Discrete Mathematics 349 (2026) 115313

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Signed magic arrays: existence and constructions )

Check for
updates

Fiorenza Morini®, Marco Antonio Pellegrini ”*

2 Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Universita di Parma, Parco Area delle Scienze 53/A, 43124 Parma, Italy
b Dipartimento di Matematica e Fisica, Universita Cattolica del Sacro Cuore, Via della Garzetta 48, 25133 Brescia, Italy

ARTICLE INFO ABSTRACT

Article history: Let m,n, s, k be four integers such that 1 <s < n, 1 <k <m and ms =nk. A signed magic
Received 18 December 2024 array SMA(m, n; s, k) is an m x n partially filled array whose entries belong to the subset
Received in revised form 23 June 2026 Q C Z, where Q=1{0, 1,42, ..., £(nk — 1)/2} if nk is odd and Q = {&1,£2, ..., £nk/2}

Accepted 25 June 2026

Available onfine xxxx if nk is even, satisfying the following requirements: (a) every w € Q2 appears once in the

array; (b) each row contains exactly s filled cells and each column contains exactly k filled
cells; (c) the sum of the elements in each row and in each column is 0. In this paper we

Keywords:

Signed magic array construct these arrays when n is even and s,k > 5 are coprime integers. This allows us to
Magic rectangle provide a complete answer to a problem posed in 2017 by Khodkar, Schulz and Wagner,
Heffter array giving the necessary and sufficient conditions for the existence of an SMA(m, n; s, k) for all

admissible values of m, n, s, k.
© 2026 The Author(s). Published by Elsevier B.V. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In recent years, many authors have worked with magic squares and various generalizations of these objects. For instance,
one can consider magic rectangles [8,9], magic hypercubes [18], or magic squares on abelian groups [19]. In particular,
Abdollah Khodkar, Christian Schulz and Nathan Wagner introduced in [12] a class of partially filled arrays, called signed
magic arrays.

Definition 1.1. Let m, n, s, k be four integers such that 1 <s <n, 1 <k <m and ms =nk. A signed magic array SMA(m, n; s, k)
is an m x n partially filled array with entries in Q C Z, where Q = {0, £1,£2,...,£(nk — 1)/2} if nk is odd and Q =
{£1,+2,..., £nk/2} if nk is even, such that

(a) every w € Q2 appears once in the array;
(b) each row contains exactly s filled cells and each column contains exactly k filled cells;
(c) the sum of the elements in each row and in each column is 0.

Replacing in the previous definition the subset Q2 with any subset ¥ C Z such that {¥,—W} is a partition of
{£1,+2, ..., £nk}, one obtains an integer Heffter array H(m,n;s, k), an object introduced by Dan Archdeacon in [2]. In
fact, as shown in [15], magic rectangles, signed magic arrays and Heffter arrays are all members of the broader family of
the magic partially filled arrays. Speaking of integer Heffter arrays, we recall that Archdeacon conjectured (see [2, Conjecture
6.3]) that there exists an integer Heffter array H(m,n;s, k) for all m,n, s, k with s,k > 3 and ms = nk, provided that the
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necessary condition ms =0, 3 (mod 4) is satisfied. The reader interested in constructing these objects can find a survey on
almost all known results in [16]. Further methods for constructing rectangular integer Heffter arrays have been recently
described in [14,17]. These methods, adapted here to work with signed magic arrays, allow us to completely solve the
existence problem of an SMA(m, n; s, k).

Theorem 1.2. Let m, n, s, k be four integers such that 1 < s <n, 1 < k < m and ms = nk. There exists an SMA(m, n; s, k) if and only if
one of the following cases occurs:

(1) k=m=s=n=1;

2) k=2, m=2ands=n=0,3 (mod 4);
(3) k=2andm,s > 3;

(4) s=2,n=2andk=m=0,3 (mod 4);
(5) s=2andn,k >3;

(6) s, k>3.

Clearly, if A is an SMA(m, n; s, k), then its transpose A' is an SMA(n1, m; k, s). Furthermore, an SMA(m, n; s, 1) exists only
when m =s =n =1, in which case the matrix one is looking for is @ The existence problem of an SMA(m, n; s, 2) and of an
SMA(m, n; s, 3) has been already solved in [10] and in [11], respectively. Constructions of signed magic arrays SMA(m, n; s, k)
have been described firstly assuming that s, k > 4 are even integers (see [13, Theorem 1.6]), and then assuming the weaker
hypothesis that gcd(s, k) > 2 (see [14, Theorem 1.9]). The case when s =0 (mod 4) has been dealt with in [14, Theorem
1.10], while the case when nk is odd has been completely solved in [15, Corollary 3.5]. We can resume the results obtained
in [13-15] as follows.

Proposition 1.3. Let m, n, s, k be four integers such that 3 < s < n, 3 <k < m and ms = nk. There exists an SMA(m, n; s, k) in each of
the following cases:

(1) ged(s, k) = 2;
(2) s=0 (mod 4);
(3) nkis odd.

Once more, we remark that all the previous results on signed magic arrays [10,11,13-15] have been obtained with
constructive methods. So, to prove Theorem 1.2 it suffices to consider the case when nk is even, s,k > 5 and gcd(s, k) = 1.
Under these assumptions, s and k cannot be two even integers, so we may assume that k is odd and s 0 (mod 4). If s
and k are odd coprime integers, from ms = nk even, it follows that m = 2ck and n = 2cs for some positive integer c. On the
other hand, if s=2 (mod 4), we can write s =25 for some odd integer s > 3 such that gcd(s, k) = 1. Again, from ms = nk,
we obtain m = ck and n = 2¢s for some positive integer c. In both cases, we prove the existence of an SMA(m, n; s, k) by
constructing a signed magic array set, see [15].

Definition 1.4. A signed magic array set SMAS(a, b; e) is a set of e arrays of size a x b with entries in Q C Z, where Q =
{0,£1,+£2, ..., +(abe — 1)/2} if abe is odd and Q2 = {£1, £2,..., +abe/2} if abe is even, such that

(a) every w € © appears once and in a unique array,
(b) for every array, the sum of the elements in each row and in each column is 0.

In the next sections, we prove the following results that, together with Proposition 1.3, will imply the validity of Theo-
rem 1.2, as explained in Section 6.

Proposition 1.5. Given a positive integer ¢ and two odd integers a, b > 5 such that (a, b) # (5, 5), there exists an SMAS(a, b; 2¢).
Proposition 1.6. Given an odd integer b > 5, there exists an SMAS(6, b; ¢) for all ¢ > 1.

We recall that, when nk is even, an SMA(m, n; s, k) is an integer 2-fold Heffter array 2H(m, n; s, k) with some additional
properties.

Definition 1.7. [5,13] Let m,n, s,k be four integers such that 1<s<n, 1<k<m and ms=nk. Set v=nk+1 and & =
{1.....| 3|} C Z. An integer 2-fold Heffter array H(m, n; s, k) is an m x n partially filled array with elements from ® U —®
such that

(a) each row contains exactly s filled cells and each column contains exactly k filled cells;
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(b) denoting by p(x) the number of the entries whose absolute value is equal to a positive integer x, if v is odd, then
p(x) =2 for every x € ®; if v is even, then p(x) =2 for every xe ®\ {5} while p(¥)=1;
(c) the sum of the elements in each row and in each column is 0.

As a consequence of Theorem 1.2, we have the following.

Corollary 1.8. Let m, n, s, k be four integers such that 2 < s <n, 2 < k <m and ms = nk. Suppose nk # 3 (mod 4). There exists an
integer 2H(m, n; s, k) if and only if nk is even and

(m,n,s, k) €{(¢,2,2,0),2,¢,£,2):£>1issuchthat£=1,2 (mod 4)}.
Signed magic arrays can be interpreted as zero-sum magic partially filled arrays, according to the following.

Definition 1.9. [15] A zero-sum magic partially filled array °MPFg(m, n; s, k) on a subset € of an abelian group (T, +) is a
partially filled array of size m x n with entries in € such that

(a) every w € © appears once in the array;
(b) each row contains s filled cells and each column contains k filled cells;
(c) the sum of the elements in each row and in each column is Or.

The entries of an SMA(m, n; s, k) can be also viewed as elements of a finite cyclic group. Setting I' = Zyy, if nk is odd and
[ = Zuk1 if nk is even, an SMA(m, n; s, k) is a zero-sum magic partially filled array on I if nk is odd and on T"\ {Or} if nk
is even. Consequently, signed magic arrays may prove to be potentially useful for graph theorists working on graph labeling.
We now briefly describe a possible connection between these arrays (and signed magic array sets) and magic labelings (see
[7, Sections 5.1 and 5.6]).

A bipartite biregular graph G(V, E) is a graph whose vertex set can be written as a disjoint union V = V1 U V, with
[V1] =m, |V2| =n, and where each vertex of Vi is connected with exactly s vertices of V;, and each vertex of V; is
connected with exactly k vertices of V1. Now, let M be an SMA(m, n; s, k). We associate to M a bipartite biregular graph
&y =G(V, E) by taking a set V1 of m points, a set V, of n points, and drawing an edge e; ; between the i-th vertex of V;
and the j-vertex of V; if the cell (i, j) of M is not empty. Define the labeling fy : E — I', where fuy(e; ;) is the entry of
the corresponding cell (i, j) of M.

A Zpi-supermagic labeling of a graph G(V, E) with |E| =nk is a bijection from E to Zy such that the sum of labels of
all incident edges of every vertex v € V is equal to the same element x € Zpy, see [6]. If M is an SMA(m, n; s, k) with nk
odd, then function fy is a Zy,-supermagic labeling of @), where the constant x is Oz, .

A graph G is said to be zero-sum Zny1-magic if there exists a labeling of the edges of G with elements of Zp.1 \ {0}
such that, for each vertex v, the sum of the labels of the edges incident with v is equal to Oy see [1]. If M is an
SMA(m, n; s, k) with nk even, then &y is a zero-sum Zpy;1-magic graph.

Finally, given a graph G = (V, E), a bijection f:V — Zgpet1 \ {0z, } 1s said to be a Z qpe+1 -distance magic labeling
of G if there exists u € Zgper1 such that w(v) = Y. f(u) is u for all vertices v € V, see [3,4]. If S is an SMAS(a, b; e)

ueN(v)
with abe even, then we can consider the complete a-partite graph Kpexq consisting of be parts of the same cardinality a.
Labeling the vertices of each part with the a entries of the be columns of the elements of S, we obtain a Zgpe1-distance
magic labeling of Kpexq Where the constant u is 0z, ,-

Explicit constructions of our signed magic array sets are given in Sections 3, 4 and 5. The reader interested only in
the proofs of our main results can refer directly to Section 6. Those, who want to understand how we have truly solved
this decade-long problem, will find similar constructions (and statements) each requiring small adjustments or different
approaches, due to the presence of various parameters. We have unified some of them while trying to maintain a certain
level of readability. To help these readers, explicit algorithmic implementations in GAP are available up to request to the
authors.

nk+1"

2. Notation and preliminary results

Given an array A, we denote by £(A) the list of its entries; o,(A) and o.(A) denote, respectively, the sequence of the
sums of the elements of each row and column of A. If 6,(A) = (0,...,0) and o.(A) = (0, ..., 0), the array A is said to be a
zero-sum block. Given a set & = {A1, A2, ..., A;} of arrays, we set £(&) = U;E(A)).

Given an integer d > 1, if a, b are two integers such that a=b (mod d), then we use the notation

b_
[a,b]dz{a+id|0<i<Ta}CZ,

whenever a < b. If a > b, then [a,b]y; = @. If d =1, we simply write [a, b]. Given a subset Q consisting of positive integers,
we write £Q = {+w : w € Q}. Given two positive integers ¢ and x, a set {x, x4+ &} will be called a 2-set of type ¢.
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10{-4|-6| 5 |-5| 7 | -7 —-10| 4 6 9 | -9 11 |-11
—2| 19 |-17|-32| 32 |-33]| 33 2 |—-19| 17 |-34| 34 |-35| 35
—8|—15( 23 | 27 |-27| 26 |-26| 8 | 15 |—23| 25 |-25| 24 |-24|
1|-30(29 | 14 |-16(—18]| 20 3 |=31| 28 | 12 |-13|-21| 22
—1| 30 [—-29|—14| 16 | 18 |20 —3 | 31 |—28|—12| 13 | 21 |-22

Fig. 1. An SMAS(5, 7; 2).
Following [17], we consider the following objects.
Definition 2.1. An integer Heffter array set IHS(a, b; c) is a set of ¢ arrays of size a x b such that
(a) the entries of all these arrays constitute a subset 2 C Z such that {2, —2} is a partition of {£1, &2, ..., fabc};

(b) every w € Q2 appears once and in a unique array;
(c) for every array, the sum of the elements in each row and in each column is 0.

Theorem 2.2. [17] Let a, b, ¢ be positive integers such that abc = 0,3 (mod 4). Suppose that a, b > 7 are odd integers. Then, there
exists an IHS(a, b; c).

If {A1,Aa, ..., Ac} is an IHS(a, b; ¢), then {A1, —Aq, Az, —Az, ..., Ac, —Ac} is clearly an SMAS(a, b; 2c). Hence, from The-
orem 2.2 we obtain the following.

Corollary 2.3. Let a, b, ¢ be positive integers such that abc = 0,3 (mod 4). Suppose that a, b > 7 are odd integers. Then, there exists
an SMAS(a, b; 2¢).

Remark 2.4. An SMAS(a, b; e) exists if and only if there exists an SMAS(b, a; e).

In the next two sections, we will construct SMAS(a, b; 2c) when either a =5 or abc = 1,2 (mod 4). Roughly speaking,
to build the elements of our signed magic array set we will use some basic zero-sum blocks of size 3 x 3, 2 x 3, 2 x4 or
2 x 6 (see, for instance, Fig. 1). To this purpose, we start with the following constructions.

Lemma 2.5. Given three nonnegative integers o, 8, u such that u < « + 1, there exists a set 2 = 20(«, B, u) consisting of 2u square
zero-sum blocks of size 3 such that £(2() consists of the following disjoint subsets:
EQ = £[2a+ 2,20+ 8uly U+[4x + 6u + 4, 4o + 10u]4ul
+28+1,28+4u -1 ut[2a +28+2u+ 3,200+ 28 + 10u — 1]4.

Proof. For all i € [0, u — 1], define

40 +6u+4+4i | —Qa+2u+2+20) | —Qa +4u+ 2+ 2i)
Ai=| —Qa+2+20) [20+2B+2u+3+4i| —2B+2u+1+20)
“Qa+6ut+2+2)| —@B+1+20) |2a0+2B+6u+3+4i

The set &l = {+A;, —A;:i €[0,u — 1]} has the required properties. O

Lemma 2.6. Given three positive integers «, 8, u such that 8 > o + 3u — 2, there exists a set B = B («, B, u) consisting of u zero-sum
blocks of size 2 x 3 such that £ (B) consists of the following disjoint subsets:

EEB) =, @ +2u— 2 UE[f—u+1,Blutle+B o+ B +u—1].

Proof. For every j € [0, u — 1], define

a+2j [~@+B+)] A—J

Bi=r2p avp+ri G-

The set B = {B;: j € [0,u — 1]} has the required properties. O

Let Q1 = Q1({x1,x1 + 1}, {x2,x2 + 1}), Q2 = Q2({y1,¥y1 + 2}, {y2,¥y2 +2}), Q3 = Q3({z1,21 + 4}, {z2, 2 + 4}, R1 =
Ri({y1, y1 + 2}, {x1,%x1 + 1}, {x2,x2 + 1}) and Ry = R2({z1, 21 + 4}, {y1, y1 + 2}, {y2, y2 + 2}) be the following zero-sum
blocks:
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X1 |—(X1+1)|—x2| x2+1

G = —Xx1| x1+1 X2 |—(x2+ 1)
0, = Y11= +2)|=ys| y2+2
Y1l yi+2 | y2 |—=02+2)f
0; = z1 |—(z1+4D|-22| z22+4
T | atd (o @t e

Ri — Vi |—-1+2)|—x1| x1+1 |—x2| x2+1
! —vi| yi+2 [ x [~ + D[ x [-+D|
z1 |—(Z1+D|=y1| y1+2 |=y2| Y2+2

—-z1| z1+4 | y1 |—-W1+2)| y2 |—(2+2)]

Ry =

Lemma 2.7. Given three positive integers «, 8, y such that 8 >y + 3 > o + 12 > 22, there exists a set € = &(«, B, y) consisting of
two square blocks of size 5 such that

0:(C)=(0,0,0,1,—-1) and o.(C)=(0,0,0,0,0)forallCe¢€

and £(€) consists of the following disjoint subsets:
E@)==£[1,7hu£[2, 10 ut{a,a+ 4,00+ 6,0 + 9} L X[y, y +3]UX[B, B+ 7]

Proof. Let C; and C; be the following arrays:

0] -8 ) 5 5 “10] 8 2 7 =7
—6] -« | a+6 |—-(B+6)| B+6 6 a  |—@+6)|-B+D|B+7
4] a+9 |-@+dH| B _|-B+D} [ 4 |-@+9| «a+4 | B+1 | B
T—B+5]| B+3 |-y +D| y+3 =3[ B+5 |-(B+2)| y+1 | -y
1] B+4 |-(B+3)| y+2 |- +3) 3 —(B+4] B+2 |-v+2)| ¥

The set € = {C1, C} has the required properties. O

The blocks in the previous set ¢ will require the use of some special 2 x 4 and 2 x 2 blocks. Let U1 ({y1, ¥1 +2}, {x1,.x1 +
1}) and Uy ({x1, x1 + 1}) be the blocks

Uy = Y1 |—(y14+2)|—=x1| x1+1 and U= X1 |[—(x1+1)

—y1| y1+2 X1 |—(x1+1) —Xx1| x1+1
We have o7(U1) = 07(Uz) = (=1, 41, 0c(U1) = (0,0,0,0) and o (Us) = (0, 0).

3. The general case

In this section we construct an SMAS(a, b; 2c) when a,b > 5 are odd integers such that (a, b) # (5,5), (5,7), (7,5), and
c is a positive integer such that c £ 0 (mod 4).

3.1. Subcase c =3 (mod 4)
Lemma 3.1. Suppose that b > 9 is such that b=1 (mod 4). There exists an SMAS(5, b; 2¢) for all ¢ > 3 such that c =3 (mod 4).

Proof. Write ¢ =4t + 3 where t > 0. Our SMAS(5, b; 2¢) will consist of 8t + 6 arrays of type

X3 x;|x*2|x‘2 x‘2|x‘2 x‘z\x‘2
X> Zg Zg || Zy |

(3.1)

where each X; is a zero-sum block of size r x 3 and each Z;, is a zero-sum block of size 2 x £.
Write b = 4w + 9, where w > 0. Hence, we will construct 8t + 6 blocks X3, 4(w + 2)(4t + 3) blocks X,, 2w (4t + 3)
blocks Z4 and 8t 4 6 blocks Zg. So, take

A = A4t +2, 4w +2)(@4t +3), 4t +3),
B = B, 416w +37)t + 48w + 111, 4(w + 2)(4t + 3))

as in Lemmas 2.5 and 2.6, respectively. Then,
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EQHUEEB) =£[1,20w(4t +3) + 180t + 1351\ £ (M1 U... U Mp),
where
M1 = [2,8t+4],

My = [40t + 32,56t + 3614,

Ms = [56t+40, 8w(4t + 3) + 112t + 78],

My = [8W(4t +3)+ 80t + 63, 8w (4t + 3) + 112t + 7514,
Ms = [8w(4t +3) + 112t + 79, 8w (4t + 3) + 112t + 80],

Mg = [8w(4t+3)+ 112t + 82, 12w (4t + 3) 4 116t + 87].

So, we replace the 8t + 6 instances of X3 with the arrays in 2 and the 4(w + 2)(4t + 3) instances of X, with the arrays in
B.
Next, write

Mi=MjuMILUM; and Mg=M}EuMEUMEUMEUME,

where
M = [2,8t—2la,
M = [4,8]s,

M (8t +2, 8t + 4],
ML [8W (4t + 3) + 112t 4 82, 8w(4t + 3) + 112t + 8614,

MZE = [8w(4t+3)+ 112t + 83, 8w (4t + 3) + 112t + 8714,
ME = [8w(4t+3) + 112t + 84, 8w (4t + 3) + 112t + 85],
Mg = [8w(4t+3) + 112t + 88, 12w (4t + 3) + 116t + 861>,

MZ = [8w(4t+3) + 112t + 89, 12w (4t + 3) + 116t + 87]>.

The set ./\/l} u M% UMyuMgu Mé U Mé can be written as a disjoint union F{ U ... U Fy, where o =8t + 5 and
each F; is a 2-set of type 4. The set M? U Msu Mé U ./\/lg can be written as a disjoint union Gy U ... u Gg, where
B =4w(4t +3) 4 16t + 11 and each Gj is a 2-set of type 2. Finally, the set Ms U ./\/lg can be written as a disjoint union
Hq u Hy, where each Hy, is a 2-set of type 1. Call

R1 = {Ra(Fi, Gai—1,Go) :i €[1,8t + 5]},
Ra = {R1(Giet+11, H1, H2)},
S = {Qa(Gaj,Gaj+1):je[8t+6,2w(4t +3) + 8t +5]}.

Then R = R LR, consists of 8t + 6 zero-sum blocks of size 2 x 6 and & consists of 2w (4t + 3) zero-sum blocks of size
2 x 4. Furthermore, £(R) U E(S) = (M1 U...UMsg). Hence, we replace the instances of Zg with the arrays in 93 and the
instances of Z4 with the arrays in &. O

Example 3.2. We construct an SMAS(5, 13; 6) following the proof of the previous lemma. Setting t =0 and w = 1, we need
6 blocks X3, 36 blocks X, 6 blocks Z4 and 6 blocks Zg. In particular, we have ./\/l} = ./\/l% =0, MyuU My I_I/\/lé uM?Z=
(32,3614 L [87,99]4 LI [106, 11014 L [107, 11114, M3 L M3 UM U M3 =[2,4], U [40,102], L[112,122]; U[113,123]; and
Ms U ./\/lg =[103,104] L [108, 109]. The 6 elements of our set are the following ones.

30 | —12 | 18| 3 -3 5 =5 7 =7 9 -9 | 11 | -11
—6| 8 | —79 |—161| 161 |—162| 162 |—163| 163 |—164| 164 |—165| 165
—24| =73 | 97 | 158 |—158| 157 |—157| 156 |—156| 155 [—155| 154 |—154|,

1 |—160| 159 | 32 | —36 | —2 4 | —-40| 42 80 | —82| -84 | 86
—1] 160 |—159| —32 | 36 2 —4 | 40 | —42 | -80 | 82 84 | —86

34| -14|-20| 15 | —-15| 17 | =17 | 19 | —-19| 21 | —-21| 23 | -23
-8 | 89 | —81 |—-167| 167 |—168| 168 |—169| 169 [—170| 170 |—171| 171
—26| =75 | 101 | 152 |—-152| 151 |—151| 150 |—150| 149 |—149| 148 |—148
13 |—166| 153 | 87 | —91 | —44 | 46 | —48 | 50 88 | —90 | —92 | 94
—13| 166 |—153| —87 | 91 44 | —46 | 48 | —50 | —88 | 90 92 | —94

38| —-16|—-22| 27 | =27| 29 | —29| 31 | -31| 33 | -33| 35 | —-35
—10| 93 | —83 |—-173| 173 |—-174| 174 |—-175| 175 |—-176| 176 |—177| 177
—28| =77 | 105 | 146 |—146| 145 |—145| 144 |—144| 143 |—143| 142 |-142
25 |—172| 147 | 95 | —99 | —52| 54 | —56 | 58 96 | —98 |[—100| 102
—25| 172 |—-147| =95 | 99 52 | -54| 56 | —58 | —96 | 98 | 100 |—102

>

g
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—30| 12 18 | 39 | -39 | 41 | —41 | 43 | —43 | 45 | —45| 47 | —47
6 | -8 | 79 |-179| 179 |—180| 180 |—181| 181 |—182| 182 |—183| 183
24 | 73 | =97 | 140 |—140| 139 |—139| 138 |—138| 137 |—137| 136 |—136|,
37 |-178| 141 | 106 |—110| —60 | 62 | —64 | 66 | 112 |—-114|-116| 118

—37| 178 |—-141|-106| 110 | 60 | —62 | 64 | —66 |—112| 114 | 116 |—-118

—34| 14 | 20 51 | =51| 53 | =53 | 55 | =55 | 57 | =57 | 59 | —59
8 | -89 | 81 |—185| 185 |—186| 186 |—187| 187 |—188| 188 |—189| 189
26 | 75 |—101| 134 |—134| 133 |—133| 132 |—132| 131 |—131| 130 |—-130|,
49 |—-184| 135 | 107 |—111| —68 | 70 | —72 | 74 | 120 |—122|—-113| 115
—49| 184 |—135|—-107| 111 | 68 | —70 | 72 | —74 |—120| 122 | 113 |-115

—38| 16 22 63 (-63| 65 | —65| 67 | —67| 69 | —69| 71 | —71
10 | =93 | 83 |—191| 191 |—192| 192 |—193| 193 |—-194| 194 |—195| 195
28 | 77 |—105| 128 [—128| 127 |—127| 126 |—126| 125 |—125| 124 |—124|
61 [—190| 129 | 76 | —78 |—103| 104 | —108| 109 | 117 |—119|—-121| 123
—61| 190 |—129| —76 | 78 | 103 |—104| 108 |—109|—117| 119 | 121 |—-123

Lemma 3.3. Suppose that a > 5 and b > 11 are such thata=1 (mod 4) and b =3 (mod 4). There exists an SMAS(a, b; 2¢) for all
¢ > 3 such that c =3 (mod 4).

Proof. Write ¢ =4t + 3 where t > 0. Our SMAS(a, b; 2c) will consist of 8t + 4 arrays of type

XX X[ X X5 [ XX

Xa| Za | Zs || Z4

Xo| Zs | Zs |-+ Z4 (32)
X2| Za Zy || Z4

and two arrays of type

R R K
S WLl Za [+ Za

Xo| Za Zy |--+| Zg (3.3)
Xo| Z4 Zg |---| Z4

where each X; is a zero-sum block of size r x 3, each Z4 is a zero-sum block of size 2 x 4, each Y5 is a block of size 5 x 5
and each W, is a block of size 2 x 2 such that

X

Ys W,

(3.4)

is a zero-sum block of size 5 x 7.
Write a =4v+5 and b =4w + 11, where v, w > 0. Hence, we will construct 8t +4 blocks X3, 4(v + w)(4t + 3) +40t + 26
blocks Xa, (8t +4)(w +2)(2v +1) +2(w + 1+ 2v(w + 2)) blocks Z4, 2 blocks Y5 and 2 blocks W5. So, take

A = A4t +5, 4(v + w)(4t + 3) + 40t + 30, 4t + 2),
B = ‘B, 82vw +5v +2w)(4t + 3) + 180t + 131, 4(v + w) (4t + 3) + 40t + 26),
¢ = C@B(v+w)4t+3)+ 140t +92, 82vw + 5v 4 2w) (4t + 3) 4+ 180t 4 132,

8(v 4+ w)(4t 4+ 3) + 140t 4 102)
as in Lemmas 2.5, 2.6 and 2.7, respectively. We have
ERUEEB)UE(E) =£[1,4(4vw + 11v + 5w) (4t + 3) + 220t + 165] \ = (M1 U...UM12),

where
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M; = [12,8t+10],,

My = [40t + 28,40t + 34],,

Ms = [40t + 38,56t + 42]4,

My = [56t+44,8(v + w)(4t + 3) + 96t + 661,

Ms = [8(vV+ w)(4t +3) + 96t + 68, 8(vV + W) (4t + 3) + 96t + 75],

Mg = [8(V+ w)(4t + 3) + 96t + 76, 8(v + w) (4t + 3) + 128t + 90],,
Mz = [8(V+ w)(4t +3) 4 96t + 79, 8(v + w) (4t + 3) + 128t + 9114,
Mg = [8(v+ w)(4t +3) + 128t + 92, 8(v + w) (4t + 3) + 140t + 91],
Mgy = [8(V+ w)(4t + 3) + 140t + 95, 8(v + W) (4t + 3) + 140t + 97];,
Mio = [8(v+w)(dt+3)+ 140t + 106, 4(4vw + 9v + 3w) (4t + 3) + 140t + 105],
Mii = [8(v+w)(4t +3) + 140t + 93, 8(v + W) (4t + 3) + 140t + 94],
M [8(V + W) (4t + 3) + 140t + 99, 8(v + W) (4t + 3) + 140t + 100].

So, we replace the 8t + 4 instances of X3 with the arrays in 2, the 2 instances of Y5 with the arrays in € and the 4(v +
w) (4t 4 3) + 40t + 26 instances of X, with the arrays in 9.
Define
R = {U2(M11), U2(M12)}.

Then, £(R) = £(M11 U M1q2): we replace the 2 instances of W, with the arrays in R. Next, write
Ms=MiuMEUME UM,
where

ML = [8(v+ w)(4t +3) + 96t + 68, 8(v + W) (4t + 3) + 96t + 724,
M2 [8(V + W) (4t + 3) + 96t + 69, 8(v + w)(4t + 3) + 96t + 701,
[8(v + W)(4t + 3) 4 96t + 71, 8(v + W) (4t + 3) + 96t + 7315,
ME = [8(v+ w)(4t + 3) + 96t + 74, 8(v + W) (4t + 3) + 96t + 75].

A
Il

The set M3 U Mé U M7 can be written as a disjoint union Fq U...U Fyy, where o = 3t + 2 and each F; is a 2-set
of type 4. The set M1 U My U MyU Mg U Mg L Mg can be written as a disjoint union Gq U ... U Gg, where g =
(v +w)(4t +3)+ 10t + 7 and each G; is a 2-set of type 2. Finally, the set Mg u Mg‘ U Mg LU Mjqg can be written as a
disjoint union Hq U... U Hay, where y = (4vw +7v + w)(4t + 3) + 3t + 1 and each Hy, is a 2-set of type 1. Call

61 = {Q3(Fai_1, Fi) :i€[1,3t+ 2]},
Sy = {Qa(Gzj-1.Gaj):jel, (v+w)(4t+3)+10t + 7]},
S3 = {Qi(Han—1.Hop):hell,(dvw+7v+w)(@4t+3)+3t+11}.

Then 6 = &1 U S, U &3 consists of 22vw + 4v + w)(4t + 3) + 16t + 10 zero-sum blocks of size 2 x 4 and £(6) =
+(MjqU...uMjg). Hence, we replace the instances of Z4 with the arrays in 6. O

Lemma 3.4. Suppose that a > 9 is such that a=1 (mod 4). There exists an SMAS(a, 7; 2¢) for all ¢ > 3 such that c =3 (mod 4).

Proof. Write ¢ =4t + 3 where t > 0. Our SMAS(a, 7; 2c) will consist of 8t + 4 arrays of type

X3 X‘2 X‘2
Xo| Zg
Xa| Z4 (3.5)
Xo| Zg
and two arrays of type
Xt
2
Ys Wy
Xa| Za (3.6)
Xo| Z4
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where each X; is a zero-sum block of size r x 3, each Z4 is a zero-sum block of size 2 x 4, each Y5 is a block of size 5 x 5
and each W5 is a block of size 2 x 2 such that (3.4) is a zero-sum block of size 5 x 7.

Write a =4v + 9, where v > 0. Hence, we will construct 8t + 4 blocks X3, 4v (4t + 3) + 40t + 26 blocks X5, (8t +4)(2v +
3) +2(2v + 2) blocks Zg4, 2 blocks Y5 and 2 blocks W5. So, take

2A A(4t + 5, 4v(4t + 3) + 40t + 30, 4t + 2),
B = B9, 24v(4t + 3) + 212t + 155, 4v(4t + 3) + 40t + 26),
¢ C(8V(4t + 3) + 128t + 92, 24v (4t + 3) + 212t + 156, 8v(4t + 3) + 128t + 102)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ERHUECB)LE(C) ==£[1,28v(4t +3) + 252t + 189] \ = (M1 U...UM13),

where
M1 = [12,8t+ 10]y,
My = [40t + 28,40t + 34];,
M3z = [40t + 38,56t + 42]4,
My = [56t+44,8v(4t + 3) + 96t + 66],,
Ms = [8v(4t + 3) + 96t + 68, 8v (4t + 3) + 96t + 75],

Mg = [8V(4t+3)+ 96t + 76, 8v(4t + 3) + 128t + 90],,
M7 = [8V(A4t+3)+ 96t + 79, 8v(4t + 3) + 128t + 9114,
Ms = [8v(4t+3)+ 128t + 106, 8v(4t + 3) + 172t + 129],
Mg = [8v(4t+3)+ 128t + 93, 8V (4t + 3) + 128t + 94],
Mio = [8V(4t+3)+ 128t + 95, 8V (4t + 3) + 128t + 9715,
Mi1 = [8V(4t +3) + 128t 4 99, 8v (4t + 3) + 128t + 100],
Mz [8v (4t + 3) + 172t + 130, 20v (4t + 3) + 172t + 129].

So, we replace the 8t + 4 instances of X3 with the arrays in 2, the 2 instances of Y5 with the arrays in ¢ and the 4v (4t +
3) + 40t + 26 instances of X, with the arrays in 8.
Define

R ={U2(My), Uz(M11)}.

Then, £(R) = £(Mg LI M17): we replace the 2 instances of W, with the arrays in 9R. Next, write

Ms=MIuMZuME UM,

where
ML = [8v(4t +3) + 96t + 68, 8V (4t + 3) + 96t + 724,
M2 = [8V(4t +3)+ 96t + 69, 8V (4t + 3) + 96t + 70],

[8v (4t + 3) + 96t + 71, 8v(4t + 3) + 96t + 7312,
M2 = [8v(4t +3) + 96t + 74, 8V (4t + 3) + 96t + 75].

S
!

The set M3 l_I/\/lé L M35 can be written as a disjoint union Fq U...U Fyy, where o = 3t 4+ 2 and each F; is a 2-set of type 4.
The set MU MyuU My I.l/\/lg U Mg U My can be written as a disjoint union G1uU...UGyg, where g = v(4t43) +10t 47
and each G; is a 2-set of type 2. Finally, the set /\/l% |_|/\/l‘5l U Mg U Mjiz can be written as a disjoint union Hy U... U Hyy,
where y =3v(4t +3) + 11t + 7 and each Hy, is a 2-set of type 1. Call

61 = {Q3(Fai_1, Fi) :i€[1,3t+ 2]},
Sy = {Qa(G2j—1.G2j):je[1,v(4t+3)+ 10t + 7]},
S3 = {Qi(Han—1.Hap):he[1,3v(4t+3)+ 11t +71}.

Then 6 = &1 UG, U S3 consists of 4v(4t + 3) + 24t + 16 zero-sum blocks of size 2 x 4 and £(&) = (M uU...uMgUu
M0 U Mjz). Hence, we replace the instances of Z4 with the arrays in &. 0O

3.2. Subcase c =1 (mod 4)

Lemma 3.5. Suppose thata > 5 and b > 9 are such thata=b =1 (mod 4). There exists an SMAS(a, b; 2).

9
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Proof. Our SMAS(a, b; 2) will consist of two arrays of type

i i i i i i
Ys X2|X2 X2|X2 X2 XZ
W4 Z4 Z4
ﬁzt Z4 Z4 Z4
X5 4 Z4 Z4 Z4 (3‘7)
ﬁzt Z4 Z4 Z4
X3 4 Z4 Z4 Z4

where each X, is a zero-sum block of size 2 x 3, each Z4 is a zero-sum block of size 2 x 4, each Y5 is a block of size 5 x5
and each Wy is a block of size 2 x 4 such that

i i
X31%;
Wy

Ys (3.8)

is a zero-sum block of size 5 x 9.
Write a=4v + 5 and b =4w + 9, where v, w > 0. Hence, we will construct 4(v +w + 1) blocks X3, 2(3v + 2v + 1)w)
blocks Zg4, 2 blocks Y5 and 2 blocks W4. So, take

B
¢

B9, 16vw +32v+16w +33, 4(v+w+ 1)),
C(8(v+w)+16, 16vw +32v 4+ 16w + 34, 8(v + w) + 26)

as in Lemmas 2.6 and 2.7, respectively. We have

ECB)UE(C) ==£[1,16vw + 36V + 20w +45]\ £ (M U...UMs),

where
M1 = [12,8(v+w) + 14],,
My = [8(v+w)+17,8(v+w)+ 18],
M3z = [8(v+w)+19,8(v+ w)+21],,
My = [8(v+w)+23,8(v+w)+24],

Ms = [8(v+w)+30,16v(w+ 1)+ 12(v + w) + 29].

So, we replace the 2 instances of Ys with the arrays in € and the 4(v + w + 1) instances of X, with the arrays in 8.
Write

My=MlumM3,  where MI=[12,14], and M3 =[16,8(v+ w)+ 14],.

Define

R = {U1(M], M2), U1 (M3, Ma)}.

Then, E(R) = :l:(/\/l} UMy U MsuMy): we replace the 2 instances of W4 with the arrays in fR.

The set M% can be written as a disjoint union Gy U...U Gy, where @ =v 4+ w and each G; is a 2-set of type 2. The
set Ms can be written as a disjoint union Hy U... U Hpy, where y =4v(w + 1) + (v 4+ w) and each Hy is a 2-set of type
1. Call

61 = {Q2(G2j-1.Gap:jel,v+wl},
G2 = {Qi(Hap—1.Hp):he[l,dv(w+ 1)+ (v+w)l}.

Then & = &1 U S, consists of 4vw + 6v + 2w zero-sum blocks of size 2 x 4 and £(&) = j:(/\/l% LI Ms5). Hence, we replace
the instances of Z4 with the arrays in &. O

Lemma 3.6. Suppose that a > 5 and b > 9 are such thata=b =1 (mod 4). There exists an SMAS(a, b; 2¢) for all ¢ > 1 such that
c=1 (mod 4).

10
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Proof. By Lemma 3.5 we can write ¢ =4t + 5 where t > 0. Our SMAS(a, b; 2c) will consist of 8t + 8 arrays of type

X3 x;|x‘2|x*2 x‘2|x‘2 XX
Xo Zs Zs |- Za
ﬁz‘ Z4 Zs || Z4
X5 4 Z4 Z4 Z4
ﬁz‘ Z4 Zs || Z4
X3 4 Z4 Z4 Za

Discrete Mathematics 349 (2026) 115313

(3.9)

and two arrays of type (3.7), where each X; is a zero-sum block of size r x 3, each Z; is a zero-sum block of size 2 x ¢,

each Y5 is a block of size 5 x 5 and each W4 is a block of size 2 x 4 such that (3.8) is a zero-sum block of size 5 x 9.

Write a=4v +5 and b =4w +9, where v, w > 0. Hence, we will construct 8t + 8 blocks X3, 4(v + w)(4t +5) + 32t + 36
blocks X2, (8t +10)(3v + w(2v + 1)) blocks Z4, 8t + 8 blocks Zg, 2 blocks Y5 and 2 blocks W4. So, take

A =
B
(o

A4t +5, 4(v + W) (4t + 5) + 32t 4 40, 4t + 4),
B9, (16v(W + 1) + 16(v + W)) (4t + 5) + 148t + 181, 4(v + w)(4t + 5) + 32t + 36),
CB(V + W)(4t +5) + 112t + 130, (16v(W + 1) + 16(v + w)) (4t + 5) + 148t + 182,
8(vV + W) (4t + 5) 4 112t + 140)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

EQHUECB)UEE) =1, (16v(W + 1) +20(v + w)) (4t + 5) + 180t + 225]\ £ (M U... U M]12),

where

M
Ma
M3
My
Ms
Me
M3z
Mg
Mg
Mio
M
Mai;

[12, 8t + 10]y,
[40¢ + 44, 40t + 4615,

[40¢ 4 50, 56t + 6214,

[56¢ + 64, 8(v + W) (4t + 5) + 80t + 94],,

[8(V + W)(4t + 5) + 80t + 96, 8(v + w)(4t + 5) + 80t + 97],

[8(V + W)(4t + 5) + 80t + 98, 8(v + W) (4t + 5) + 112t + 12815,

[8(V + W)(4t + 5) + 80t + 99, 8(v + W) (4t + 5) + 112t + 12714,

[8(V + W)(4t + 5) + 112t + 131, 8(v + W) (4t + 5) + 112t + 135]4,

[8(V + W)(4t +5) + 112t + 132, 8(v + w) (4t + 5) + 112t + 133],

[8(V + W)(4t +5) + 112t + 137, 8(v + w) (4t + 5) + 112t + 138],

[8(V + W)(4t + 5) + 112t + 144, 8(v + w) (4t + 5) + 116t + 145],

[8(V + W)(4t + 5) + 116t + 146, (16v(W + 1) + 12(v + w)) (4t + 5) 4 116t + 145].

So, we replace the 8t + 8 instances of X3 with the arrays in 2, the 2 instances of Y5 with the arrays in € and the 4(v +
w) (4t 4+ 5) + 32t + 36 instances of X, with the arrays in 9.

Write

Mi=MIuM3, Meg=MuMEUME and My =Ml UM UM,

where

[12, 8t + 8]4,
[14, 8t + 10]4,

[8(V + W) (4t + 5) + 80t + 98, 8(v + w) (4t + 5) + 80t + 100]-,
[8(V + W)(4t + 5) + 80t + 102, 8(v + W) (4t + 5) + 80t + 104],,
[8(V + W) (4t + 5) + 80t + 106, 8(v + w) (4t + 5) + 112t + 128]5,
[8(V + W)(4t + 5) + 112t + 144, 8(v + w) (4t + 5) + 116t + 142],,
[8(V + W)(4t + 5) + 112t + 145, 8(v + w) (4t + 5) + 116t + 143],,
[8(V + W)(4t + 5) + 116t + 144, 8(v + w) (4t + 5) + 116t + 145].

R = {U1(Mg, Ms), U1 (ME, Mg)}.
Then, E(R) = (M5 U Mé u Mé LI Mag): we replace the 2 instances of W4 with the arrays in fR.

11
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The set M} U M% U MsuM7u Mg can be written as a disjoint union Fq U ... U Fy, where a = 8t + 7 and each
F; is a 2-set of type 4. The set My L MyU Mg u M%l u M%l can be written as a disjoint union G1 U ... U Gg, where
B =2(v+ w)(4t+5) + 16t + 15 and each G; is a 2-set of type 2. Finally, the set Mg L M?l L My, can be written as a
disjoint union HiU...UHy, where y = (8v(w + 1) 4+ 2(v + w))(4t 4+ 5) 4+ 2 and each Hy is a 2-set of type 1. Call

61 = {R2(Fi,G2i—1,Gy):ie[1,8t+ 7]},

S2 = {Ri1(Gg,Hy_1,Hy)},

T1 = {Q2(G2j-1.G2j) 1 j€[8t+8,(v+ w)(4t+5) +8t+ 7]},
T = {Qi(Han—1.Hap):he[1,Gv(w+ 1)+ (v + w))(4t +5)]} .

Then & = &1 U S, consists of 8t 4+ 8 zero-sum blocks of size 2 x 6 and the set T =% U T, consists of (4v(w + 1) +2(v +
w)) (4t + 5) zero-sum blocks of size 2 x 4. Furthermore, £(S)UE(T) = (M1 U...UMyU Mg UM7zuMguUMipuMiu
M3). Hence, we replace the instances of Zg with the arrays in & and the instances of Z4 with the arrays in €. O
Lemma 3.7. Suppose that b > 11 is such that b =3 (mod 4). There exists an SMAS(5, b; 2c) for all c > 1 such that c=1 (mod 4).

Proof. Write c =4t + 1 where t > 0. Our SMAS(5, b; 2¢) will consist of 8t + 2 arrays of type

XXX X [X5] X
Xa| Za | Z4 [ Z4 |

(3.10)

Write b =4w + 11, where w > 0. Hence, we will construct 8t + 2 blocks X3, 22w + 5)(4t + 1) blocks X5 and 2(w +
2)(4t + 1) blocks Z4. So, take

A = A4, 22w +5)(4t+ 1), 4t +1),
B = B, (16w +45)(4t+1), 22w +5)(4t+ 1))

as in Lemmas 2.5 and 2.6, respectively. Then,

ERHULEEB) ==£[1,5@w + 1)@t + DI\ EWM ... LUMs),

where
My = [2,8t]y,
My = [40t + 12,56t + 8]4,
Mz = [56t+12,8w(4t+ 1)+ 128t + 30],,
Mg = [8w(4t+1)+96t+ 27, 8w(4t + 1) + 128t + 31]4,

Ms = [8w(4t+ 1)+ 128t + 32, 12w (4t + 1) + 140t + 35].

So, we replace the 8t + 2 instances of X3 with the arrays in 2l and the 2(2w + 5)(4t + 1) instances of X, with the arrays in
B.
Next, write

Mz=MIUM3 and My=MLune,
where

M} = [56t+12,8w(4t + 1) + 128t + 261>,

[8W(4t + 1) + 128t + 28, 8w (4t 4 1) + 128t + 30],,
M} [8W (4t + 1) + 96t + 27, 8w(4t + 1) + 128t + 2314,
MZ = [8w(4t+ 1)+ 128t +27,8w(4t + 1) + 128t + 31]a4.

i
I

Note that ./\/l% ] ./\/142l =[8w(4t+1)+ 128t +27,8w(4t+ 1) + 128t + 28] L [8w (4t + 1) + 128t + 30, 8w (4t + 1) + 128t + 31].

The set M> |_|/\/l}l can be written as a disjoint union Fq U...U Fg:, where each F; is a 2-set of type 4. The set Mj uM%
can be written as a disjoint union Gq U... U Gag, where g = (w + 2)(4t + 1) 4+ 2t and each G; is a 2-set of type 2. Finally,
the set M% U Mﬁ U Ms can be written as a disjoint union Hi U...U Hyy,, where y = w(4t + 1) + 3t + 2 and each Hp, is a
2-set of type 1. Call

R = {Q3(Fai-1, F2):i e[, 3t]},

Ry = {Qa(Gaj1.Gap):jell,(Ww+2)(@4t+1)+2t]},

M3 = {Qi(Han—1,Hop):he[l,w@t+1)+3t+2]}.
Then R = MR LR, LR3 consists of 2(w + 2)(4t + 1) zero-sum blocks of size 2 x 4 and £(R) = £(M U...U Ms5). Hence,
we replace the instances of Z4 with the arrays in 8. O

12



E. Morini and M.A. Pellegrini Discrete Mathematics 349 (2026) 115313

Lemma 3.8. Suppose that a, b > 7 are such that a=b =3 (mod 4). There exists an SMAS(a, b; 2).

Proof. Our SMAS(a, b; 2) will consist of two arrays of type (3.3). Write a=4v + 7 and b =4w + 7, where v, w > 0. Hence,
we will construct 4(v + w + 1) blocks X5, 2(w + (2v 4+ 1)(w + 1)) blocks Z4, 2 blocks Y5 and 2 blocks W5. So, take

B = BO, 16vw+24(v+w)+37, 4(v+w+1)),
(o CB(v+w)+16, 16vw +24(v + w) + 38, 8(v + w) + 26)

as in Lemmas 2.6 and 2.7, respectively. We have

EB)UE) =x[1,16vw +28(v +w) +49]\ = (M U...uMs),
where

My = [12,8(v +w) + 14];,

My = [B(v+w)+17,8(v+w) + 18],

Mz = [8(v+w)+19,8(v+ w)+21],,

My = [8(v+w)+23,8(v+w)+24],

Ms = [8(v+w)+30,16vw + 20(v + w) + 33].

So, we replace the 2 instances of Y5 with the arrays in € and the 4(v + w + 1) instances of X, with the arrays in 8. Call

R = {Uz(M3), Uzy(Ma)}.

Then, £(R) = £ (M3 U My): we replace the 2 instances of W, with the arrays in fA.

The set M LI M3 can be written as a disjoint union Gy U...UGzg, where 8 =v 4w +1 and each Gj is a 2-set of type
2. The set M5 can be written as a disjoint union HiU...L Hay,, where y =4vw +3(v+ w) + 1 and each Hy is a 2-set of
type 1. Call

61 = {Q2(G2j-1,Gaj):jell,v+w+1]},
Sy = {Qi(Hyp_1,Hyp):hell,4vw +3(v+w)+1]}.

Then, & = &1 U S, consists of 4vw + 4(v + w) + 2 zero-sum blocks of size 2 x 4 and £(&) = (M1 U M3 U Ms). Hence,
we replace the instances of Z4 with the arrays in 6. O

Lemma 3.9. Suppose that a,b > 7 are such that a = b =3 (mod 4). There exists an SMAS(a, b; 2¢) for all ¢ > 1 such that c =1
(mod 4).

Proof. By Lemma 3.8 we can write ¢ =4t + 5 where t > 0. Our SMAS(a, b; 2c) will consist of 8t + 8 arrays of type (3.2)
and two arrays of type (3.3). Write a =4v +7 and b =4w + 7, where v, w > 0. Hence, we will construct 8t + 8 blocks X3,
4(v + w)(4t + 5) + 32t + 36 blocks X5, 2(8t + 8)(v + 1)(w + 1) +2(w + (2v + 1)(w + 1)) blocks Z4, 2 blocks Y5 and 2
blocks W5. So, take

A A4t +5, 4(v + W) (4t + 5) + 32t + 40, 4t + 4),

B B(9, (16vw + 24(v + w))(4t + 5) + 164t + 201, 4(v + w)(4t + 5) + 32t + 36),

¢ = CB(V+w)At+5)+ 112t + 132, (16vw + 24(v + w))(4t + 5) + 164t + 202,
8(V + W) (4t + 5) + 112t + 142)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ERHUEEB)UEE) ==£[1, (16vw 4 28(v + w))(4t + 5) 4+ 196t + 245]\ £ (M1 U...LUM7q2),
where
Mq1 = [12,8t+ 10],,

My = [40t + 44, 40t + 46];,

Ms = [40t + 50, 56t + 6214,

My = [56t+ 64,8(v + w)(4t + 5) + 80t + 941,

Ms = [8(vV+ w)(4t +5) + 80t + 96, 8(v + w) (4t + 5) + 80t + 99,

Mg = [8(vV+ w)(4t +5) + 80t + 100, 8(v + w) (4t + 5) + 112t + 130],,
M7 = [8(V+ w)(4t +5) + 80t + 103, 8(v + w) (4t + 5) + 112t + 13114,
Mg = [8(v+ w)(4t +5) 4 112t + 133, 8(v 4+ W) (4t + 5) + 112t + 134],
Mo = [8(V+ W)t +5)+ 112t + 135, 8(v + w) (4t + 5) + 112t + 137]5,
Mig = [8(v+ W)@t +5)+ 112t + 139, 8(v + w) (4t + 5) + 112t + 140],
My = [8(v+w)(4t +5) + 112t + 146, 8(v + w) (4t + 5) + 132t + 165],
Mz = [8(V+ w)(4t+5)+ 132t + 166, (16vw + 20(v + w))(4t + 5) + 132t + 165].
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So, we replace the 8t + 8 instances of X3 with the arrays in 2, the 2 instances of Y5 with the arrays in ¢ and the 4(v +
w) (4t + 5) + 32t + 36 instances of X, with the arrays in 83.
Define

R = {U2(Ms), U2(Mji0)}.

Then, £(R) = £(Mg L M1g): we replace the 2 instances of W, with the arrays in fR.

The set M3 LI M7 can be written as a disjoint union Fyj Li... U Fy,, where each o =3t + 3 and F; is a 2-set of type 4.
The set My L Mj LMyl Mg Mg can be written as a disjoint union G1 U... L Gag, where g = (v +w)(4t +5) +8t+9
and each Gj is a 2-set of type 2. Finally, the set M5 LI M11 U M1z can be written as a disjoint union Hy U...U Hyy,, where
y = (4vw +3(v + w))(4t +5) + 5t + 6 and each Hy is a 2-set of type 1. Call

SG1 = {Q3(Fyi—1,Fy):ie[1,3t+3]},
62 = {Qa(Gzj-1,Gaj):jell, (v+w)(4t+5)+8t+9]},
S3 = {Qi(Han—1.Ha):he[l, (4vw +3(v + w))(4t +5) + 5t + 6]}

Then 6 = &1 U S, U G3 consists of (4vw + 4(v + w))(4t + 5) + 16t + 18 zero-sum blocks of size 2 x 4 and £(6) =
+(Miu...uM7uMgu MjqiUMjiy). Hence, we replace the instances of Z4 with the arrays in &. O

3.3. Subcase c=2 (mod 4)

Lemma 3.10. Suppose that a > 5 and b > 9 are such that a =1 (mod 4) and b is odd. There exists an SMAS(a, b; 2c) for all c > 2
such that c =2 (mod 4).

Proof. Write ¢ = 4t + 2 where t > 0. Also, write a=4v +5 and b =4w + 9+ 2§, where v,w >0 and § € {0,1}. If b=1
(mod 4), then our SMAS(a, b; 2¢) will consist of 8t + 2 arrays of type (3.9) and two arrays of type (3.7); if b=3 (mod 4), it
will consist of 8t + 2 arrays of type (3.2) and two arrays of type (3.3). So, we will construct 8t + 2 blocks X3, (8(v + w) +
48)(2t + 1) + 32t + 12 blocks X5, (4t +2)(v(6 + 28) + w(4v + 2)) + (16t + 6)8 blocks Z4, and 2 blocks Ys5. Furthermore, we
will also construct 8t 4+ 2 blocks Zg and 2 blocks W4 if § =0, or 2 blocks W5 if § =1. So, take

A = A@t+5, 8(v+w)+48)2t +1) + 32t + 16, 4t + 1),

B = BO, G2v(W+1)+32(v+ w) + 168(v + 1)) (2t + 1) + 148t + 70,
(8(v +w) +48)(2t + 1) + 32t + 12),

¢ = C((16(v+w)+88)(2t + 1) + 80t + 37, 32v(w + 1) + 32(v + w) + 168(v + 1))(2t + 1) + 148t + 71,
(16(v + w) + 88)(2t + 1) + 116t + 55)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ERHUECBILEWE) = =£[1,3B2v(w+ 1) +40(v + w) +45(4v + 5))(2t + 1) 4 180t + 90]\
T MU UMia),

where
Mq1 = [12,8t+ 10],,
My = [40t + 20,40t + 26]>,
M3z = [40t + 28, 56t + 32]4,
My = [56t+34,8Q2v+2w+6)(2t+ 1)+ 80t + 36]>,
Ms = [82v+2w+45)(2t+ 1)+ 80t +38,82v +2w +68)(2t+ 1) + 80t + 39],

Mg = [8Q2v+2w +8)(2t + 1) + 80t + 40, 8(2v + 2w + 8)(2t + 1) + 80t + 42],,
My = [8Q2v+2w +8)(2t + 1) + 80t + 44, 8(2v + 2w + 8)(2t + 1) + 80t + 45],
Mg = [8(2V+2w +58)(2t + 1) + 80t + 48, 8(2v 4 2w + 8)(2t + 1) + 80t + 49],
Mg = [8Q2V+2w+8)(2t + 1) + 80t 4 50, 8(2v + 2w + 8)(2t + 1) 4+ 112t + 521,
Mig = [8(2V+2w +8)(2t + 1) 4 80t + 53, 8(2v + 2w + 8)(2t + 1) + 112t + 49]4,
Mip = [8Qv+2w+8)(2t+ 1)+ 112 + 53,82V + 2w + 8)(2t + 1) + 116t + 54],
Mz = [8QV+2w+8)(2t+1)+ 116t + 509,
(12Q2V 42w +8) + 16v(2w + 2+ 8))(2t + 1) + 116t + 58].

We replace the 8t + 2 instances of X3 with the arrays in 2, the 2 instances of Y5 with the arrays in € and the (8(v + w) +
48)(2t + 1) + 32t + 12 instances of X, with the arrays in 9.
Write
Mo=MIUMEUM] and My =My umi uns,,

14
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where

M = [8Q2v+2w +8)(2t + 1) 4 80t + 50, 8(2v + 2w + 8)(2t + 1) + 104t + 521,
M2 [82V + 2w + 8) (2t + 1) + 104t + 54, 82V + 2w + 8)(2t + 1) + 112t + 5014,
M3 = [8Q2V+2w +8)(2t + 1) + 104t + 56,82V + 2w + 8)(2t + 1) + 112t + 524,

ML = [8QV+2w +8)(2t + 1) + 112t + 53,82V + 2w + 8)(2t 4+ 1) + 112t 4 54],
M2, = [8Q2V+2w +8)(2t + 1) + 112t + 55,82V + 2w + 8)(2t + 1) 4 116t + 53],
M3, = [8Q2V+2w+8)2t+ 1) + 112t + 56,82V 4 2w + 8)(2t + 1) + 116t + 54],.

The set M3 LJM% U Mg L Mo can be written as a disjoint union F; U...U Fy, where @« =8t + 1 and each F; is a 2-set

of type 4. The set My UMy UMy U M) UM2 uM3, can be written as a disjoint union Gy U ... U Gagiasi+2), where

B =(4t+2)(v+w)+ (2t +1)8 and each G is a 2-set of type 2. Finally, the set M7 L MgU /\/1}1 UM, can be written as

a disjoint union Hq U...U Hy43, where y = (4t +2)(v(5 +28) + w(4v + 1)) + (2t + 1)8 and each Hp is a 2-set of type 1.
Call

Q1 = 'QZ(GZj—LGZj):]'G[]“B]},
Q = {Qi(Hop—1.Hw):he[l,y]}.

Then Q = Q1 LU, consists of B+ y = (4t + 2)(v(6 + 28) + w(4v + 2)) + (4t + 2)§ zero-sum blocks of size 2 x 4.
Suppose § = 0. First of all, we replace the instances of Z, with the arrays in £. Then, we need still to construct 8t + 2
blocks Zg and 2 blocks W 4. To this purpose, define

R = [RZ(Fi» Gap+2i—1, Gapsai) 11 € (1,8t + 1]},
Ry = {Ri(Gapra@e+1)+1. Hays1. Hap i)}
6 = {Ui(Msg, Ms5),U1(G2g428t+2), Hay13)}.

Then R =R LRy consists of 8t + 2 zero-sum blocks of size 2 x 6. Hence, we replace the instances of Zg with the arrays
in R and the instances of W4 with the arrays in &.
Next, suppose § = 1. Write Ms U Mg as N7 UN3, where

N1 = [8QRv+2w+8)(2t +1) + 80t + 38,812V + 2w + §)(2t + 1) + 80t + 42]4,

Ny = [8Q2v+2w +8)(2t +1) + 80t +39,8(2v + 2w + §)(2t + 1) + 80t + 40].
Define

Q3 = {Q3(Fai—1, F2i) : je[1,4t]} u{Q3(Fgry1, N1},

Qs = {Q2(Gaps2j-1.Gop42j) i €[1,8t+2]},

Q5 = {Qi(Hay+1. Hays2)}.

Then Q' = Q3 L4 LINs5 consists of 12t +4 zero-sum blocks of size 2 x 4. So, we replace the instances of Z4 with the arrays
in QU To conclude, we construct the two blocks W5 by taking U, (N>) and Uz(Hzy43). O

Lemma 3.11. Suppose that a > 9 is such thata=1 (mod 4). There exists an SMAS(a, 7; 2c) for all c > 2 such that c =2 (mod 4).

Proof. Write ¢ = 4t + 2 where t > 0. Our SMAS(a, 7; 2c) will consist of 8t + 2 arrays of type (3.5) and two arrays of
type (3.6). Write a =4v + 9, where v > 0. Hence, we will construct 8t + 2 blocks X3, 8v(2t + 1) 4 40t 4+ 16 blocks Xj,
@Bt +2)2v +3) +2(2v + 2) blocks Z4, 2 blocks Y5 and 2 blocks W5. So, take

A = A4t +5, 8v(2t +1) +40t + 20, 4t + 1),
B = B(9, 48v(2t+1)+ 212t + 102, 8v(2t + 1) + 40t + 16),
¢ = C(16v(2t+1)+96t+42, 48v(2t+ 1)+ 212t +103, 16v(2t + 1) + 128t + 61)

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

EQHUECB)UEE) =£[1,56v (2t + 1) + 252t + 126]\ £ (M1 U...LUMq1),
where
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M; = [12,8t+10],

My = [40t + 20, 40t + 26],,

Ms = [40t + 28,56t + 3214,

My = [56t+34,16v(2t + 1) + 96¢ + 4015,

Ms = [16v(2t+ 1) + 96t + 44, 16v (2t + 1) + 96t + 45],

Mg = [16v(2t+ 1)+ 96t +47,16v(2t + 1) + 96¢ + 49]>,
Mz = [16v(2t+ 1)+ 96t + 50, 16v(2t 4 1) + 96t + 5215,
Mg = [16v(2t+1) 4 96t + 53,16V (2t 4 1) + 128t + 571,
Mg = [16v(2t+ 1)+ 96t + 54,16V (2t 4 1) + 128t + 60];,
Mg = [16v(2t+ 1)+ 128t + 65, 16v(2t + 1) + 172t + 86],
Miy [16v(2t + 1) + 172t + 87, 40v (2t + 1) + 172t + 86].

So, we replace the 8t + 2 instances of X3 with the arrays in 2, the 2 instances of Y5 with the arrays in ¢ and the 8v(2t +
1) + 40t + 16 instances of X, with the arrays in 8.
Write

1 2
M]O = Mlo L M]O’

where

1
M%O
M1

[16v(2t +1) + 128t + 65, 16v (2t + 1) + 128t + 66],
[16v(2t +1) + 128t + 67, 16v(2t + 1) + 172t + 86].

Define

R = (Ua(Ms), Ua(Ml)}.

Then, E(R) = (M5 U M%O): we replace the 2 instances of W, with the arrays in fR.

The set M3 LI Mg can be written as a disjoint union Fy Li... U Fy,, where o =3t + 1 and each F; is a 2-set of type 4.
The set MU Mo U Mg MgLiM7UMg can be written as a disjoint union G1U. ..U Gpg, where g =2v(2t +1) 410t + 4
and each G is a 2-set of type 2. Finally, the set Mfo U Mj1 can be written as a disjoint union Hi U ... U Hay,, where
y =6v(2t+1)+ 11t + 5 and each Hy, is a 2-set of type 1. Call

&1 = {Q3(Fai—1, Fai):ie[1,3t+1]},
S2 = {Qa(Gzj-1.Gzj):je1,2v(2t+ 1)+ 10t + 4]},
63 = {Qi(Han-1,Hon)the[1,6v2t+1) + 11t +5]}.

Then 6 = &1 UG, U S3 consists of 8v(2t + 1) + 24t + 10 zero-sum blocks of size 2 x 4 and £(&) = (M uU...uMgU
MegU...uUMgU M%O L M11). Hence, we replace the instances of Z4 with the arrays in 6. O

Lemma 3.12. Suppose that a,b > 7 are such that a = b = 3 (mod 4). There exists an SMAS(a, b; 2c) for all ¢ > 2 such that c =2
(mod 4).

Proof. Write ¢ =4t + 2 where t > 0. Our SMAS(a, b; 2c) will consist of 8t + 2 arrays of type (3.2) and two arrays of type
(3.3). Write a=4v+7 and b =4w+7, where v, w > 0. Hence, we will construct 8t+2 blocks X3, 8(v+w)(2t+1)+32t+12
blocks Xo, 28t +2)(v + 1)(w + 1) +2(w + (2v + 1)(w + 1)) blocks Z4, 2 blocks Y5 and 2 blocks W5. So, take

A4t +5, 8(v +w)(2t +1) + 32t + 16, 4t + 1),

B(9, (32vw +48(v + W) (2t + 1) + 164t + 78, 8(v + w)(2t + 1) + 32t + 12),
C16(V + W) (2t + 1) + 80t + 34, (32vw +48(V + w))(2t + 1) + 164t + 79,
16(v +w)(2t + 1) + 112t + 55)

~ R
I

as in Lemmas 2.5, 2.6 and 2.7, respectively. We have

ERHUEEB)UEE) ==£[1, B2vw 4+ 56(v +w))(2t + 1) + 196t + 98]\ £ (M1 L...LUMq2),
where
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Mi = [16(v+w)(2t+1) + 80t + 36, 16(v + w)(2t + 1) + 80t + 37],
My = [16(v +w)(2t + 1) + 80t + 45, 16(v 4+ w) (2t + 1) + 80t + 46],

Ms = [12,8t+10],

My = [40t + 20,40t + 26],,

Ms = [40t + 28,56t + 3214,

Mg = [56t+34,16(v +w)(2t + 1) + 80t + 32>,

M7 = [16(v+w)(2t 4 1) + 80t + 39, 16(v 4+ w) (2t + 1) + 80t + 41];,

Mg = [16(v +w)(2t 4 1) + 80t + 42, 16(v 4+ w) (2t + 1) + 80t + 44];,

Mg = [16(v+w)(2t 4 1) + 80t + 48, 16(v 4+ W) (2t + 1) + 112t + 54],,

Mo = [16(v+ w)(2t + 1) + 80t + 49, 16(v + w)(2t + 1) + 112t + 5314,

Mip = [16(v+ w)(2t + 1) + 112t + 59, 16(v + w) (2t + 1) + 132t + 66],

Mz = [16(vV+ w)(t + 1) + 132t + 67, (32vw + 40(v + w)) (2t + 1) + 132t + 66].

So, we replace the 8t + 2 instances of X3 with the arrays in 2, the 2 instances of Y5 with the arrays in € and the 8(v +
w)(2t + 1) 4+ 32t + 12 instances of X, with the arrays in 8.
Define

R ={Uy(M7), Uy(M3)}.

Then, £(R) = £(M7 LU M3): we replace the 2 instances of W, with the arrays in 9.

The set M5 Mg can be written as a disjoint union FiU...UFyy, where & =3t+1 and each F; is a 2-set of type 4. The
set M3 U MyU Mg M7uUMgu Mg can be written as a disjoint union G1U...UGog, where 8 =2(v+w)2t+1)+8t+3
and each G; is a 2-set of type 2. Finally, the set M1q U .My, can be written as a disjoint union Hy u... U H3,, where
y = @8vw+6(v+w))2t+ 1)+ 5t +2 and each Hy is a 2-set of type 1. Call

61 = {Q3(Fai_1, F2i):i€[1,3t+1]},
S2 = {Qa(Gzj_1,G2j):j€[1,2(v+w)(2t + 1) + 8t + 3]},
S3 = {Qi(Han—1.Hap):he[l, Bvw +6(v+w))(2t+ 1) + 5t +2]}.

Then & = &1 UG, UG3 consists of (8vw + 8(v + w))(2t + 1) + 16t + 6 zero-sum blocks of size 2 x 6 and £(&) =£(M3 U
... M7q3). Hence, we replace the instances of Z4 with the arrays in 6. O

4. The case {a, b} = {5, 7} and the case c =0 (mod 4)

In this section, we consider the case of an SMA(a, b; 2c) where ¢ = 0 (mod 4) and the exceptional case of an
SMAS(5, 7; 2¢) that require slightly different constructions.

Lemma 4.1. Given four nonnegative integers «, 8, v, u such t_hat a+1>2uand 2y > o + 8u, there exists a set A = A(a, B, ¥, u)
consisting of 4u square zero-sum blocks of size 3 such that £(21) consists of the following disjoint subsets:

@A) +[200 + 2, 2 + 16y U +[4ar + 12u + 4, 4 + 20u]4 U +[28 + 1,28 + 2u — 1],U
£[28 +4u+ 1,28+ 6u — 1], U£[2a + 28 + 4u + 3, 20 + 2B + 8u — 1]4L
+[200 + 28 + 12u + 3,2 + 28 + 16u — 1]4 U 2[4y + 2, 4y + 8u — 2]4L

+[2a +4y +8u+ 2,20 + 4y + 10u]p U +[2a + 4y + 16u + 2, 20 + 4y + 18uls.

Proof. For all i € [0, u — 1], define

Azi

A1

4o+ 12u + 4 + 4i

—Qa +4u + 2 +2i)

—Qa +8u + 2+ 2i)

—Qo + 2+ 2i) 20+ 28 +4u+3+4i| —(2B+4u+1+ 2i)
—Qc +12u + 2 + 2i) -2+ 1+42i) 20 + 28 +12u + 3 + 4i
4o+ 16u+4+4i |—Qa+6u—+2+2i)|—Qa+ 10u+ 2+ 2i)

—Qa +2u+ 2+ 2i)

20 + 4y + 10u — 2i

—(4y +8u—2—4i) |

—Qa +14u + 2 + 2i)

—(4y +4u —2 —4i)

200+ 4y +18u —2i

The set A = {+Ay;, —Aq;, +A2it1, —A2it1 11 €[0,u — 1]} has the required properties. O

g

Lemma 4.2. Suppose that b > 7 is an odd integer. There exists an SMAS(5, b; 2¢) for all ¢ > 4 such that c =0 (mod 4).

Proof. Write ¢ = 4t + 4 where t > 0. Our SMAS(5, b; 2¢) will consist of 8t + 8 arrays of type (3.1) if b=1 (mod 4), or of
type (3.10) if b=3 (mod 4), where each X; is a zero-sum block of size r x 3 and each Z; is a zero-sum block of size 2 x £.
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Write b =4w + 7 + 28, where w > 0 and § € {0, 1}. Hence, we will construct 8t + 8 blocks X3, 82w +3 +8)(t + 1)
blocks X5, 8(w +1 —8)(t + 1) blocks Z4 and 85(t + 1) blocks Zg. Take

A
B

AAE+1), 8QW+3+8)(E+1), 10t +1), 2(t+ 1)),
B(1, 4(16w + 29+ 85)(t + 1), 8QW +3+8)(t +1))

as in Lemmas 4.1 and 2.6, respectively. Then,

S(ﬁ) UEEB) = £[1,40Q2w +8)(t + 1) + 140t + 140] \ £ (M1 U... U Mjqp),
where

My = [2,8t+ 8]y,

My = [56t+ 58, 64t + 64];,

M3 = [68t+ 70,80t + 80]3,

My = [84t+86,16(2w 4 6)(t + 1) + 88t + 881,

Ms = [16Q2w +8)(t+ 1) + 52t +53,16(2w + §)(t + 1) + 56t + 55]2,

Mg = [16Q2w +8)(t + 1) + 60t +61,16(2w + 8)(t + 1) + 64t + 6315,
Mz = [16Q2w +8)(t + 1) + 64t + 65, 16(2w + 8)(t + 1) + 72t + 6914,
Mg = [16Q2w +8)(t + 1) + 72t + 73, 162w + 8)(t + 1) + 80t + 79];,
Mo = [16QQw +8)(t+ 1) + 80t + 81, 162w + 8)(t + 1) + 88t + 8514,
Mig = [16Q2wW +8)(t + 1) + 88t + 89, 242w + 8)(t + 1) + 92t + 92].

So, we replace the 8t + 8 instances of X3 with the arrays in 2 and the 8(2w + 3 + 8)(t + 1) instances of X, with the arrays
in B.
Next, write
_ gl 2 _ gl 2 gl 2 3
Mip=MiuMy, Mpy=MyuM; and Mig=MjgUMigU M3,
where

M} = [2,8t+6l4,

M = [4.8t+8]4
M) = [56t+ 58,64t 4 62]4,
M3 = [56t+ 60,64t + 64]4,

Ml = (162w +8)(t + 1) + 88t + 89, 162w + 8)(t + 1) + 92t + 911,
M3, = [16Q2w +8)(t + 1) + 88t + 90, 162w + 8)(t + 1) + 92t + 921,
M3, = [16Qw +8)(t + 1) + 92t +93,24Q2w + 8)(t + 1) + 92t + 92]

The set M} U M% U M} uM% U M7 U Mg can be written as a disjoint union Fq U...U Fyy, where o = 3t + 3 and each
F; is a 2-set of type 4. The set M3 U M4 MsU Mgl Mg I_IJ\/I}0 I_lM%O can be written as a disjoint union G1U...UGzg,
where = (4w +5+28)(t 4+ 1) and each G; is a 2-set of type 2. Finally, the set M?O can be written as a disjoint union
Hyu...uHyy, where y = (4w +26)(t + 1) and each Hy is a 2-set of type 1.

Call

Q1 = {Qa(Gzj_1.Gzj) 1 je[1,4w(t+ D]},
Q = {Qi(Han—1,Hap) :he[1, 4wt +1)]}.

If § =0, define R =9 and Q = Q7 U U3 LIy, where

Q3 = {Q3(Fai_1, Fp):ie[l,3t+3]},
Qs = {Q2(G2j_1.Gaj): je[Aw(t+ 1)+ 1, (4w +5)(t + D]} .
If § =1, define Q = Q7 U, and R =R UR,, where
R1 = (Ra(Fi, Gew+1)+2i—1, Gawt+1)+2i) :1 € [1, 6t + 6]} ,
Ry = {R1(Gw+12)+1)+j» Hew(er1)+2j—1, Hawesn)+2j) 1 J € [1,2t + 21}

Then £ consists of 8(w + 1 — §)(t + 1) zero-sum blocks of size 2 x 4, JR consists of 85(t + 1) zero-sum blocks of size
2x6and E(Q)UEER) =+£(MU...uMjg). Hence, we replace the instances of Z4 with the arrays in Q and the instances
of Zg with the arrays in R. O

Lemma 4.3. There exists an SMAS(5, 7; 2¢) for all c > 1 such thatc=1 (mod 4).

18



E. Morini and M.A. Pellegrini

Discrete Mathematics 349 (2026) 115313

Proof. An SMAS(5, 7; 2) is shown in Fig. 1. So, write ¢ =4t + 5 where t > 0. Our SMAS(5, 7; 2¢) will consist of 8t + 10
arrays of type

(4.1)

Hence, we will construct 8t + 10 blocks X3, 6(4t + 5) blocks X, and 2(4t + 5) blocks Z4.

X3 [X5[X5
X2 Za |
Take
A = A4t+5, 6(4t+5), 10t + 12, 2t +2),
B = B(1, 29(4t +5), 6(4t +5))

as in Lemmas 4.1 and 2.6, respectively. Also, define

10

—2 ~6

A=

-2

92t + 111 |—(92¢ + 109)

-8

—(92t +107)| 92t +115

and set A’ =2 LI {+A’, —A’}. Then,

EQYUEEB) = =£[1, 140t + 175] \ = (M U

where

M
M3
Ms
Mz
Mg
M
M3
Mis
Mz

= [12,8t+ 10],,

= [52t + 65, 56t + 63]5,
= [56t + 68, 60t + 701,
= [64t + 77,64t + 79],,
= [68t + 80,72t + 8215,
= [72t + 88,80t +91],

= [80t + 99, 88t + 10314,
— [88t+ 104, 92t + 105],

[92t 4+ 113,92t 4 114].

M;
May
Me
Mg
Maio
Maiz
Mg
Mas

L uMyg),

[40t + 44, 40t + 46];,
[56t + 64, 56t 4- 67],
[60t + 72, 64t + 75],
[64t + 83,72t 4 8714,
[72t 4 84,72t + 86]2,
[80t 493, 80t + 95]2,
[84t 4 96, 88t + 102];,
[92t + 106, 92t + 112];,

So, we replace the 8t + 10 instances of X3 with the arrays in 21 and the 6(4t + 5) instances of X, with the arrays in 9.

The set Mg LI Mj3 can be written as a disjoint union Fq U...U Fay, where @ =t + 1 and each F; is a 2-set of type 4.
The set M1 U My U M3z uMs M7 uMgu Migu Miz L MigU Mig can be written as a disjoint union G U ... L Gag,
where g =3t +5 and each G; is a 2-set of type 2. Finally, the set My L Mg U M1qq U M;1s5 1 Mj7 can be written as a
disjoint union Hq U... U Hpy, where y =4t +4 and each Hj, is a 2-set of type 1. Call

R
Ro
N3

{Q3(Fai_1, F2p) :ie[1,t +1]},
Q2(Gaj-1,Gaj) 1 j€[1,3t +5]},

Q1(Han—1, Hap) :h € [1,4t 4+ 4]}

Then R = R LR, LUR3 consists of 8t + 10 zero-sum blocks of size 2 x 4 and £(R) = (M U...uMj7). Hence, we replace
the instances of Z4 with the arrays in R. O

Lemma 4.4. There exists an SMAS(5, 7; 2¢) for all ¢ > 3 such that c =3 (mod 4).

Proof. An SMAS(5, 7; 6) is shown in Fig. 2. So, write ¢ = 4t + 7 where t > 0. Our SMAS(5, 7; 2c) will consist of 8t + 12
arrays of type (4.1) and two arrays of type (3.4). Hence, we will construct 8t + 12 blocks X3, 24t + 38 blocks X, 8t + 12
blocks Zg4, 2 blocks Y5 and 2 blocks W.

Take

= B

A(4t +9, 24t + 42, 10t + 17, 2t + 3),

B(9, 116t + 199, 24t + 38),

C(92t + 148, 116t + 200, 92t + 158)

as in Lemmas 4.1, 2.6 and 2.7, respectively. We have

EQHUEEB) UE(T) = =[1, 140t 4 245]\ £+ (M1 U...UMig),

where
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10({-8|—-2| 5 |-=5]|17 |-17 —-10| 8 2 7 | =71]19 |-19
—6|—59| 65 |—90| 90 [—-96| 96 6 | 59 [-65|-91| 91 |-97| 97
—4| 68 |—63| 84 |—85| 79 |-79]| 4 |—-68| 63 | 85 |—84| 78 |-78]
1 |—89| 87 |—45| 47 | 49 |-50 —3 |89 |—86| 45 |—44| 51 |—52
—1| 88 |—87| 46 |—47|—49| 50 3 |—-88| 86 [—46| 44 |—51| 52
40 |—18|—-22| 21 |—21| 23 |-23 —40| 18 | 22 | 25 |-25| 27 |-27
—14| 48 |—34|—-98| 98 |—99| 99 14 |—48| 34 |—100| 100 | —101| 101
—26|—-30| 56 | 77 |=77| 76 |-76]| 26 | 30 (-56| 75 |—=75| 74 |-74]|
9 |-92| 83 | 60 |—-62|—64| 66 11 |-93| 82 | 55 |-57| —67 | 69
-9 92 |-83|-60| 62 | 64 |—66 —11| 93 |-82| =55 | 57 | 67 |—69
36 |[—-16|—20| 29 |—-29| 31 |-31 —36| 16 | 20 | 33 |[-33| 35 |-35

—12| 53 | —41|—-102| 102 | —103| 103 12 | =53] 41 |—104| 104 | —105| 105
—24|-37| 61 73 |=73| 72 |-=72|, 24 | 37 |—-61| 71 |=71| 70 |-=70}
13 |—94| 81 | 39 |(—43| —54 | 58 15 | -95| 80 | 28 |—32| —38 | 42
—13| 94 |-81| -39 | 43 | 54 |-58 —15| 95 |—80| —28 | 32 | 38 |—-42

Fig. 2. An SMAS(5, 7; 6).

M1 = [12,8t+ 18]y, My = [40t + 68,40t + 72]4,
M3z = [52t 491,56t + 93], My = [56t+ 94,56t + 95],
Ms = [56t+ 98,60t + 100],, Mg = [60t+ 102,64t + 111],

M7 = [64t4 113,64t 4 115];, Mg = [64t+ 119,72t + 123]4,
Mg = [68t4 118,72t 4 124];, My = [72t+ 126,80t +131],
My = [80t+ 132,80t +135], Miz = [80t+ 143, 88t + 14714,
M3 = [80t+ 137,80t 4 139], Mg = [84t+ 142,92t 4 144];,,
Mis = [88t4 151,92t 4 149];, Mig = [92t 4+ 146, 92t 4 150]4,
Mz [92t 4+ 151, 92t 4+ 153]3, Mg = [92t 4+ 155,92t 4 156].

So, we replace the 8t + 12 instances of X3 with the arrays in 2, the 2 instances of Ys with the arrays in € and the 24t + 38
instances of X, with the arrays in 8.
Call

R = {U2(My), Ua(M13)}.

Then, £(R) = £ (M4 u Mqg): we replace the 2 instances of W, with the arrays in fR.

The set My LU Mg LI Miy U Mg can be written as a disjoint union F{U...U Fyy, where o =t +2 and each F; is a 2-set
of type 4. The set MU M3uUMsUM7UMgUMizUMisiMisu M7 can be written as a disjoint union Gy U. ..U Gog,
where 8 =4t + 5 and each G; is a 2-set of type 2. Finally, the set Mg U Mg LI M1 can be written as a disjoint union
Hyu...uHyy, where y =3t +5 and each Hy is a 2-set of type 1. Call

S1 = {Q3(Fai—1, Fa):ie[1,t+2]},
S2 = {Qu(Gzj-1.Gzj):je[1,4t +5]},
63 = {Qi(Han_1,Hap):hel1,3t+5]}.

Then & = &1 UG, LG5 consists of 8t + 12 zero-sum blocks of size 2 x 4 and £(6) = +(MiUMaUMsUMsU...UMi7).
Hence, we replace the instances of Z4 with the arrays in &. O

Lemma 4.5. Given three positive integers o, B, y such that 8 > o + 15 > y + 18 > 40, there exists a set € = (o, B, y) consisting
of two square blocks of size 5 such that

0;(C)=(0,0,0,1,—1) and o0:(C)=(0,0,0,0,0)forallC e
and &(€) consists of the following disjoint subsets:

E(@ =+[8,15]U+{22) U [y, y +3]ut{a, o + 4, + 12, & + 15} U +[B, B+ 3] U £[B + 12, B+ 15].

Proof. Let C1 and C; be the following arrays:

22 —14 -8 13 -13 -22 14 8 15 —15
12| -« a+12 |—(B+14)| B+ 14 12 a —(@+12)[—=(B+15) |+ 15
—10| a+15 |—(@+4) B —B+1)], |10 |—(@+15)| o+4 B+1 —B
9 [—(B+13)| B+3 |-+ ]| y+3 —11] B+13 [-(B+2)| y+1 —y
-9 g+12 [-(B+3)| y+2 [-(y+3) 11 [—(B+12)] B+2 |-(y+2)| y

The set € = {C1, C2} has the required properties. O
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53 | 3 |—56] 17 |—17] 19 [—19] [—53] —3] 56 | 21 |—21] 23 |—23
57| 59 | —2 |—65| 65 |—66] 66 57 |—59| 2 |—67| 67 |—68] 68
55 |—60| 5 | 48 |—48| 47 |—47| [—55| 60 | —5 | 46 |—46| 45 |—45|,
58] 4 | 54 | 16 |—18|—26] 28 58 | —4 | 54| 31 |—33|—34] 36
7 | —6| —1|—16| 18 | 26 |—28| |[—-7| 6 | 1 |—31| 33 | 34 |—36
22 [—14] —8 | 13 |—13] 25 |—25| [—22] 14| 8 | 15 |—15| 27 |-27
—12[—20] 32 |—63| 63 |—69] 69 12 | 20 |—32|—64| 64 |—70] 70
10| 35 |—24| 49 |—50| 44 |—44|, | 10 |—35| 24 | 50 |—49| 43 |—43|
9 |—62| 52 |—38| 40 | 29 |—30| |[—11] 62 |—51| 38 |—37]| 41 |—42
—9 | 61 |—52| 39 |—40]|—29] 30 11 |—61] 51 |—39| 37 |—41] 42

Fig. 3. An SMAS(5, 7: 4).
Lemma 4.6. There exists an SMAS(5, 7; 2¢) for all ¢ > 2 such that c =2 (mod 4).

Proof. An SMAS(5, 7; 4) is shown in Fig. 3. So, write ¢ = 4t + 6 where t > 0. Our SMAS(5, 7; 2c¢) will consist of 8t + 8 arrays
of type (4.1), two arrays of type (3.4) and two of type

x‘2|x‘2

X5 Za 1

where each X; is a zero-sum block of size r x 3 and each Z4 is a zero-sum block of size 2 x 4. Hence, we will construct
8t + 8 blocks X3, 2 blocks X5, 24t + 30 blocks X3, 8t 4+ 10 blocks Z4, 2 blocks Y5 and 2 blocks W.
Take

A = A(4t+12, 24t + 38, 10t + 14, 2t +2),
Si = ?(17, 116t + 164, 24t + 30),
¢ = ¢€(92t+ 118, 116t + 165, 60t + 89)
as in Lemmas 4.1, 2.6 and 4.5, respectively. Furthermore, take © = {4+D, —D}, where
116t 4169 3 —(116t 4+ 172)
—(116t +173)| 116t + 175 -2
D=| 116t+171 |—(116t+ 176) 5
—(116t +174) 4 116t 4+ 170
7 —6 -1

Then,

EQHUEB)UE@) LEMD) ==+[1,140t +210] \ £ (MqU...UM;ig),

where

Mq1 = [16,18];, My = [20,24]4,

M3z = [26,8t+ 24],, My = [40t + 60, 40t + 72]4,
Ms = [56t 4 74, 56t + 86]4, Mg = [52t+ 81,56t 4+ 83]>,
M7 = [56t+ 90,60t + 88]>, Mg = [60t+ 93, 64t + 96],
Mg = [64t+ 97,64t + 107];, Mig = [64t+ 109,72t + 113]4,
M1 = [68t+ 102,80t + 112],, M1y = [72t+ 117,80t + 123],,
M1z = [80t+ 125, 88t + 129]4, Mg = [84t+ 118,92t + 116],
Mis = [88t+ 133,92t 4+ 131],, Mie = [92t + 120,92t + 124]4,
M7 = [92t 4+ 126,92t + 128],, Mig = [92t + 132,92t 4 134],.

So, we replace the 8t + 8 instances of X3 with the arrays in 2, the 2 instances of Y5 with the arrays in €, the 2 instances
of X5 with the arrays in ® and the 24t 4 30 instances of X, with the arrays in 8.

Write Mg = M} uMZE U M3, where
M} = [60t + 93,60t +94], M3 =[60t + 95,60t +96] and M3 =[60t + 97, 64t + 96].
Define
R = (U2 (Mg), Uz (MD)}.

Then, E(R) = i(M; U Mﬁ): we replace the 2 instances of W, with the arrays in fR.
The set My UMy MsuU My Mz Mig can be written as a disjoint union Fq U...U Fy,, where o =t +4 and each
F; is a 2-set of type 4. The set M1 U M3 U Mg M7uU Mgl Mq1UMiz U Migd Mys U Mq7UMig can be written as
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a disjoint union G U... U Gyg, where 8 =6t + 6 and each G; is a 2-set of type 2. Finally, the set Mg can be written as a
disjoint union Hq U ... U Hy:, where each Hy is a 2-set of type 1. Call

61 = {Q3(Fai_1,F2p):ie[1,t+4]},
G2 = {Qa(Gzj—1.G2j):je[1,6t+6]},
63 = {Qi(Han-1.Hap):he[l,t]}.

Then & = &1 LG, UG53 consists of 8t + 10 zero-sum blocks of size 2 x 4 and £(&) =x(Mu...uMj7y I_I./\/lg UMgu...U
Mjs). Hence, we replace the instances of Z, with the arrays in 6. O

5. The case a =6

We now consider the construction of an SMAS(6, b; ¢) when b > 5 is an odd integer.
Lemma 5.1. If there exists an SMAS(6, b; c) for b, ¢ > 1, then there exists an SMAS(6, b + 4; c).

Proof. For every j >0, let

Qu[j+1,j+21,[j+3,j+4D
Si=| Qu[j+5,j+6][j+7, j+8]
Qi([j+9,j+10L [j+11,j+12])

Then, S; is a 6 x 4 zero-sum block such that £(Sj) = £[j + 1, j 4+ 12]. Let {Ro, ..., Rc—1} be an SMAS(6, b; ). For every
i €[0,c — 1], define the 6 x (b + 4) array

Ti =[Ri]Ssbes12i)

Then, the set {Tg, ..., Tc_1} is an SMAS(6,b +4;c). O

Lemma 5.2. There exist an SMAS(6, 5; ¢) and an SMAS(6, 7; ¢) for all ¢ > 4 such that c =0 (mod 4).

Proof. Write ¢ = 4t + 4, where t > 0. Our SMAS(6, 5; c) will consist of 4t 4+ 4 blocks of type

X3
X2|Z%)| (5.1)
X2

whereas our SMAS(6, 7; ¢) will consist of 4t + 4 blocks of type

X2 | Z4
X2 | Z4
X2 | Z4

(5.2)

where each X, is a zero-sum block of size 2 x 3 and each Z, is a zero-sum block of size 2 x £. Write b =5 + §, where
8 € {0, 2}, and take

B =B(1, 36t 436, 12t +12)
as in Lemma 2.6. Then, £(B) = £[1,12(t + 1)(5 4+ )] \ £(M7 L M), where

Mq=1[2,24t+24]; and M; =[48t+ 49,60t + 60+ 12(t + 1)4].

So, we replace the 12t + 12 instances of X, with the arrays in 8.
Write

Mi=MlumMPumM3 and My=MIuMiuns,

where
Ml = [2,8t+6l4, M) = [48t+49,52t +51],
M3 = [4,8t+38]4, M3 = [48t+50,52t +52],

M3 = [8t+10,24t+24],, M3 [52t + 53, 60t + 60 + 12(t + 1)5].
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The set M} I_l./\/l% can be written as a disjoint union Fi U...U Fy, where o« = 2t 4+ 2 and each F; is a 2-set of type 4. The
set M3 u M} M2 can be written as a disjoint union Gy U... U Gg, where g =6t +6 and each G; is a 2-set of type 2.
Finally, the set M% can be written as a disjoint union Hi U...U H,, where y =2(2 +36)(t 4+ 1) and each Hy is a 2-set of

type 1.
Suppose § =0 and call

M1 = (Ra(Fi, Goi—1,G) 11 €[1,2t + 2]},
My = {(Ri(Garqayj, Haj—1,Hzj): je[1,2t+ 2]}

Then R =R LR, consists of 4t +4 zero-sum blocks of size 2 x 6 and £(R) = (M uMy). Hence, we replace the 4t + 4
instances of Zg with the arrays in fR.
Suppose § =2 and call

R = {Q3(Fai-1, F2p):ie[1,t+ 1]},
Ry = {Qa(Gzj-1,Gzj):je[l,3t+3]},
M3 = {Qi1(Hap—1,Han):he[1,8t+ 8]}

Then, R = R U R, LR3 consists of 12t + 12 zero-sum blocks of size 2 x 4 and £(R) = +=(M U M>). Hence, we replace
the 3(4t + 4) instances of Z4 with the arrays in R. O

Lemma 5.3. There exists an SMAS(6, 5; ¢) for all c > 1 such thatc=1 (mod 4).

Proof. Write ¢ =4t + 1, where t > 0. Our SMAS(6, 5; ¢) will consist of 4t + 1 blocks of type (5.1). Take

B =B(1, 36t+8, 12t +3)
as in Lemma 2.6. Then £(*B) = £[1, 15(4t + 1)] \ £(M; u M;), where

Mq=1[2,24t+4], and My =1[48t+ 12,60t + 15].
Write

Mi=MjuMIUM; and My=MIuMEuAS,
where
ML= (2,16t + 4], ML = [48t+ 12,52t 4 101,
M3 = [16t+6,24t+2]s, M3 = [48t+13,52t+11],
M3 = [16t+8,24t+4]s, M3 = [52t+ 12,60+ 15].
So, we replace the 12t + 3 instances of X, with the arrays in 8.
The set M% I_IM? can be written as a disjoint union F; U...U Fy, where o = 2t and each F; is a 2-set of type 4. The set

M} u M; uM% can be written as a disjoint union G1U...UGg, where =6t + 1 and each G is a 2-set of type 2. Finally,
the set M; can be written as a disjoint union Hy U... U H,, where y =4t + 2 and each Hy, is a 2-set of type 1. Call

M1 = (Ra(Fi, Goi—1,Gpy) 11 €[1,2t]},
Ry = (R1(Gaeqj, Haj_1, Haj) 1 j€[1,2t +1]}.

Then R = R LR, consists of 4t + 1 zero-sum blocks of size 2 x 6 and £(R) = £(M LU .M>). Hence, we replace the 4t + 1
instances of Zg with the arrays in SR. O

Lemma 5.4. There exists an SMAS(6, 7; ¢) for all c > 1 such thatc=1 (mod 4).

Proof. The existence of an SMAS(6, 7; 1) follows from [12, Lemma 7]. So, write ¢ = 4t + 5, where t > 0. Our SMAS(6, 7; ¢)
will consist of 4t + 4 blocks of type (5.2) and one block

Zy
X6|Za. (5.3)
Zy

where Xg is a zero-sum block of size 6 x 3 and each Z4 is a zero-sum block of size 2 x 4. Take the zero-sum block
1|-1|2|-2|4|-4
A=|81|7 |-8|5|-7|-5 (5.4)
-9/-6/6|-3/31|9
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—4|-5/9 | 11 |-11 10 | —28| 17 | 19 |—18
4 (-7| 3 |-13| 13 —10| 28 |—-17|—-23| 22
—2| 5 |-3|-24| 24 12 |-29| 16 |—20| 21
2 |—-8| 6|25 |-25| |—-12]| 29 |-16|—-19| 18 |
—1| 7 |-6|—-26| 26 14 |-30| 15 | 23 |-22
1|8 |-9|27 |-27 —14| 30 |—15| 20 |-21

Fig. 4. An SMAS(G, 5; 2).

and the set

B =B(11, 36t +45, 12t +12)
as in Lemma 2.6. Then £(A) LU ECB) = (1, 21(4t + 5)] \ (M1 L My u M3), where

My = [10,24t +32]y, My = [36t+ 46,36t + 55], M3z = [48t 4 68, 84t + 105].

So, we replace the unique instance of Xg with A! and the 12t + 12 instances of X, with the arrays in 3.
The set M can be written as a disjoint union Gy U...UGzg, where g =3t 43 and each G; is a 2-set of type 2. The set
M3 1 M3 can be written as a disjoint union Hy U...U Hyy,, where y =9t + 12 and each Hy is a 2-set of type 1. Call

R = {Q2(Gzj-1,G2j): je[1,3t+3]},
Ry = {Qi1(Han—1, Hop) :he[1,9t +12]}.

Then, R = R LRy consists of 12t + 15 zero-sum blocks of size 2 x 4 and £(R) = (M7 u My L M3). Hence, we replace
the 3(4t + 5) instances of Z4 with the arrays in R. O

Lemma 5.5. There exists an SMAS(6, 5; c) for all c > 2 such that c =2 (mod 4).

Proof. An SMAS(6, 5; 2) is shown in Fig. 4. So, write ¢ = 4t 4+ 6, where t > 0. Our SMAS(6, 5; ¢) will consist of 4t 4+ 5 blocks
of type (5.1) and one block

Xs|Z§), (5.5)

where Xg is a zero-sum block of size 6 x 3 and Zg is a zero-sum block of size 2 x 6. Take the zero-sum block A given in
(5.4) and the set

B =B(11, 36t + 55, 12t + 15)
as in Lemma 2.6. Then £(A) LU E(B) = +[1,15(4t + 6)] \ (M1 L M3 U M3), where

Mi = [10, 24t + 40];,, My = [36t+ 56,36t 4 65], M3z = [48t+ 81, 60t + 90].

So, we replace the unique instance of Xg with A' and the 12t + 15 instances of X, with the arrays in 8.
Write

Mi=MuMIUMS, May=MIuMEUMS and Ms=MIuM3uMS,
where

M} = [10,8t+24], M) [36t + 56, 36t + 5812,
M3 (8 +26,24t +38ls,  M3Z = [36t+ 57,36t + 59,
[8t 428,24t +40ls, M3 = [36t+ 60,36t +65],
M} [48t + 81,60t +87];, M3 = [48t+ 82,60t + 88],,
M3 = [60t+ 89,60t +90].

B
I
Ll

The set M% I_IM? can be written as a disjoint union Fi U...U Fy, where o« =4t + 4 and each F; is a 2-set of type 4. The
set M} UM; Ll./\/l% Ll/\/l; |_|./\/l§ can be written as a disjoint union G U...UGg, where § =8t 4 10 and each G; is a 2-set
of type 2. Finally, the set M% U M% can be written as a disjoint union Hq U ... LU Hg, where each Hy is a 2-set of type 1.
Call

R = {Ra(Fi, Gai—1, Gyi) 11 €[1, 4t + 4]},

Ry = (Ri(Ggeqs+j, Hoj—1, Hyj) 1 je[1,2]}.
Then, R = R UR, consists of 4t + 6 zero-sum blocks of size 2 x 6 and £(R) = £(M; U M3 L M3). Hence, we replace the
4t + 6 instances of Zg with the arrays in R. O
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Lemma 5.6. There exists an SMAS(6, 7; c) for all ¢ > 2 such that c =2 (mod 4).

Proof. Write ¢ = 4t 4 2, where t > 0. Our SMAS(6, 7; ¢) will consist of 4t + 1 blocks of type (5.2) and one block of type
(5.3). Take the zero-sum block A given in (5.4) and the set

B =B(11, 36t + 19, 12t + 3)
as in Lemma 2.6. Then £(A) LU E(B) = +[1,21(4t + 2)] \ (M7 U M3 u Mj3), where

My = [10,24t + 16]a, My = [36t+ 20, 36t + 29], M3z = [48t+ 33, 84t +42].

So, we replace the unique instance of Xg with A! and the 12t + 3 instances of X, with the arrays in %B.
The set M can be written as a disjoint union Gq U...UGyg, where § =3t 41 and each G; is a 2-set of type 2. The set
M3 L M3 can be written as a disjoint union Hy U...U Hyy,, where y =9t + 5 and each Hj, is a 2-set of type 1. Call

R = {Qa(Gzj-1,Gzj) :je[1,3t+1]},
Ry = {Qi1(Han—1, Hap) :h €[1, 9t +5]}.

Then, R = R LR, consists of 12t + 6 zero-sum blocks of size 2 x 4 and £(R) = £(M1 U M3 LI M3). Hence, we replace
the 3(4t + 2) instances of Z4 with the arrays in R. O

Lemma 5.7. There exists an SMAS(6, 5; c) for all c > 3 such that c =3 (mod 4).

Proof. Write ¢ =4t + 3, where t > 0. Our SMAS(6, 5; ¢) will consist of 4t + 2 blocks of type (5.1) and one block (5.5). Take
the zero-sum block A given in (5.4) and the set

B =B(11, 36t 427, 12t +6)
as in Lemma 2.6. Then £(A) LU ECB) = +[1, 15(4t + 3)] \ (M1 L My u M3), where
M1 = [10, 24t + 20],, My = [36t+ 28,36t + 37], M3 = [48t + 44,60t + 45].

So, we replace the unique instance of Xg with A' and the 12t + 6 instances of X, with the arrays in 8.
Write

Mi=MiuMIUMS and Ms=MiuMEum],
where

Ml = [10,8t+ 201, M} = [48t+ 44,60t + 4215,
M} = [8t+22,24t+18ls, M3 = [48t+45,60t +43]z,
M} = [8t+24,24t+20ls, M3 = [60t+ 44,60t +45].

The set /\/l% u M? can be written as a disjoint union Fq U ...U F,, where o =4t and each F; is a 2-set of type 4. The set
M} u M; uM% can be written as a disjoint union G1U...UGg, where § =8t + 3 and each Gj is a 2-set of type 2. Finally,
the set M, U ./\/lg can be written as a disjoint union Hq Ul ... U Hg, where each Hj, is a 2-set of type 1. Call

R = {Ra(Fj, Gai—1,G2) 11 €[1,4t]},
Ry = {R1(Gsyj, Haj—1, Haj) 1 je[1,3]}.

Then, R = R LR, consists of 4t + 3 zero-sum blocks of size 2 x 6 and £(R) = +(M; U M3 U M3). Hence, we replace the
4t + 3 instances of Zg with the arrays in SR. O

Lemma 5.8. There exists an SMAS(6, 7; ¢) for all ¢ > 3 such that c =3 (mod 4).

Proof. Write ¢ =4t + 3, where t > 0. Our SMAS(6, 7; ¢) will consist of 4t + 3 blocks of type (5.2). Take

B =B(1, 36t +26, 12t +9)
as in Lemma 2.6. Then £(*B) = £[1, 21(4t + 3)] \ £(M; 1 M,), where

Mi=1[2,24t+16]; and My =[48t+ 36, 84t + 63].

So, we replace the 12t + 9 instances of X, with the arrays in B.
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Table 1
Proof of Proposition 1.5.
c=0 (mod 4) b=7 9<b=1 (mod 4) 11 <b=3 (mod 4)
a=5 L 4.2 L. 4.2 L 42
a>7 C.23 C.23 C.23
c=1 (mod 4) b=7 9<b=1 (mod 4) 11 <b=3 (mod 4)
a=>5 L 43 L. 3.6 L. 3.7
7<a=3 (mod 4) L. 39 C.23 L. 39
9<a=1 (mod 4) C.23 L 3.6 C.23
c=2 (mod 4) b=7 9<b=1 (mod4) 11<b=3 (mod4)
a=5 L. 46 L. 3.10 L. 3.10
a=7 L.312 L 311 L 3.12
9<a=1 (mod 4) L 311 L. 3.10 L. 3.10
11 <a=3 (mod 4) L. 312 L. 3.10 L. 3.12
c¢=3 (mod 4) b=7 9<b=1 (mod 4) 11 <b=3 (mod 4)
a=5 L 44 L 3.1 L33
a=7 C.23 L 34 C. 23
9<a=1 (mod 4) L. 34 C.23 L33
11<a=3 (mod4) C. 23 L 33 C.23

The set M can be written as a disjoint union Gy U...UGag, where g =3t 42 and each G; is a 2-set of type 2. The set
M3 can be written as a disjoint union HiU...U Hy),, where y =9t +7 and each Hp, is a 2-set of type 1. Call

R = {Qa(Gzj-1,Gzj):je[1,3t+2]},
R = {Qi1(Hap—1,Hap):he[1,9t+ 7]}

Then, R = R U R, consists of 12t +9 zero-sum blocks of size 2 x 4 and £(R) = £(M7 LU M3). Hence, we replace the
3(4t + 3) instances of Z4 with the arrays in R. O

6. Conclusions
We can now prove our main results.

Proof of Proposition 1.5. By Remark 2.4, the statement follows from the results of Sections 3 and 4, according to Ta-
ble 1. O

Proof of Proposition 1.6. For all c > 1, there exists an SMAS(6, 5; c) by Lemmas 5.2, 5.3, 5.5 and 5.7, and there exists an
SMAS(6, 7; c) by Lemmas 5.2, 5.4, 5.6 and 5.8. Hence, the result follows from Lemma 5.1. O

Proof of Theorem 1.2. By [10, Main Theorem] and [11, Main Theorem 20], we may assume s, k > 4. Up to transposition, by
Proposition 1.3 we may also assume that k > 5 is odd, n is even, s #0 (mod 4) and gcd(s, k) = 1. From ms = nk we get that
there exists a positive integer e such that m =ek and n =es.

Suppose that s is odd. Since n is even, e = 2¢ for a suitable positive integer c. Let {R1,..., Ry} be an SMAS(k, s; 2¢):
the existence of this set follows from Proposition 1.5, since s > 5 and (s, k) # (5, 5). In this case, the m x n block-diagonal
matrix diag(R1, ..., Ryc) is an SMA(m, n; s, k).

Next, suppose that s is even. By the previous assumptions, we can write s = 25, where s > 3 is an odd integer, coprime
with k. If s =3, let {Rq, ..., Re} be an SMAS(k, 6; e), whose existence follows from Proposition 1.6. In this case, the m x n
block-diagonal matrix diag(Rq, ..., Re) is an SMA(m, n; s, k). If s > 5, let {R1, ..., R2e} be an SMAS(k, s; 2e), whose existence
follows from Proposition 1.5 since (k,5) 5 (5, 5). For every i € [1, e], define the k x s array S; =[Rai_1[Rai]. In this case, the
m x n block-diagonal matrix diag(S1,..., Se) is an SMA(m,n;s, k). O

Proof of Corollary 1.8. By [5, Proposition 4.2], there is no (integer) 2H(m, n; s, k) when nk=1 (mod 4). So, assume that nk
even. By Theorem 1.2 there exists an SMA(m, n; s, k) (and hence, an integer 2H(m, n; s, k)) when (m, n, s, k) does not belong
to the set

{(€,2,2,0),(2,¢,€,2):£>1issuchthat£=1,2 (mod 4)}.

So, we are left to consider the case when m=k=2 and n=s=1,2 (mod 4). For the sake of contradiction, suppose that
there exists an integer 2H(2,n;n, 2), say A. Denoting by Ri, R, the two rows of A, we must have R, = —Rj, where the
absolute values of the entries of Ry constitute the set [1,n]. Since n=1,2 (mod 4), the sum of the entries of Ry cannot be
equal to zero, a contradiction. O
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