. (16). In Section 4, we point
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out how the requirement of self-adjointness affects the spectrum of the theory and the way to eliminate ghost degrees of freedom.
In Section 5, we show that the domain of our fractional d’Alembertian can be restricted to the space of ultra-distributions and we
compare it with the fractional operators defined on such space in the literature [93,94]. The novelties of our results with respect to
the ultra-distributions approach are the proposal of a new fractional operator, an in-depth understanding of fractional d’Alembertians
more centred on complex contours and spectral representations and, finally, a wider application to QFT. In particular, in Section 5.4
we argue that ultra-distributions are possibly less convenient for a perturbative QFT. Section 6 is devoted to a novel application of
the diffusion method to the Cauchy problem in fractional field theories. Taking a scalar field with a realistic “[J+[-]"” kinetic term,
in Section 6.4 we prove that the number of initial conditions to specify is two, since none is coming from [-]”. We also generalize
this conclusion to a much wider class of nonlocal theories that includes NLQG. Conclusions and a discussion on how to apply these
results to quantum gravity are in Section 7.

The present work is written by physicists for physicists and does not pretend to cover all the mathematical details of operatorial
representations in a rigorous way. Its novel results can still be of interest for mathematicians.

2. Complex powers of positive operators

In this section, we review known results on complex powers of positive operators. Let us first recall some basic definitions. An
operator A is:

* closed if it is densely defined on its domain D(A) and its graph G(A) = {(f,g) € D(A) x D(A) : g = A[f]} is closed in the
product space therein, i.e., if the sequence (f,,,g,) € G(A) converges to some (f,g) € D(A) x D(A), then (f,g) € G(A);

« linear if it obeys the additivity property Ala f + bgl = aA[f] + bA[g] for all f,g € D(A) and the homogeneity property
Alaf] = aA[f] for any constant a and any f € D(A);

- positive if it is linear on a Hilbert space H with inner product (-,-) and (A[f], f) > 0 for all f € H. If A is self-adjoint (AT = A),
then this is equivalent to state that the spectrum ¢(A) is non-negative.

The general definition of the complex power of a closed linear positive operator A is given by the Dunford integral [66,84]
AT = L / dz(-2) % (z+ AL, Rea >0, 2)
27i Jr

which is the operatorial counterpart of the Cauchy integral. Here (z + A)~! is the resolvent of A and I' is a contour encircling
the spectrum o(A) counter-clockwise and avoiding the branch cut of the function (—z)™* that we conventionally choose along the
positive real axis. Rewriting the integral for 0 < Re @ < 1, one obtains the Balakrishnan representation [66,67,78,84,85]

o +o0
A‘“:M/ dss*(s+ A", O<Rea<l. 3)
g 0

Furthermore, if —A is the infinitesimal generator of a strongly continuous semi-group {¢~"* : 7 > 0} such that |[e”™4|| < Me™"7,
where M > 1 and p > 0 are finite, then (3) is equivalent to the Balakrishnan—-Komatsu representation [66,67,84,85]

+o0
A = _r(l )/ dr % le™™ | Rea >0, @
a) Jo

where I' is Euler’s gamma function, the range of « is extended to all positive real values and we used the semi-group identity
(s+A) = /O+°° d7 e "6*t4 and Fubini-Tonelli theorem [95].
The above formula can be extended to a positive exponent by the composition rule

AV = ATATT n—1<Rey<n, (5)
where 0 < Rea = Re(n — y) < 1. Also, if 0 € 6(A) all the above expressions are extended through the limit

AT = li_I)I(l)(A +e). 6)
3. Complex powers of the d’Alembertian

To see whether and how the above representations can apply to the d’Alembertian [], we must first check its properties. The
desired fractional operator [-]" is presented in Eq. (16).

3.1. Properties of the d’Alembertian

We denote by C®(RP) the space of smooth functions (derivable infinitely many times) on R? and by S(R?) ¢ C®(RP) the
space of Schwartz functions, i.e., smooth functions which rapidly decay at x# — +oo with all their derivatives. The space of all
distributions (generalized functions) is denoted by D’(RP), a subset of which is the space S’ c D’ of tempered distributions dual
of S. S is dense in the space of distributions, so that S = D’ (where a bar denotes closure of the space). Examples: e e S(R);
8(x) € S'(RY); e € D'(R) \ S'(R); erf(x) € D'(R) \ S(R).

Other spaces of distributions ¢ D’ were introduced in [96, chapter IV]. In Section 5.2, we will discuss the space of
ultra-distributions ¢’ [97-102], of special importance for fractional pseudo-differential operators.

Having introduced various functional spaces whereon to consider the standard d’Alembertian, we now turn to its properties of
closeness, linearity, self-adjointness and real-valued spectrum.



G. Calcagni and G. Nardelli Chaos, Solitons and Fractals 201 (2025) 117401

1. The operator [] is closed in S(RP).

2. The operator [] is linear, since [J[a f + bg] = a[]]f + b[g for any covariantly constant a, b and any f, g € D([]).

3. The operator [] is self-adjoint ((J' = [J) in the natural inner product of the Lebesgue integral on Schwartz functions,
O f.g) :=(f.0Og) =(Of.g) for f,g € SRP), which is obtained by dropping total derivatives after integration by parts.

4. The spectrum of the operator [] contains 0 € o([J). Hence, we use the regularization (6) implicitly in all formule,
-0 =lim,_o(-[J+ ¢&).

These properties depend on the functional space constituting the domain D([]) of the d’Alembertian and, in particular, on the
boundary conditions established for the test functions. The standard in local QFT is to identify the domain of the [] operator with
the space of distributions D([J) = D’ (RP), so that the above checklist is satisfied in a weak sense (i.e., in the sense of distributions)
because S = D'. On the other hand:

5. The operator [] is not positive since its spectrum —k> € R can take either sign in Lorentzian signature.

The last property holds because [] is a hyperbolic operator, i.e., an operator entering a hyperbolic differential equation. On
Minkowski spacetime,

02
Z = @
i=1 [
This is just an example and all the representations below are valid for the gauge covariant d’Alembertian [] = V,V# on any
background.

3.2. Balakrishnan—Komatsu representation of (—[)"

Property 5 is the key problem forbidding to apply the representations in Section 2 at face value. For example, in [40,45] the
Balakrishnan-Komatsu representation (4) was used:

+00
-0y = 1 / dr "7 (-O)eD, n-1<y<neN. (€))
I'(n-7) Jo
This holds in Euclidean spacetime ([] = V? is the D-dimensional Laplacian and —[] is positive), since in momentum space

2\n +oo

and the exponential always makes the integral converge. One can use (9) also on functions in Lorentzian signature with positive
eigenvalues k> > 0. For example, one can safely employ (9) to derive the nonlocal equations of motion of a Lorentzian fractional
QFT with the purpose of finding solutions with k*> > 0. However, (8) is ill-defined in general in Lorentzian signature and we must
look for alternatives. Even in the most optimistic case where one could make sense of a non-Hermitian fractional QFT with the
(—[0)" operator, for instance by inventing a PT-invariant formulation with viable properties [103,104], the issue of the ill-defined
representation (8) would persist.

3.3. Balakrishnan representation of (—[1)"
The problems with (8) suggest to take a step back and utilize (3) instead of (4), with A = —[:

o _ +oo
(-oy = 2re=nl / ds s (~0)"(s )" (10)
0

Contrary to (8), this expression converges for any sign of the spectrum of [] and is therefore well-defined. However, it is not suitable
to find the classical solutions of the theory. In fact, consider the toy model

1
L= §¢(—D)y¢,

with equation of motion (~[)" ¢ = 0. Using the representation (10), we have to solve (-[])"(s—[])~'¢ = 0. In the presence of inverse
powers of the d’Alembertian such as in £ = ¢[]~'¢/2, a well-known trick is to make a nonlocal field redefinition y :=["'¢ + 4,
where 4 is an harmonic function ((JA = 0). Then, £ = y[y/2 up to a total derivative. In our case, we have an extra s dependence
and we have to modify the field redefinition as y(s,x) := (s — ()1 ¢(x) + 4,(x), where 4 is an eigenfunction of [] with eigenvalue
s ((s = [)A; = 0). Then, ¢ = (s — )y and (up to total derivatives)

" _ +o0
£ = o= D [ oG -0y
n 0
sin[z(n — )] /+°°
0

dss"" (D" 216 - D,

which is a higher-order local Lagrangian requiring a finite number of initial conditions. However, the above integral does not
converge and the field redefinition does not work as hoped.
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3.4. Logarithmic representation of (—[])"
A natural definition of complex powers of complex numbers expresses the power law as the exponential of a logarithm. We

explored this possibility in the quest for a viable representation of the fractional d’Alembertian. Instating a length scale #, to make
the operator dimensionless,

+oo L
20y =00 = Y D220y an
four n!
Using the representation of the logarithm

oy . [T 1 1
In (-£200) .:/O 4\ — =725 ) (12)

we can rewrite (—[])" as an infinite series of (s —[])~! operators, which is no more convenient than (10) and, therefore, we do not
use in what follows.

3.5. Self-adjoint Fresnel representation of |[]|”

Insisting on raising the operator [] to a fractional power inevitably leads to the problems of non-positivity and non-self-
adjointness. Let us therefore turn our attention to the operator |[]|” and its representation

Of == 10"M3I""™”,  n-1<Rey<neN, 13)
where we use the Fresnel (F) integral (see formula 3.763.9 of [105])
+o0
0, = 4/ dr o=\ O)" cos (:0)). 14)
I'(n—y) cos =y o

The idea behind this formula (see [45, section 4.1.7]) is to apply the Balakrishnan-Komatsu representation (4) to the operators i[]
and (i[])" and then to take the average. The divergent exponential in (8) is changed into a “phase” exp(i[]) and the integral becomes
of Fresnel type. The average with its adjoint exp(—i[]) gives the self-adjoint expression (14). More simply, one takes the real part of
(8).

Equation (14) may be suitable to solve the problem of initial conditions. Just like in the representations in Sections 3.3 and 3.4,
we have recast the nonlocal operator “[]7” as a parametric integral of another nonlocal operator. Trading one type of nonlocality
with another can be advantageous only if we know how to manipulate the end point. The exponential exp(z[]) in (8) can be treated
with the diffusion method [49] but (8) is ill-defined. Vice versa, (14) is well-defined and it is possible to treat the nonlocal operator
cos(z[]) with the diffusion method. We further explore this in Section 6, where, however, we mainly use the following simpler
operator.

3.6. Self-adjoint Balakrishnan—-Komatsu representation of |[]|”

We now consider the very simple alternative of raising the squared d’Alembertian []* to a fractional power. The Lorentzian
operator [1*> has D((]*) = D’ (RP) and is closed, linear, positive (with spectrum (k2)? > 0) and self-adjoint ((*' = O'O" = OO0 = %)
in D'(RP). Therefore, we can replace our starting point (—[])" with a different operator with different physical properties,

r
O - 100 =@ (15)

and apply the Balakrishnan-Komatsu representation (4) to []* for a power a = y/2 — n to obtain the “box dot gamma” self-adjoint
operator:

o ="
(16)

1 /+oo d nfgfl (D2)n —[? 1 <R 14 <neN
= — TT e s n— e-<n s
I'(n=v/2) Jo 2

where 7 > 0 is a non-negative integration parameter. When y = 1, one gets the absolute value of the ordinary d’Alembertian, since
for a real spectrum \/ﬁ = ||. Also, the new operator inherits all the properties of the Balakrishnan representation including
linearity and the composition rule for powers. Finally, its representation in momentum space (Fourier transform @(kz) f(k)) is
analytic because we do not have absolute values around such as |k%| (however, its Green’s function will happen to be non-analytic).
In summary:

claf+bgl=all f+b[T g

S @ =0
“E'=I0" neN.
o oo

. IfrV(z) is analytic in z.
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A proof of the composition rule can be found along the same steps detailed in [66,67]. To the above properties, we should add the
Leibniz rule for the action of the fractional operator on the product of functions. The expression for [[]'[fg] is given in eq. (B.11)
of [41], which is valid for any representation of the operator “[]"”.

An advantage of (16) with respect to (14) is that we can adapt the diffusion method more naturally to the operator exp(—z[]%),
as we show in Section 6.

4. Spectrum of the purely fractional operator

Having (16) as a candidate for the representation with best properties for a physical fractional theory of field, let us see how the
spectrum changes when taking ([(J%)"/? instead of (—[J)". A very convenient tool to study the spectrum of an operator is the Kéllén—
Lehmann representation of the propagator. This representation highlights the particle modes that can go on-shell as asymptotic
states in scattering amplitudes at any given perturbative order, while differentiating them from off-shell states that do not make
the propagator diverge. Moreover, the behaviour and sign of the spectral density functions associated to each mode tell whether
on-shell ghost states are present or not.

In this section, we work on Minkowski spacetime and, for simplicity, we consider the (unphysical) case of a purely fractional
kinetic term. The full case [] + ((J1?)"/2 with the infrared term [] will be studied elsewhere [92]. In the following, we take the
physical case Imy = 0 and ignore the mass, which amounts to a shift of k2 [92].

4.1. Propagator of (—[1)"

Given a propagator' G(—k?) in momentum space, consider its Killén-Lehmann representation starting from the Cauchy integral

~ 1 G(z)
G—kzz—/dz—, 17
(=% 2wi Jr z+ k% —ie an
where we took the Feynman prescription k2 — k? — ie and I' is a counter-clockwise contour encircling the pole z = —k? and such

that G(z) is holomorphic inside and on I'.
In the case of the operator (—[])?, the propagator in momentum space and in the complex z-plane is

1

(kyr”
integrated on the contour shown in Fig. 1 (maximal extension of the contour I in (17)). This contour avoids the branch point z = 0
and the branch cut at Re z > 0. The corresponding Kéallén-Lehmann representation is [41,45]

+oo :
(;(_k2) — / ds L o(s) = Ml . (19)
0

G(—k?) G(z) = (-2)7, (18)

s+k2—ie’ s
4.2. Spectrum of (-[])"

The spectrum consists of a continuum of massive particles of squared mass s > 0 and a spectral density p(s). These particles can
appear as intermediate states in perturbation theory, according to the optical theorem ((19) has a non-vanishing imaginary part). In
order to avoid ghosts, it must be p(s) > 0 for all s > 0, which happens if 0 <y < 1, 2 <y < 3 and so on (we exclude integer values).
In alternative, since the mass s in the propagator 1/(s + k%) is non-negative, one can define the propagator and the amplitudes
with the Anselmi-Piva prescription [22-28] and make all these modes purely virtual (fake particles or fakeons) order by order in
perturbation theory. In this case, the spectrum of the theory would be empty and there would be no constraint on the values of y,
since any ghost mode in the spectral density p(s) would be fakeonized.

The spectrum of the operator ([]2)"/2 is not the same or, more precisely, it must be fakeonized necessarily. This is a rather tricky
point and it is worth dwelling on it in detail.

4.3. Propagator of ()?

The purely fractional propagator in momentum space is
1.1
T v
[(k2)?]2 (k)2
To write the correct Cauchy representation, we have to ensure that, on one hand, the complex function G(z) is well-defined and,
on the other hand, that the contour I is such that the final result G(—k?) = G(k?) is even in k2. However, it is not difficult to show
(Appendix A) that the causal propagator (17) can be evaluated consistently only on the contour in Fig. 1. This eventually leads to

the same complex function G(z) in (18) and to the same spectral representation (19), which is not invariant under the reflection
k?* — —k2. Therefore, (19) is not a representation of the propagator (20).

G(—-k») = (20)

1 Following the majority of QFT textbooks, we take “propagator” and “Green’s function” as synonyms, both with and without the i factor. Sometimes one
differentiates between the Green’s function 1/(k* + m?) and the propagator i/(k> + m*) but we will not do it here.
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Im z

Rez

Fig. 1. Maximal contour I" of the Cauchy representation of the propagator (18) of the operator (—[J)". The contour encompasses the pole at
z = —k>. The half-lines cut* run along the branch cut at Im z = 0, Re z > 0, which starts at the branch point z = 0.

The origin of this problem is that (20) cannot be defined analytically by (17) and this expression must be replaced by a
non-analytic definition. Intuitively, this happens because we are trying to write |[]|”” in momentum space. The solution is to
find a generalized Killén-Lehmann representation symmetric under k> — —k?; it turns out that this representation entails some
non-analytic steps.

To determine the contour I' associated with a self-adjoint operator, we note that G(z) = (z2)7’/? as a function of z> has a
discontinuity at Rez?> < 0 and Imz?> = 0, i.e., on the whole imaginary axis Rez = 0 in the z-plane. Therefore, we divide I into
two disjoint counter-clockwise contours I', and I'_ in, respectively, the half-plane Rez > 0 and Rez < 0. I', and I'_ are made of a
semi-circle at infinity and a line running parallel to the imaginary axis (Fig. 2).

Depending on the sign of —k2, one of the two contours must give zero, so that (17) becomes

G(=k?») = O[Re(~kH)] G (—k?) + O[Re(kH)] G_(-k?), (21a)
A~ a2 _ 1 G(z) NI N 1
Gp(—k") = n dz—5> 0@=G)=, (21b)
where O is Heaviside step function. The operation leading to (21) is not analytic. It is tantamount to write (z2)™/? = (\/;)‘V, take
the two branches \/z_ = +z on the Re z 2 0 half-plane, respectively, and glue them together.

A double-checked brute-force calculation of (21) on the z-plane is reported in Appendix B and yields

sin ZX

+o0
Gl—i?) = ds P ’ - 2
(k%) /0 e R G

|

(22)

[S15Y

A second, much faster way to get the same result is to consider the Cauchy representation of G(—k?) in the complex plane of w = —z2:

Gkt = ok [ w2 G =t 23)
27i Jr, w+ k4
where T, is a counter-clockwise contour encircling the pole w = —k* and such that G(w) is holomorphic inside and on I,,. In

practice, T, is the contour shown in Fig. 1 but in the w-plane and with pole —k* instead of —k>. This propagator is exactly of the
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Imz

—K’ —K’
[ ] [ )
Re(-k*)<0 Re(—k*)>0

Rez

Fig. 2. Contour I' = I, UI_ of the Cauchy representation of the propagator (21a). I', and I'_ are mutually disjoint pieces covering, respectively,
the Rez > 0 and the Re z < 0 half-plane making up definition (21a). The vertical lines L, run along the discontinuity at Rez = 0.

same form studied in [41,45] and is much easier to compute than (17). Indeed, (22) is nothing but (19) with e =0, y - 7/2 and
K — k.

4.4. Spectrum of :

While (19) has a continuum of normal particles, (22) has a continuum of complex-conjugate pairs, which are off-shell at the tree
level but can appear as intermediate states in the optical theorem at higher loop orders. However, complex-conjugate pairs contain
a ghost mode. Indeed, we can decompose the propagator of a pair with imaginary squared masses +iM? as

1 1 1 1

K+ M4+~ 2iM? <k2—iM2 - k2+iM2>’ 24
which has two modes with different residue sign. The ghost must be projected out of the spectrum of asymptotic states but doing
so would leave the other particle, hence giving rise to a complex-valued spectrum. Therefore, complex-conjugate pairs should be
projected out as a whole and this is done consistently with Lorentz invariance and at all orders in perturbation theory by the
Anselmi-Piva prescription; we refer to [28] for all the details of the procedure. With this prescription, the physical spectrum of
a theory with purely fractional kinetic term ¢ ((J]2)"/2¢ is empty. In this sense, the purely fractional model is the analogue of the
p-adic string with pole-less kinetic term ¢ e ¢ [48,106]. An important difference, however, is that in the fractional case studied
here the spectrum is empty because all degrees of freedom are fakeonic and they are projected out of the physical spectrum, while
in the p-adic case the kinetic term is entire and there are no degrees of freedom at all.

Note that there is no restriction on the allowed values of y > 0 in (20) apart from positivity, since the Anselmi-Piva prescription
removes the pairs regardless of the sign of the spectral density p. Therefore, fractional QFTs featuring the operator ((]?)’/2 can be
unitary for values of y forbidden in the case of (—[])”. These results have implications for FQG [40,41] which will be discussed
in greater detail in a separate analysis [92]. Briefly, the version of the theory with (—[J)" [40,41] has a continuum of modes that
alter the standard graviton spectrum but suffers from the problems presented in the introduction. The replacement (1) makes the
graviton the only particle in the spectrum and there is no continuum of “fractional” modes among the asymptotic states of scattering
amplitudes. This provides a remarkable simplification of the physical interpretation of that theory but it also bars the possibility to
verify fractional QFTs via the measurement of cross-sections alone. The constraints found in [41] on the range of y are also lifted.
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5. Comparison with the ultra-distributions approach

In Section 3, we have maintained the usual space of distributions D’(RP) and constructed self-adjoint representations of the
fractional d’Alembertian thereon, which we applied in Section 4 to study the spectrum of |[J|” in a QFT context. An alternative
approach is to select the more specialized functional space ¢’ of ultra-distributions [97-102] and work always on Minkowski
spacetime and, almost exclusively, in momentum space. Here we compare this approach with ours, both mathematically and
physically, and find that our approach may be regarded as more general, since our representations are valid on the larger functional
space D’ and the operator [] is on any metric background. The reader uninterested in this comparison can skip this section.

5.1. Fractional propagators in momentum space

One of the first to use a Lorentzian fractional d’Alembertian in QFT were Bollini, Giambiagi and Gonzéles in 1964 as a
mathematical means to regularize scattering amplitudes in electrodynamics [107]. The operator and its propagator were represented
both in position and momentum space. The causal propagator was (m? + k2 — i)~ for a massive field. Almost 30 years later, Marino
considered the operator (—[])!/2 - (k2)!/2 in a model of electrodynamics, passing from Lorentzian to Euclidean signature and back
when needed [108,109].

The problem of when the propagator respects Huygens’ principle (i.e., when its support is on the light cone and does not spill
over) was examined for the Lorentzian operators (—[])* [110-112] and [J* [113]. In a massless scalar field model, expressions of
four different propagators in position and momentum space were given starting from a definition of the fractional d’Alembertian in
momentum space [112,113]. For (-[)%, these propagators are: causal (k2 —ie)~%, anti-causal (k>+ie)~® (the Wightman function being
the difference between causal and anti-causal), retarded [—(k° + i¢)? + k*])® and advanced [—(k° — i€)? + k>])~*, with corresponding
expressions in position space which were studied originally by Riesz [52]. The canonical quantization of a scalar field with fractional
d’Alembertian was considered in [113], later generalized to generic form factors and extended to the case of an Abelian gauge
field [114].

The Fourier transform of the fractional d’Alembertian seems the most natural way to represent it, as done in the above-mentioned
papers and in Section 4. However, the functional spaces to which this operator belongs and on which it acts should be defined with
care. These spaces are sub-spaces of D'.

5.2. Ultra-distributions

Let us introduce the space & = £(C x RP~!) of the so-called ultra-analytic functions, entire holomorphic functions @(k) = @(k°, k)
in the complex k°-plane which are rapidly decreasing on any horizontal line Im k° = const. In the following, spatial directions play
a passive role. The Fourier anti-transform

+oo de

() = (%, x) = P~ [p] = / e* k) (25)

w0 (@2m)P

of an ultra-analytic function is an element of the space ¢ ¢ C*® of functions such that |dgq;(x)| < el for any a,n> 0 and x* - +co.
The dual of { is the space £’ of linear distributions ¥ represented by analytic functions (k) = y(k°, k) and acting on £ via the

scalar product

D ~
LE ywoew.  wmel. (26)

Y@l =W, @) /FuxRD_l a0
where (k) is holomorphic in the domain C, = {k° : |Imk®| > n} and (k°)™"y(k) is bounded continuous in the domain
c; = (k% : Imk°| > n}. I, (depicted in [45,115] and in Fig. 3) runs from —co to +oco along Imk” > » and from +oo to —co
along Imk® < —n for some n € N. If, furthermore, (k) is holomorphic for Imk° # 0 and has two branch cuts for [k| > © where
=1/ |k|* + m2, then I, can be deformed as in Fig. 3.

Recall from Section 2 that the space S’ of tempered distributions is a subset of D’. Although also £’ c D', it contains elements
not in S’. An example of functional in &' \ S’ is (k) = ¢/**. When Im k° > 0, this blows up as ™%’ A Fourier transform on a
real function (Eq. (26) with I' = R) would not converge in general but (26) with I" specified as above does. In this sense, (26) is
the natural generalization of the Fourier transform on R in QFT. More precisely, the Fourier anti-transform of (k) is defined as
Pl = F P [F 9] = [72 dPxy(x) p(x), where

wix) = / APk ks iy e ¢! @7)
rxp-1 2m)D '

The elements of £’ and ¢’ are called ultra-distributions. The “unity” ultra-distributions for the above choice of path I' are (k) =
sgn(Im k%)/2 € & and w(x) = 6P (x) € ¢’ [93,94].
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Fig. 3. Path I, (dashed lines) in the (Rek° Imk°) plane and its deformation I'Y U I'* (solid thick curves) around the branch cuts k® < —w and
k° > o (grey thick lines) for a massive field.
Source: Credit: adaptation of [45]

5.3. Fractional d’Alembertian and ultra-distributions

The spaces ¢’ and ¢’ were designed to handle distributions with moderate singularities, such as those produced by fractional
pseudo-differential operators [93,94]. Fractional operators K([J) have domain D[X([(J)] = ¢’ and propagators in position space
belong to ¢’. If the representation KC(—k?) = KC(k°, k) in momentum space of K((J) is holomorphic on the quotient domain C, /€, for
some n,p € N and such that (k°)”X(k, k) is bounded continuous in C;/C5,

KO-
KO, | "2 e e R, (28)

then KC([J) applied to (27) yields a well-defined expression (26) with (k) = ¢’**K(—k?) € £’ and I' running from —co to +oo for
Im k° > n+p and from +oo to —co for Im k% < —(n+p). In particular, K(—k?) = (k?)" is holomorphic on C,/C, and bounded continuous
in C; /C; for any n > 1 and [2y] < p < n. Therefore, the fractional d’Alembertian K([J) = (—[])" acts on ultra-distributions and one
can restrict its domain to D[(—-[)"] = ¢’.

While [107-113] considered the fractional d’Alembertian and its propagators taking their naive Fourier transform, starting
from the mid-1990s the construction of fractional operators on ¢’ was made explicit in scalar and gauge QFT as a proof of
concept [93,94,114], in causal sets [115] and in fractional QFTs [45].

After this review of the theory of ultra-distributions [102] and its application to fractional d’Alembertians, we are ready to
complement the discussion in Section 3.1 and show that:

Theorem 1. The Balakrishnan-Komatsu representation (16) of |[J|” holds on the space of ultra-distributions and one can restrict its domain
on D) = ¢'.

Proof. First, we show that [] is closed in ¢’ and, from there, that also [J? is closed in ¢’. In fact:

« The operator [] is closed in ¢’. In fact, K(~k?) = —k? is holomorphic on C, /C, and bounded continuous in C; /€5 for any
2 < p < n, so that both —k? € £’ and —k*i (k) € & for any (k) € £'. Then, it is easy to show that —k? : & — &' is dense in ¢’
and its graph G is closed. Then, —k? is closed in &’ and so is the [] operator in the space ¢’.

+ The operator [I* is closed in ¢’. In fact, K(~k?) = (k*) is holomorphic on C,/C, and bounded continuous in C; /C; for any
4 £ p < n and, moreover, the [] operator is closed in ¢’; the rest of the proof is as above.

10
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Since []? is linear, positive and closed in ¢/, we conclude that the Balakrishnan-Komatsu representation (16) is well-defined on the
space ¢’. Therefore, we can restrict the domain of (1" to ¢’. W

Since D([-]") 2 ¢/, we can compare its propagator (22) directly with the propagators found in the theory of ultra-distributions [93,
94]. Apart from the above-mentioned causal, anti-causal, retarded, advanced and Wightman propagators, a fifth one is the
principal-value (PV) propagator [93] (see also [45])

Gov(—K%) = 3 [0% = i€ + (2 +1e)77] = [6(—K) + cos(x) OUDNIK 29)

which differs by a distributional factor with respect to (20). While (29) corresponds to the average of the propagators of the operators
(O +ie) and (] — i), in the operator (16) these conjugate terms appear in a product,

ar = 1irrg)(D2 +e))7 = lim(@J + o) (O-ie)?, 0

which leads to (20) and (22). Therefore, (29) and (20) are slightly different but both correspond to self-adjoint operators and
both have an empty spectrum. In fact, (29) is nothing but the non-analytic tree-level propagator in the Anselmi-Piva prescription,
obtained as the average analytic continuation of the Euclidean propagators. Consistently with the fact that particles prescribed with
the Anselmi-Piva procedure are projected out of the physical spectrum of the theory, at the tree level the only asymptotic state
associated with (29) is the vacuum [116]. This is in complete agreement with our findings in Section 4 that the spectrum of |[]|”
is empty.

A general conclusion we can draw is that, at the tree level and if defined as a self-adjoint operator, the fractional d’Alembertian
does not carry new physical degrees of freedom. Unphysical modes corresponding to a non-Hermitian action or to complex-conjugate
pairs, one of whose members is a ghost, are removed by a certain choice of contour in the complex plane of momenta.

The discrepancy between (20) and (29) is not due to a different choice of contour. A direct comparison of the contours is not
straightforward because the method to represent the propagator is also different, since our analysis is based on the very convenient
complex k2-plane [41,45,117] while that of [93,94] is based on the k° complex plane. On general grounds, the relation between
the two contours is not analytic and is made explicit in Appendix C. There, we show that the propagator (k*)7/2 is defined on a
path in the complex k’-plane that can be deformed homotopically to the path I’ Y uTI" of Fig. 3. From this, we conclude that, on
one hand, []" is mathematically different from the operators previously considered in the literature and, on the other hand, we can
restrict the domain of [ from D’ to ¢’ and we can work in the space of ultra-distributions.

5.4. Unitarity

The contour prescription in Fig. 3 was systematically used to study the fractional d’Alembertian in QFT restricting its domain
to the space of ultra-distributions ¢’ [93,94]. This contour produces the principal-value propagator (29) given by the average of
the causal and anti-causal prescription. The authors of [118,119] studied the diagrammar obtained with the usual Feynman rules
but replacing the Feynman propagator with the principal-value propagator (29), which they called Wheeler propagator. While this
procedure works at the tree level to eliminate the particle associated with Gpy from the physical spectrum, at higher orders in
the loop expansion the optical theorem is violated and both renormalizability and unitarity bump into problems [120]. The above
procedure is an interesting precursor of the Anselmi-Piva prescription, which is more than a simple replacement of the propagator.

These considerations allow us to conclude the comparison between the approach with ultra-distributions and ours. In the
former [93,94], the domain of the fractional d’Alembertian is restricted in a way naturally leading to an empty spectrum at the tree
level [116] but also to a problematic QFT at higher loops [120]. In our approach, we defined a different fractional d’Alembertian
and let its domain span the space D’ of generalized functions but we can also restrict it to ¢’. Since our propagator is not the
principal-value one Gpy, to remove ghosts we apply the Anselmi-Piva prescription, thus guaranteeing unitarity at all orders in
perturbation theory. On the other hand, the ultra-distributions approach might be more convenient when considering other types
of fractional d’Alembertians in classical systems, especially when one wants to perform a Hamiltonian analysis.

6. Initial conditions in fractional dynamics

The problem of initial conditions in nonlocal dynamics cannot be treated in the usual way due to the presence of infinitely many
derivatives. While several methods exist to make sense of linear nonlocal equations of motion [46,121], the presence of non-linear
interactions makes the problem much more difficult [47,48]. The diffusion method is a way to find consistent solutions (exact or
approximate) of non-linear nonlocal equations of motion for certain nonlocal operators. Originally proposed to handle the tachyon
dynamics in the low-energy limit of string field theory [122-127], the diffusion method has been adapted to the form factors in
nonlocal QFTs and NLQG [49-51]. Here we extend its application to fractional QFTs and FQG. Since we use the representation
(16), the closest analogue in nonlocal QFT is the exponential form factor exp[], which is treated in [49]. The reader can consult
this reference for more details on the method.

The goal of the diffusion method is to trade the nonlocal operator in the dynamics with a translation in a fictitious extra
coordinate, but in such a way as to have local (D + 1)-dimensional equations of motion. The latter can be obtained only through
a diffusion equation where the diffusion derivative operator is local (e.g., [] or []") and such equation can be obtained only if
one can represent the original nonlocal operator in terms of another nonlocal operator with which we know how to diffuse. More
technically, the diffusion method follows this logic (we assume a covariant model):

11
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1. Given a D-dimensional action .S with one or more nonlocal form factors 7([J), one looks for a convenient parametric
representation of F([J) in terms of one or more local (i.e., of finite derivative order) positive polynomials A([]). This is not
possible in general but there are large classes of form factors which can be recast via the Balakrishnan-Komatsu representation
as

N N
FO) =ap+ Y. {a TACD)" + ¢, [ACDI ™"} =ag + ),
n=1 n=1

+ A" (1; oo d n—1_-71A 31
a, + _F(n) o TT e N ( )

where N can also be infinity. The form factors F([]) appearing in FQG and other quantum field theories [49] are of this
type, although in some cases it is necessary to manipulate 7 more vigorously to obtain one or more polynomials A([]) [50].

2. Second, one rewrites the nonlocal action S as an artificial (D + 1)-dimensional system S such that its fields @(r, x) diffuse
according to one or more source-less diffusion equations [d, + A((])]® = 0, where r is the extra direction. By construction,
the equations of motion of the (D + 1)-dimensional fields have the same form of the equations of motion from .S, where the
action of F([) on a field is recast as a translation along the extra direction r, F([(])@(r, x) = @(r + i, x);  could be integrated
depending on the form of (31). Due to this, the (D + 1)-dimensional system is nonlocal in r since fields are evaluated at
different points in r, but is local in spacetime derivatives. For this reason, we call S localized.

3. Third, one solves the diffusion equation(s) with initial condition at r = 0 such that ®(0, x) solves the equations of motion
of the local system coming from .S when the nonlocality is switched off. Thus, one needs to specify only a finite number of
initial conditions @(0, ;, x), ®(0,#, x), ..., to solve the diffusion equation.

4. Once &(r, x) is found, one plugs it into the equations of motion and finds a value r, such that these equations are satisfied
for all x. It is not guaranteed that such value exists but, if it does, then @&(r,, x) is a solution of the original nonlocal system
S.

Below, we carry out items 1-3 explicitly, leaving number 4 for the future.
6.1. Diffusion method

We take the example of a massless scalar field on Minkowski spacetime with potential V' (¢) and action
S = / dPx { % o [O+ 20 ¢~ V<¢)} : 32)
where y > 1 and []” is given by the representation (16), which we recast here for a dimensionless parameter z:
@Ry =@t = m /OM dre T Ayt n-t<tan, (33)
Since y > 1 for the [[J term to dominate in the ultraviolet, we have n > 1. The equation of motion from (32) is
O+ o -V i) =0. 34

The representation (16) is ideal for the diffusion method because it features the exponential operator exp(—z[]?), for which we
do have a localized representation in terms of a local diffusion equation. We show step by step that the (D+ 1)-dimensional localized
system associated with (32) is

S = /dedr(£®+£l+£,1), (35a)
Ly = %¢(r, X)OD(r, x) + %f;z F@) @, )" B(r, x) — VID(r, )], (35b)
e o= _L L " dee"™ 5 fr— 1) / dq y(r—q,x)(0y + 220D, x), (35¢)

* T T2T=172 Jo 0 o
L, = M%) [x(r,x) - €0* @, x)| (35d)

where r is an artificial extra “direction” (actually, with dimensionality [r] = 0), ¥ = r + q — 7, ®(r,x), y(r,x) and A(r,x) are
(D + 1)-dimensional scalar fields with dimensionality [®] = [y] = (D —2)/2 and [4] = (D + 2)/2 and

+00 B
&(r, x) ::mA ded"™ 5 o+ 1,x),  2n—1) <y <2n, (36)

with [@] = [®]. Note that, in £ » the fields y and @ are translated in the r direction by different amounts. For the time being, the
(D + 1)-dimensional scalar @(r, x) is unrelated to the D-dimensional field ¢(x); their connection will be made explicit in Eq. (48).
Also, the function f(r) is introduced for reasons that will become clear later.

The system (35) is nonlocal in r but local in the spacetime coordinates x; more precisely, it is a higher-order derivative model of
order 4n. This might induce one to believe that the system is plagued by ghosts. However, in general ghosts in the (D+1)-dimensional
system disappear when projecting the dynamics onto the r = r, slice [49]. Moreover, we have seen above that the Anselmi-Piva
prescription removes them order by order in perturbation theory, so that the unitarity problem is not of our concern in this section.

12
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The equation of motion §S/5y = 0 are derived as follows. Ignore the x-dependence everywhere and define the functional
variation for any field f as 6 f(r)/5f(F) = 6(r — F). We have
6S
ox(F, X)

+0o T
A(F) — %/ r(n o770 / dee"™ 5 pr - T)/O dqé(r — q— Py + £2P)D()

0=

P =2r—F—1 (37)

+o0 y T+F
= A(F) - %F(n+}42)/<) dre" 17! /r dr f(r—7)(0p + £20HD()

where we used the fact that the integration of the Dirac distribution in ¢ implies 0 < ¢ = r—F < 7, hence 7 < r < 7+F. Reparametrizing
with p = r —F, one gets an integral of the form fof dpf(p+F—1)FQp+F—r,).If

AMr,x) =0, (38)

then the integrand must be identically zero on shell for any integration range, since 7 is arbitrary and 7 is integrated in its turn.
This leads to the quartic-order diffusion equation

O, + £20HD(r,x) = 0. (39)
The condition (39) means that we can recast the action of the operator exp(—rfil:]z) as a translation in the r coordinate,

PRy O(r,x) = e d(r,x) = O(r + 7, x). (40)
Therefore, from Eq. (36) one has

(20" d(r, x) = (2L D, X) . (41)

A non-trivial 1 # 0 would give rise to a source term in the diffusion equation (39) and would spoil the translation rule (40); hence
the necessity of enforcing (38) by hand. This highlights the fact that not all solutions of the localized system (35) are also solutions
of the nonlocal system (32). The diffusion method does not work according to a holographic principle and there is no one-to-one
correspondence between the dynamics in the bulk and the nonlocal dynamics at the boundary [49]. This is simply a feature of the
method, not a liability, since the (D + 1)-dimensional system is nothing more than a mathematical contraption to solve the nonlocal
dynamics.

The second equation of motion §5/54 =0 is

x(r,x) = (20> D(r, %), (42)

implying that y obeys the same diffusion equation as @.
The third equation of motion §5/6® = 0 can be found after noting that

PP S dm"*%*‘f(r—r)/rd {—a L (r — @) + D)0y — £ TP 2(r — )}
4 2F(n—y/2) 0 4\ ~Oqlx\r—aq o= ,0x(r—¢q
1 v T
=3 F(n T=7/2 / dee" 7 f(r - 1) {[z(r)ﬂb(r - 1) — x(r—)®(r)] + /0 dq@(’ )0, — AP (r - q)} , (43)
where we imposed (38). Since
- 2(2n-1) +oo
1 202n-1) 20 0D(r) / 1 ‘s n=L—1 —on 6D(r + 1)
/dr 2f(r) 12 @&(rd o0 f(r) —},/2) drr 270 4’(’)]—5(17(;) +O(V)
2<2n 1 +oo
_1 AT dr "5 F (7 = ) PG — 1) + O(V) (44)
T 2r(m—-v/2) Jo '
where O(V) are total derivatives, we reach the expression
_ 8S[®. 2] _ 2 _ V(7 2y ¢ e n-t-1
0= 5OG. %) = JoF) — V' [DF)] - (f " A(F )+ 2To=7/2) drt" 2

X {f(f) (D> @G + 1) + yF+ D) + f(F— 1) [(ffD)2”¢(f —17)— y(F—1)]

- / " dr(0_; + TP p@r -7 - r)} . (45)
Enforcing (38) and (42), Eq. (45) becomes
0@, x) + f () (70" ®(r.x) = V' [@(r, x)] = 0, (46)
which can also be written as

O+ ) 22| @ x) - V@@, x)] =0, 47)
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thanks to (41). Fixing a slice r = r, where

D(r,x)=p(x),  flro=1, (48)

Eq. (47) reduces to (34). Therefore, on this r-slice the ad-hoc system (35) reproduces the nonlocal dynamics of the original model.
Note that we have not yet specified the function f(r) except for its value at r = r,.

To recapitulate, we showed that the localized system (35) with the conditions (38) and (48) is equivalent to the fractional
nonlocal system (32) on a certain slice r = r,. The diffusion method neither fixes the value r, nor guarantees that such a slice exists
and one must find r, by hand. In the best possible scenario, an r, exists such that the solution @(r, x) of the diffusion equation is
an exact solution of the localized dynamics (46) at r = r,. In a less ideal situation, the solution @(r,, x) is approximate to a good
degree. In the worst case, no diffusing solution of (46) can be found.

6.2. General diffusing solution
The solutions of the diffusing system can be found according to the same recipe detailed in [49]. First of all, we solve the diffusion
equation (39) with a Dirac delta as the initial condition at r = 0,
O, + 226t x - x') =0, G0, x—x')=6P(x —x"), (49)

where we highlighted the fact that the solution depends on the dimensionful combination ¢ = r#*. For example, in D = 4 Minkowski
spacetime the solution is a Meijer G-function (Appendix D):

(s—s')? G [ (s—s')

Cred x —x") = o
210”2("/1)% - 256 7'602

_10_1], (5= == =1V +|x—x'|. (50)
s Uy E

This allows us to find the solution for any initial condition ®(0, x) as

O(r,x) = / dPx' Gred, x — X ) @(0,x') 1= Dy (rf, x) . (51)

6.3. Degrees of freedom

The (D + 1)-dimensional localized real scalar field theory (35) has two scalar degrees of freedom @ and y. On the r = r, slice
(if it exists) where the system is equivalent to the D-dimensional fractional scalar field theory (32), the degree of freedom y is no
longer independent and the fractional theory has one non-perturbative scalar degree of freedom ¢.

6.4. Initial conditions

We are now in a position to count the number of degrees of freedom and the number of initial conditions in the Cauchy problem.
The Cauchy problem on spacetime slices of the (D + 1)-dimensional localized theory (35) is specified by 4n+4 r-dependent initial
conditions ®?V(r,t;, x) and x*2(r,t;,x), p; =0, ...,4n—1, p, = 0, 1,2, 3. The constraint (42) reduces the total count by 4, down to 4n
initial conditions. However, we can further drop the count down to two by an observation implicit in [49,50] but unnoticed therein.
We set the initial profile at the beginning of diffusion (» = 0) to be

D0, x) = ¢ioc(x)» (52)
where ¢, is the solution of the local equation of motion obtained from (34) when #, = 0:
Obtec = V' (1) = 0. (53)
Indeed, plugging (51) into Eq. (46) and sending ¢, — 0 one finds (x-dependence omitted)
0 = {O@gies (reD) + f (N 2T Py (1) = V' [P (D1} ‘a:o
= 000 - V'[@0)], 649

which is (53).

Once this profile is fixed, the general solution of the diffusion equation (39) is calculated via (51). Finally, the function
D(r) = <1'Jdm~(rfj) is plugged into (47) to get an expression that should vanish for all x for some value r = r,. As we said above, this
last step is not guaranteed to work exactly in general. Depending on the choice of f(r), @(0, x) is a solution of (47) at r = 0 while
keeping ¢, fixed only if f(0) = 0:

{OPars e + 1) €220 By (D) = V' @yiee (e D)} | = O00) + 1) 220" 3(0) - V' [@(0)]. (55)

The choice of an f such that f(0) = 0 and of (54) as the definitory equation for @(0) is practically mandatory because (55) with
f(0) # 0 is nonlocal and requires prior knowledge of ®(r) to solve the dynamics for @(0), which is absurd [47,48]. Also, (54)
is compatible with the expectation that, perturbatively in #, (small nonlocality), the nonlocal form factor [-]” deforms the local
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solutions in such a way as to preserve the asymptotic behaviour at x# — +oo0. The diffusion method, however, is non-perturbative
and works for any value of 7,.

To summarize, ¢, is fixed throughout the diffusion process and the system flows from the r = 0 slice where @4;(0) is a solution
of (54) to the r = r, slice (if it exists) where thiff(r*fj) is a solution of (46). It is easy to confuse the #, = 0 condition (54) with
the r = 0 condition (55) because the diffusing solution @y depends on the product ¢ = r£4, so that @(0) is the same in both limits.
However, the nonlocal term in the equation of motion (47) does not depend on the quantity ¢ and the degeneracy of the limits
¢, — 0 and r — 0 is broken, unless we fix f(r) precisely to make the nonlocal term proportional to a positive power of ¢. Given that
this term is proportional to fﬁen_l), we set

2n—1

f(r)=<ri> ©he. (56)

where h(r) is regular at r = 0 and Ah(r,) = 1. For instance, A(r) = 1. The same subtle point is present in QFTs with entire (in particular
exponential and asymptotically polynomial) form factors [49,50]. Therefore, one should bear in mind that the limits » — 0 and
¢, — 0 do not give the same result if f(0) # 0.

Equation (52) is the key to the problem of initial conditions. It states that the Cauchy problem of the localized system (35)
formally has the same infinite indeterminacy as the original nonlocal system (32), encoded in the arbitrary function ¢,..(x). However,
this function is not completely arbitrary but is, in fact, determined by the local equation of motion (53). Therefore, once we choose
the two initial conditions of (53), we obtain @(0, x) through (52); from &(0, x), we get the profile &(r, x) via (51); plugging @(r, x)
into (46) and Taylor expanding in x, we impose the r-dependent coefficients of the expansion to vanish. If this happens for a certain
value r = r,, then we obtain the solution ¢(x) = @(r,, x) of the nonlocal system (32).

In conclusion, the non-perturbative Cauchy problem of the fractional real scalar field theory (32) is specified by two initial
conditions

ot %), ¢, %), (57)

independently of the value of y. Consistently, the only solutions of a purely nonlocal model £ = d;lffDIyqﬁ — V(¢) with no kinetic
term in the local limit are those satisfying V/(¢) = 0 and there are no initial conditions.

Since the diffusion method for nonlocal tensor fields with higher spin follows exactly the same steps (including a generalization of
(52) to more fields with higher rank; see [49,50] for different types of nonlocal form factors), from (31) it is not difficult to convince
oneself that the Cauchy problem (57) is valid more generally for each field in any nonlocal theory with ultraviolet nonlocality where
the associated local system (¢, = 0) is second-order in time derivatives. In particular, in NLQG with asymptotically polynomial
operators [16-18,50] and in fractional gravity [39-41] the local limit of the theory is Einstein gravity and there are D(D + 1) initial
conditions

guv(ti’x)a gyv(ti’x)- (58)

If the associated local system has N derivatives, then the number of initial conditions required per tensor component is N.
6.5. Other self-adjoint extensions

The operator (16) is not the only self-adjoint extension of the fractional d’Alembertian; the Fresnel representation (14) is indeed
an alternative. They both stemmed from the Balakrishnan—-Komatsu representation, which is a concrete instance (among others,
such as the semi-group representation [70,71] cited in the introduction or the spectral or Killén-Lehmann representation used in
Section 4) of the very general Dunford integral (2). Although, under standard hypotheses such as positivity, different representations
may coincide on their common domain and define the same closed operator (as in the case of the fractional Laplacian (—V?)"), if
one weakens or modifies these hypotheses (as in the case of the fractional d’Alembertian) different constructions may fail, produce
different closures or extensions, or raise domain issues.” Even so, the physics can be similar or identical. As is typical in nonlocal
QFTs, there seldom are uniqueness results about specific operators but, in contrast, classes of operators usually share the same
physics. Fractional QFT seems to be no exception. For instance, one can consider an infinite family of self-adjoint extensions
(CI7"y"/@" of the fractional d’Alembertian within the same Balakrishnan-Komatsu representation by exponentiating an arbitrary
even power of []. It is not difficult to check that, for finite n, this class of operators has the same general physical properties as the
n=1 case.

As another example of robustness of some key physical properties in the class of self-adjoint fractional d’Alembertians, we argue
that the counting of initial conditions is the same if we employ the operator (14). At the level of the localized equations of motion,
the main differences is in the diffusion equation (39) and in the definition of the dressed field (36). The former is replaced by the
second-order ordinary diffusion equation

O, + £2)D(r,x) =0, (59)

2 A well-known example of inequivalent representations in nonlocal QFT is the Wataghin form factor exp[]. Its space of solutions differs greatly depending
on whether it is written as a Taylor series exp[]= Y~ [1"/n! or as a translation in an extra coordinate in the diffusion method [124].
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which leads to an imaginary shift in the extra direction when acting with a phase-like operator: ¢*/** zl3<1>(r, X) = ®@(r + i, x). This
implies a different dressed field (36) given by

~ _ 1 teo n-L-11 . i
D(r,x) = l"(n——y/Z)/O drt 2 §[d5(r+tr,x)+¢(r it,x)]

1 © n—-L—1 ,
= —— dr" 27 Red(r +ir,x). (60)
I'(n— 7/2)/0

The action formulation (35) must be adapted to this structure (for example, by modifying £, in order to eventually get (46)) but,
once this is done consistently, all the discussion in Section 6.4 is clearly the same, including the number of initial conditions (57).
The general diffusing solution (51) is modified and, as said above, the alternative representation (14) is expected to have a different
space of solutions, which may affect some details of the physics. We will not explore this further here.

7. Conclusions

Self-adjointness of the kinetic term in a QFT is a fundamental requirement to have a Hermitian action. In general, the latter
is a necessary (albeit not sufficient) condition to have a stable Minkowski vacuum (convergence of the path integral, which we
already know how to build for a fractional QFT [128]) and a unitary evolution in a closed quantum system without any tailored
implementation of PT-invariance (see Section 3.2). In this paper, we defined the operator “|[J|”” in such a way as to satisfy the
requirements of self-adjointness and convenience for the problem of initial conditions. After examining different representations,
we singled out (16) as the most suitable for the construction of a fractional QFT with viable physical properties. A model with a
purely fractional kinetic term has zero initial conditions and an empty spectrum both classically and at the quantum level at any
given perturbative order (there are no real poles and complex ghost modes are projected out of the space of asymptotic states).

The spectrum of the full theory is of course populated, since the kinetic term is not purely fractional and has an infrared
component [] that provides the physical degrees of freedom, which are the usual ones. Indeed, we have also established that the
number of initial conditions of fractional field theories with kinetic terms of the form “[J+ |J|"” is two for each field contributing
to the physical spectrum. This conclusion holds not only for the operator (16) but also for (14) and, even more generally, for any
nonlocal field theory being second-order in time derivatives when nonlocality is switched off, thus amending the over-counting of
initial conditions of [49,50]. The advantages of the diffusion method are multiple: it can be applied to any system with or without
field interactions and to any rank-» tensor field, including the graviton [49,50]. However, the method also suffers from limitations,
the main ones being that it does not contain in itself the guarantee to find exact or approximate solutions (see item 4 at the beginning
of Section 6) and that, when no viable solution is found, it does not allow one to conclude much about the existence of such solutions.
Because of this and of the intrinsic difficulty of the subject of nonlocal theories, the employment of the diffusion method has so
far been reduced to the formal counting of initial conditions in certain theories plus a handful of explicit examples of solutions in
scalar models, string field theory and quantum gravity.

The results found here have their primary application in fractional QFT, a framework proposed to construct a consistent
perturbative theory of quantum gravity based on dimensional flow, a property of spacetimes appearing across different theories
in the landscape of quantum gravity [37,38] and such that geometry and correlation functions change with the probed scale. By
updating fractional QFTs in general and FQG in particular to the self-adjoint formulation built here, we can place these on a more
solid ground and make rapid advances in different directions. The counting of initial conditions done here for the []+ |J|" kinetic
term applies immediately to FQG and opens the way to the construction of solutions of the classical equations of motion. The latter
can be found via the Balakrishnan-Komatsu representation (16) and would replace the expressions obtained for the non-Hermitian
version of the theory [40]. Unitarity with the mixed []+ |[]|” operator will require a dedicated study [92] that will upgrade the
analysis done in [41,45] for QFTs with a (—[])” kinetic term. Interestingly, the operator (16) can also serve as the basis for defining
spacetime fractional differential forms as done in [129] for spatial slices with the fractional Laplacian (—V?2)”. This would allow us to
return to the program of [61,62] and construct a purely fractional integro-differential structure of spacetime, leading to a radically
different field theory with respect to the one with standard Lebesgue measure presented here and in [40,41,45].

Another application of our findings is of interest for the Caffarelli-Silvestre extension theorem [130]. The latter establishes
an equivalence between a D-dimensional Euclidean scalar field theory with fractional Laplacian as a kinetic term and a (D +
1)-dimensional theory with a canonical kinetic term and a non-trivial measure weight in the extra direction:

1 22(}' br B
1 / dPx () (~VY () = - LD [ b, / VI 0y d(x, ) M (x, ), 61)
2 BN

where M = 1,...,D, D+ 1 [130]. This extension from a nonlocal lower-dimensional theory to a local higher-dimensional one has

been generalized to p-forms [129] and applied to conformal invariance in the Ising model [131], fractional electromagnetism [132],
quantization of fractional scalar QFTs [133], entanglement entropy [134] and fractional gauge theories [135]. In some of these
settings, Wick rotation is assumed at one point or another of calculations, either promoting (-=V2)’ — (~[1)" directly in (61) or
Euclideanizing a Lorentzian system in order to apply (61) [132-134]. However, this analytic continuation is generally not allowed
in nonlocal QFT, since momentum integrals are performed on non-trivial paths (not necessarily closed) that do not allow a rigid
Wick rotation in the usual sense [17,19-21,45]. In the case of fractional operators, this failure of the standard analytic continuation
is obvious from the discussion of Section 3.2. It would therefore be important, on one hand, to check whether a Minkowski version
of the Caffarelli-Silvestre theorem holds with our operator (16), for which the transition from one signature to the other occurs
without incidents; and, on the other hand, to revisit the constructions of [132-134] in the light of this.
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The self-adjoint representation proposed here and the diffusion method to solve the problem of initial conditions in the presence
of fractional d’Alembertians may be of interest not only in the quantum-gravity community in relation to FQG and to other
approaches such as the Caffarelli-Silvestre one [45, section 5] but also in other contexts as shown by recent developments and
applications in condensed matter and fluid dynamics (e.g., [136] and references therein). Such applications could actually constitute
an interesting test bench for fractional theories since they deal with physical phenomena more manageable than those described
by quantum gravity, in a way similar to what pursued in the analogue-gravity paradigm [137]. In particular, one could explore
the advantages and drawbacks of the coordinate-independent diffusion method in solving nonlocal fractional systems compared to
other coordinate-dependent methods [136].
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Appendix A. (17) is not a representation of ||

In this appendix, we attempt to find (20) starting from the Cauchy representation (17). For that, we need to carefully define the
complex function G(z). We can start from the kinetic operator [(~[])]7/2 instead of ((]?)"/2; the difference is just a choice of phase
for the variable z.

Is G(z) = [(-=2)2]77/2, (=z)77, (z2)7"/2, z77 or something else? Recall the typical example of the multi-valued function V22, Calling
0 = Arg z (hence —z < 0 < 7), we have Arg z> = 2 Arg z = 26. If we take the square root of this, we get one root corresponding to the
value of the principal square-root function \/z_ = z. If, instead, we do not pick the principal argument of z?, then arg(z?) = 26 + 27k,
where k =0, 1, and the operation \/— yields two different functions (\/;)k = zel7k, (\/;)0 =z and (\/z_z)l = —z. Similarly, complex
powers are defined through the logarithm as z* = exp(aIn z) (where a € C) and, if one takes the same branch In z = Ln z + 2xki
consistently, one obtains the principal value of the power obeying the composition rule

=% =z, z#0. (A1)

Thus, provided = n € Z or one consistently takes the same branch, the order of application of the powers a and # does not count.?

In the case of a physical QFT such as the one we are considering, the choice of branch is part of the definition of the theory
and cannot be changed in media res. In particular, one can take the principal branch of the logarithm (k = 0), Lnz = In|z| + i0,
—r < 0 < #. Then, the principal value of —z is 0 < Arg(—z) = 8 + = < 2z and one must perform all the calculations in the Riemann
sheet .S, with phase € (0,2x], where

G(z)=(-z",  branch Vz2 =z, (A.2)

exactly the same as in (18). Then, the contour for the causal propagator is the one in Fig. 1 and the Kéllén-Lehmann representation
is (19). If one takes the other branch of V/z2, then

Giz)=z7, branch Vz2 = -z, (A.3)

and calculations must be performed on the Riemann sheet spanned by a phase € (—z, z]. The final result is the same and is wrong.
The propagator (19) is not even under the reflection k> — —k? as was the original expression (20) and the associated theory has
a non-Hermitian action. Therefore, the Cauchy integral (17) does not represent the propagator of the self-adjoint operator ((J2)/2
and, in particular, of its representation [-]" (16).

3 For the kth branch of the logarithm, one has z¢ = %"z = g(lnz+27ki) — palnlzl+i0+27ki) — | 7|® gial p27aki Then, (z%)f = (|z|%e/® e27®k)P = |z|*F giah0 2nelki  On the
other hand, z¥ = |z|*/eiah0 2rabk'i = (70)f27ahK' k)i and the two are the same if one takes the same branch k = k’. Using the property (e¢?)" = e if n € Z, one
can also show that (z%)" = z%".
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Appendix B. Derivation of (22) in the complex z-plane

The arcs at infinity in Fig. 2 give a zero contribution for Rey > 0, as one can check with the parametrization z = Re” in the
limit R — oo [41,45]. The contributions L, along the imaginary axis are parametrized by some ¢ running from +ico to Fico:

- Feo Gt =i -1 [*°  G(xe-i
G~k = lim —— ar GOED o —1/ s GEEZTD
* =0+ 2700 f4ico t+ k2 0% 270 Jooo k2 —is
— +oo ~ ; ~ _i
— im Fl ds G(x€ + is) + G(+e — is) ’ (B.1)
-0t 27 J k2 +is k2 —is

where ¢ is sent to zero at the end of the calculation. Calling e* = +¢ and keeping track of two independent choices of sign at the
same time, we have

4
. £\ 72 o+
G(e* £is)= lim [(* i)™ % = lim 577 <-1 + i2L> =s57eh, (B.2)
£t 0% et-0% N
where
+ +2e*
@* = lim Arg <—l ii2L> = lim arctan <_ i /S> +5. (B.3)
- X0 N e -1
Here we used the following piecewise definition the principal value of the argument Arg:
arctan(f) if x>0,
Arg(x +iy) = arctan(f)+ﬂ if x<0,y>0, (B.4)

arctan(%)—fr if x<0,y<0.
In our case, the phase 6 in (B.3) is § = z if +¢* > 0 and 6 = —x if +e* <0, so that
pl=¢_ =z, @l=¢, =-x. (B.5)

Therefore, Eq. (B.1) becomes

G (k) = ¥ 1 [t gs [ ei5ek + eiset _1 /+oo ds | &7 + et
_ T as =5 a5
= 2z Jo ST | k2+is k2 —is 2z Jo ST | k2+is  kZ—is

1 +°odsssin%¢k2cos%

- 2 as , (B.6)
T Jo s7 52 + k4
and the total Eq. (21) is

my 2 24

5 1 +°°dsssm7+|k|0057
G(—k?) = — === = - B.7
R ®.7)

where we used O(—k?) + O(k?) = 1 and —O(—k?) + O(k?) = sgn(k?). Noting that

(71,}, ) /+oo ds s /+oo ds |k2|
tan | — — = —_—_—,
2 0 7§24+ k4 0 ST s2 4+ k4

after a reparametrization s’ = s> we obtain (22).

One can double check (B.6) by choosing the branch \/z_2 = z for the propagator in the Rez > 0 half-plane and the branch
V22 = —z for the propagator in the Re z < 0 half-plane. The gluing together of the two branches gives (21). According to Appendix
A, in these branches G(z) = (\/z_z)" is split into two different functions:

G(Z)={6+(Z)ZZ‘V , Rez>0 B.8)

G_(z)=(-2)7, Rez< 0’

Repeating the calculation of G_(—k?) with (B.8), Eq. (B.1) is replaced by

6ok = tim L +o0 [Gt(ie +is) G (xe—is) . 9
* e=0+ 21 Jo k2 + is k2 —is
Then,
G~+(5 +is) = (e +is) N =57ty Acan o s7Y eii%y R (B.10)
G_(—e+is)= (e Fis) ! =57 /v orctan T osTetT , (B.11)

so that (B.9) is indeed (B.6) and one reobtains (22).
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Appendix C. Transforming the complex plane

In this rather technical appendix, we tackle the problem of finding the contour I'° c {(Rek’, Imk°)} given a contour I C

{(Re z, Im z)} such that the first line of the identity
G(x —x) =/ d_Dk eik(x—x’) G«(_kZ) =/ d_Dk eik<(x—x’) [L / dz &] (C.1D)
roxrDb-1 (2m)P roxrb-1 2m)P 27i Jr z+k?—ie

is well-defined, where the prescription for k? is included to make the discussion general (¢ = 0 in the fractional case). In this formula,
the unknown element to be determined is I'°, which we want to compare with the path in Fig. 3. The final I'° should have two
characteristics. First, the k%-integral must converge, which is dictated by Jordan’s lemma: defining the Fourier anti-transform with
an exp[ik - (x — x")] phase, I'’ should be closed in the Im k° < 0 half plane if xX’ — x’° > 0 and in the Im k° > 0 half plane if x* —x’0 < 0.
Second, I'’ should adhere to the real axis as much as possible, since kX’ € R in a physical situation. Jordan’s lemma and maximal
adherence of I'” to the Im k° = 0 axis are sufficient to determine I'° uniquely, up to homotopic deformations.

The goal is to transform

- G
G(—-k» = L / P (C.2)
27i Jr z+k?—ie
to a representation on the complex k°-plane and find the transformed contour I'°. First, with a well-known manipulation we rewrite
the Feynman prescription as

kr —ie= —ké + @ —ie — —k(z) + @? = 2iwe ~ —ké + (w—ie)? = —k% + @2, (C.3)

where ® = \/|k|? + m? (with m = 0 in this example). These are the poles k® = +@& = + F ie of, respectively, positive and negative
energy below and above the real axis of the complex k°-plane. Call

2? =z 4+ & (C.9)

and apply this change of variables to Eq. (C.2):

12 52
Gk, @) = L/ d7 M (C.5)
2zi (z/ = k9)(z' + k0)

Since the square root is multi-valued, we have to select a branch

1 N
= 2Vz 4 @2 = |z + 0|2 2 ATEERDHMT m=0,1, (C.6)

where z/ are two different functions and we sent ¢ — 0 in the modulus. It turns out that, actually, we have to take both
branches at the same time with a non-analytic operation. In fact, from (C.6) we have that Imz’ = 0 only when Arg(z + @) =
arctan[(Im z — 2iew)/(Re z + w?)] + 6 = 0 (which is the only multiple of 27 in the interval (—z, z]), where the phase § = 0, +x is given
in (B.4). Therefore, in the limit e — 0 we get Im z’ = 0 if, and only if, Im z = 0, i.e., points of the real z’-axis can only be the image
of points of the real z-axis. In that case, however, from (C.6) we have that z’ = +4/|z + @?| and each branch can only cover one
semi-axis z’ Z 0. Therefore, we must take both branches (C.6) simultaneously to cover the whole z’-plane, one for each half-plane:

/
Zi

Rez >0 : 7 =z =+Vz+a?, (C.7a)
Rez <0 : 7 =7 =—Vz+&?. (C.7b)

This is necessary to have (C.1) cover both signs of Re k%, in such a way that

. G (&%) G (Z,d
G0 == |o (Rek®) / dz —+——— 1+ 0 (-Rek’) / gz S0 . (C.8)
2ri r z/ — kO r 7! + kO
where 2’ = 2/, I’} lie, respectively, in the Re z’ 2 0 half-plane and
A AN 27 Ao 12 ~2
Gi(z,a))— mG(Z — @ ) (C9)

We can thus rewrite (C.1) as

G(x—x') = / APk e G k0, &%) + / APk ety (K0, %) (C.10a)
roxeo-1 2m)P A oxrD-1 (27m)P e

G (K, @) =

O (+Rek’ G (7, @
M/ dz’ﬁ (C.10b)

2xi r z' F kO
If only one branch is picked, then by analytic continuation one can still cover most of the complex plane but with the exception of
at least one real semi-axis (the branch cut of the \/' function).

The recipe to find I} is:

1. Choose a convenient contour I" in the k?-plane to express G(—k?) as a Cauchy integral.
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2. Apply the transformations Eq. (C.7) to obtain the contours I'; and I”.
3. Calculate the residues in +k° to identify the above deformed contours with I'°.
4. Deform I'° so that it adheres to the real k°-axis as much as possible.

If needed, steps 3 and 4 can be interchanged and one deforms I'; and I"’ before calculating the residue.
C.1. Standard Feynman propagator

The example of the standard causal propagator with Feynman prescription will help to understand how to make the comparison
between results in the k>-plane and in the k°-plane. Consider the Cauchy representation of the standard massless propagator with
Feynman prescription:

1 1 G(z) 2 1
m—ﬁ " zm, G(z)——;. (c11n)

Step 1. The contour I' = I'; could be taken to be the maximal one, i.e., the one encompassing the maximum number of points
in the complex case. This would be the same contour shown in Fig. 1, where there is no branch cut on the positive real semi-axis.
We applied the transformation (C.7) to this maximal contour and checked that, indeed, we obtain the correct Feynman contour I 19
at the end. However, here we show a different route to the same result, using a most convenient non-maximal contour made of a
counter-clockwise circle around —k? + ie of small (not necessarily vanishing) radius r (Fig. C.4).

Step 2. Iy is parametrized by z = re® with r < |k?|. Applying (C.7), this circle is mapped onto one of the curves z/, =
£(re'” + k2)!/2. When r > |k, each curve is an open arc centred at the origin in the complex z'-plane. As r is progressively
reduced, each arc is dragged away from the origin until it closes on itself. When r < [k°|, these curves become deformed loops
centred at +k° and ovalized towards the origin (Fig. C.5). In their respective domain, the functions (C.9)

27 1

G ()= —— ——
* +z/ + k0 —z'2 + &

(C.12)
have two poles, one at z’ = Fk° and one at z’ = +@, also shown in Fig. C.5 in the two cases |k°| > o (time-like k2 < 0) and |k°| < @
(space-like k? > 0).

Step 3. Let us take r small enough so that '} and I'’ are disjoints and do not encircle +w. Performing the Cauchy integrals in
(C.10) on the transformed contours I’i yields

O (xRek’) O (xRek)

G (K. @) = + =+ , C.13
LU0, @) =+ N O (C.13)
so that
0 0
G(x—x") :/ dPk eik'(x—x')@(Rek ) _/ APk eik'(x—x’)@(_Rek )
roxgp-1 27)P k? —ie roxgp-1 (2m)P k2 —ie

where Ff and I'° are determined by the integration domains I} inthe 2/ = kO direction: they are the thick ovals in Fig. C.5 but in
the k°-plane, around +@ and parametrized by k¥ = +(r ¢’ + &)!/2 (Fig. C.6). From Fig. C.6, one has that © (+Re k°) corresponds to
O (¥Im k%) for small r, so that

0 0
G(x—x) =/ a7k eik'(x_x’)@(_lmk ! _/ 4%k eik'(x_xr)—g ([m ) . (C.14)
rOxRD-1 Q2x)P k? —ie roxrd-1 (27)P k2 —ie

Step 4. At this point, we deform both contours so that they run along the whole real axis, plus an arc that is sent to infinity and gives
a vanishing contribution thanks to Jordan’s lemma (@ (¥Im £°) is equivalent to © [+(x" — x%)]). These are precisely the standard
Feynman contours F}? in ordinary QFT, depicted in Fig. C.7.

C.2. Purely fractional propagator

This rather tortuous way to obtain the well-known result given in Fig. C.7 serves as an example of how to find the path I'° from
the contour in the Cauchy representation of a propagator. We now solve the same problem for the propagator of the self-adjoint
operator |[]|".

Step 1. Again, we can start from the maximal contour or from a non-maximal one. Contrary to the standard case, here it is more
convenient to take the maximal contour (depicted in Fig. 2), since it clearly defines the maximal domain of the two function G, (z).
We checked that taking a non-maximal double contour leads to the same result but requires extra care and effort. Setting e = 0 in
the pole, we repeat Fig. 2 in Fig. C.8.

Step 2. According to Egs. (A.2) and (A.3) and the discussion in Appendix A, the functions (C.9) are

2z

G (7, 0)= —=—
=2 @) +z/ + kO

[¢(z/2 _ wz)] - (C.15)
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Rez

Fig. C.4. Non-maximal contour I} of the Cauchy representation (C.11) of the standard Feynman propagator 1/(k*>—ie). The radius r of the circle

is arbitrary and small but does not have to be infinitesimal. The grey dot marks the pole of G(z).

(a)

Imz’

Re z’

Re z’

Fig. C.5. Transformed Feynman paths I’} (curves in the Re z’ > 0 half-plane) and I"’ (curves in the Re z’ < 0 half-plane) for decreasing parameter
r (increasing thickness) in the cases (a) |k°| > » (time-like k> < 0) and (b) |k°| < @ (space-like k? > 0), for the same value of k° and opposite value
of k2. Actually the paths do not cross the imaginary axis Rez’ = 0 and points thereon are not part of I’ U I”. All paths are counter-clockwise.
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Im &°

Re k°
I_‘+
Fig. C.6. Paths I'° and I'"° with the Feynman prescription in the k°-plane.
Im £°
-
. . - - - - - - . .
* ~
0 .0 - s
x —x"<0,° R
.
.
. *
’ A
¢ .
' .
v .
N Y
' ; '
-+ 7€ '
[l
] o )
' 1
' 1
. - > ! Re k°
: . :
—’_ w—l€e N
w00
S x0=x">0

Fig. C.7. Standard Feynman contours I} in the k’-plane. The arc at infinity is in the upper half-plane if x* — x" > 0 (dashed semi-circle, from
the deformation of I'°) and in the lower half-plane if x* — x’* < 0 (dotted semi-circle, from the deformation of FE)'

They have a zero at z’ = 0, a pole at z’ = ¥k, a branch-point singularity at z’ = +w and a locus of discontinuity given by a hyperbola
with vertices +w and foci in z/ = 1\/5 w (Fig. C.9). Indeed, applying the transformations (C.7) to Eq. (21), the discontinuity z = it
on the imaginary axis with ¢ € (~co, +c0) becomes a hyperbola with branches z, = +V? +1i1, i.e.,
/N2 Ay
(Rez) : (Im z") -1 (C.16)
? ?
Z””, which are the asymptotes at +z/4 (mapping of I', via z/,) and 3z/4, 5z/4

When 1 — +o0, 2, ~ y/ie* 7 and z/ ~ y/te*d
(mapping of I'_ via z’ ). The arcs at infinity in Fig. C.8 are transformed into arcs at infinity of angle z /2 comprised between the two
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® e Rez
Re(—k%)<0 Re(—k%)>0

Fig. C.8. Maximal contour I' = I, U I'_ of the Cauchy representation Eq. (21) of the fractional propagator (k*)~//2. The vertical grey line marks
the discontinuity of G(z) on the imaginary axis.

asymptotes; these arcs are thrown away eventually. Each mapping 2/, leads to a different situation where the poles +k° lie inside
or outside the hyperbola, depending on whether |k°| 2 » (Fig. C.9). The mapping via z!, covers the right half of the plane and has
k° > w, so that Zl, = k0 lies inside the hyperbola. On the other hand, the mapping via z’ covers the left half of the plane and has
|k°] < w, so that z/_ = —k° lies outside the hyperbola. This “jump” of the pole across the discontinuity locus is the result of the rigid
mapping of I', through the map z,(z), which are not homotopic deformations.

Step 3. The Cauchy integrals in z/_ identify k° = + as the singularities of the propagator, which are actually branch points from
which the branch cuts k° > w and k° < —w originate. The hyperbola in the z’-plane is nothing but the integration domain of &°,
i.e., the path I'° we are looking for.

Step 4. Finally, we deform homotopically the hyperbola so that to maximize contact with the real axis in the complex k°-plane.
Each hyperbolic branch is wrapped around one of the branch cuts and we obtain exactly the path I'f U I'* of Fig. 3.

Appendix D. Solution of the diffusion equation (49)

In this appendix, we find the solution of the diffusion equation (49) with Lorentzian kinetic operator:
O, + 226 x-=x)=0,  G0,x-x)=6"(x-x). (D0.1)

Since similar heat equations in the literature all have a Euclidean kinetic term, we cannot borrow past results and must calculate
G(r, x — x") anew.
In momentum space, the diffusion equation (D.1) is

O, + M6t k) =0, ¢0,k)=1, (D.2)
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Re z’

Fig. C.9. Transformed counter-clockwise contours I", (Rez’ > 0 half-plane) and I"” (Rez’ < 0 half-plane) for the fractional propagator (k*)77/2.
Here the two branches of the hyperbola are drawn with o fixed and two choices |°| 2 «.

where k* = (k2)2. The solution is
Cret k) = e (D.3)
Set x’ = 0 for simplicity. In D = 4 dimensions, the Fourier anti-transform is

4 I
Gt x) = % Gt k). (D.4)

Calling k = |k| and R = |x|, we have d*k = dk® dk k* d cos d dg, ik - x = —ik’t + ikRcos 9, ¢ € [0,2x], cos 9 € [—1,1], k¥ € (—o0, +0),
so that

Kk sm(kR) ikt et _ / 0/ ~IKOHR A
f —_— dk dkke
Gy, x) = Qx )3/ / (275)3 iR

Introducing the light-cone variables k* := k + k and x* :=1+ R, we get

G(red, x) 1 L/dk+ dk= (k+ — k™) e~ 3K =5k ettt

(27)3 4iR
= o (0.-0,) / it dk™ o™ 3K TR gt LR )R
Q)3 2R
1 1 T 20 (X+X )2
= ———(0_-0,) —G3}| z , z= s D.5
G 2R - %) = < 0,0, %) 256773 (D-3)
*
where 0(2)(3) is the Meijer G-function defined by the Mellin—-Barnes representation [105, section 9.3]
1 Ir’(-
2(-|oas) -2 f oo
.0, 3 7i Jr, r (% + 0)

The contour I'; encircles the positive semi-axis Reo > 0 clockwise [138, chapter 16] and, therefore, all the poles of I'>(—¢). Due
to the asymptotic behaviour of the gamma functions (Stirling formula), quarter circles at infinity in the Re ¢ > 0 half-plane do not
contribute to the Mellin—Barnes integral and the contour I'; can be opened and continuously deformed to the imaginary ¢ axis,
keeping the origin ¢ = 0 to its right. Since

(x*x7)R
0_—0d,)z= """,
(0-—0) ="
we have
+ = d +
Gt} x) = —>>— cgg(z 001) "—G”( _10_1>’ (D.7)
21022(r£4)2 z Y3 21072(r4)3 -0, =3
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where x*x~ = —s? = 1> — R? is the finite line element; restoring x’ # 0, we reach (50). In this case, the Mellin-Barnes representation
of the Meijer G-function is

20
G03 z

I'(-o)I'(-o-1
Lol =2L/ doz° (—o)I'(—o )’ (D.8)
=1,0,—3 7i Jr, F<§+0)

and the contour I'; goes from —ico to +ico and indents the pole at ¢ = —1 to the right of I'; (alternatively, I'; can be continuously
deformed in such a way as to encircle the positive semi-axis Re g > —1 clockwise). The Meijer G-function above is singular at z =0,
as expected on general grounds. Its behaviour can be easily obtained by evaluating the first residues at the poles at ¢ = —1,0,...:

20 _L(l )
G03<z —1,0,—%>_\/; z+2lnz+ R (D.9)

where the dots denote regular terms at z = 0.

Equation (D.7) is the generator of the most general solution of the diffusion equation, according to (51). To make an analogy,
the delta function in (D.1) corresponds to the initial condition of a droplet of ink in water, while (D.7) is the distribution of the
ink at time r. The analogy stops here because r is an artificial parameter and G is a spacetime distribution but there are still some
similarities with respect to a standard diffusion process governed by Brownian motion. For example, the (1+1)-dimensional diffusion
equation for Brownian motion is (9, — f*afc)g(t, x—x") = 0, where 7, is the length diffusion coefficient; the Dirac distribution §(x —x")
evolves into a Gaussian G(t, x — x') = exp[—(x — x")?/(4¢,1)]/\/2x £ .t. The behaviour of (D.7) is not very different, since, at any finite
r, the function G « \/ZG(Z)(; ~ 1/ \/E blows up at s = s’ (on the light-cone) according to (D.9) and it decays at large |s — s’|. This
spill-over of the support from the light-cone remains after integrating on r to get the Green’s function of the operator [-]" and is a
well-known violation of Huygens’ principle typical of fractional d’Alembertians [110-113].

Expression (D.7) is similar but essentially new with respect to solutions of other quartic diffusion equations known in the
literature of transport theory and mathematics. These equations are Euclidean versions of (D.1) with different choices of sign in
front of the kinetic term and, possibly, with extra sources.

A widely studied case is the parabolic diffusion equation with quartic Euclidean kinetic operator [139-141]

@, + VHu(r,x) =0,  u(0,x) = uy(x). (D.10)

Expressed as a Fourier anti-transform, its solution u(r, x) has the same form as our (D.3) and (D.4) but with Euclidean 2.
Another model, somewhat more artificial in transport theory but used in image processing [142-144], is the hyperbolic diffusion
equation with quartic Euclidean kinetic operator [145]

@, — VHu(r,x) =0, u(0, x) = uy(x), (D.11)

solved in one dimension as the limit of a yet different diffusion equation [140]. A similar equation but with a non-trivial source
term,

V2ug(x)
\ar

arises in the context of iterated Brownian motion when applying twice the fractional heat equation (a}/ 2 _ V2)u(r, x) = 0 [146-151]
(see [64,152] for reviews). Equation (D.11) is a special case of (D.12) for u,(x) = 0. The solution is a Meijer G-function similar to
(D.7) but with different indices and (s — s’) replaced by the Euclidean radius.

@, — VhHu(r, x) = , (D.12)
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