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Abstract: Causal implications can be undermined by control and treatment groups that
are unbalanced by external confounders. Furthermore, the interventions on the treatment
group can target unknown nodes of a Directed Acyclic Graph (DAG), with unknown al-
terations on the structure of dependencies. We propose a Bayesian methodology on a
graph-driven multivariate Gaussian potential outcome model that identifies the unknown
target nodes, quantifies the related causal effects and learns the network of dependencies pre-
and post-interventions, accounting for observed confounders. For the purpose, we extend
the DAG-Wishart prior to a Normal-DAG-Wishart prior in presence of covariates, whose
conjugacy and marginal likelihood are derived. We first study the asymptotic properties of
the propensity score Bayesian estimator, used to balance control and treatment groups from
confounding effects. We then show the posterior ratio consistency of treated and untreated
graphs, and the limiting distribution of the Average Treatment Effect estimator, under differ-
ent asymptotic scenarios in terms of treated and control sample sizes. The theoretical results
are validated on simulated data by an appropriately developed MCMC posterior sampler,
and then implemented on Acute Myeloid Leukemia malignancies, to evaluate network de-
pendencies, targets and causal effects of Histone Deacetylases inhibitor treatments.
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1. Introduction

Network models have been widely employed to understand dependencies between variables,
a crucial problem in many scientific areas, especially in biology [18]. Typically, the network
structure is inferred under the assumption that multivariate data have been generated by a stable
system. More realistically, measurements can be heterogeneous, for instance due to exogenous
interventions. This is the case of genomic medicine, where interactions between genes provide
insights on the genesis and progression of diseases. In this setting, drug therapies capable of
gene-inhibition can regulate and restore dependencies in the gene-network structure. Another
example is in neurosciences, where the human brain is studied as a directional network [46].
In this context, many statistical issues remain unaddressed, with the study of dependencies
among brain regions often based on simplistic inferential frameworks that involve various
methods of crude thresholding and that oversight how activated target areas under stimuli can
affect brain region dependencies [52].
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Measurements produced after exogenous perturbations are called interventional data, op-
posed to observational samples. The effect of an intervention can have unknown consequences
on the network; for instance, in the context of drug discovery, the effect of drug treatments
at gene level can be uncertain or completely unknown [39]. The absence of clear treatment
targets paves the way to the development of statistical models on data subject to interventions
with unknown effects on the dependency network, that is with unknown interventions. Eaton
and Murphy [15] develop a methodology in a categorical-data and Gaussian setting, based on
the dynamic programming algorithm of Koivisto and Sood [28], for networks of controlled
dimensionality. Zhang et al. [55] identify causal network structures subject to interventions
that induce distribution shifts across datasets. Squires et al. [49] suggest a greedy search
algorithm for causal network learning with unknown interventions, in the presence of mul-
tiple datasets, with one of the datasets bounded to be observational. Peters et al. [36], from
prediction invariance considerations, propose a method to estimate causal effects that can be
iteratively implemented with the purpose of network learning with uncertain interventions.
In [22] a learning algorithm based on multiple tests is proposed that, building on the PC
method of Spirtes et al. [47], recovers the causal structure of a network when multiple datasets
are subject to interventions on unknown targets. The two control and treated graphs and the
differential graph are estimated, respectively, in Yajima et al. [54] and Wang et al. [53], for
balanced groups; see also Shojaie [45] for recent review with focus on undirected graphs.
Finally, a Bayesian method for learning dependence structures and intervention targets from
data subject to interventions on unknown variables is proposed by Castelletti and Peluso [10]
in the simplifying setting of vanishing interventions, later extended by Castelletti and Peluso
[11] to different asymptotic regimes.

All the outlined literature focuses on the identification of the effects that the treatment
induces on the structure of dependencies, but, less often, on learning the target nodes of the
intervention. Furthermore, even when targets are identified, the measurement of the direct
intervention effect on the target is neglected, that the causal effect is not quantified. A notable
exception is the recent Castelletti et al. [9], but limited to categorical data. Also, external
confounders have been neglected in this context, leaving all current approaches exposed to
treated and control data that are unbalanced, potentially altering any causal conclusions related
to the interventions. Finally, networks in control and treated groups are bounded to have a
specific relation, such as a treated graph bounded to be sparser than the control graph, or to
respect the same topological order of the control graph.

To overcome all the stated limitations of the current literature, we will develop a new
statistical model where we complement the potential outcome model [33, 42] with graph-
driven dependences, to jointly estimate causal effects and targets of an intervention, and the
pre- and post-intervention structures of dependencies, robustly to the presence of observed
confounders. To develop the framework, we extend the DAG-Wishart prior [3, 6, 34] to a
Normal-DAG-Wishart prior in presence of covariates, and we recover its conjugacy property
and the closed-form marginal likelihood. We study the asymptotic properties of the propensity
score Bayesian estimator, to balance the exposure of the two groups to the confounders.
Then, we show that treated and untreated graphs can be consistently identified up to Markov
equivalence classes, a property known as posterior ratio consistency. Furthermore, we recover
the limiting distribution of the Average Treatment Effect estimator, under various regimes
related to different asymptotic behaviors of sample sizes in treatment and control groups.
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Simulated experiments and an appropriately built MCMC scheme validate the ability of the
developed methodology in recovering the correct graphical structures of the intervened and
control groups, propensity scores, causal effects, targets and additional model parameters, in
comparison with recently proposed alternatives in the literature. We finally implement the
methodology to learn networks, causal effects and targets of histone deacetylases (HDAC)
inhibitors on acute myeloid leukemia (AML) malignancies.The model is outlined in Sections
2.1 (likelihood) and 2.2 (prior), whilst the theoretical properties are studied in Section 3.
The sampling algorithm is applied on simulated (Section 4.1) and AML (Section 4.2) data.
We conclude in Section 5 with a summary of the contributions and further directions of
investigation. Proofs of propositions and details of the posterior sampler are provided in
Supplemetary Material [35].

2. Model development
2.1. A potential outcome model with graph-driven dependences

Let the observations related to a statistical unit i be (y;,x;,z;), for i = 1,...,n, where
yi=(it,--.,Yig)" €Y C R?is arealization of a g-dimensional random vector y dependent
on the vector of regressors x, observed through the vector x; = (x;1,...,x; p)T € X CRP,
and with z; € {0, 1} alabel denoting absence or presence of an intervention, or a treatment, on
the subject. We are interested in learning the dependence structure among the components of
y, accounting for the dependence on external potentially confounding features. An example is
the one of a patient genetic profile, subject or not to some specific pharmacological treatment,
showing different characteristics. We collect observations on all units in the n X ¢ matrix
Y = (y1,...,yn)", the n X p matrix X = (xy,...,x,)" and in the n-dimensional binary
vector z = (z1,...,2,). The vector z partitions the » units into a treatment group N; = {1 <
i <n: z; =1} of cardinality n; and a control group Ny = {1 <i < n: z; = 0} of cardinality
nog = n —ny. We will denote with Y| the n; X ¢ matrix of observations in the treatment group,
and Y is the ng X ¢ matrix of observations in the control group, with similar notation for X
and Xj.

Following the Neyman-Rubin potential outcome model [33, 42], we write y; as a mixture of
two components, y; = z;¥;(1)+(1-2z;)y;(0), where y; (1) and y;(0) are the potential outcomes
for unit i, if respectively subject or not to the intervention: we only observe y;(z;), whilst
yi(1—2z;) is the never observed counterfactual outcome. To allow the structure of dependences
in y, as well as the dependence between y and x, to potentially change if under treatment or
not, we impose, for k = 0, 1, that y; (k)|x, Bx, Qx ~ Ny (xTBk, Q;l), a g-variate Gaussian
distribution, where By is a p X g matrix of regressor coefficients and €y is the precision
g X g matrix, Markov to a group-specific Directed Acyclic Graph (DAG) Dy. Then y(k)
obeys the directed Markov property with respect to Dy, i.e. the conditional independences
among coordinates of y(k) are encoded by the parent-child relationships in D; [30]. The
probability of subject i being treated, given the set of subject covariates, is modelled as z|x, 8 ~
Ber(e(x, B)), for some propensity score e(x, B8) := Pr(z = 1|x, 8) dependent on x and some
parameter B that depends on the specific choice of e. Therefore, over all the » measurements,

Yi|X,By,Qk,2 ~ Ny, g (XkBk, I, Q;l), for k = 0, 1, a matrix Gaussian distribution with
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density proportional to |Qg|*/? exp {—%tr [(Yk - XiBy) Qp (Y - XkBk)T] }, and z| X, B ~
[Ty e(xi, B [1 = e(xi, B)]' 77

In the graph Dy, anode is a parent of anode j if the arrow i — j isin Dy or, in other terms,
if (i, j) € E(Dx), the edge set of Dy. All parents of j in Dy form the parent set pa; (D), of
cardinality |pa;(Dy)| =: v;(Dy), and the family set is fa;j(D) = pa;(D) U j. In the sequel,
it is assumed that there are no unobserved confounders other than x and the variables in the
graphs. The graph Dy is equivalently represented by an adjacency binary matrix Ay, having
the (i, j) element equal to one if the edge i — j € D; and zero otherwise. We measure
the structural effect of the intervention by A; — Ay, to understand those relationships that
are added or deleted following an intervention. See for instance Hauser and Biithlmann [19]
for structural effects confined to post-intervention edge deletions. On the other hand, the
causal effect of the intervention is measured by the Average Treatment Effect (ATE), see
Imbens [24], defined as ATE := E [y(1) — y(0)] that, in the model above, assume the form
of E [xT (B] - B())].

Note that two DAGs are called Markov equivalent if they encode the same set of conditional
independencies. The set of all DAGs that are Markov equivalent to a given DAG D defines its
Markov equivalence class [2], uniquely represented by a partially directed graph named the
essential graph (EG).

2.2. Prior structure

The positive definite precision matrix Qg, k = 0, 1, has a unique modified Choleski decompo-
sition Q. = LiD; 'L, where Ly = (Lksij)ij’ fori,j=1,...,q,is alower-triangular g X g
matrix with Ly ; = 1, and Dy is a diagonal g X g matrix with positive entries on the main
diagonal; see e.g. Pourahmadi [38]. There is a relationship between the Markov property of
the distribution of y (k) and the structure of Ly: Ly ;; = O for j < iifand only ifi ¢ pa;(Dy),
the parent set of node j in the graph Dy. The parameter (Dy, L) is known as the Choleski
parameter: (Dy,Ly) € D! x Ly, where DI is the set of ¢ X g diagonal matrices with
positive entries, and L o is the set of lower triangular matrices with unit main diagonal entries
and with off-diagonal terms coherent with the parent ordering of 9. In absence of covariates
and without distinctions between control and treatment groups, the DAG-Wishart distribu-
tion [3, 10] has been proposed as a prior distribution with nice theoretical properties [6, 34]
for the Choleski parameter. In our setting, with a control and treatment groups exposed to
potentially unbalanced covariates x, we extend this prior to a Normal-DAG-Wishart prior on
(Bk, Dy, Ly). The proposed prior will be the starting point for a covariate-adjusted learning
of the conditional independence structures of 1 and D, as developed below, along the lines
of Consonni et al. [13].

Definition 2.1 (Normal-DAG-Wishart prior). For B € RP*4, D € Z)f, and L € Lo,
we say that (B,D,L) ~ NWg(B,C,U,a(D)), a Normal-DAG-Wishart distribution, with
hyperparameters B € RP*4, C € RY*P, U € R?*? and a(Dy) = (a1(Dk), . ... aq(Dx)) €
R4 if its density function is

ai(D)+p

exp{-3tr [(LD7'LT) (U+(B-B)"C(B-B))|} 1., D, °
Zp(C,U,a(D)) ’

)
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where, with ¢; (D) := a; (D) — v;(D), the normalizing constant is

ci(D)-3
m)Pal2 L (c/(D) @) _ (D) [Upai(p)| °
Zo(C.U.a(D) = ~aom | || == 1) (a) Beacol * ’C,w)_z-
iz Usaion|

Following the hierarchical representation of the DAG-Wishart distribution in Ben-David
et al. [3], and the properties of the Normal-Wishart distribution, we note that (B, D, L) ~
NWq(B,C,U,a(D)) can be alternatively expressed as

q
p(B,D,L)=p(B|D,L) np (Lpaj(Z)),j |Djj)P (Djj)
j=1

in a hierarchical form, with
BID.L ~ N,, (g,c-l,(LD-lLT)‘l),

-1 -1
Ly (p),jIDjj ~ Nyjo) (—Upaj<z>)Upaj(D),j,DjjUpajw)),

Djj I-Ga (T - 1,§Ujj|paj(2)))’

¢

where [-Ga(a, b) stands for an Inverse-Gamma distribution with shape @ > 1 and rate b > 0
having expectation b/(a — 1), and where we have denoted, for a generic matrix U and sets A
and B,Uy p = (U)ieA’jeB, withUy :=Up o when A = B,and Uy := Uy - UA,BUIEIUB,A
is the Schur complement of Up in Uy p. Hyperparameters a (D) are specific to each DAG
model, and it can be shown that the default choice (hereinafter adopted) a ; (D) = a+2v;(D)
for some a > 2 guarantees compatibility among prior distributions for Markov equivalent
DAGs; see Peluso and Consonni [34]. In particular, we set @ = 3, the minimum integer value
that guarantees a proper prior distribution, regardless of the specific D. Also, a standard
choice, hereinafter adopted, is U = gI,, for some g > 0. Therefore, we fix (By, Dy, Li) ~
NWop, (B,,Ci,Ur,a(Dy)), for k = 0,1, on the parameters associated to the control and
treatment groups.
We impose p(Dy, D1) = p(D1]1Do) p(Do) on pre- and post-intervention DAGs, where

p(Dy) o [ | Bern ((Ao);y|mo) =m0 (1 = o) ta=V/2-IEDW,
i<j
for some prior probability g € (0, 1) of edge inclusion in Dy, and where g(g — 1)/2 is
the maximum number of edges in 9. Following Castelletti et al. [8], such a prior only
depends on the number of edges in the graph and can easily incorporate prior knowledge on
the network sparsity. In fact, if we expect the intervention will destroy some of the parent-
child relationships in 9Dy and increase sparsity, by keeping the rest of the network structure
unaltered, as in gene-knockout experiments [21, 7], it can be proposed

P(D1]Dy) n Bern((Al)ij|;71)=n|1E(Z)1)|(1_m)IE(Z)o)I—IE(Dl)I’
(i.J)€E(Dy)

for some 17 € (0,1), and with |E(Dyg)| being the maximum number of edges in D;. On
the other hand, if we believe that the intervention will spread its effects over the whole
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network structure, with an increase in the density of connections, as in targeted stimuli of
brain regions [32], or in diffuse perturbations of proteins’ pathways [43], we can opt for
p(D1|Do) = p(Dy) « [];<;Bern ((Al)l-j| m), for some n; > 1. This last one is the prior
we will actually adopt below, since we do not want to impose an increased sparsity in the treated
graph. Algorithmic consequences of independent prior choices on (Dy, D1) are discussed in
Section 2 of Supplementary material, with the aim of avoiding computational inefficiencies
in the exploration of unreliable parameter regions. We stress that, for ease of notation, in the
graph priors the dependence of the parent ordering from the given DAG is not explicit, but we
do not need to assume a known parent ordering of the true graphs; this assumption would be
restrictive in the present context, since comparisons would be limited only to graphs respecting
the ordering, and would be excluded between Markov equivalent graphs. We conclude the
prior choices with B ~ N, (B, Zg) for the propensity score parameter.

3. Theoretical properties: Propensity score, causal effects and network discovery

In the current section, we will study the theoretical properties of the proposed methodology:
we start from studying the asymptotic behaviour of the propensity score Bayesian estimator,
necessary for designing a balancing of the covariates among treated and untreated groups.
Then we prove the conjugacy of our Normal-DAG-Wishart prior to a matrix Gaussian data
with covariates. This result then suggests a Bayesian estimator of ATE, whose properties will
be studied in different asymptotic regimes, related to different control and treatment sample
size dynamics, to show how the correct causal effects and targets are identified. We also derive
the closed-form expression for the marginal likelihood of a given network, to be useful below
in Section 4 for the development of the MCMC algorithm. Furthermore, we will investigate the
asymptotic behaviour of the posterior distribution on the network space, to prove the ability
in recovering the true indirect structural effects of the intervention.

In the next proposition, we first focus on the propensity score, and we show that its
Bayesian estimator is correctly centered and with a vanishing variance that can be appropriately
estimated.

Proposition 1 (Asymptotic distribution of propensity score). Assume 0 < e(x;, 8) < 1 anda
finite eg(x;, B) forallx; and B,i = 1,...,n, whereeg = (eg,, ..., ep,) ", witheg, = de 0Pk,
k=1,...,p. Fora covariance profile x € RP, we have that

Vi (e(x.B) - e(x. 8) S N, (0, epte 7 (B1(BY) eﬁ(x,/s‘))) : @)

where B is the posterior mean of B°, and

1l e (xi,B)e (xi,ﬁ)T
EI(B°) = plim - BB .
#) Eilﬁngdxi,ma—e(xi,ﬁ»

Proof. See Supplementary material. O

From the above result, we can therefore rely on a v/n—consistent Bayesian estimator of the
propensity score, whatever the covariance profile x of interest, and we can propose

ep(xi Peg(xi )T\
L o(xi. B (1 - e(xr B)

€8 (xv B)eﬁl (x’ B)
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as an estimate of propensity score variance. Interestingly, when we assume e(x, 8) = ®(x " 8),
a Probit propensity score, we have eg, (x'B) = ¢(x7 B)x, and the estimated asymptotic
variance reduces to

p(x"p)xT

n $(xT B)>? T)“
~ ~XiX; X
2 o(x7B)(1 - o(xT f))

i=1

and when, on the other hand, e(x,8) = (1 + e * #)71, a Logit propensity score, we have
ep, (x7B) =e(x"B)(1 —e(xTB))x, and the estimated asymptotic variance simplifies to

" -1
e(x, B)’(1 - e(x, B)x" (Ze(x,-,/%(l —e(xi, B))xix] ) x.
i=1

Not surprisingly, in the two examples of Probit and Logit, the asymptotic variance coincides
with the one of the maximum likelihood propensity score estimator. Indeed, Proposition
1, through Theorem 4.1 of Ibragimov and Has’ Minskii [23], also affirms the asymptotic
equivalence between the maximum likelihood estimator and 3, and therefore the asymptotic
efficiency of the posterior mean B, but this result is valid for a large class of loss functions.

The above proposition is a theoretical support to a covariate balancing in treated and control
groups. With estimated propensity scores at hand, we can design our study in a way that we
can proceed as if we were in a completely randomized experiment with perfect balance
between treated and control groups. For instance, in the application of Section 4.2 we perform
propensity score matching [1], but alternatives are available; see for instances Imbens and
Rubin [25]. Once an approprieate covariate balancing is reached, we turn our focus on the
estimation of ATE and of the graphs; preliminary to this, in the next proposition we prove
some useful properties of the proposed Normal-DAG-Wishart prior.

Proposition 2 (Conjugacy of NWy and marginal likelihood). For B € RP*4, D € D,
and L € Ly, let B_,D,L|D ~ NWq(B,C,U,a(D)), and forY € R"™4, X € R"™P, [et

Y|X.B.D.L~N,, (XB,In, (LDLT)_l). Then
B,D,L|Y.X,D~NWgn(B,C+X"X,U,a(D) +n),
whereU :=U+Y"Y + B'CB — (CB+X"Y)" B and where
B=(C+X"X)"' (CB+X"Y).

Also, we have p(Y|X, D) = (2n) "2 Z »(C + X X, U, a(D) +n)/Zp(C,U, a(D)).
Proof. See Supplementary material. |

From this proposition, the natural Bayesian estimator of the Average Treatment Effect ATE
isATE =1} X (Bl - EO) /n, where, for k =0, 1,

By = (Ci+ X[ Xi) ™' (CiB, + X[ Yi)

and 1,, is a column vector of ones of dimension n. In the following result we show conver-
gence in probability of ATE to the true value ATE®, and the asymptotic g-variate Gaussian
distribution with vanishing covariance matrix. We also denote other true quantities with a
zero-superscript, for instance Bg and Qg.
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Proposition 3 (Asymptotic distribution of ATE). For k = 0,1, let By,Dy, Ly | Dy ~
. -1
NWo, (B Ck, U, (D)), with e X, Bi, D Li ~ Ny ( Xk B Ings (LiDi L) ™).

FX 5 ueRrandvec (XTX) /n D veeM, and X > px and vec (X! Xy) /n LN
vec My, for each group, for some positive definite p X p matrices M and My, we have

o ifni/n—ac(01), \/E(ZT\E—ATEO) 4N, (0,r0+rl+w),

a(l-a)

o ifni/n— 1, Vi (ATE - ATEO) 4 N, (0.To +Ay),
o ifny/n— 0, \ir (ATE - ATEO) 4 N, (0T +Ay),

-1
where I'y := diag [(Bg)T (M — puu™) Bg] and Ay = ,uTMlzl,u (92) .
Proof. See Supplementary material. |

Proposition 3 says that the proposed estimator of ATE is correctly centered and asymp-
totically g-variate Gaussian when correctly scaled. The convergence depends on the relative
asymptotic behaviours of sample sizes in treatment and control groups. It is interesting to note
that when the two sample sizes increases in n at the same rate, so that asymptotically there is
a fixed size a of measurements in the treatment group and 1 — « in the control group, then
convergence is at rate y/n. If on the other hand size unbalances between the two groups are so
acute that only one will eventually dominate, convergence rate will deteriorate and be linked
to the sample size of the dominated group. Once the causal effects are correctly identified, so
are the targets of the interventions, being those nodes for which ATE is different from zero.
We finally note that Proposition 3 can also be used to asymptotically test for specific null
values of ATE, jointly on the g response variables or on a subset of them, using the consistent
estimators suggested in the proposition to estimate all the terms in the asymptotic covariance
matrices of ATE. Marginally for single scalar response variables, the corresponding marginal
asymptotically normal null distribution can be used, whilst for a joint test on more responses,
a corresponding quadratic form would provide an asymptotically chi-square null distribution.
We refer the reader to Section 4 of Supplementary material for more details on hypothesis test
implementations.

In the next result we show the posterior ratio consistency [6] of the Normal-DAG-Wishart
prior, to the correct graphical structures of treatment and control groups. Given two graphs
DY and D, where DY is the true one, this property guarantees that the ratio of the posterior
distribution of D and D will converge in probability correctly to 0, for any D that does not
entail the same conditional independence structure of D°.

Proposition 4 (Posterior ratio graph consistency). Fork =0, 1, let Z)g and 92 be respectively

the true DAGs and precision matrices, and let By, Dy, Ly | D ~ NWop, (B, Cr, Ui, a(Dy))

and Yk|Xk, Bk, Dk, Lk ~ Nnk,q (XkBk, Ink’ (LkaL;{r)_l), where Uk and 92 are non-

singular positive-definite matrices with bounded eigenvalues and a ;(Dy) —2v j(Dx) > 2, for
1

j =1,...,q. Assume vanishing prior edge inclusion probabilities nj = Ckn;m, for some
Ci,vi > 0. As ny — oo for k =0, 1, we have

(Do, DY, X) p
max 0 0 —
(Do, D[ DYIx[DY] p(Dy, DY, X)

bl
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where [D] is the Markov equivalent class of a DAG D, whilst for any Dy € [1)8] and
D € [DV] we have p(Do, D1Y, X)/p(D, DV|Y, X) = p(Do, D1)/p(DY, DY)..

Proof. See Supplementary material. |

Proposition 4 shows that the correct graphical structures will eventually be detected in
both groups, when the comparison in made with DAGs outside [1)8] X [Z)?], the equivalence
class of the true DAGs. On the contrary, within the true equivalence class the posterior
ratio coincides with the prior ratio and we are not able to discriminate between graphs
with same dependences: in other words, when equivalent graphs are compared we have
compatibility (Peluso and Consonni 34, or score equivalence), in that those graphs will have
the same marginal likelihood and then a unit Bayes factor. Therefore identification of graphical
structures is possible only up to Markov equivalence; indeed, our model can be rewritten as the
Structural Equation Model y; (k) —x/ By = (I,—L])(y;(k)—x Bi)+€;, where € ~ N(0,D),
a diagonal potentially heteroskedastic covariance matrix, and therefore specific identifiability
conditions, such as homoskedasticity or heteroskedasticity known up to a constant [31, 4]
would be needed to guarantee the identification of the single true graphical structure. Finally,
we conjecture that a more restricting set of assumptions, more explicitely in line with those in
[5], with adaptations required by possibly dependent graph priors, would extend Proposition
4 to the high-dimensional case where the number of nodes increases in .

4. Numerical examples
4.1. Simulated experiments

In the first set of experiments, we assume known control and treatment graphs, and we evaluate
the estimation of the propensity score and of ATE, at different levels of . Keeping fixed the
generative process of x, a different 8 corresponds to a more or less pronounced disparity
between groups: for a propensity score increasing in 8, higher positive (lower negative) values
B under-represent the control (treatment) group. Still, the distribution of x is the same in both
groups, so that the preliminary covariance balancing is not necessary in this simulated setting.
For ¢ = 3, we fix E(Do) = {(2,1),(3,2)} and E(D;) = {(2, 1)}, so that in the intervened
group the edge 3 — 2 is removed. Given these graphs, similarly to Hauser and Bithlmann [20]
and Castelletti and Peluso [11], Do = Dy = 0.01 - I;, where 1 is the g-dimensional identity
matrix, whilst non-zero elements of Ly and L are uniformly chosen in the interval [-5, —0.5]U
[0.5,5].For p = 1,we generatex; ~ N(1,1),fori = 1,...,n = 5000, and the unit i is allocated
to the treatment group with probability e(x;, 8) = ®(x] B), so that z; ~ Bern (®(x;B)).
Finally, y; ~ z:Ny (x] B, (1D} L) ™)+ (1-2)Ng (x] Bo, (LoDy ' Lo) '), where Bo = 0
and B; = ATE = (2,1,3)". We let B vary in {-0.9, -0.45,0,0.45,0.9} and for each value
we repeat the whole procedure M = 3000 times. As a standard choice, we fix location and
variance hyperparameter values to, respectively, zero and one: By = By = 0%y, B = 0,x1
and Cp = Cy; = Xg = I,. In Figure 1 we report the results: the top_panegshow, for each value
of B of the column, the histogram of B recovered from the M repetitions, with highlighted
as a vertical bar the true unknown f. Similarly, the bottom panels show the M estimated
e(x, B), for x in the range F2 standard deviations from its mean. We see that the estimated 8
is correctly centered, and the estimated propensity score functions are coherent to the depicted



1558 S. Peluso and A. Mira

3!
0
15 20

beta
10
20
15 25
20
0

0 5 10
5
0 5 10

-0.95 -0.85 -0.50 -0.44 -0.04 0.00 0.04 0.40 044 048 0.85 0.90 0.95

08
08

propensity score
04
L L
04
L
04
L
04 08
L L L
04 08
L L L

:0 0
0.0
0.0
0.0
0.0

Fig 1. Estimated slope B and propensity score, over M = 3000 simulated samples of size n = 5000, for g = 3 number
of nodes and p = 1 covariate. Each column identifies a different value of true slope B € {-0.9,-0.45,0,0.45,0.9}.
First row: distribution of B, with true value as verticle line. Second row: estimated propensity score e(x, B) =
®(xB), based on the average B over the M repetitions (red) and with all B within 2 standard deviations (grey).

15
15
15

15

15

10
10
10
10

node 1
0 5

20
20
20

node 2

0 5 10 15 20 25

0 5 10 20

;
\
i i .||||”H“‘“
T T T T T 1

094 098 1.02 0. 96 1.00 1.04 0.9 1.00 1.04 0.9 1.00 1.04

A | H\
| . o i m\lm“ hm\hu.“., ‘”mhl\\h, .

285 295 3.05 3.15 285 295 305 3.15 285 295 305 3.15 285 295 3.05 3.15 285 295 305 3.15

0 5 10
0 5 10
0 5 10

node 3
2 4 8 8 10
2 4 6 8 10

0 2 4 6 8 10
0 2 4 6 8 10

0

p=-09 p=-045 p=0 p=0.45 p=0.9

Fig 2. Histogram of estimated ATE, over M = 3000 simulated samples of size n = 5000, for g = 3 number of
nodes and p = 1 covariate, for each node (each row) and different values of B € {—0.9,-0.45,0,0.45,0.9} (each
column), with limiting distribution predicted by Proposition 3 (red curve).

true unknown propensity score function; the average estimates are not reported, since they
completely overlap the true values. Furthermore, in Figure 2 we show the histogram of ATE
for node 1 (top), node 2 (middle) and node 3 (bottom), at different values of B at each column.
The limiting Gaussian densities predicted by Proposition 3 are overimposed and perfectly
match the simulation-based distributions.

In a second set of experiments, we relax the assumption of known graphs, now to be



Structure learning and causal effect estimation from unbalanced groups 1559

learnt through the MCMC algorithm outlined in Supplementary Material. Furthermore, two
g-dimensional Dy and P, are randomly generated by the R function pcalg::randomDAG,
fixing a probability of edge inclusion equal to 2/g, as in Castelletti and Peluso [11], for
q € {5,10,20}, and correspondent number of covariates p € {2,3,4}. The true B for the
assignment to control or intervened groups is (0.45,0.6,0.2, —0.5) whose first p elements
are used in each simulated setting. The matrix By = 1,x, and B is the same as By, with
the exception of the elements in its first two columns, randomly generated from a standard
uniform, so that only the first two coordinates of y are targets of the intervention, with a
non-null ATE corresponding to these coordinates. Everything else related to the generation
of datasets and hyperparameter values are fixed as in the previous set of experiments with
known graphs. The whole MCMC is run for § = 5000 iterations, after a burn-in period of
equal length initialized to empty graphs. Finally, everything is repeated M = 50 times.

In Figure 3 we measure the performance in graph recovery in terms of Structural Hamming
Distance (SHD, Kalisch and Biithlmann 26) between true and estimated EGs, for both groups
separately. Our method is named BAYES in the figure. As the final graph estimate, we
keep edges that are present in at least S/2 iterations, the so-called median probability model
mentioned in Section 2 of Supplementary material. We also include the greedy equivalence
search (GES) method of Chickering [12], a penalized maximum likelihood method that uses,
following Foygel and Drton [17], three different penalization levels: the BIC (GES 1), the
extended BIC with tuning coefficient y = 0.5 (GES 2) and the extended BIC with tuning
coefficient y = 1 (GES 3). As further benchmarks, we also include the PC algorithm of [48],
at the significance level 0.01 (PC 1), 0.05 (PC 2) and 0.10 (PC 3). In all scenarios for both
groups, our Bayesian methodology consistently show the best SHDs, regardless of the tuning
parameters adopted in the competing methods. Finally in Figure 2 (Supplementary Material)
we report the 95% MCMC-based credible intervals of the estimated Average Treatment Effect,
averaged over M simulated repetitions in each scenario (left panels), and the proportion of
simulated datasets for which each node is estimated as causally affected by the intervention
(right panels), that is those for which the ATE credible interval does not include the zero
value: it is clearly identified in all settings which are the true targets.

4.2. Protein networks for acute myeloid leukemia

The acute myeloid leukemia (AML) is a hematological malignancy characterized by uncon-
trolled proliferation, differentiation arrest, and accumulation of immature myeloid progenitors
in peripheral blood and bone marrow [50, 16]. Although clinical advances in AML have
been made, especially in young patients, long-term disease-free survival remains poor, and
the AML treatment has remained unchanged for the past four decades, still largely based on
standard chemotherapy and the use of allogeneic hematopoietic stem cell transplantation [44].
While hypomethylating agents have already been approved in AML, the use of other epige-
netic inhibitors, such as histone deacetylases (HDAC) inhibitors (HDAC:I), is under clinical
development. HDACi such as Panobinostat, Vorinostat, and Tricostatin A have been shown
to promote cell death, autophagy, apoptosis, or growth arrest in preclinical AML models, yet
these inhibitors do not seem to be effective as monotherapies. So far the results with HDACi
in clinical trials have been ambiguous, and we will implement our method to recover network
dependency structures, causal effects and targets of HDAC-based therapies.
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Fig 3. Structural Hamming Distance (SHD) between estimated and true I -Essential Graph, over M = 50 simulated
repetitions of size n = 5000, for (g, p) = (5,2) (first row), (g, p) = (10,3) (second row) and (q, p) = (20,4)
(third row). Methods under comparison, for control (first column) and treatment (second column) groups: the
greedy equivalence search method of Chickering [12], using BIC (GES 1), extended BIC with y = 0.5 (GES 2),

extended BIC withy = 1 (GES 3); the PC algorithm of Spirtes et al. [48], at significance level 0.01 (PC 1), 0.05
(PC 2) and 0.10 (PC 3); our method (BAYES).

The dataset includes protein levels for 213 newly diagnosed AML patients, provided
as a supplement to Kornblau et al. [29] and available from the MD Anderson
Department of Bioinformatics and Computational Biology athttp://bioinformatics.
mdanderson.org/Supplements/Kornblau-AML-RPPA/aml-rppa.xls. Fol-
lowing Peterson et al. [37] and Castelletti et al. [8], we restrict the analysis to n = 178 subjects
with AML subtype M0, M1, M2 or M4, according to the French-American-British (FAB)
classification system, and to g = 18 proteins that are known to be involved in apoptosis and cell
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Fig 4. Left panel: 95% MCMC-based credible intervals of the estimated Average Treatment Effect, for each gene
in the AML data. Right panel: kernel density estimates of propensity scores for patients subject (red dashed line)
or not (black solid line) to histone deacetylases therapies.

cycle regulation [27]. The AML subtype is one of the regressors, together with age, sex and
prior existence of a malignancy, then p = 6, with three binary variables coding the four cate-
gories of the FAB classification. By their nature, these features can’t be modelled as Gaussian
random variables, and therefore can’t be included as additional nodes in the network of y. The
intervention vector is such that z; = 1 if patient i receives HDAC inhibitors (n; = 64),and z; = 0
otherwise (ng = 114). In Figure 3 (Supplementary Material) we show the probit propensity
scores, based on the estimated ,l;‘ = (-0.0058,—-0.1512, -0.2281, —0.2429, 0.3593, 0.0248),
as a function of age, for females (first row) and males (second row), in absence (first column)
or presence (second column) of prior malignancy, for the four FAB categories M0, M1, M2
and M4. We then balance the estimated propensity scores in the two groups by matching each
treated unit with its closest control unit, reducing the sample to ng = n; = 64 observations.
Indeed, in the right panel of Figure 4, we report, separately for items subject or not to HDAC
therapies, the densities of the estimated propensity scores after the matching: they clearly
overlap, with no evidence of bias in the covariance profiles of treated and untreated subjects.
As a further confirmation, not reported for brevity, on the average age, the proportion of
males, the proportion of units with prior malignancy, and the AML subtype proportion, no
test on the mean or proportion difference reveal any significant difference between the HDAC
and no-HDAC groups, suggesting that groups are balanced on average, and that the significant
average treatment effects genuinely stem from the treatment itself.

We run the MCMC sampler of Section 2 in Supplementary material for M = 50000
iterations, whose first M /2 discarded, initialized at the empty control and treatment graphs,
and all the hyperprior specifications are fixed as in the simulated studies. In Figure 4 we report
the 95% MCMC-based credible intervals of the estimated ATE, for each studied gene: we
see a clear significant causal effect for GSK3, whilst BAD, CCND1 and BCLXL are close to
significance. In Figure 5 we show the two estimated EGs, without (Dy) and with (D) HDAC
treatments: the graphical structure is subject to clear changes: 33 directions are removed from
Dy to Dy, but other 29 directions are added, suggesting that the structural effects of HDAC
therapies are not in line with those predicted by hard interventions. Indeed, the (interventional)
EG estimated assuming hard unknown interventions [10] that destroy parental relationships
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Fig 5. Estimated Essential Graphs, without histone deacetylases treatment (Dy, left) and with histone deacetylases
treatment (D1, right).

(not reported) is very close to the reported Dg and it is therefore not able to detect any
change in the dependency structure stemming from HDAC therapies, further suggesting that
the assumption of hard interventions would be restrictive in this context.

5. Conclusions and further developments

We have developed a Bayesian statistical methodology to learn pre- and post-intervention
networks, causal effects and treatment targets, from data partly subject to external unknown
interventions and to observed confounders. A multivariate potential outcome model is com-
plemented with a newly proposed Normal-DAG-Wishart prior, whose theoretical properties
are studied. We first derive the asymptotic properties of the propensity score Bayesian estima-
tor, on the basis of which we balance the two treated and control groups. We then prove the
ability of the model to correctly identify treated and untreated networks, and the asymptotic
distribution of the Average Treatment Effect estimator, under different dynamics of the two
groups. An implementation on Acute Myeloid Leukemia data sheds light on structural and
causal effects of histone deacetylases inhibitors on a network of proteins known to be involved
in apoptosis and cell cycle regulation.

Other design choices may avoid the subsampling implicit in the propensity matching.
For instance, weighted estimators of the causal treatment effect can be studied, through an
inverse probability weighting (IPW) ATE estimator e~ ' X, B, /n — (1 — )~ XoBy/n, where
e ! = (e(x1,B),...,e(xn, /)17, or a doubly robust Augmented IPW [40] alternative.
Also, ATE estimators computed on propensity score-based stratifications can be analyzed
along the lines of Proposition 3, for which we conjucture an asymptotic variance with explicit
within- and between-strata variability terms. There may also be interest in alternative measures
that deviate from ATE, as the Average Treatment effect on the Treated (ATT), see Imbens
[24], defined as ATT := E[y(1) —y(0)|z = 1], that would be E[xT (B — By) |z=1] =
E[x" (B1 - Bo) e(x, B)] /E [e(x, B)].

Furthermore, the assumed latent unconfoundedness is a limitation that can be violated
for various reasons. An extension in this direction could be performed on both causal effect
estimation and structure learning: for the former, the marginal sensitivity model of Tan [51]
imposes a maximum threshold on the importance of a latent confounder, and could lead to the
replacement of point estimated propensity scores and ATE with related sharp bounds [56, 14];
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for the latter, the presence of hidden latent variables that are parents of the observed nodes
would require to extend the currently proposed Normal-DAG-Wishart prior from a diagonal
matrix D in the modified Cholesky decomposition of the precision matrix, to a non-diagonal
matrix D, since this extension would be equivalent to introduce non-null covariance terms
in the errors of a Structural Equation Model [41]. The marginal likelihood of the new prior
could then contribute to posterior ratios of graphs, whose asymptotic behaviour could reveal,
along the lines of Proposition 4, the ability of consistently identifying networks in presence
of missing confounders.
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Structure learning and causal effect estimation from unbalanced groups: Supplementary
Material

(doi: 10.1214/26-EJS2524SUPP; .pdf). It contains proofs of propositions, the algorithm for
posterior sampling, additional details on the leukemia study, a second application on cardiac
arrests in Ticino, and an additional implementation of the proposed methodology as hypothesis
test on the multivariate average treatment effect.
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