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Let m,n, s,k be four integers such that 1 ⩽ s ⩽ n, 1 ⩽ k ⩽ m and ms = nk. A signed magic 
array SMA(m,n; s,k) is an m × n partially filled array whose entries belong to the subset 
Ω ⊂ℤ, where Ω = {0,±1,±2, . . . ,±(nk − 1)/2} if nk is odd and Ω = {±1,±2, . . . ,±nk/2}
if nk is even, satisfying the following requirements: (a) every ω ∈ Ω appears once in the 
array; (b) each row contains exactly s filled cells and each column contains exactly k filled 
cells; (c) the sum of the elements in each row and in each column is 0. In this paper we 
construct these arrays when n is even and s,k ⩾ 5 are coprime integers. This allows us to 
provide a complete answer to a problem posed in 2017 by Khodkar, Schulz and Wagner, 
giving the necessary and sufficient conditions for the existence of an SMA(m,n; s,k) for all 
admissible values of m,n, s,k.

© 2026 The Author(s). Published by Elsevier B.V. This is an open access article under the 
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In recent years, many authors have worked with magic squares and various generalizations of these objects. For instance, 
one can consider magic rectangles [8,9], magic hypercubes [18], or magic squares on abelian groups [19]. In particular, 
Abdollah Khodkar, Christian Schulz and Nathan Wagner introduced in [12] a class of partially filled arrays, called signed 
magic arrays.

Definition 1.1. Let m,n, s,k be four integers such that 1 ⩽ s ⩽ n, 1 ⩽ k ⩽ m and ms = nk. A signed magic array SMA(m,n; s,k)

is an m × n partially filled array with entries in Ω ⊂ ℤ, where Ω = {0,±1,±2, . . . ,±(nk − 1)/2} if nk is odd and Ω =
{±1,±2, . . . ,±nk/2} if nk is even, such that

(a) every ω ∈ Ω appears once in the array;
(b) each row contains exactly s filled cells and each column contains exactly k filled cells;
(c) the sum of the elements in each row and in each column is 0.

Replacing in the previous definition the subset Ω with any subset Ψ ⊂ ℤ such that {Ψ,−Ψ} is a partition of 
{±1,±2, . . . ,±nk}, one obtains an integer Heffter array H(m,n; s,k), an object introduced by Dan Archdeacon in [2]. In 
fact, as shown in [15], magic rectangles, signed magic arrays and Heffter arrays are all members of the broader family of 
the magic partially filled arrays. Speaking of integer Heffter arrays, we recall that Archdeacon conjectured (see [2, Conjecture 
6.3]) that there exists an integer Heffter array H(m,n; s,k) for all m,n, s,k with s,k ⩾ 3 and ms = nk, provided that the 
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necessary condition ms ≡ 0,3 (mod 4) is satisfied. The reader interested in constructing these objects can find a survey on 
almost all known results in [16]. Further methods for constructing rectangular integer Heffter arrays have been recently 
described in [14,17]. These methods, adapted here to work with signed magic arrays, allow us to completely solve the 
existence problem of an SMA(m,n; s,k).

Theorem 1.2. Let m,n, s,k be four integers such that 1 ⩽ s ⩽ n, 1 ⩽ k ⩽ m and ms = nk. There exists an SMA(m,n; s,k) if and only if 
one of the following cases occurs:

(1) k = m = s = n = 1;
(2) k = 2, m = 2 and s = n ≡ 0,3 (mod 4);
(3) k = 2 and m, s ⩾ 3;
(4) s = 2, n = 2 and k = m ≡ 0,3 (mod 4);
(5) s = 2 and n,k ⩾ 3;
(6) s,k ⩾ 3.

Clearly, if A is an SMA(m,n; s,k), then its transpose At is an SMA(n,m;k, s). Furthermore, an SMA(m,n; s,1) exists only 
when m = s = n = 1, in which case the matrix one is looking for is 0 . The existence problem of an SMA(m,n; s,2) and of an 
SMA(m,n; s,3) has been already solved in [10] and in [11], respectively. Constructions of signed magic arrays SMA(m,n; s,k)

have been described firstly assuming that s,k ⩾ 4 are even integers (see [13, Theorem 1.6]), and then assuming the weaker 
hypothesis that gcd(s,k) ⩾ 2 (see [14, Theorem 1.9]). The case when s ≡ 0 (mod 4) has been dealt with in [14, Theorem 
1.10], while the case when nk is odd has been completely solved in [15, Corollary 3.5]. We can resume the results obtained 
in [13--15] as follows.

Proposition 1.3. Let m,n, s,k be four integers such that 3 ⩽ s ⩽ n, 3 ⩽ k ⩽ m and ms = nk. There exists an SMA(m,n; s,k) in each of 
the following cases:

(1) gcd(s,k) ⩾ 2;
(2) s ≡ 0 (mod 4);
(3) nk is odd.

Once more, we remark that all the previous results on signed magic arrays [10,11,13--15] have been obtained with 
constructive methods. So, to prove Theorem 1.2 it suffices to consider the case when nk is even, s,k ⩾ 5 and gcd(s,k) = 1. 
Under these assumptions, s and k cannot be two even integers, so we may assume that k is odd and s ≢ 0 (mod 4). If s
and k are odd coprime integers, from ms = nk even, it follows that m = 2ck and n = 2cs for some positive integer c. On the 
other hand, if s ≡ 2 (mod 4), we can write s = 2s̄ for some odd integer s̄ ⩾ 3 such that gcd(s̄,k) = 1. Again, from ms = nk, 
we obtain m = ck and n = 2cs̄ for some positive integer c. In both cases, we prove the existence of an SMA(m,n; s,k) by 
constructing a signed magic array set, see [15].

Definition 1.4. A signed magic array set SMAS(a,b; e) is a set of e arrays of size a × b with entries in Ω ⊂ ℤ, where Ω =
{0,±1,±2, . . . ,±(abe − 1)/2} if abe is odd and Ω = {±1,±2, . . . ,±abe/2} if abe is even, such that

(a) every ω ∈ Ω appears once and in a unique array;
(b) for every array, the sum of the elements in each row and in each column is 0.

In the next sections, we prove the following results that, together with Proposition 1.3, will imply the validity of Theo
rem 1.2, as explained in Section 6.

Proposition 1.5. Given a positive integer c and two odd integers a,b ⩾ 5 such that (a,b) ≠ (5,5), there exists an SMAS(a,b;2c).

Proposition 1.6. Given an odd integer b ⩾ 5, there exists an SMAS(6,b; c) for all c ⩾ 1.

We recall that, when nk is even, an SMA(m,n; s,k) is an integer 2-fold Heffter array 2H(m,n; s,k) with some additional 
properties.

Definition 1.7. [5,13] Let m,n, s,k be four integers such that 1 ⩽ s ⩽ n, 1 ⩽ k ⩽ m and ms = nk. Set v = nk + 1 and Φ ={︁
1, . . . ,

⌊︁ v
2 
⌋︁}︁ ⊂ℤ. An integer 2-fold Heffter array 2H(m,n; s,k) is an m × n partially filled array with elements from Φ ∪ −Φ

such that

(a) each row contains exactly s filled cells and each column contains exactly k filled cells;
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(b) denoting by ρ(x) the number of the entries whose absolute value is equal to a positive integer x, if v is odd, then 
ρ(x) = 2 for every x ∈ Φ; if v is even, then ρ(x) = 2 for every x ∈ Φ \ {︁ v

2 
}︁

while ρ
(︁ v

2 
)︁ = 1;

(c) the sum of the elements in each row and in each column is 0.

As a consequence of Theorem 1.2, we have the following.

Corollary 1.8. Let m,n, s,k be four integers such that 2 ⩽ s ⩽ n, 2 ⩽ k ⩽ m and ms = nk. Suppose nk ≢ 3 (mod 4). There exists an 
integer 2H(m,n; s,k) if and only if nk is even and

(m,n, s,k) ∉ {(ℓ,2,2, ℓ), (2, ℓ, ℓ,2) : ℓ⩾ 1 is such that ℓ ≡ 1,2 (mod 4)} .

Signed magic arrays can be interpreted as zero-sum magic partially filled arrays, according to the following.

Definition 1.9. [15] A zero-sum magic partially filled array 0MPFΩ(m,n; s,k) on a subset Ω of an abelian group (Γ,+) is a 
partially filled array of size m × n with entries in Ω such that

(a) every ω ∈ Ω appears once in the array;
(b) each row contains s filled cells and each column contains k filled cells;
(c) the sum of the elements in each row and in each column is 0Γ .

The entries of an SMA(m,n; s,k) can be also viewed as elements of a finite cyclic group. Setting Γ =ℤnk if nk is odd and 
Γ =ℤnk+1 if nk is even, an SMA(m,n; s,k) is a zero-sum magic partially filled array on Γ if nk is odd and on Γ \ {0Γ} if nk
is even. Consequently, signed magic arrays may prove to be potentially useful for graph theorists working on graph labeling. 
We now briefly describe a possible connection between these arrays (and signed magic array sets) and magic labelings (see 
[7, Sections 5.1 and 5.6]).

A bipartite biregular graph G(V , E) is a graph whose vertex set can be written as a disjoint union V = V 1 ∪ V 2 with 
|V 1| = m, |V 2| = n, and where each vertex of V 1 is connected with exactly s vertices of V 2, and each vertex of V 2 is 
connected with exactly k vertices of V 1. Now, let M be an SMA(m,n; s,k). We associate to M a bipartite biregular graph 
ΦM = G(V , E) by taking a set V 1 of m points, a set V 2 of n points, and drawing an edge ei, j between the i-th vertex of V 1
and the j-vertex of V 2 if the cell (i, j) of M is not empty. Define the labeling f M : E → Γ, where f M(ei, j) is the entry of 
the corresponding cell (i, j) of M .

A ℤnk-supermagic labeling of a graph G(V , E) with |E| = nk is a bijection from E to ℤnk such that the sum of labels of 
all incident edges of every vertex v ∈ V is equal to the same element x ∈ ℤnk , see [6]. If M is an SMA(m,n; s,k) with nk
odd, then function f M is a ℤnk-supermagic labeling of ΦM , where the constant x is 0ℤnk

.
A graph G is said to be zero-sum ℤnk+1-magic if there exists a labeling of the edges of G with elements of ℤnk+1 \ {0}

such that, for each vertex v , the sum of the labels of the edges incident with v is equal to 0ℤnk+1
, see [1]. If M is an 

SMA(m,n; s,k) with nk even, then ΦM is a zero-sum ℤnk+1-magic graph.
Finally, given a graph G = (V , E), a bijection f : V → ℤabe+1 \ {0ℤabe+1

} is said to be a ℤabe+1-distance magic labeling 
of G if there exists μ ∈ ℤabe+1 such that ω(v) = ∑︁

u∈N(v)

f (u) is μ for all vertices v ∈ V , see [3,4]. If S is an SMAS(a,b; e)

with abe even, then we can consider the complete a-partite graph Kbe×a consisting of be parts of the same cardinality a. 
Labeling the vertices of each part with the a entries of the be columns of the elements of S , we obtain a ℤabe+1-distance 
magic labeling of Kbe×a where the constant μ is 0ℤabe+1

.
Explicit constructions of our signed magic array sets are given in Sections 3, 4 and 5. The reader interested only in 

the proofs of our main results can refer directly to Section 6. Those, who want to understand how we have truly solved 
this decade-long problem, will find similar constructions (and statements) each requiring small adjustments or different 
approaches, due to the presence of various parameters. We have unified some of them while trying to maintain a certain 
level of readability. To help these readers, explicit algorithmic implementations in gap are available up to request to the 
authors.

2. Notation and preliminary results

Given an array A, we denote by ℰ(A) the list of its entries; σr(A) and σc(A) denote, respectively, the sequence of the 
sums of the elements of each row and column of A. If σr(A) = (0, . . . ,0) and σc(A) = (0, . . . ,0), the array A is said to be a 
zero-sum block. Given a set 𝔖 = {A1, A2, . . . , Ar} of arrays, we set ℰ(𝔖) = ∪iℰ(Ai).

Given an integer d ⩾ 1, if a,b are two integers such that a ≡ b (mod d), then we use the notation

[a,b]d =
{︃

a + id | 0 ⩽ i ⩽ b − a

d 

}︃
⊂ ℤ,

whenever a ⩽ b. If a > b, then [a,b]d = ∅. If d = 1, we simply write [a,b]. Given a subset Ω consisting of positive integers, 
we write ±Ω = {±ω : ω ∈ Ω}. Given two positive integers ε and x, a set {x, x + ε} will be called a 2-set of type ε.
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10 −4 −6 5 −5 7 −7
−2 19 −17 −32 32 −33 33
−8 −15 23 27 −27 26 −26
1 −30 29 14 −16 −18 20

−1 30 −29 −14 16 18 −20

, 

−10 4 6 9 −9 11 −11
2 −19 17 −34 34 −35 35
8 15 −23 25 −25 24 −24
3 −31 28 12 −13 −21 22

−3 31 −28 −12 13 21 −22

.

Fig. 1. An SMAS(5,7;2). 

Following [17], we consider the following objects.

Definition 2.1. An integer Heffter array set IHS(a,b; c) is a set of c arrays of size a × b such that

(a) the entries of all these arrays constitute a subset Ω ⊂ℤ such that {Ω,−Ω} is a partition of {±1,±2, . . . ,±abc};
(b) every ω ∈ Ω appears once and in a unique array;
(c) for every array, the sum of the elements in each row and in each column is 0.

Theorem 2.2. [17] Let a,b, c be positive integers such that abc ≡ 0,3 (mod 4). Suppose that a,b ⩾ 7 are odd integers. Then, there 
exists an IHS(a,b; c).

If {A1, A2, . . . , Ac} is an IHS(a,b; c), then {A1,−A1, A2,−A2, . . . , Ac,−Ac} is clearly an SMAS(a,b;2c). Hence, from The
orem 2.2 we obtain the following.

Corollary 2.3. Let a,b, c be positive integers such that abc ≡ 0,3 (mod 4). Suppose that a,b ⩾ 7 are odd integers. Then, there exists 
an SMAS(a,b;2c).

Remark 2.4. An SMAS(a,b; e) exists if and only if there exists an SMAS(b,a; e).

In the next two sections, we will construct SMAS(a,b;2c) when either a = 5 or abc ≡ 1,2 (mod 4). Roughly speaking, 
to build the elements of our signed magic array set we will use some basic zero-sum blocks of size 3 × 3, 2 × 3, 2 × 4 or 
2 × 6 (see, for instance, Fig. 1). To this purpose, we start with the following constructions.

Lemma 2.5. Given three nonnegative integers α,β, u such that u ⩽ α + 1, there exists a set 𝔄 = 𝔄(α,β, u) consisting of 2u square 
zero-sum blocks of size 3 such that ℰ(𝔄) consists of the following disjoint subsets:

ℰ(𝔄) = ±[2α + 2,2α + 8u]2 ⊔ ±[4α + 6u + 4,4α + 10u]4⊔
±[2β + 1,2β + 4u − 1]2 ⊔ ±[2α + 2β + 2u + 3,2α + 2β + 10u − 1]4.

Proof. For all i ∈ [0, u − 1], define

Ai =
4α + 6u + 4 + 4i −(2α + 2u + 2 + 2i) −(2α + 4u + 2 + 2i)
−(2α + 2 + 2i) 2α + 2β + 2u + 3 + 4i −(2β + 2u + 1 + 2i)

−(2α + 6u + 2 + 2i) −(2β + 1 + 2i) 2α + 2β + 6u + 3 + 4i
.

The set 𝔄 = {+Ai,−Ai : i ∈ [0, u − 1]} has the required properties. □
Lemma 2.6. Given three positive integers α,β, u such that β ⩾ α+3u −2, there exists a set 𝔅= 𝔅(α,β, u) consisting of u zero-sum 
blocks of size 2 × 3 such that ℰ(𝔅) consists of the following disjoint subsets:

ℰ(𝔅) = ±[α,α + 2u − 2]2 ⊔ ±[β − u + 1, β] ⊔ ±[α + β,α + β + u − 1].

Proof. For every j ∈ [0, u − 1], define

B j = α + 2 j −(α + β + j) β − j
−(α + 2 j) α + β + j −(β − j)

.

The set 𝔅 = {︁
B j : j ∈ [0, u − 1]}︁ has the required properties. □

Let Q 1 = Q 1({x1, x1 + 1}, {x2, x2 + 1}), Q 2 = Q 2({y1, y1 + 2}, {y2, y2 + 2}), Q 3 = Q 3({z1, z1 + 4}, {z2, z2 + 4}), R1 =
R1({y1, y1 + 2}, {x1, x1 + 1}, {x2, x2 + 1}) and R2 = R2({z1, z1 + 4}, {y1, y1 + 2}, {y2, y2 + 2}) be the following zero-sum 
blocks:

4 



F. Morini and M.A. Pellegrini Discrete Mathematics 349 (2026) 115313 

Q 1 = x1 −(x1 + 1) −x2 x2 + 1
−x1 x1 + 1 x2 −(x2 + 1)

,

Q 2 = y1 −(y1 + 2) −y2 y2 + 2
−y1 y1 + 2 y2 −(y2 + 2)

,

Q 3 = z1 −(z1 + 4) −z2 z2 + 4
−z1 z1 + 4 z2 −(z2 + 4)

,

R1 = y1 −(y1 + 2) −x1 x1 + 1 −x2 x2 + 1
−y1 y1 + 2 x1 −(x1 + 1) x2 −(x2 + 1)

,

R2 = z1 −(z1 + 4) −y1 y1 + 2 −y2 y2 + 2
−z1 z1 + 4 y1 −(y1 + 2) y2 −(y2 + 2)

.

Lemma 2.7. Given three positive integers α,β,γ such that β > γ + 3 > α + 12 > 22, there exists a set ℭ= ℭ(α,β,γ ) consisting of 
two square blocks of size 5 such that

σr(C) = (0,0,0,1,−1) and σc(C) = (0,0,0,0,0) for all C ∈ ℭ

and ℰ(ℭ) consists of the following disjoint subsets:

ℰ(ℭ) = ±[1,7]2 ⊔ ±[2,10]2 ⊔ ±{α,α + 4,α + 6,α + 9} ⊔ ±[γ ,γ + 3] ⊔ ±[β,β + 7].

Proof. Let C1 and C2 be the following arrays:

10 −8 −2 5 −5
−6 −α α + 6 −(β + 6) β + 6
−4 α + 9 −(α + 4) β −(β + 1)

1 −(β + 5) β + 3 −(γ + 1) γ + 3
−1 β + 4 −(β + 3) γ + 2 −(γ + 3)

, 

−10 8 2 7 −7
6 α −(α + 6) −(β + 7) β + 7
4 −(α + 9) α + 4 β + 1 −β

−3 β + 5 −(β + 2) γ + 1 −γ
3 −(β + 4) β + 2 −(γ + 2) γ

.

The set ℭ = {C1, C2} has the required properties. □
The blocks in the previous set ℭ will require the use of some special 2 × 4 and 2 × 2 blocks. Let U1({y1, y1 + 2}, {x1, x1 +

1}) and U2({x1, x1 + 1}) be the blocks

U1 = y1 −(y1 + 2) −x1 x1 + 1
−y1 y1 + 2 x1 −(x1 + 1)

and U2 = x1 −(x1 + 1)

−x1 x1 + 1
.

We have σr(U1) = σr(U2) = (−1,+1), σc(U1) = (0,0,0,0) and σc(U2) = (0,0).

3. The general case

In this section we construct an SMAS(a,b;2c) when a,b ⩾ 5 are odd integers such that (a,b) ≠ (5,5), (5,7), (7,5), and 
c is a positive integer such that c ≢ 0 (mod 4).

3.1. Subcase c ≡ 3 (mod 4)

Lemma 3.1. Suppose that b ⩾ 9 is such that b ≡ 1 (mod 4). There exists an SMAS(5,b;2c) for all c ⩾ 3 such that c ≡ 3 (mod 4).

Proof. Write c = 4t + 3 where t ⩾ 0. Our SMAS(5,b;2c) will consist of 8t + 6 arrays of type

X3 X t
2 X t

2 X t
2 X t

2 X t
2 · · · X t

2 X t
2

X2 Z6 Z4 · · · Z4
, (3.1)

where each Xr is a zero-sum block of size r × 3 and each Zℓ is a zero-sum block of size 2 × ℓ.
Write b = 4w + 9, where w ⩾ 0. Hence, we will construct 8t + 6 blocks X3, 4(w + 2)(4t + 3) blocks X2, 2w(4t + 3)

blocks Z4 and 8t + 6 blocks Z6. So, take

𝔄 = 𝔄(4t + 2, 4(w + 2)(4t + 3), 4t + 3),

𝔅 = 𝔅(1, 4(16w + 37)t + 48w + 111, 4(w + 2)(4t + 3))

as in Lemmas 2.5 and 2.6, respectively. Then,

5 



F. Morini and M.A. Pellegrini Discrete Mathematics 349 (2026) 115313 

ℰ(𝔄) ⊔ ℰ(𝔅) = ±[1,20w(4t + 3) + 180t + 135] \ ± (ℳ1 ⊔ . . . ⊔ℳ6) ,

where

ℳ1 = [2,8t + 4]2,

ℳ2 = [40t + 32,56t + 36]4,

ℳ3 = [56t + 40,8w(4t + 3) + 112t + 78]2,

ℳ4 = [8w(4t + 3) + 80t + 63,8w(4t + 3) + 112t + 75]4,

ℳ5 = [8w(4t + 3) + 112t + 79,8w(4t + 3) + 112t + 80],
ℳ6 = [8w(4t + 3) + 112t + 82,12w(4t + 3) + 116t + 87].

So, we replace the 8t + 6 instances of X3 with the arrays in 𝔄 and the 4(w + 2)(4t + 3) instances of X2 with the arrays in 
𝔅.

Next, write

ℳ1 = ℳ1
1 ⊔ℳ2

1 ⊔ℳ3
1 and ℳ6 = ℳ1

6 ⊔ℳ2
6 ⊔ℳ3

6 ⊔ℳ4
6 ⊔ℳ5

6,

where

ℳ1
1 = [2,8t − 2]4,

ℳ2
1 = [4,8t]4,

ℳ3
1 = [8t + 2,8t + 4]2,

ℳ1
6 = [8w(4t + 3) + 112t + 82,8w(4t + 3) + 112t + 86]4,

ℳ2
6 = [8w(4t + 3) + 112t + 83,8w(4t + 3) + 112t + 87]4,

ℳ3
6 = [8w(4t + 3) + 112t + 84,8w(4t + 3) + 112t + 85],

ℳ4
6 = [8w(4t + 3) + 112t + 88,12w(4t + 3) + 116t + 86]2,

ℳ5
6 = [8w(4t + 3) + 112t + 89,12w(4t + 3) + 116t + 87]2.

The set ℳ1
1 ⊔ ℳ2

1 ⊔ ℳ2 ⊔ ℳ4 ⊔ ℳ1
6 ⊔ ℳ2

6 can be written as a disjoint union F1 ⊔ . . . ⊔ Fα , where α = 8t + 5 and 
each Fi is a 2-set of type 4. The set ℳ3

1 ⊔ ℳ3 ⊔ ℳ4
6 ⊔ ℳ5

6 can be written as a disjoint union G1 ⊔ . . . ⊔ Gβ , where 
β = 4w(4t + 3) + 16t + 11 and each G j is a 2-set of type 2. Finally, the set ℳ5 ⊔ ℳ3

6 can be written as a disjoint union 
H1 ⊔ H2, where each Hh is a 2-set of type 1. Call

ℜ1 = {R2(Fi, G2i−1, G2i) : i ∈ [1,8t + 5]} ,

ℜ2 = {R1(G16t+11, H1, H2)} ,

𝔖 = {︁
Q 2(G2 j, G2 j+1) : j ∈ [8t + 6,2w(4t + 3) + 8t + 5]}︁ .

Then ℜ = ℜ1 ⊔ ℜ2 consists of 8t + 6 zero-sum blocks of size 2 × 6 and 𝔖 consists of 2w(4t + 3) zero-sum blocks of size 
2 × 4. Furthermore, ℰ(ℜ) ⊔ ℰ(𝔖) = ±(ℳ1 ⊔ . . . ⊔ℳ6). Hence, we replace the instances of Z6 with the arrays in ℜ and the 
instances of Z4 with the arrays in 𝔖. □
Example 3.2. We construct an SMAS(5,13;6) following the proof of the previous lemma. Setting t = 0 and w = 1, we need 
6 blocks X3, 36 blocks X2, 6 blocks Z4 and 6 blocks Z6. In particular, we have ℳ1

1 = ℳ2
1 = ∅, ℳ2 ⊔ ℳ4 ⊔ ℳ1

6 ⊔ ℳ2
6 =

[32,36]4 ⊔ [87,99]4 ⊔ [106,110]4 ⊔ [107,111]4, ℳ3
1 ⊔ℳ3 ⊔ℳ4

6 ⊔ℳ5
6 = [2,4]2 ⊔ [40,102]2 ⊔ [112,122]2 ⊔ [113,123]2 and 

ℳ5 ⊔ℳ3
6 = [103,104] ⊔ [108,109]. The 6 elements of our set are the following ones.

30 −12 −18 3 −3 5 −5 7 −7 9 −9 11 −11
−6 85 −79 −161 161 −162 162 −163 163 −164 164 −165 165
−24 −73 97 158 −158 157 −157 156 −156 155 −155 154 −154

1 −160 159 32 −36 −2 4 −40 42 80 −82 −84 86
−1 160 −159 −32 36 2 −4 40 −42 −80 82 84 −86

,

34 −14 −20 15 −15 17 −17 19 −19 21 −21 23 −23
−8 89 −81 −167 167 −168 168 −169 169 −170 170 −171 171
−26 −75 101 152 −152 151 −151 150 −150 149 −149 148 −148
13 −166 153 87 −91 −44 46 −48 50 88 −90 −92 94

−13 166 −153 −87 91 44 −46 48 −50 −88 90 92 −94

,

38 −16 −22 27 −27 29 −29 31 −31 33 −33 35 −35
−10 93 −83 −173 173 −174 174 −175 175 −176 176 −177 177
−28 −77 105 146 −146 145 −145 144 −144 143 −143 142 −142
25 −172 147 95 −99 −52 54 −56 58 96 −98 −100 102

−25 172 −147 −95 99 52 −54 56 −58 −96 98 100 −102

,

6 



F. Morini and M.A. Pellegrini Discrete Mathematics 349 (2026) 115313 

−30 12 18 39 −39 41 −41 43 −43 45 −45 47 −47
6 −85 79 −179 179 −180 180 −181 181 −182 182 −183 183

24 73 −97 140 −140 139 −139 138 −138 137 −137 136 −136
37 −178 141 106 −110 −60 62 −64 66 112 −114 −116 118

−37 178 −141 −106 110 60 −62 64 −66 −112 114 116 −118

,

−34 14 20 51 −51 53 −53 55 −55 57 −57 59 −59
8 −89 81 −185 185 −186 186 −187 187 −188 188 −189 189

26 75 −101 134 −134 133 −133 132 −132 131 −131 130 −130
49 −184 135 107 −111 −68 70 −72 74 120 −122 −113 115

−49 184 −135 −107 111 68 −70 72 −74 −120 122 113 −115

,

−38 16 22 63 −63 65 −65 67 −67 69 −69 71 −71
10 −93 83 −191 191 −192 192 −193 193 −194 194 −195 195
28 77 −105 128 −128 127 −127 126 −126 125 −125 124 −124
61 −190 129 76 −78 −103 104 −108 109 117 −119 −121 123

−61 190 −129 −76 78 103 −104 108 −109 −117 119 121 −123

.

Lemma 3.3. Suppose that a ⩾ 5 and b ⩾ 11 are such that a ≡ 1 (mod 4) and b ≡ 3 (mod 4). There exists an SMAS(a,b;2c) for all 
c ⩾ 3 such that c ≡ 3 (mod 4).

Proof. Write c = 4t + 3 where t ⩾ 0. Our SMAS(a,b;2c) will consist of 8t + 4 arrays of type

X3 X t
2 X t

2 X t
2 X t

2 · · · X t
2 X t

2
X2 Z4 Z4 · · · Z4

X2 Z4 Z4 · · · Z4

...
...

...
. . .

...

X2 Z4 Z4 · · · Z4

(3.2)

and two arrays of type

X t
2 X t

2 X t
2 · · · X t

2 X t
2Y5 W2 Z4 · · · Z4

X2 Z4 Z4 · · · Z4

...
...

...
. . .

...

X2 Z4 Z4 · · · Z4

, (3.3)

where each Xr is a zero-sum block of size r × 3, each Z4 is a zero-sum block of size 2 × 4, each Y5 is a block of size 5 × 5
and each W2 is a block of size 2 × 2 such that

X t
2Y5 W2

(3.4)

is a zero-sum block of size 5 × 7.
Write a = 4v +5 and b = 4w +11, where v, w ⩾ 0. Hence, we will construct 8t +4 blocks X3, 4(v + w)(4t +3)+40t +26

blocks X2, (8t + 4)(w + 2)(2v + 1) + 2(w + 1 + 2v(w + 2)) blocks Z4, 2 blocks Y5 and 2 blocks W2. So, take

𝔄 = 𝔄(4t + 5, 4(v + w)(4t + 3) + 40t + 30, 4t + 2),

𝔅 = 𝔅(9, 8(2v w + 5v + 2w)(4t + 3) + 180t + 131, 4(v + w)(4t + 3) + 40t + 26),

ℭ = ℭ(8(v + w)(4t + 3) + 140t + 92, 8(2v w + 5v + 2w)(4t + 3) + 180t + 132,

8(v + w)(4t + 3) + 140t + 102)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1,4(4v w + 11v + 5w)(4t + 3) + 220t + 165] \ ± (ℳ1 ⊔ . . . ⊔ℳ12) ,

where
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ℳ1 = [12,8t + 10]2,

ℳ2 = [40t + 28,40t + 34]2,

ℳ3 = [40t + 38,56t + 42]4,

ℳ4 = [56t + 44,8(v + w)(4t + 3) + 96t + 66]2,

ℳ5 = [8(v + w)(4t + 3) + 96t + 68,8(v + w)(4t + 3) + 96t + 75],
ℳ6 = [8(v + w)(4t + 3) + 96t + 76,8(v + w)(4t + 3) + 128t + 90]2,

ℳ7 = [8(v + w)(4t + 3) + 96t + 79,8(v + w)(4t + 3) + 128t + 91]4,

ℳ8 = [8(v + w)(4t + 3) + 128t + 92,8(v + w)(4t + 3) + 140t + 91],
ℳ9 = [8(v + w)(4t + 3) + 140t + 95,8(v + w)(4t + 3) + 140t + 97]2,

ℳ10 = [8(v + w)(4t + 3) + 140t + 106,4(4v w + 9v + 3w)(4t + 3) + 140t + 105],
ℳ11 = [8(v + w)(4t + 3) + 140t + 93,8(v + w)(4t + 3) + 140t + 94],
ℳ12 = [8(v + w)(4t + 3) + 140t + 99,8(v + w)(4t + 3) + 140t + 100].

So, we replace the 8t + 4 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ and the 4(v +
w)(4t + 3) + 40t + 26 instances of X2 with the arrays in 𝔅.

Define

ℜ = {U2(ℳ11), U2(ℳ12)}.
Then, ℰ(ℜ) = ±(ℳ11 ⊔ℳ12): we replace the 2 instances of W2 with the arrays in ℜ. Next, write

ℳ5 = ℳ1
5 ⊔ℳ2

5 ⊔ℳ3
5 ⊔ℳ4

5,

where

ℳ1
5 = [8(v + w)(4t + 3) + 96t + 68,8(v + w)(4t + 3) + 96t + 72]4,

ℳ2
5 = [8(v + w)(4t + 3) + 96t + 69,8(v + w)(4t + 3) + 96t + 70],

ℳ3
5 = [8(v + w)(4t + 3) + 96t + 71,8(v + w)(4t + 3) + 96t + 73]2,

ℳ4
5 = [8(v + w)(4t + 3) + 96t + 74,8(v + w)(4t + 3) + 96t + 75].

The set ℳ3 ⊔ ℳ1
5 ⊔ ℳ7 can be written as a disjoint union F1 ⊔ . . . ⊔ F2α , where α = 3t + 2 and each Fi is a 2-set 

of type 4. The set ℳ1 ⊔ ℳ2 ⊔ ℳ4 ⊔ ℳ3
5 ⊔ ℳ6 ⊔ ℳ9 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , where β =

(v + w)(4t + 3) + 10t + 7 and each G j is a 2-set of type 2. Finally, the set ℳ2
5 ⊔ ℳ4

5 ⊔ ℳ8 ⊔ ℳ10 can be written as a 
disjoint union H1 ⊔ . . . ⊔ H2γ , where γ = (4v w + 7v + w)(4t + 3) + 3t + 1 and each Hh is a 2-set of type 1. Call

𝔖1 = {Q 3(F2i−1, F2i) : i ∈ [1,3t + 2]} ,

𝔖2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1, (v + w)(4t + 3) + 10t + 7]}︁ ,

𝔖3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1, (4v w + 7v + w)(4t + 3) + 3t + 1]}︁ .

Then 𝔖 = 𝔖1 ⊔ 𝔖2 ⊔ 𝔖3 consists of 2(2v w + 4v + w)(4t + 3) + 16t + 10 zero-sum blocks of size 2 × 4 and ℰ(𝔖) =
±(ℳ1 ⊔ . . . ⊔ℳ10). Hence, we replace the instances of Z4 with the arrays in 𝔖. □
Lemma 3.4. Suppose that a ⩾ 9 is such that a ≡ 1 (mod 4). There exists an SMAS(a,7;2c) for all c ⩾ 3 such that c ≡ 3 (mod 4).

Proof. Write c = 4t + 3 where t ⩾ 0. Our SMAS(a,7;2c) will consist of 8t + 4 arrays of type

X3 X t
2 X t

2
X2 Z4

X2 Z4

...
...

X2 Z4

(3.5)

and two arrays of type

X t
2Y5 W2

X2 Z4

...
...

X2 Z4

, (3.6)
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where each Xr is a zero-sum block of size r × 3, each Z4 is a zero-sum block of size 2 × 4, each Y5 is a block of size 5 × 5
and each W2 is a block of size 2 × 2 such that (3.4) is a zero-sum block of size 5 × 7.

Write a = 4v + 9, where v ⩾ 0. Hence, we will construct 8t + 4 blocks X3, 4v(4t + 3)+ 40t + 26 blocks X2, (8t + 4)(2v +
3) + 2(2v + 2) blocks Z4, 2 blocks Y5 and 2 blocks W2. So, take

𝔄 = 𝔄(4t + 5, 4v(4t + 3) + 40t + 30, 4t + 2),

𝔅 = 𝔅(9, 24v(4t + 3) + 212t + 155, 4v(4t + 3) + 40t + 26),

ℭ = ℭ(8v(4t + 3) + 128t + 92, 24v(4t + 3) + 212t + 156, 8v(4t + 3) + 128t + 102)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1,28v(4t + 3) + 252t + 189] \ ± (ℳ1 ⊔ . . . ⊔ℳ12) ,

where

ℳ1 = [12,8t + 10]2,

ℳ2 = [40t + 28,40t + 34]2,

ℳ3 = [40t + 38,56t + 42]4,

ℳ4 = [56t + 44,8v(4t + 3) + 96t + 66]2,

ℳ5 = [8v(4t + 3) + 96t + 68,8v(4t + 3) + 96t + 75],
ℳ6 = [8v(4t + 3) + 96t + 76,8v(4t + 3) + 128t + 90]2,

ℳ7 = [8v(4t + 3) + 96t + 79,8v(4t + 3) + 128t + 91]4,

ℳ8 = [8v(4t + 3) + 128t + 106,8v(4t + 3) + 172t + 129],
ℳ9 = [8v(4t + 3) + 128t + 93,8v(4t + 3) + 128t + 94],
ℳ10 = [8v(4t + 3) + 128t + 95,8v(4t + 3) + 128t + 97]2,

ℳ11 = [8v(4t + 3) + 128t + 99,8v(4t + 3) + 128t + 100],
ℳ12 = [8v(4t + 3) + 172t + 130,20v(4t + 3) + 172t + 129].

So, we replace the 8t + 4 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ and the 4v(4t +
3) + 40t + 26 instances of X2 with the arrays in 𝔅.

Define

ℜ = {U2(ℳ9), U2(ℳ11)}.
Then, ℰ(ℜ) = ±(ℳ9 ⊔ℳ11): we replace the 2 instances of W2 with the arrays in ℜ. Next, write

ℳ5 = ℳ1
5 ⊔ℳ2

5 ⊔ℳ3
5 ⊔ℳ4

5,

where

ℳ1
5 = [8v(4t + 3) + 96t + 68,8v(4t + 3) + 96t + 72]4,

ℳ2
5 = [8v(4t + 3) + 96t + 69,8v(4t + 3) + 96t + 70],

ℳ3
5 = [8v(4t + 3) + 96t + 71,8v(4t + 3) + 96t + 73]2,

ℳ4
5 = [8v(4t + 3) + 96t + 74,8v(4t + 3) + 96t + 75].

The set ℳ3 ⊔ℳ1
5 ⊔ℳ7 can be written as a disjoint union F1 ⊔ . . .⊔ F2α , where α = 3t + 2 and each Fi is a 2-set of type 4. 

The set ℳ1 ⊔ℳ2 ⊔ℳ4 ⊔ℳ3
5 ⊔ℳ6 ⊔ℳ10 can be written as a disjoint union G1 ⊔ . . .⊔ G2β , where β = v(4t + 3)+ 10t + 7

and each G j is a 2-set of type 2. Finally, the set ℳ2
5 ⊔ℳ4

5 ⊔ℳ8 ⊔ℳ12 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , 
where γ = 3v(4t + 3) + 11t + 7 and each Hh is a 2-set of type 1. Call

𝔖1 = {Q 3(F2i−1, F2i) : i ∈ [1,3t + 2]} ,

𝔖2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1, v(4t + 3) + 10t + 7]}︁ ,

𝔖3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1,3v(4t + 3) + 11t + 7]}︁ .

Then 𝔖 = 𝔖1 ⊔ 𝔖2 ⊔ 𝔖3 consists of 4v(4t + 3) + 24t + 16 zero-sum blocks of size 2 × 4 and ℰ(𝔖) = ±(ℳ1 ⊔ . . . ⊔ ℳ8 ⊔
ℳ10 ⊔ℳ12). Hence, we replace the instances of Z4 with the arrays in 𝔖. □
3.2. Subcase c ≡ 1 (mod 4)

Lemma 3.5. Suppose that a ⩾ 5 and b ⩾ 9 are such that a ≡ b ≡ 1 (mod 4). There exists an SMAS(a,b;2).
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Proof. Our SMAS(a,b;2) will consist of two arrays of type

X t
2 X t

2 X t
2 X t

2 · · · X t
2 X t

2Y5 W4 Z4 · · · Z4

X2 Z4 Z4 · · · Z4

X2
Z t

4 Z4 Z4 · · · Z4

...
...

...
...

. . .
...

X2 Z4 Z4 · · · Z4

X2
Z t

4 Z4 Z4 · · · Z4

, (3.7)

where each X2 is a zero-sum block of size 2 × 3, each Z4 is a zero-sum block of size 2 × 4, each Y5 is a block of size 5 × 5
and each W4 is a block of size 2 × 4 such that

X t
2 X t

2Y5 W4
(3.8)

is a zero-sum block of size 5 × 9.
Write a = 4v + 5 and b = 4w + 9, where v, w ⩾ 0. Hence, we will construct 4(v + w + 1) blocks X2, 2(3v + (2v + 1)w)

blocks Z4, 2 blocks Y5 and 2 blocks W4. So, take

𝔅 = 𝔅(9, 16v w + 32v + 16w + 33, 4(v + w + 1)),

ℭ = ℭ(8(v + w) + 16, 16v w + 32v + 16w + 34, 8(v + w) + 26)

as in Lemmas 2.6 and 2.7, respectively. We have

ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1,16v w + 36v + 20w + 45] \ ± (ℳ1 ⊔ . . . ⊔ℳ5) ,

where

ℳ1 = [12,8(v + w) + 14]2,

ℳ2 = [8(v + w) + 17,8(v + w) + 18],
ℳ3 = [8(v + w) + 19,8(v + w) + 21]2,

ℳ4 = [8(v + w) + 23,8(v + w) + 24],
ℳ5 = [8(v + w) + 30,16v(w + 1) + 12(v + w) + 29].

So, we replace the 2 instances of Y5 with the arrays in ℭ and the 4(v + w + 1) instances of X2 with the arrays in 𝔅.
Write

ℳ1 = ℳ1
1 ⊔ℳ2

1, where ℳ1
1 = [12,14]2 and ℳ2

1 = [16,8(v + w) + 14]2.

Define

ℜ = {U1(ℳ1
1,ℳ2), U1(ℳ3,ℳ4)}.

Then, ℰ(ℜ) = ±(ℳ1
1 ⊔ℳ2 ⊔ℳ3 ⊔ℳ4): we replace the 2 instances of W4 with the arrays in ℜ.

The set ℳ2
1 can be written as a disjoint union G1 ⊔ . . . ⊔ G2α , where α = v + w and each G j is a 2-set of type 2. The 

set ℳ5 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where γ = 4v(w + 1) + (v + w) and each Hh is a 2-set of type 
1. Call

𝔖1 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1, v + w]}︁ ,

𝔖2 = {︁
Q 1(H2h−1, H2h) : h ∈ [1,4v(w + 1) + (v + w)]}︁ .

Then 𝔖 =𝔖1 ⊔𝔖2 consists of 4v w + 6v + 2w zero-sum blocks of size 2 × 4 and ℰ(𝔖) = ±(ℳ2
1 ⊔ℳ5). Hence, we replace 

the instances of Z4 with the arrays in 𝔖. □
Lemma 3.6. Suppose that a ⩾ 5 and b ⩾ 9 are such that a ≡ b ≡ 1 (mod 4). There exists an SMAS(a,b;2c) for all c ⩾ 1 such that 
c ≡ 1 (mod 4).
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Proof. By Lemma 3.5 we can write c = 4t + 5 where t ⩾ 0. Our SMAS(a,b;2c) will consist of 8t + 8 arrays of type

X3 X t
2 X t

2 X t
2 X t

2 X t
2 · · · X t

2 X t
2

X2 Z6 Z4 · · · Z4

X2 Z4 Z4 · · · Z4

X2
Z t

4 Z4 Z4 · · · Z4

...
...

...
...

. . .
...

X2 Z4 Z4 · · · Z4

X2
Z t

4 Z4 Z4 · · · Z4

(3.9)

and two arrays of type (3.7), where each Xr is a zero-sum block of size r × 3, each Zℓ is a zero-sum block of size 2 × ℓ, 
each Y5 is a block of size 5 × 5 and each W4 is a block of size 2 × 4 such that (3.8) is a zero-sum block of size 5 × 9.

Write a = 4v + 5 and b = 4w + 9, where v, w ⩾ 0. Hence, we will construct 8t + 8 blocks X3, 4(v + w)(4t + 5)+ 32t + 36
blocks X2, (8t + 10)(3v + w(2v + 1)) blocks Z4, 8t + 8 blocks Z6, 2 blocks Y5 and 2 blocks W4. So, take

𝔄 = 𝔄(4t + 5, 4(v + w)(4t + 5) + 32t + 40, 4t + 4),

𝔅 = 𝔅(9, (16v(w + 1) + 16(v + w))(4t + 5) + 148t + 181, 4(v + w)(4t + 5) + 32t + 36),

ℭ = ℭ(8(v + w)(4t + 5) + 112t + 130, (16v(w + 1) + 16(v + w))(4t + 5) + 148t + 182,

8(v + w)(4t + 5) + 112t + 140)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1, (16v(w + 1) + 20(v + w))(4t + 5) + 180t + 225] \ ± (ℳ1 ⊔ . . . ⊔ℳ12) ,

where

ℳ1 = [12,8t + 10]2,

ℳ2 = [40t + 44,40t + 46]2,

ℳ3 = [40t + 50,56t + 62]4,

ℳ4 = [56t + 64,8(v + w)(4t + 5) + 80t + 94]2,

ℳ5 = [8(v + w)(4t + 5) + 80t + 96,8(v + w)(4t + 5) + 80t + 97],
ℳ6 = [8(v + w)(4t + 5) + 80t + 98,8(v + w)(4t + 5) + 112t + 128]2,

ℳ7 = [8(v + w)(4t + 5) + 80t + 99,8(v + w)(4t + 5) + 112t + 127]4,

ℳ8 = [8(v + w)(4t + 5) + 112t + 131,8(v + w)(4t + 5) + 112t + 135]4,

ℳ9 = [8(v + w)(4t + 5) + 112t + 132,8(v + w)(4t + 5) + 112t + 133],
ℳ10 = [8(v + w)(4t + 5) + 112t + 137,8(v + w)(4t + 5) + 112t + 138],
ℳ11 = [8(v + w)(4t + 5) + 112t + 144,8(v + w)(4t + 5) + 116t + 145],
ℳ12 = [8(v + w)(4t + 5) + 116t + 146, (16v(w + 1) + 12(v + w))(4t + 5) + 116t + 145].

So, we replace the 8t + 8 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ and the 4(v +
w)(4t + 5) + 32t + 36 instances of X2 with the arrays in 𝔅.

Write

ℳ1 = ℳ1
1 ⊔ℳ2

1, ℳ6 = ℳ1
6 ⊔ℳ2

6 ⊔ℳ3
6 and ℳ11 = ℳ1

11 ⊔ℳ2
11 ⊔ℳ3

11,

where

ℳ1
1 = [12,8t + 8]4,

ℳ2
1 = [14,8t + 10]4,

ℳ1
6 = [8(v + w)(4t + 5) + 80t + 98,8(v + w)(4t + 5) + 80t + 100]2,

ℳ2
6 = [8(v + w)(4t + 5) + 80t + 102,8(v + w)(4t + 5) + 80t + 104]2,

ℳ3
6 = [8(v + w)(4t + 5) + 80t + 106,8(v + w)(4t + 5) + 112t + 128]2,

ℳ1
11 = [8(v + w)(4t + 5) + 112t + 144,8(v + w)(4t + 5) + 116t + 142]2,

ℳ2
11 = [8(v + w)(4t + 5) + 112t + 145,8(v + w)(4t + 5) + 116t + 143]2,

ℳ3
11 = [8(v + w)(4t + 5) + 116t + 144,8(v + w)(4t + 5) + 116t + 145].

Define

ℜ = {U1(ℳ1
6,ℳ5), U1(ℳ2

6,ℳ9)}.
Then, ℰ(ℜ) = ±(ℳ5 ⊔ℳ1

6 ⊔ℳ2
6 ⊔ℳ9): we replace the 2 instances of W4 with the arrays in ℜ.

11 
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The set ℳ1
1 ⊔ ℳ2

1 ⊔ ℳ3 ⊔ ℳ7 ⊔ ℳ8 can be written as a disjoint union F1 ⊔ . . . ⊔ Fα , where α = 8t + 7 and each 
Fi is a 2-set of type 4. The set ℳ2 ⊔ ℳ4 ⊔ ℳ3

6 ⊔ ℳ1
11 ⊔ ℳ2

11 can be written as a disjoint union G1 ⊔ . . . ⊔ Gβ , where 
β = 2(v + w)(4t + 5) + 16t + 15 and each G j is a 2-set of type 2. Finally, the set ℳ10 ⊔ ℳ3

11 ⊔ ℳ12 can be written as a 
disjoint union H1 ⊔ . . . ⊔ Hγ , where γ = (8v(w + 1) + 2(v + w))(4t + 5) + 2 and each Hh is a 2-set of type 1. Call

𝔖1 = {R2(Fi, G2i−1, G2i) : i ∈ [1,8t + 7]} ,

𝔖2 = {︁
R1(Gβ, Hγ −1, Hγ )

}︁
,

𝔗1 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [8t + 8, (v + w)(4t + 5) + 8t + 7]}︁ ,

𝔗2 = {︁
Q 1(H2h−1, H2h) : h ∈ [1, (4v(w + 1) + (v + w))(4t + 5)]}︁ .

Then 𝔖= 𝔖1 ⊔𝔖2 consists of 8t + 8 zero-sum blocks of size 2 × 6 and the set 𝔗= 𝔗1 ⊔𝔗2 consists of (4v(w + 1) + 2(v +
w))(4t + 5) zero-sum blocks of size 2 × 4. Furthermore, ℰ(𝔖)⊔ℰ(𝔗) = ±(ℳ1 ⊔ . . .⊔ℳ4 ⊔ℳ3

6 ⊔ℳ7 ⊔ℳ8 ⊔ℳ10 ⊔ℳ11 ⊔
ℳ12). Hence, we replace the instances of Z6 with the arrays in 𝔖 and the instances of Z4 with the arrays in 𝔗. □
Lemma 3.7. Suppose that b ⩾ 11 is such that b ≡ 3 (mod 4). There exists an SMAS(5,b;2c) for all c ⩾ 1 such that c ≡ 1 (mod 4).

Proof. Write c = 4t + 1 where t ⩾ 0. Our SMAS(5,b;2c) will consist of 8t + 2 arrays of type

X3 X t
2 X t

2 X t
2 X t

2 · · · X t
2 X t

2
X2 Z4 Z4 · · · Z4

. (3.10)

Write b = 4w + 11, where w ⩾ 0. Hence, we will construct 8t + 2 blocks X3, 2(2w + 5)(4t + 1) blocks X2 and 2(w +
2)(4t + 1) blocks Z4. So, take

𝔄 = 𝔄(4t, 2(2w + 5)(4t + 1), 4t + 1),

𝔅 = 𝔅(1, (16w + 45)(4t + 1), 2(2w + 5)(4t + 1))

as in Lemmas 2.5 and 2.6, respectively. Then,

ℰ(𝔄) ⊔ ℰ(𝔅) = ±[1,5(4w + 11)(4t + 1)] \ ± (ℳ1 ⊔ . . . ⊔ℳ5) ,

where

ℳ1 = [2,8t]2,

ℳ2 = [40t + 12,56t + 8]4,

ℳ3 = [56t + 12,8w(4t + 1) + 128t + 30]2,

ℳ4 = [8w(4t + 1) + 96t + 27,8w(4t + 1) + 128t + 31]4,

ℳ5 = [8w(4t + 1) + 128t + 32,12w(4t + 1) + 140t + 35].
So, we replace the 8t + 2 instances of X3 with the arrays in 𝔄 and the 2(2w + 5)(4t + 1) instances of X2 with the arrays in 
𝔅.

Next, write

ℳ3 = ℳ1
3 ⊔ℳ2

3 and ℳ4 = ℳ1
4 ⊔ℳ2

4,

where

ℳ1
3 = [56t + 12,8w(4t + 1) + 128t + 26]2,

ℳ2
3 = [8w(4t + 1) + 128t + 28,8w(4t + 1) + 128t + 30]2,

ℳ1
4 = [8w(4t + 1) + 96t + 27,8w(4t + 1) + 128t + 23]4,

ℳ2
4 = [8w(4t + 1) + 128t + 27,8w(4t + 1) + 128t + 31]4.

Note that ℳ2
3 ⊔ℳ2

4 = [8w(4t + 1) + 128t + 27,8w(4t + 1) + 128t + 28] ⊔ [8w(4t + 1) + 128t + 30,8w(4t + 1) + 128t + 31].
The set ℳ2 ⊔ℳ1

4 can be written as a disjoint union F1 ⊔ . . .⊔ F6t , where each Fi is a 2-set of type 4. The set ℳ1 ⊔ℳ1
3

can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , where β = (w + 2)(4t + 1) + 2t and each G j is a 2-set of type 2. Finally, 
the set ℳ2

3 ⊔ℳ2
4 ⊔ℳ5 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where γ = w(4t + 1) + 3t + 2 and each Hh is a 

2-set of type 1. Call

ℜ1 = {Q 3(F2i−1, F2i) : i ∈ [1,3t]} ,

ℜ2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1, (w + 2)(4t + 1) + 2t]}︁ ,

ℜ3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1, w(4t + 1) + 3t + 2]}︁ .

Then ℜ = ℜ1 ⊔ℜ2 ⊔ℜ3 consists of 2(w + 2)(4t + 1) zero-sum blocks of size 2 × 4 and ℰ(ℜ) = ±(ℳ1 ⊔ . . . ⊔ℳ5). Hence, 
we replace the instances of Z4 with the arrays in ℜ. □

12 
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Lemma 3.8. Suppose that a,b ⩾ 7 are such that a ≡ b ≡ 3 (mod 4). There exists an SMAS(a,b;2).

Proof. Our SMAS(a,b;2) will consist of two arrays of type (3.3). Write a = 4v + 7 and b = 4w + 7, where v, w ⩾ 0. Hence, 
we will construct 4(v + w + 1) blocks X2, 2(w + (2v + 1)(w + 1)) blocks Z4, 2 blocks Y5 and 2 blocks W2. So, take

𝔅 = 𝔅(9, 16v w + 24(v + w) + 37, 4(v + w + 1)),

ℭ = ℭ(8(v + w) + 16, 16v w + 24(v + w) + 38, 8(v + w) + 26)

as in Lemmas 2.6 and 2.7, respectively. We have

ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1,16v w + 28(v + w) + 49] \ ± (ℳ1 ⊔ . . . ⊔ℳ5) ,

where

ℳ1 = [12,8(v + w) + 14]2,

ℳ2 = [8(v + w) + 17,8(v + w) + 18],
ℳ3 = [8(v + w) + 19,8(v + w) + 21]2,

ℳ4 = [8(v + w) + 23,8(v + w) + 24],
ℳ5 = [8(v + w) + 30,16v w + 20(v + w) + 33].

So, we replace the 2 instances of Y5 with the arrays in ℭ and the 4(v + w + 1) instances of X2 with the arrays in 𝔅. Call

ℜ = {U2(ℳ2), U2(ℳ4)}.
Then, ℰ(ℜ) = ± (ℳ2 ⊔ℳ4): we replace the 2 instances of W2 with the arrays in ℜ.

The set ℳ1 ⊔ℳ3 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , where β = v + w + 1 and each G j is a 2-set of type 
2. The set ℳ5 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where γ = 4v w + 3(v + w) + 1 and each Hh is a 2-set of 
type 1. Call

𝔖1 = {Q 2(G2 j−1, G2 j) : j ∈ [1, v + w + 1]},
𝔖2 = {Q 1(H2h−1, H2h) : h ∈ [1,4v w + 3(v + w) + 1]}.

Then, 𝔖 = 𝔖1 ⊔𝔖2 consists of 4v w + 4(v + w) + 2 zero-sum blocks of size 2 × 4 and ℰ(𝔖) = ±(ℳ1 ⊔ℳ3 ⊔ℳ5). Hence, 
we replace the instances of Z4 with the arrays in 𝔖. □
Lemma 3.9. Suppose that a,b ⩾ 7 are such that a ≡ b ≡ 3 (mod 4). There exists an SMAS(a,b;2c) for all c ⩾ 1 such that c ≡ 1 
(mod 4).

Proof. By Lemma 3.8 we can write c = 4t + 5 where t ⩾ 0. Our SMAS(a,b;2c) will consist of 8t + 8 arrays of type (3.2)
and two arrays of type (3.3). Write a = 4v + 7 and b = 4w + 7, where v, w ⩾ 0. Hence, we will construct 8t + 8 blocks X3, 
4(v + w)(4t + 5) + 32t + 36 blocks X2, 2(8t + 8)(v + 1)(w + 1) + 2(w + (2v + 1)(w + 1)) blocks Z4, 2 blocks Y5 and 2
blocks W2. So, take

𝔄 = 𝔄(4t + 5, 4(v + w)(4t + 5) + 32t + 40, 4t + 4),

𝔅 = 𝔅(9, (16v w + 24(v + w))(4t + 5) + 164t + 201, 4(v + w)(4t + 5) + 32t + 36),

ℭ = ℭ(8(v + w)(4t + 5) + 112t + 132, (16v w + 24(v + w))(4t + 5) + 164t + 202,

8(v + w)(4t + 5) + 112t + 142)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1, (16v w + 28(v + w))(4t + 5) + 196t + 245] \ ± (ℳ1 ⊔ . . . ⊔ℳ12) ,

where

ℳ1 = [12,8t + 10]2,

ℳ2 = [40t + 44,40t + 46]2,

ℳ3 = [40t + 50,56t + 62]4,

ℳ4 = [56t + 64,8(v + w)(4t + 5) + 80t + 94]2,

ℳ5 = [8(v + w)(4t + 5) + 80t + 96,8(v + w)(4t + 5) + 80t + 99],
ℳ6 = [8(v + w)(4t + 5) + 80t + 100,8(v + w)(4t + 5) + 112t + 130]2,

ℳ7 = [8(v + w)(4t + 5) + 80t + 103,8(v + w)(4t + 5) + 112t + 131]4,

ℳ8 = [8(v + w)(4t + 5) + 112t + 133,8(v + w)(4t + 5) + 112t + 134],
ℳ9 = [8(v + w)(4t + 5) + 112t + 135,8(v + w)(4t + 5) + 112t + 137]2,

ℳ10 = [8(v + w)(4t + 5) + 112t + 139,8(v + w)(4t + 5) + 112t + 140],
ℳ11 = [8(v + w)(4t + 5) + 112t + 146,8(v + w)(4t + 5) + 132t + 165],
ℳ12 = [8(v + w)(4t + 5) + 132t + 166, (16v w + 20(v + w))(4t + 5) + 132t + 165].

13 
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So, we replace the 8t + 8 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ and the 4(v +
w)(4t + 5) + 32t + 36 instances of X2 with the arrays in 𝔅.

Define

ℜ = {U2(ℳ8), U2(ℳ10)}.
Then, ℰ(ℜ) = ±(ℳ8 ⊔ℳ10): we replace the 2 instances of W2 with the arrays in ℜ.

The set ℳ3 ⊔ℳ7 can be written as a disjoint union F1 ⊔ . . . ⊔ F2α , where each α = 3t + 3 and Fi is a 2-set of type 4. 
The set ℳ1 ⊔ℳ2 ⊔ℳ4 ⊔ℳ6 ⊔ℳ9 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , where β = (v + w)(4t + 5) + 8t + 9
and each G j is a 2-set of type 2. Finally, the set ℳ5 ⊔ℳ11 ⊔ℳ12 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where 
γ = (4v w + 3(v + w))(4t + 5) + 5t + 6 and each Hh is a 2-set of type 1. Call

𝔖1 = {Q 3(F2i−1, F2i) : i ∈ [1,3t + 3]} ,

𝔖2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1, (v + w)(4t + 5) + 8t + 9]}︁ ,

𝔖3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1, (4v w + 3(v + w))(4t + 5) + 5t + 6]}︁ .

Then 𝔖 = 𝔖1 ⊔ 𝔖2 ⊔ 𝔖3 consists of (4v w + 4(v + w))(4t + 5) + 16t + 18 zero-sum blocks of size 2 × 4 and ℰ(𝔖) =
±(ℳ1 ⊔ . . . ⊔ℳ7 ⊔ℳ9 ⊔ℳ11 ⊔ℳ12). Hence, we replace the instances of Z4 with the arrays in 𝔖. □
3.3. Subcase c ≡ 2 (mod 4)

Lemma 3.10. Suppose that a ⩾ 5 and b ⩾ 9 are such that a ≡ 1 (mod 4) and b is odd. There exists an SMAS(a,b;2c) for all c ⩾ 2
such that c ≡ 2 (mod 4).

Proof. Write c = 4t + 2 where t ⩾ 0. Also, write a = 4v + 5 and b = 4w + 9 + 2δ, where v, w ⩾ 0 and δ ∈ {0,1}. If b ≡ 1 
(mod 4), then our SMAS(a,b;2c) will consist of 8t + 2 arrays of type (3.9) and two arrays of type (3.7); if b ≡ 3 (mod 4), it 
will consist of 8t + 2 arrays of type (3.2) and two arrays of type (3.3). So, we will construct 8t + 2 blocks X3, (8(v + w) +
4δ)(2t + 1) + 32t + 12 blocks X2, (4t + 2)(v(6 + 2δ) + w(4v + 2)) + (16t + 6)δ blocks Z4, and 2 blocks Y5. Furthermore, we 
will also construct 8t + 2 blocks Z6 and 2 blocks W4 if δ = 0, or 2 blocks W2 if δ = 1. So, take

𝔄 = 𝔄(4t + 5, (8(v + w) + 4δ)(2t + 1) + 32t + 16, 4t + 1),

𝔅 = 𝔅(9, (32v(w + 1) + 32(v + w) + 16δ(v + 1))(2t + 1) + 148t + 70,

(8(v + w) + 4δ)(2t + 1) + 32t + 12),

ℭ = ℭ((16(v + w) + 8δ)(2t + 1) + 80t + 37, (32v(w + 1) + 32(v + w) + 16δ(v + 1))(2t + 1) + 148t + 71,

(16(v + w) + 8δ)(2t + 1) + 116t + 55)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1, (32v(w + 1) + 40(v + w) + 4δ(4v + 5))(2t + 1) + 180t + 90]\
± (ℳ1 ⊔ . . . ⊔ℳ12) ,

where

ℳ1 = [12,8t + 10]2,

ℳ2 = [40t + 20,40t + 26]2,

ℳ3 = [40t + 28,56t + 32]4,

ℳ4 = [56t + 34,8(2v + 2w + δ)(2t + 1) + 80t + 36]2,

ℳ5 = [8(2v + 2w + δ)(2t + 1) + 80t + 38,8(2v + 2w + δ)(2t + 1) + 80t + 39],
ℳ6 = [8(2v + 2w + δ)(2t + 1) + 80t + 40,8(2v + 2w + δ)(2t + 1) + 80t + 42]2,

ℳ7 = [8(2v + 2w + δ)(2t + 1) + 80t + 44,8(2v + 2w + δ)(2t + 1) + 80t + 45],
ℳ8 = [8(2v + 2w + δ)(2t + 1) + 80t + 48,8(2v + 2w + δ)(2t + 1) + 80t + 49],
ℳ9 = [8(2v + 2w + δ)(2t + 1) + 80t + 50,8(2v + 2w + δ)(2t + 1) + 112t + 52]2,

ℳ10 = [8(2v + 2w + δ)(2t + 1) + 80t + 53,8(2v + 2w + δ)(2t + 1) + 112t + 49]4,

ℳ11 = [8(2v + 2w + δ)(2t + 1) + 112t + 53,8(2v + 2w + δ)(2t + 1) + 116t + 54],
ℳ12 = [8(2v + 2w + δ)(2t + 1) + 116t + 59,

(12(2v + 2w + δ) + 16v(2w + 2 + δ))(2t + 1) + 116t + 58].
We replace the 8t + 2 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ and the (8(v + w) +
4δ)(2t + 1) + 32t + 12 instances of X2 with the arrays in 𝔅.

Write

ℳ9 = ℳ1
9 ⊔ℳ2

9 ⊔ℳ3
9 and ℳ11 = ℳ1

11 ⊔ℳ2
11 ⊔ℳ3

11,

14 
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where

ℳ1
9 = [8(2v + 2w + δ)(2t + 1) + 80t + 50,8(2v + 2w + δ)(2t + 1) + 104t + 52]2,

ℳ2
9 = [8(2v + 2w + δ)(2t + 1) + 104t + 54,8(2v + 2w + δ)(2t + 1) + 112t + 50]4,

ℳ3
9 = [8(2v + 2w + δ)(2t + 1) + 104t + 56,8(2v + 2w + δ)(2t + 1) + 112t + 52]4,

ℳ1
11 = [8(2v + 2w + δ)(2t + 1) + 112t + 53,8(2v + 2w + δ)(2t + 1) + 112t + 54],

ℳ2
11 = [8(2v + 2w + δ)(2t + 1) + 112t + 55,8(2v + 2w + δ)(2t + 1) + 116t + 53]2,

ℳ3
11 = [8(2v + 2w + δ)(2t + 1) + 112t + 56,8(2v + 2w + δ)(2t + 1) + 116t + 54]2.

The set ℳ3 ⊔ ℳ2
9 ⊔ ℳ3

9 ⊔ ℳ10 can be written as a disjoint union F1 ⊔ . . . ⊔ Fα , where α = 8t + 1 and each Fi is a 2-set 
of type 4. The set ℳ1 ⊔ ℳ2 ⊔ ℳ4 ⊔ ℳ1

9 ⊔ ℳ2
11 ⊔ ℳ3

11 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β+2(8t+2) , where 
β = (4t + 2)(v + w) + (2t + 1)δ and each G j is a 2-set of type 2. Finally, the set ℳ7 ⊔ℳ8 ⊔ℳ1

11 ⊔ℳ12 can be written as 
a disjoint union H1 ⊔ . . . ⊔ H2γ +3, where γ = (4t + 2)(v(5 + 2δ) + w(4v + 1)) + (2t + 1)δ and each Hh is a 2-set of type 1.

Call

𝔔1 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1, β]}︁ ,

𝔔2 = {︁
Q 1(H2h−1, H2h) : h ∈ [1, γ ]}︁ .

Then 𝔔 = 𝔔1 ⊔𝔔2 consists of β + γ = (4t + 2)(v(6 + 2δ) + w(4v + 2)) + (4t + 2)δ zero-sum blocks of size 2 × 4.
Suppose δ = 0. First of all, we replace the instances of Z4 with the arrays in 𝔔. Then, we need still to construct 8t + 2

blocks Z6 and 2 blocks W4. To this purpose, define

ℜ1 = {︁
R2(Fi, G2β+2i−1, G2β+2i) : i ∈ [1,8t + 1]}︁ ,

ℜ2 = {︁
R1(G2β+2(8t+1)+1, H2γ +1, H2γ +2)

}︁
,

𝔖 = {U1(ℳ6,ℳ5), U1(G2β+2(8t+2), H2γ +3)}.
Then ℜ = ℜ1 ⊔ℜ2 consists of 8t + 2 zero-sum blocks of size 2 × 6. Hence, we replace the instances of Z6 with the arrays 
in ℜ and the instances of W4 with the arrays in 𝔖.

Next, suppose δ = 1. Write ℳ5 ⊔ℳ6 as 𝒩1 ⊔𝒩2, where

𝒩1 = [8(2v + 2w + δ)(2t + 1) + 80t + 38,8(2v + 2w + δ)(2t + 1) + 80t + 42]4,

𝒩2 = [8(2v + 2w + δ)(2t + 1) + 80t + 39,8(2v + 2w + δ)(2t + 1) + 80t + 40].
Define

𝔔3 = {Q 3(F2i−1, F2i) : j ∈ [1,4t]} ⊔ {Q 3(F8t+1,𝒩1)},
𝔔4 = {︁

Q 2(G2β+2 j−1, G2β+2 j) : i ∈ [1,8t + 2]}︁ ,

𝔔5 = {︁
Q 1(H2γ +1, H2γ +2)

}︁
.

Then 𝔔′ = 𝔔3 ⊔𝔔4 ⊔𝔔5 consists of 12t +4 zero-sum blocks of size 2×4. So, we replace the instances of Z4 with the arrays 
in 𝔔 ⊔𝔔′ . To conclude, we construct the two blocks W2 by taking U2(𝒩2) and U2(H2γ +3). □
Lemma 3.11. Suppose that a ⩾ 9 is such that a ≡ 1 (mod 4). There exists an SMAS(a,7;2c) for all c ⩾ 2 such that c ≡ 2 (mod 4).

Proof. Write c = 4t + 2 where t ⩾ 0. Our SMAS(a,7;2c) will consist of 8t + 2 arrays of type (3.5) and two arrays of 
type (3.6). Write a = 4v + 9, where v ⩾ 0. Hence, we will construct 8t + 2 blocks X3, 8v(2t + 1) + 40t + 16 blocks X2, 
(8t + 2)(2v + 3) + 2(2v + 2) blocks Z4, 2 blocks Y5 and 2 blocks W2. So, take

𝔄 = 𝔄(4t + 5, 8v(2t + 1) + 40t + 20, 4t + 1),

𝔅 = 𝔅(9, 48v(2t + 1) + 212t + 102, 8v(2t + 1) + 40t + 16),

ℭ = ℭ(16v(2t + 1) + 96t + 42, 48v(2t + 1) + 212t + 103, 16v(2t + 1) + 128t + 61)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1,56v(2t + 1) + 252t + 126] \ ± (ℳ1 ⊔ . . . ⊔ℳ11) ,

where
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ℳ1 = [12,8t + 10]2,

ℳ2 = [40t + 20,40t + 26]2,

ℳ3 = [40t + 28,56t + 32]4,

ℳ4 = [56t + 34,16v(2t + 1) + 96t + 40]2,

ℳ5 = [16v(2t + 1) + 96t + 44,16v(2t + 1) + 96t + 45],
ℳ6 = [16v(2t + 1) + 96t + 47,16v(2t + 1) + 96t + 49]2,

ℳ7 = [16v(2t + 1) + 96t + 50,16v(2t + 1) + 96t + 52]2,

ℳ8 = [16v(2t + 1) + 96t + 53,16v(2t + 1) + 128t + 57]4,

ℳ9 = [16v(2t + 1) + 96t + 54,16v(2t + 1) + 128t + 60]2,

ℳ10 = [16v(2t + 1) + 128t + 65,16v(2t + 1) + 172t + 86],
ℳ11 = [16v(2t + 1) + 172t + 87,40v(2t + 1) + 172t + 86].

So, we replace the 8t + 2 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ and the 8v(2t +
1) + 40t + 16 instances of X2 with the arrays in 𝔅.

Write

ℳ10 = ℳ1
10 ⊔ℳ2

10,

where

ℳ1
10 = [16v(2t + 1) + 128t + 65,16v(2t + 1) + 128t + 66],

ℳ2
10 = [16v(2t + 1) + 128t + 67,16v(2t + 1) + 172t + 86].

Define

ℜ = {U2(ℳ5), U2(ℳ1
10)}.

Then, ℰ(ℜ) = ±(ℳ5 ⊔ℳ1
10): we replace the 2 instances of W2 with the arrays in ℜ.

The set ℳ3 ⊔ℳ8 can be written as a disjoint union F1 ⊔ . . . ⊔ F2α , where α = 3t + 1 and each Fi is a 2-set of type 4. 
The set ℳ1 ⊔ℳ2 ⊔ℳ4 ⊔ℳ6 ⊔ℳ7 ⊔ℳ9 can be written as a disjoint union G1 ⊔ . . .⊔ G2β , where β = 2v(2t + 1)+ 10t + 4
and each G j is a 2-set of type 2. Finally, the set ℳ2

10 ⊔ ℳ11 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where 
γ = 6v(2t + 1) + 11t + 5 and each Hh is a 2-set of type 1. Call

𝔖1 = {Q 3(F2i−1, F2i) : i ∈ [1,3t + 1]} ,

𝔖2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1,2v(2t + 1) + 10t + 4]}︁ ,

𝔖3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1,6v(2t + 1) + 11t + 5]}︁ .

Then 𝔖 = 𝔖1 ⊔ 𝔖2 ⊔ 𝔖3 consists of 8v(2t + 1) + 24t + 10 zero-sum blocks of size 2 × 4 and ℰ(𝔖) = ±(ℳ1 ⊔ . . . ⊔ ℳ4 ⊔
ℳ6 ⊔ . . . ⊔ℳ9 ⊔ℳ2

10 ⊔ℳ11). Hence, we replace the instances of Z4 with the arrays in 𝔖. □
Lemma 3.12. Suppose that a,b ⩾ 7 are such that a ≡ b ≡ 3 (mod 4). There exists an SMAS(a,b;2c) for all c ⩾ 2 such that c ≡ 2 
(mod 4).

Proof. Write c = 4t + 2 where t ⩾ 0. Our SMAS(a,b;2c) will consist of 8t + 2 arrays of type (3.2) and two arrays of type 
(3.3). Write a = 4v +7 and b = 4w +7, where v, w ⩾ 0. Hence, we will construct 8t +2 blocks X3, 8(v + w)(2t +1)+32t +12
blocks X2, 2(8t + 2)(v + 1)(w + 1) + 2(w + (2v + 1)(w + 1)) blocks Z4, 2 blocks Y5 and 2 blocks W2. So, take

𝔄 = 𝔄(4t + 5, 8(v + w)(2t + 1) + 32t + 16, 4t + 1),

𝔅 = 𝔅(9, (32v w + 48(v + w))(2t + 1) + 164t + 78, 8(v + w)(2t + 1) + 32t + 12),

ℭ = ℭ(16(v + w)(2t + 1) + 80t + 34, (32v w + 48(v + w))(2t + 1) + 164t + 79,

16(v + w)(2t + 1) + 112t + 55)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1, (32v w + 56(v + w))(2t + 1) + 196t + 98] \ ± (ℳ1 ⊔ . . . ⊔ℳ12) ,

where
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ℳ1 = [16(v + w)(2t + 1) + 80t + 36,16(v + w)(2t + 1) + 80t + 37],
ℳ2 = [16(v + w)(2t + 1) + 80t + 45,16(v + w)(2t + 1) + 80t + 46],
ℳ3 = [12,8t + 10]2,

ℳ4 = [40t + 20,40t + 26]2,

ℳ5 = [40t + 28,56t + 32]4,

ℳ6 = [56t + 34,16(v + w)(2t + 1) + 80t + 32]2,

ℳ7 = [16(v + w)(2t + 1) + 80t + 39,16(v + w)(2t + 1) + 80t + 41]2,

ℳ8 = [16(v + w)(2t + 1) + 80t + 42,16(v + w)(2t + 1) + 80t + 44]2,

ℳ9 = [16(v + w)(2t + 1) + 80t + 48,16(v + w)(2t + 1) + 112t + 54]2,

ℳ10 = [16(v + w)(2t + 1) + 80t + 49,16(v + w)(2t + 1) + 112t + 53]4,

ℳ11 = [16(v + w)(2t + 1) + 112t + 59,16(v + w)(2t + 1) + 132t + 66],
ℳ12 = [16(v + w)(2t + 1) + 132t + 67, (32v w + 40(v + w))(2t + 1) + 132t + 66].

So, we replace the 8t + 2 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ and the 8(v +
w)(2t + 1) + 32t + 12 instances of X2 with the arrays in 𝔅.

Define

ℜ = {U2(ℳ1), U2(ℳ2)}.
Then, ℰ(ℜ) = ±(ℳ1 ⊔ℳ2): we replace the 2 instances of W2 with the arrays in ℜ.

The set ℳ5 ⊔ℳ10 can be written as a disjoint union F1 ⊔ . . .⊔ F2α , where α = 3t +1 and each Fi is a 2-set of type 4. The 
set ℳ3 ⊔ℳ4 ⊔ℳ6 ⊔ℳ7 ⊔ℳ8 ⊔ℳ9 can be written as a disjoint union G1 ⊔ . . .⊔ G2β , where β = 2(v + w)(2t + 1)+ 8t + 3
and each G j is a 2-set of type 2. Finally, the set ℳ11 ⊔ ℳ12 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where 
γ = (8v w + 6(v + w))(2t + 1) + 5t + 2 and each Hh is a 2-set of type 1. Call

𝔖1 = {Q 3(F2i−1, F2i) : i ∈ [1,3t + 1]} ,

𝔖2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1,2(v + w)(2t + 1) + 8t + 3]}︁ ,

𝔖3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1, (8v w + 6(v + w))(2t + 1) + 5t + 2]}︁ .

Then 𝔖 =𝔖1 ⊔𝔖2 ⊔𝔖3 consists of (8v w + 8(v + w))(2t + 1) + 16t + 6 zero-sum blocks of size 2 × 6 and ℰ(𝔖) = ±(ℳ3 ⊔
. . . ⊔ℳ12). Hence, we replace the instances of Z4 with the arrays in 𝔖. □
4. The case {a, b} = {5,7} and the case c ≡ 0 (mod 4)

In this section, we consider the case of an SMA(a,b;2c) where c ≡ 0 (mod 4) and the exceptional case of an 
SMAS(5,7;2c) that require slightly different constructions.

Lemma 4.1. Given four nonnegative integers α,β,γ , u such that α + 1 ⩾ 2u and 2γ ⩾ α + 8u, there exists a set 𝔄= 𝔄(α,β,γ , u)

consisting of 4u square zero-sum blocks of size 3 such that ℰ(𝔄) consists of the following disjoint subsets:

ℰ(𝔄) = ±[2α + 2,2α + 16u]2 ⊔ ±[4α + 12u + 4,4α + 20u]4 ⊔ ±[2β + 1,2β + 2u − 1]2⊔
±[2β + 4u + 1,2β + 6u − 1]2 ⊔ ±[2α + 2β + 4u + 3,2α + 2β + 8u − 1]4⊔
±[2α + 2β + 12u + 3,2α + 2β + 16u − 1]4 ⊔ ±[4γ + 2,4γ + 8u − 2]4⊔
±[2α + 4γ + 8u + 2,2α + 4γ + 10u]2 ⊔ ±[2α + 4γ + 16u + 2,2α + 4γ + 18u]2.

Proof. For all i ∈ [0, u − 1], define

A2i =
4α + 12u + 4 + 4i −(2α + 4u + 2 + 2i) −(2α + 8u + 2 + 2i)
−(2α + 2 + 2i) 2α + 2β + 4u + 3 + 4i −(2β + 4u + 1 + 2i)

−(2α + 12u + 2 + 2i) −(2β + 1 + 2i) 2α + 2β + 12u + 3 + 4i
,

A2i+1 =
4α + 16u + 4 + 4i −(2α + 6u + 2 + 2i) −(2α + 10u + 2 + 2i)

−(2α + 2u + 2 + 2i) 2α + 4γ + 10u − 2i −(4γ + 8u − 2 − 4i)
−(2α + 14u + 2 + 2i) −(4γ + 4u − 2 − 4i) 2α + 4γ + 18u − 2i

.

The set 𝔄 = {+A2i,−A2i,+A2i+1,−A2i+1 : i ∈ [0, u − 1]} has the required properties. □
Lemma 4.2. Suppose that b ⩾ 7 is an odd integer. There exists an SMAS(5,b;2c) for all c ⩾ 4 such that c ≡ 0 (mod 4).

Proof. Write c = 4t + 4 where t ⩾ 0. Our SMAS(5,b;2c) will consist of 8t + 8 arrays of type (3.1) if b ≡ 1 (mod 4), or of 
type (3.10) if b ≡ 3 (mod 4), where each Xr is a zero-sum block of size r × 3 and each Zℓ is a zero-sum block of size 2 × ℓ.
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Write b = 4w + 7 + 2δ, where w ⩾ 0 and δ ∈ {0,1}. Hence, we will construct 8t + 8 blocks X3, 8(2w + 3 + δ)(t + 1)

blocks X2, 8(w + 1 − δ)(t + 1) blocks Z4 and 8δ(t + 1) blocks Z6. Take

𝔄 = 𝔄(4(t + 1), 8(2w + 3 + δ)(t + 1), 10(t + 1), 2(t + 1)),

𝔅 = 𝔅(1, 4(16w + 29 + 8δ)(t + 1), 8(2w + 3 + δ)(t + 1))

as in Lemmas 4.1 and 2.6, respectively. Then,

ℰ(𝔄) ⊔ ℰ(𝔅) = ±[1,40(2w + δ)(t + 1) + 140t + 140] \ ± (ℳ1 ⊔ . . . ⊔ℳ10) ,

where

ℳ1 = [2,8t + 8]2,

ℳ2 = [56t + 58,64t + 64]2,

ℳ3 = [68t + 70,80t + 80]2,

ℳ4 = [84t + 86,16(2w + δ)(t + 1) + 88t + 88]2,

ℳ5 = [16(2w + δ)(t + 1) + 52t + 53,16(2w + δ)(t + 1) + 56t + 55]2,

ℳ6 = [16(2w + δ)(t + 1) + 60t + 61,16(2w + δ)(t + 1) + 64t + 63]2,

ℳ7 = [16(2w + δ)(t + 1) + 64t + 65,16(2w + δ)(t + 1) + 72t + 69]4,

ℳ8 = [16(2w + δ)(t + 1) + 72t + 73,16(2w + δ)(t + 1) + 80t + 79]2,

ℳ9 = [16(2w + δ)(t + 1) + 80t + 81,16(2w + δ)(t + 1) + 88t + 85]4,

ℳ10 = [16(2w + δ)(t + 1) + 88t + 89,24(2w + δ)(t + 1) + 92t + 92].
So, we replace the 8t + 8 instances of X3 with the arrays in 𝔄 and the 8(2w + 3 + δ)(t + 1) instances of X2 with the arrays 
in 𝔅.

Next, write

ℳ1 = ℳ1
1 ⊔ℳ2

1, ℳ2 = ℳ1
2 ⊔ℳ2

2 and ℳ10 = ℳ1
10 ⊔ℳ2

10 ⊔ℳ3
10,

where

ℳ1
1 = [2,8t + 6]4,

ℳ2
1 = [4,8t + 8]4,

ℳ1
2 = [56t + 58,64t + 62]4,

ℳ2
2 = [56t + 60,64t + 64]4,

ℳ1
10 = [16(2w + δ)(t + 1) + 88t + 89,16(2w + δ)(t + 1) + 92t + 91]2,

ℳ2
10 = [16(2w + δ)(t + 1) + 88t + 90,16(2w + δ)(t + 1) + 92t + 92]2,

ℳ3
10 = [16(2w + δ)(t + 1) + 92t + 93,24(2w + δ)(t + 1) + 92t + 92]

The set ℳ1
1 ⊔ℳ2

1 ⊔ℳ1
2 ⊔ℳ2

2 ⊔ℳ7 ⊔ℳ9 can be written as a disjoint union F1 ⊔ . . . ⊔ F2α , where α = 3t + 3 and each 
Fi is a 2-set of type 4. The set ℳ3 ⊔ℳ4 ⊔ℳ5 ⊔ℳ6 ⊔ℳ8 ⊔ℳ1

10 ⊔ℳ2
10 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , 

where β = (4w + 5 + 2δ)(t + 1) and each G j is a 2-set of type 2. Finally, the set ℳ3
10 can be written as a disjoint union 

H1 ⊔ . . . ⊔ H2γ , where γ = (4w + 2δ)(t + 1) and each Hh is a 2-set of type 1.
Call

𝔔1 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1,4w(t + 1)]}︁ ,

𝔔2 = {︁
Q 1(H2h−1, H2h) : h ∈ [1,4w(t + 1)]}︁ .

If δ = 0, define ℜ = ∅ and 𝔔 = 𝔔1 ⊔𝔔2 ⊔𝔔3 ⊔𝔔4, where

𝔔3 = {Q 3(F2i−1, F2i) : i ∈ [1,3t + 3]} ,

𝔔4 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [4w(t + 1) + 1, (4w + 5)(t + 1)]}︁ .

If δ = 1, define 𝔔 = 𝔔1 ⊔𝔔2 and ℜ = ℜ1 ⊔ℜ2, where

ℜ1 = {︁
R2(Fi, G8w(t+1)+2i−1, G8w(t+1)+2i) : i ∈ [1,6t + 6]}︁ ,

ℜ2 = {︁
R1(G(8w+12)(t+1)+ j, H8w(t+1)+2 j−1, H8w(t+1)+2 j) : j ∈ [1,2t + 2]}︁ .

Then 𝔔 consists of 8(w + 1 − δ)(t + 1) zero-sum blocks of size 2 × 4, ℜ consists of 8δ(t + 1) zero-sum blocks of size 
2 × 6 and ℰ(𝔔)⊔ℰ(ℜ) = ±(ℳ1 ⊔ . . .⊔ℳ10). Hence, we replace the instances of Z4 with the arrays in 𝔔 and the instances 
of Z6 with the arrays in ℜ. □
Lemma 4.3. There exists an SMAS(5,7;2c) for all c ⩾ 1 such that c ≡ 1 (mod 4).
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Proof. An SMAS(5,7;2) is shown in Fig. 1. So, write c = 4t + 5 where t ⩾ 0. Our SMAS(5,7;2c) will consist of 8t + 10
arrays of type

X3 X t
2 X t

2
X2 Z4

. (4.1)

Hence, we will construct 8t + 10 blocks X3, 6(4t + 5) blocks X2 and 2(4t + 5) blocks Z4.
Take

𝔄 = 𝔄(4t + 5, 6(4t + 5), 10t + 12, 2t + 2),

𝔅 = 𝔅(1, 29(4t + 5), 6(4t + 5))

as in Lemmas 4.1 and 2.6, respectively. Also, define

A′ =
10 −4 −6
−2 92t + 111 −(92t + 109)

−8 −(92t + 107) 92t + 115

and set 𝔄′ = 𝔄 ⊔ {+A′,−A′}. Then,

ℰ(𝔄′) ⊔ ℰ(𝔅) = ±[1,140t + 175] \ ± (ℳ1 ⊔ . . . ⊔ℳ17) ,

where

ℳ1 = [12,8t + 10]2, ℳ2 = [40t + 44,40t + 46]2,

ℳ3 = [52t + 65,56t + 63]2, ℳ4 = [56t + 64,56t + 67],
ℳ5 = [56t + 68,60t + 70]2, ℳ6 = [60t + 72,64t + 75],
ℳ7 = [64t + 77,64t + 79]2, ℳ8 = [64t + 83,72t + 87]4,

ℳ9 = [68t + 80,72t + 82]2, ℳ10 = [72t + 84,72t + 86]2,

ℳ11 = [72t + 88,80t + 91], ℳ12 = [80t + 93,80t + 95]2,

ℳ13 = [80t + 99,88t + 103]4, ℳ14 = [84t + 96,88t + 102]2,

ℳ15 = [88t + 104,92t + 105], ℳ16 = [92t + 106,92t + 112]2,

ℳ17 = [92t + 113,92t + 114].
So, we replace the 8t + 10 instances of X3 with the arrays in 𝔄′ and the 6(4t + 5) instances of X2 with the arrays in 𝔅.

The set ℳ8 ⊔ ℳ13 can be written as a disjoint union F1 ⊔ . . . ⊔ F2α , where α = t + 1 and each Fi is a 2-set of type 4. 
The set ℳ1 ⊔ℳ2 ⊔ℳ3 ⊔ℳ5 ⊔ℳ7 ⊔ℳ9 ⊔ℳ10 ⊔ℳ12 ⊔ℳ14 ⊔ℳ16 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , 
where β = 3t + 5 and each G j is a 2-set of type 2. Finally, the set ℳ4 ⊔ ℳ6 ⊔ ℳ11 ⊔ ℳ15 ⊔ ℳ17 can be written as a 
disjoint union H1 ⊔ . . . ⊔ H2γ , where γ = 4t + 4 and each Hh is a 2-set of type 1. Call

ℜ1 = {Q 3(F2i−1, F2i) : i ∈ [1, t + 1]} ,

ℜ2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1,3t + 5]}︁ ,

ℜ3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1,4t + 4]}︁ .

Then ℜ =ℜ1 ⊔ℜ2 ⊔ℜ3 consists of 8t +10 zero-sum blocks of size 2×4 and ℰ(ℜ) = ±(ℳ1 ⊔ . . .⊔ℳ17). Hence, we replace 
the instances of Z4 with the arrays in ℜ. □
Lemma 4.4. There exists an SMAS(5,7;2c) for all c ⩾ 3 such that c ≡ 3 (mod 4).

Proof. An SMAS(5,7;6) is shown in Fig. 2. So, write c = 4t + 7 where t ⩾ 0. Our SMAS(5,7;2c) will consist of 8t + 12
arrays of type (4.1) and two arrays of type (3.4). Hence, we will construct 8t + 12 blocks X3, 24t + 38 blocks X2, 8t + 12
blocks Z4, 2 blocks Y5 and 2 blocks W2.

Take

𝔄 = 𝔄(4t + 9, 24t + 42, 10t + 17, 2t + 3),

𝔅 = 𝔅(9, 116t + 199, 24t + 38),

ℭ = ℭ(92t + 148, 116t + 200, 92t + 158)

as in Lemmas 4.1, 2.6 and 2.7, respectively. We have

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) = ±[1,140t + 245] \ ± (ℳ1 ⊔ . . . ⊔ℳ18) ,

where

19 



F. Morini and M.A. Pellegrini Discrete Mathematics 349 (2026) 115313 

10 −8 −2 5 −5 17 −17
−6 −59 65 −90 90 −96 96
−4 68 −63 84 −85 79 −79
1 −89 87 −45 47 49 −50

−1 88 −87 46 −47 −49 50

, 

−10 8 2 7 −7 19 −19
6 59 −65 −91 91 −97 97
4 −68 63 85 −84 78 −78

−3 89 −86 45 −44 51 −52
3 −88 86 −46 44 −51 52

, 

40 −18 −22 21 −21 23 −23
−14 48 −34 −98 98 −99 99
−26 −30 56 77 −77 76 −76

9 −92 83 60 −62 −64 66
−9 92 −83 −60 62 64 −66

, 

−40 18 22 25 −25 27 −27
14 −48 34 −100 100 −101 101
26 30 −56 75 −75 74 −74
11 −93 82 55 −57 −67 69

−11 93 −82 −55 57 67 −69

, 

36 −16 −20 29 −29 31 −31
−12 53 −41 −102 102 −103 103
−24 −37 61 73 −73 72 −72
13 −94 81 39 −43 −54 58

−13 94 −81 −39 43 54 −58

, 

−36 16 20 33 −33 35 −35
12 −53 41 −104 104 −105 105
24 37 −61 71 −71 70 −70
15 −95 80 28 −32 −38 42

−15 95 −80 −28 32 38 −42

. 

Fig. 2. An SMAS(5,7;6). 

ℳ1 = [12,8t + 18]2, ℳ2 = [40t + 68,40t + 72]4,

ℳ3 = [52t + 91,56t + 93]2, ℳ4 = [56t + 94,56t + 95],
ℳ5 = [56t + 98,60t + 100]2, ℳ6 = [60t + 102,64t + 111],
ℳ7 = [64t + 113,64t + 115]2, ℳ8 = [64t + 119,72t + 123]4,

ℳ9 = [68t + 118,72t + 124]2, ℳ10 = [72t + 126,80t + 131],
ℳ11 = [80t + 132,80t + 135], ℳ12 = [80t + 143,88t + 147]4,

ℳ13 = [80t + 137,80t + 139]2, ℳ14 = [84t + 142,92t + 144]2,

ℳ15 = [88t + 151,92t + 149]2, ℳ16 = [92t + 146,92t + 150]4,

ℳ17 = [92t + 151,92t + 153]2, ℳ18 = [92t + 155,92t + 156].
So, we replace the 8t + 12 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ and the 24t + 38
instances of X2 with the arrays in 𝔅.

Call

ℜ = {U2(ℳ4), U2(ℳ18)}.
Then, ℰ(ℜ) = ± (ℳ4 ⊔ℳ18): we replace the 2 instances of W2 with the arrays in ℜ.

The set ℳ2 ⊔ℳ8 ⊔ℳ12 ⊔ℳ16 can be written as a disjoint union F1 ⊔ . . .⊔ F2α , where α = t + 2 and each Fi is a 2-set 
of type 4. The set ℳ1 ⊔ℳ3 ⊔ℳ5 ⊔ℳ7 ⊔ℳ9 ⊔ℳ13 ⊔ℳ14 ⊔ℳ15 ⊔ℳ17 can be written as a disjoint union G1 ⊔ . . .⊔ G2β , 
where β = 4t + 5 and each G j is a 2-set of type 2. Finally, the set ℳ6 ⊔ ℳ10 ⊔ ℳ11 can be written as a disjoint union 
H1 ⊔ . . . ⊔ H2γ , where γ = 3t + 5 and each Hh is a 2-set of type 1. Call

𝔖1 = {Q 3(F2i−1, F2i) : i ∈ [1, t + 2]} ,

𝔖2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1,4t + 5]}︁ ,

𝔖3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1,3t + 5]}︁ .

Then 𝔖 = 𝔖1 ⊔𝔖2 ⊔𝔖3 consists of 8t + 12 zero-sum blocks of size 2 × 4 and ℰ(𝔖) = ±(ℳ1 ⊔ℳ2 ⊔ℳ3 ⊔ℳ5 ⊔ . . .⊔ℳ17). 
Hence, we replace the instances of Z4 with the arrays in 𝔖. □
Lemma 4.5. Given three positive integers α,β,γ such that β > α + 15 > γ + 18 > 40, there exists a set ℭ = ℭ(α,β,γ ) consisting 
of two square blocks of size 5 such that

σr(C) = (0,0,0,1,−1) and σc(C) = (0,0,0,0,0) for all C ∈ ℭ

and ℰ(ℭ) consists of the following disjoint subsets:

ℰ(ℭ) = ±[8,15] ⊔ ±{22} ⊔ ±[γ ,γ + 3] ⊔ ±{α,α + 4,α + 12,α + 15} ⊔ ±[β,β + 3] ⊔ ±[β + 12, β + 15].

Proof. Let C1 and C2 be the following arrays:

22 −14 −8 13 −13
−12 −α α + 12 −(β + 14) β + 14
−10 α + 15 −(α + 4) β −(β + 1)

9 −(β + 13) β + 3 −(γ + 1) γ + 3
−9 β + 12 −(β + 3) γ + 2 −(γ + 3)

, 

−22 14 8 15 −15
12 α −(α + 12) −(β + 15) β + 15
10 −(α + 15) α + 4 β + 1 −β

−11 β + 13 −(β + 2) γ + 1 −γ
11 −(β + 12) β + 2 −(γ + 2) γ

.

The set ℭ= {C1, C2} has the required properties. □
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53 3 −56 17 −17 19 −19
−57 59 −2 −65 65 −66 66
55 −60 5 48 −48 47 −47

−58 4 54 16 −18 −26 28
7 −6 −1 −16 18 26 −28

, 

−53 −3 56 21 −21 23 −23
57 −59 2 −67 67 −68 68

−55 60 −5 46 −46 45 −45
58 −4 −54 31 −33 −34 36
−7 6 1 −31 33 34 −36

,

22 −14 −8 13 −13 25 −25
−12 −20 32 −63 63 −69 69
−10 35 −24 49 −50 44 −44

9 −62 52 −38 40 29 −30
−9 61 −52 39 −40 −29 30

, 

−22 14 8 15 −15 27 −27
12 20 −32 −64 64 −70 70
10 −35 24 50 −49 43 −43

−11 62 −51 38 −37 41 −42
11 −61 51 −39 37 −41 42

. 

Fig. 3. An SMAS(5,7;4). 

Lemma 4.6. There exists an SMAS(5,7;2c) for all c ⩾ 2 such that c ≡ 2 (mod 4).

Proof. An SMAS(5,7;4) is shown in Fig. 3. So, write c = 4t + 6 where t ⩾ 0. Our SMAS(5,7;2c) will consist of 8t + 8 arrays 
of type (4.1), two arrays of type (3.4) and two of type

X t
2 X t

2X5 Z4
,

where each Xr is a zero-sum block of size r × 3 and each Z4 is a zero-sum block of size 2 × 4. Hence, we will construct 
8t + 8 blocks X3, 2 blocks X5, 24t + 30 blocks X2, 8t + 10 blocks Z4, 2 blocks Y5 and 2 blocks W2.

Take

𝔄 = 𝔄(4t + 12, 24t + 38, 10t + 14, 2t + 2),

𝔅 = 𝔅(17, 116t + 164, 24t + 30),

ℭ = ℭ(92t + 118, 116t + 165, 60t + 89)

as in Lemmas 4.1, 2.6 and 4.5, respectively. Furthermore, take 𝔇= {+D,−D}, where

D =

116t + 169 3 −(116t + 172)

−(116t + 173) 116t + 175 −2
116t + 171 −(116t + 176) 5

−(116t + 174) 4 116t + 170
7 −6 −1

.

Then,

ℰ(𝔄) ⊔ ℰ(𝔅) ⊔ ℰ(ℭ) ⊔ ℰ(𝔇) = ±[1,140t + 210] \ ± (ℳ1 ⊔ . . . ⊔ℳ18) ,

where

ℳ1 = [16,18]2, ℳ2 = [20,24]4,

ℳ3 = [26,8t + 24]2, ℳ4 = [40t + 60,40t + 72]4,

ℳ5 = [56t + 74,56t + 86]4, ℳ6 = [52t + 81,56t + 83]2,

ℳ7 = [56t + 90,60t + 88]2, ℳ8 = [60t + 93,64t + 96],
ℳ9 = [64t + 97,64t + 107]2, ℳ10 = [64t + 109,72t + 113]4,

ℳ11 = [68t + 102,80t + 112]2, ℳ12 = [72t + 117,80t + 123]2,

ℳ13 = [80t + 125,88t + 129]4, ℳ14 = [84t + 118,92t + 116]2,

ℳ15 = [88t + 133,92t + 131]2, ℳ16 = [92t + 120,92t + 124]4,

ℳ17 = [92t + 126,92t + 128]2, ℳ18 = [92t + 132,92t + 134]2.

So, we replace the 8t + 8 instances of X3 with the arrays in 𝔄, the 2 instances of Y5 with the arrays in ℭ, the 2 instances 
of X5 with the arrays in 𝔇 and the 24t + 30 instances of X2 with the arrays in 𝔅.

Write ℳ8 =ℳ1
8 ⊔ℳ2

8 ⊔ℳ3
8, where

ℳ1
8 = [60t + 93,60t + 94], ℳ2

8 = [60t + 95,60t + 96] and ℳ3
8 = [60t + 97,64t + 96].

Define

ℜ = {U2(ℳ1
8), U2(ℳ2

8)}.
Then, ℰ(ℜ) = ±(ℳ1

8 ⊔ℳ2
8): we replace the 2 instances of W2 with the arrays in ℜ.

The set ℳ2 ⊔ℳ4 ⊔ℳ5 ⊔ℳ10 ⊔ℳ13 ⊔ℳ16 can be written as a disjoint union F1 ⊔ . . .⊔ F2α , where α = t + 4 and each 
Fi is a 2-set of type 4. The set ℳ1 ⊔ℳ3 ⊔ℳ6 ⊔ℳ7 ⊔ℳ9 ⊔ℳ11 ⊔ℳ12 ⊔ℳ14 ⊔ℳ15 ⊔ℳ17 ⊔ℳ18 can be written as 
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a disjoint union G1 ⊔ . . . ⊔ G2β , where β = 6t + 6 and each G j is a 2-set of type 2. Finally, the set ℳ3
8 can be written as a 

disjoint union H1 ⊔ . . . ⊔ H2t , where each Hh is a 2-set of type 1. Call

𝔖1 = {Q 3(F2i−1, F2i) : i ∈ [1, t + 4]} ,

𝔖2 = {︁
Q 2(G2 j−1, G2 j) : j ∈ [1,6t + 6]}︁ ,

𝔖3 = {︁
Q 1(H2h−1, H2h) : h ∈ [1, t]}︁ .

Then 𝔖 = 𝔖1 ⊔𝔖2 ⊔𝔖3 consists of 8t + 10 zero-sum blocks of size 2 × 4 and ℰ(𝔖) = ±(ℳ1 ⊔ . . . ⊔ℳ7 ⊔ℳ3
8 ⊔ℳ9 ⊔ . . . ⊔

ℳ18). Hence, we replace the instances of Z4 with the arrays in 𝔖. □
5. The case a = 6

We now consider the construction of an SMAS(6,b; c) when b ⩾ 5 is an odd integer.

Lemma 5.1. If there exists an SMAS(6,b; c) for b, c ≥ 1, then there exists an SMAS(6,b + 4; c).

Proof. For every j ⩾ 0, let

S j =
Q 1([ j + 1, j + 2], [ j + 3, j + 4])
Q 1([ j + 5, j + 6], [ j + 7, j + 8])

Q 1([ j + 9, j + 10], [ j + 11, j + 12])
.

Then, S j is a 6 × 4 zero-sum block such that ℰ(S j) = ±[ j + 1, j + 12]. Let {R0, . . . , Rc−1} be an SMAS(6,b; c). For every 
i ∈ [0, c − 1], define the 6 × (b + 4) array

Ti = Ri S3bc+12i .

Then, the set {T0, . . . , Tc−1} is an SMAS(6,b + 4; c). □
Lemma 5.2. There exist an SMAS(6,5; c) and an SMAS(6,7; c) for all c ⩾ 4 such that c ≡ 0 (mod 4).

Proof. Write c = 4t + 4, where t ⩾ 0. Our SMAS(6,5; c) will consist of 4t + 4 blocks of type

X2

X2

X2

Z t
6 , (5.1)

whereas our SMAS(6,7; c) will consist of 4t + 4 blocks of type

X2 Z4

X2 Z4

X2 Z4

, (5.2)

where each X2 is a zero-sum block of size 2 × 3 and each Zℓ is a zero-sum block of size 2 × ℓ. Write b = 5 + δ, where 
δ ∈ {0,2}, and take

𝔅 = 𝔅(1, 36t + 36, 12t + 12)

as in Lemma 2.6. Then, ℰ(𝔅) = ±[1,12(t + 1)(5 + δ)] \ ±(ℳ1 ⊔ℳ2), where

ℳ1 = [2,24t + 24]2 and ℳ2 = [48t + 49,60t + 60 + 12(t + 1)δ].
So, we replace the 12t + 12 instances of X2 with the arrays in 𝔅.

Write

ℳ1 = ℳ1
1 ⊔ℳ2

1 ⊔ℳ3
1 and ℳ2 = ℳ1

2 ⊔ℳ2
2 ⊔ℳ3

2,

where

ℳ1
1 = [2,8t + 6]4, ℳ1

2 = [48t + 49,52t + 51]2,

ℳ2
1 = [4,8t + 8]4, ℳ2

2 = [48t + 50,52t + 52]2,

ℳ3
1 = [8t + 10,24t + 24]2, ℳ3

2 = [52t + 53,60t + 60 + 12(t + 1)δ].
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The set ℳ1
1 ⊔ℳ2

1 can be written as a disjoint union F1 ⊔ . . . ⊔ Fα , where α = 2t + 2 and each Fi is a 2-set of type 4. The 
set ℳ3

1 ⊔ ℳ1
2 ⊔ ℳ2

2 can be written as a disjoint union G1 ⊔ . . . ⊔ Gβ , where β = 6t + 6 and each G j is a 2-set of type 2. 
Finally, the set ℳ3

2 can be written as a disjoint union H1 ⊔ . . . ⊔ Hγ , where γ = 2(2 + 3δ)(t + 1) and each Hh is a 2-set of 
type 1.

Suppose δ = 0 and call

ℜ1 = {R2(Fi, G2i−1, G2i) : i ∈ [1,2t + 2]},
ℜ2 = {R1(G4t+4+ j, H2 j−1, H2 j) : j ∈ [1,2t + 2]}.

Then ℜ= ℜ1 ⊔ℜ2 consists of 4t + 4 zero-sum blocks of size 2 × 6 and ℰ(ℜ) = ±(ℳ1 ⊔ℳ2). Hence, we replace the 4t + 4
instances of Z6 with the arrays in ℜ.

Suppose δ = 2 and call

ℜ1 = {Q 3(F2i−1, F2i) : i ∈ [1, t + 1]},
ℜ2 = {Q 2(G2 j−1, G2 j) : j ∈ [1,3t + 3]},
ℜ3 = {Q 1(H2h−1, H2h) : h ∈ [1,8t + 8]}.

Then, ℜ = ℜ1 ⊔ ℜ2 ⊔ ℜ3 consists of 12t + 12 zero-sum blocks of size 2 × 4 and ℰ(ℜ) = ±(ℳ1 ⊔ ℳ2). Hence, we replace 
the 3(4t + 4) instances of Z4 with the arrays in ℜ. □
Lemma 5.3. There exists an SMAS(6,5; c) for all c ⩾ 1 such that c ≡ 1 (mod 4).

Proof. Write c = 4t + 1, where t ⩾ 0. Our SMAS(6,5; c) will consist of 4t + 1 blocks of type (5.1). Take

𝔅 = 𝔅(1, 36t + 8, 12t + 3)

as in Lemma 2.6. Then ℰ(𝔅) = ±[1,15(4t + 1)] \ ±(ℳ1 ⊔ℳ2), where

ℳ1 = [2,24t + 4]2 and ℳ2 = [48t + 12,60t + 15].
Write

ℳ1 = ℳ1
1 ⊔ℳ2

1 ⊔ℳ3
1 and ℳ2 = ℳ1

2 ⊔ℳ2
2 ⊔ℳ3

2,

where

ℳ1
1 = [2,16t + 4]2, ℳ1

2 = [48t + 12,52t + 10]2,

ℳ2
1 = [16t + 6,24t + 2]4, ℳ2

2 = [48t + 13,52t + 11]2,

ℳ3
1 = [16t + 8,24t + 4]4, ℳ3

2 = [52t + 12,60t + 15].
So, we replace the 12t + 3 instances of X2 with the arrays in 𝔅.

The set ℳ2
1 ⊔ℳ3

1 can be written as a disjoint union F1 ⊔ . . .⊔ Fα , where α = 2t and each Fi is a 2-set of type 4. The set 
ℳ1

1 ⊔ℳ1
2 ⊔ℳ2

2 can be written as a disjoint union G1 ⊔ . . .⊔ Gβ , where β = 6t + 1 and each G j is a 2-set of type 2. Finally, 
the set ℳ3

2 can be written as a disjoint union H1 ⊔ . . . ⊔ Hγ , where γ = 4t + 2 and each Hh is a 2-set of type 1. Call

ℜ1 = {R2(Fi, G2i−1, G2i) : i ∈ [1,2t]},
ℜ2 = {R1(G4t+ j, H2 j−1, H2 j) : j ∈ [1,2t + 1]}.

Then ℜ= ℜ1 ⊔ℜ2 consists of 4t + 1 zero-sum blocks of size 2 × 6 and ℰ(ℜ) = ±(ℳ1 ⊔ℳ2). Hence, we replace the 4t + 1
instances of Z6 with the arrays in ℜ. □
Lemma 5.4. There exists an SMAS(6,7; c) for all c ⩾ 1 such that c ≡ 1 (mod 4).

Proof. The existence of an SMAS(6,7;1) follows from [12, Lemma 7]. So, write c = 4t + 5, where t ⩾ 0. Our SMAS(6,7; c)
will consist of 4t + 4 blocks of type (5.2) and one block

Z4

Z4X6
Z4

, (5.3)

where X6 is a zero-sum block of size 6 × 3 and each Z4 is a zero-sum block of size 2 × 4. Take the zero-sum block

A =
1 −1 2 −2 4 −4
8 7 −8 5 −7 −5

−9 −6 6 −3 3 9
(5.4)
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−4 −5 9 11 −11
4 −7 3 −13 13

−2 5 −3 −24 24
2 −8 6 25 −25

−1 7 −6 −26 26
1 8 −9 27 −27

, 

10 −28 17 19 −18
−10 28 −17 −23 22
12 −29 16 −20 21

−12 29 −16 −19 18
14 −30 15 23 −22

−14 30 −15 20 −21

. 

Fig. 4. An SMAS(6,5;2). 

and the set

𝔅 = 𝔅(11, 36t + 45, 12t + 12)

as in Lemma 2.6. Then ℰ(A) ⊔ ℰ(𝔅) = ±[1,21(4t + 5)] \ ±(ℳ1 ⊔ℳ2 ⊔ℳ3), where

ℳ1 = [10,24t + 32]2, ℳ2 = [36t + 46,36t + 55], ℳ3 = [48t + 68,84t + 105].
So, we replace the unique instance of X6 with At and the 12t + 12 instances of X2 with the arrays in 𝔅.

The set ℳ1 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , where β = 3t + 3 and each G j is a 2-set of type 2. The set 
ℳ2 ⊔ℳ3 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where γ = 9t + 12 and each Hh is a 2-set of type 1. Call

ℜ1 = {Q 2(G2 j−1, G2 j) : j ∈ [1,3t + 3]},
ℜ2 = {Q 1(H2h−1, H2h) : h ∈ [1,9t + 12]}.

Then, ℜ = ℜ1 ⊔ℜ2 consists of 12t + 15 zero-sum blocks of size 2 × 4 and ℰ(ℜ) = ±(ℳ1 ⊔ℳ2 ⊔ℳ3). Hence, we replace 
the 3(4t + 5) instances of Z4 with the arrays in ℜ. □
Lemma 5.5. There exists an SMAS(6,5; c) for all c ⩾ 2 such that c ≡ 2 (mod 4).

Proof. An SMAS(6,5;2) is shown in Fig. 4. So, write c = 4t + 6, where t ⩾ 0. Our SMAS(6,5; c) will consist of 4t + 5 blocks 
of type (5.1) and one block

X6 Z t
6 , (5.5)

where X6 is a zero-sum block of size 6 × 3 and Z6 is a zero-sum block of size 2 × 6. Take the zero-sum block A given in 
(5.4) and the set

𝔅 = 𝔅(11, 36t + 55, 12t + 15)

as in Lemma 2.6. Then ℰ(A) ⊔ ℰ(𝔅) = ±[1,15(4t + 6)] \ ±(ℳ1 ⊔ℳ2 ⊔ℳ3), where

ℳ1 = [10,24t + 40]2, ℳ2 = [36t + 56,36t + 65], ℳ3 = [48t + 81,60t + 90].
So, we replace the unique instance of X6 with At and the 12t + 15 instances of X2 with the arrays in 𝔅.

Write

ℳ1 = ℳ1
1 ⊔ℳ2

1 ⊔ℳ3
1, ℳ2 = ℳ1

2 ⊔ℳ2
2 ⊔ℳ3

2 and ℳ3 = ℳ1
3 ⊔ℳ2

3 ⊔ℳ3
3,

where

ℳ1
1 = [10,8t + 24]2, ℳ1

2 = [36t + 56,36t + 58]2,

ℳ2
1 = [8t + 26,24t + 38]4, ℳ2

2 = [36t + 57,36t + 59]2,

ℳ3
1 = [8t + 28,24t + 40]4, ℳ3

2 = [36t + 60,36t + 65],
ℳ1

3 = [48t + 81,60t + 87]2, ℳ2
3 = [48t + 82,60t + 88]2,

ℳ3
3 = [60t + 89,60t + 90].

The set ℳ2
1 ⊔ℳ3

1 can be written as a disjoint union F1 ⊔ . . . ⊔ Fα , where α = 4t + 4 and each Fi is a 2-set of type 4. The 
set ℳ1

1 ⊔ℳ1
2 ⊔ℳ2

2 ⊔ℳ1
3 ⊔ℳ2

3 can be written as a disjoint union G1 ⊔ . . . ⊔ Gβ , where β = 8t + 10 and each G j is a 2-set 
of type 2. Finally, the set ℳ3

2 ⊔ ℳ3
3 can be written as a disjoint union H1 ⊔ . . . ⊔ H4, where each Hh is a 2-set of type 1. 

Call

ℜ1 = {R2(Fi, G2i−1, G2i) : i ∈ [1,4t + 4]},
ℜ2 = {R1(G8t+8+ j, H2 j−1, H2 j) : j ∈ [1,2]}.

Then, ℜ=ℜ1 ⊔ℜ2 consists of 4t + 6 zero-sum blocks of size 2 × 6 and ℰ(ℜ) = ±(ℳ1 ⊔ℳ2 ⊔ℳ3). Hence, we replace the 
4t + 6 instances of Z6 with the arrays in ℜ. □
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Lemma 5.6. There exists an SMAS(6,7; c) for all c ⩾ 2 such that c ≡ 2 (mod 4).

Proof. Write c = 4t + 2, where t ⩾ 0. Our SMAS(6,7; c) will consist of 4t + 1 blocks of type (5.2) and one block of type 
(5.3). Take the zero-sum block A given in (5.4) and the set

𝔅 = 𝔅(11, 36t + 19, 12t + 3)

as in Lemma 2.6. Then ℰ(A) ⊔ ℰ(𝔅) = ±[1,21(4t + 2)] \ ±(ℳ1 ⊔ℳ2 ⊔ℳ3), where

ℳ1 = [10,24t + 16]2, ℳ2 = [36t + 20,36t + 29], ℳ3 = [48t + 33,84t + 42].
So, we replace the unique instance of X6 with At and the 12t + 3 instances of X2 with the arrays in 𝔅.

The set ℳ1 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , where β = 3t + 1 and each G j is a 2-set of type 2. The set 
ℳ2 ⊔ℳ3 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where γ = 9t + 5 and each Hh is a 2-set of type 1. Call

ℜ1 = {Q 2(G2 j−1, G2 j) : j ∈ [1,3t + 1]},
ℜ2 = {Q 1(H2h−1, H2h) : h ∈ [1,9t + 5]}.

Then, ℜ = ℜ1 ⊔ ℜ2 consists of 12t + 6 zero-sum blocks of size 2 × 4 and ℰ(ℜ) = ±(ℳ1 ⊔ ℳ2 ⊔ ℳ3). Hence, we replace 
the 3(4t + 2) instances of Z4 with the arrays in ℜ. □
Lemma 5.7. There exists an SMAS(6,5; c) for all c ⩾ 3 such that c ≡ 3 (mod 4).

Proof. Write c = 4t + 3, where t ⩾ 0. Our SMAS(6,5; c) will consist of 4t + 2 blocks of type (5.1) and one block (5.5). Take 
the zero-sum block A given in (5.4) and the set

𝔅 = 𝔅(11, 36t + 27, 12t + 6)

as in Lemma 2.6. Then ℰ(A) ⊔ ℰ(𝔅) = ±[1,15(4t + 3)] \ ±(ℳ1 ⊔ℳ2 ⊔ℳ3), where

ℳ1 = [10,24t + 20]2, ℳ2 = [36t + 28,36t + 37], ℳ3 = [48t + 44,60t + 45].
So, we replace the unique instance of X6 with At and the 12t + 6 instances of X2 with the arrays in 𝔅.

Write

ℳ1 = ℳ1
1 ⊔ℳ2

1 ⊔ℳ3
1 and ℳ3 = ℳ1

3 ⊔ℳ2
3 ⊔ℳ3

3,

where

ℳ1
1 = [10,8t + 20]2, ℳ1

3 = [48t + 44,60t + 42]2,

ℳ2
1 = [8t + 22,24t + 18]4, ℳ2

3 = [48t + 45,60t + 43]2,

ℳ3
1 = [8t + 24,24t + 20]4, ℳ3

3 = [60t + 44,60t + 45].
The set ℳ2

1 ⊔ℳ3
1 can be written as a disjoint union F1 ⊔ . . . ⊔ Fα , where α = 4t and each Fi is a 2-set of type 4. The set 

ℳ1
1 ⊔ℳ1

3 ⊔ℳ2
3 can be written as a disjoint union G1 ⊔ . . .⊔ Gβ , where β = 8t + 3 and each G j is a 2-set of type 2. Finally, 

the set ℳ2 ⊔ℳ3
3 can be written as a disjoint union H1 ⊔ . . . ⊔ H6, where each Hh is a 2-set of type 1. Call

ℜ1 = {R2(Fi, G2i−1, G2i) : i ∈ [1,4t]},
ℜ2 = {R1(G8t+ j, H2 j−1, H2 j) : j ∈ [1,3]}.

Then, ℜ=ℜ1 ⊔ℜ2 consists of 4t + 3 zero-sum blocks of size 2 × 6 and ℰ(ℜ) = ±(ℳ1 ⊔ℳ2 ⊔ℳ3). Hence, we replace the 
4t + 3 instances of Z6 with the arrays in ℜ. □
Lemma 5.8. There exists an SMAS(6,7; c) for all c ⩾ 3 such that c ≡ 3 (mod 4).

Proof. Write c = 4t + 3, where t ⩾ 0. Our SMAS(6,7; c) will consist of 4t + 3 blocks of type (5.2). Take

𝔅 = 𝔅(1, 36t + 26, 12t + 9)

as in Lemma 2.6. Then ℰ(𝔅) = ±[1,21(4t + 3)] \ ±(ℳ1 ⊔ℳ2), where

ℳ1 = [2,24t + 16]2 and ℳ2 = [48t + 36,84t + 63].
So, we replace the 12t + 9 instances of X2 with the arrays in 𝔅.
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Table 1
Proof of Proposition 1.5.

c ≡ 0 (mod 4) b = 7 9 ⩽ b ≡ 1 (mod 4) 11 ⩽ b ≡ 3 (mod 4)

a = 5 L. 4.2 L. 4.2 L. 4.2
a ⩾ 7 C. 2.3 C. 2.3 C. 2.3

c ≡ 1 (mod 4) b = 7 9 ⩽ b ≡ 1 (mod 4) 11 ⩽ b ≡ 3 (mod 4)

a = 5 L. 4.3 L. 3.6 L. 3.7
7 ⩽ a ≡ 3 (mod 4) L. 3.9 C. 2.3 L. 3.9
9 ⩽ a ≡ 1 (mod 4) C. 2.3 L. 3.6 C. 2.3

c ≡ 2 (mod 4) b = 7 9 ⩽ b ≡ 1 (mod 4) 11 ⩽ b ≡ 3 (mod 4)

a = 5 L. 4.6 L. 3.10 L. 3.10
a = 7 L. 3.12 L. 3.11 L. 3.12
9 ⩽ a ≡ 1 (mod 4) L. 3.11 L. 3.10 L. 3.10
11 ⩽ a ≡ 3 (mod 4) L. 3.12 L. 3.10 L. 3.12

c ≡ 3 (mod 4) b = 7 9 ⩽ b ≡ 1 (mod 4) 11 ⩽ b ≡ 3 (mod 4)

a = 5 L. 4.4 L. 3.1 L. 3.3
a = 7 C. 2.3 L. 3.4 C. 2.3
9 ⩽ a ≡ 1 (mod 4) L. 3.4 C. 2.3 L. 3.3
11 ⩽ a ≡ 3 (mod 4) C. 2.3 L. 3.3 C. 2.3

The set ℳ1 can be written as a disjoint union G1 ⊔ . . . ⊔ G2β , where β = 3t + 2 and each G j is a 2-set of type 2. The set 
ℳ2 can be written as a disjoint union H1 ⊔ . . . ⊔ H2γ , where γ = 9t + 7 and each Hh is a 2-set of type 1. Call

ℜ1 = {Q 2(G2 j−1, G2 j) : j ∈ [1,3t + 2]},
ℜ2 = {Q 1(H2h−1, H2h) : h ∈ [1,9t + 7]}.

Then, ℜ = ℜ1 ⊔ ℜ2 consists of 12t + 9 zero-sum blocks of size 2 × 4 and ℰ(ℜ) = ±(ℳ1 ⊔ ℳ2). Hence, we replace the 
3(4t + 3) instances of Z4 with the arrays in ℜ. □
6. Conclusions

We can now prove our main results.

Proof of Proposition 1.5. By Remark 2.4, the statement follows from the results of Sections 3 and 4, according to Ta
ble 1. □
Proof of Proposition 1.6. For all c ⩾ 1, there exists an SMAS(6,5; c) by Lemmas 5.2, 5.3, 5.5 and 5.7, and there exists an 
SMAS(6,7; c) by Lemmas 5.2, 5.4, 5.6 and 5.8. Hence, the result follows from Lemma 5.1. □
Proof of Theorem 1.2. By [10, Main Theorem] and [11, Main Theorem 20], we may assume s,k ≥ 4. Up to transposition, by 
Proposition 1.3 we may also assume that k ⩾ 5 is odd, n is even, s ≢ 0 (mod 4) and gcd(s,k) = 1. From ms = nk we get that 
there exists a positive integer e such that m = ek and n = es.

Suppose that s is odd. Since n is even, e = 2c for a suitable positive integer c. Let {R1, . . . , R2c} be an SMAS(k, s;2c): 
the existence of this set follows from Proposition 1.5, since s ⩾ 5 and (s,k) ≠ (5,5). In this case, the m × n block-diagonal 
matrix diag(R1, . . . , R2c) is an SMA(m,n; s,k).

Next, suppose that s is even. By the previous assumptions, we can write s = 2s, where s ⩾ 3 is an odd integer, coprime 
with k. If s = 3, let {R1, . . . , Re} be an SMAS(k,6; e), whose existence follows from Proposition 1.6. In this case, the m × n
block-diagonal matrix diag(R1, . . . , Re) is an SMA(m,n; s,k). If s ⩾ 5, let {R1, . . . , R2e} be an SMAS(k, s;2e), whose existence 
follows from Proposition 1.5 since (k, s) ≠ (5,5). For every i ∈ [1, e], define the k × s array Si = R2i−1 R2i . In this case, the 
m × n block-diagonal matrix diag(S1, . . . , Se) is an SMA(m,n; s,k). □
Proof of Corollary 1.8. By [5, Proposition 4.2], there is no (integer) 2H(m,n; s,k) when nk ≡ 1 (mod 4). So, assume that nk
even. By Theorem 1.2 there exists an SMA(m,n; s,k) (and hence, an integer 2H(m,n; s,k)) when (m,n, s,k) does not belong 
to the set

{(ℓ,2,2, ℓ), (2, ℓ, ℓ,2) : ℓ ⩾ 1 is such that ℓ ≡ 1,2 (mod 4)} .

So, we are left to consider the case when m = k = 2 and n = s ≡ 1,2 (mod 4). For the sake of contradiction, suppose that 
there exists an integer 2H(2,n;n,2), say A. Denoting by R1, R2 the two rows of A, we must have R2 = −R1, where the 
absolute values of the entries of R1 constitute the set [1,n]. Since n ≡ 1,2 (mod 4), the sum of the entries of R1 cannot be 
equal to zero, a contradiction. □
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