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The market demand for the Treasury Inflation-Protected Securities (TIPS)
is rather small. This is puzzling, as we show that an agent, who derives
utility from real wealth and dynamically invests into multiple asset classes
over a 30-year horizon, incurs a certainty equivalent loss of 1.6% per an-
num from not investing in inflation-indexed bonds. However, if the investor
suffers from money illusion, the perceived loss is only 0.5% per annum.
Furthermore, the perceived loss is totally negligible for an unsophisticated
money-illusioned investor ignoring the time variation of risk premia. Money
illusion causes significant portfolio shifts from inflation-indexed toward
nominal bonds, with little effects on equity allocations, contributing to the
low market demand for TIPS.
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Introduced in the U.S. in 1997, after several periods of
high and fluctuating inflation, Treasury Inflation-Protected Securities (TIPS) should
have been quickly acclaimed by market participants. Owing to the indexation to the
consumer price index (CPI), they were supposed to be a close-to-perfect instrument
to hedge against inflation and would have offered an observable measure of the term
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172 : MONEY, CREDIT AND BANKING

structure of inflation expectations. Early works in asset allocation strongly supported
the welfare improvements entailed by the inclusion of such securities (Campbell and
Viceira 2001, Brennan and Xia 2002, Wachter 2003). However, a few years later, it
was obvious that the TIPS market had not delivered in terms of market quality, as the
liquidity was still rather low if compared to nominal Treasury Bonds (Fleming and
Krishnan 2012). Figure 1(a) reveals that the fraction of TIPS relative to the total of
outstanding marketable Treasuries was about 9% at the end of 2019, and has never
been higher than 11% in the last two decades. In the course of 2021, a growing infla-
tionary pressure is causing a moderate increase of market attention to inflation, but,
while this could happen in the future, it has not translated yet into a significant growth
of the TIPS market. Inflation-indexed bonds represent a niche market also in other
countries. For instance, at the end of 2016, only 12.3% of the French and 12.7% of
the Italian public debts were represented by inflation-protected securities. Among the
largest issuers, the main exception is the United Kingdom, where inflation-indexed
debt, massively held by pension funds offering inflation protection, has been issued
since 1981 and represented 27.3% of the total outstanding debt in 2016. 1

García and Van Rixel (2007) and Campbell, Shiller, and Viceira (2009) review
several arguments in favor of the issuance of inflation-indexed bonds from the per-
spective of a central bank, as well as the benefits to investors. Ultimately, in the pres-
ence of a high market demand for inflation-indexed debt, the issuance of TIPS could
reduce the cost of funding. 2 As pointed out in Fleckenstein, Longstaff, and Lustig
(2014), TIPS are typically underpriced with respect to nominal bonds, the sign of
the mispricing being consistent with a lack of demand. While substantial progress
has been made in identifying the TIPS liquidity premium, few authors have inves-
tigated why investors shun this asset class. 3 To the contrary, several contributions
in the asset allocation literature advocate massive investments in TIPS rather than in
nominal bonds. Campbell, Chan, and Viceira (2003) analyze the asset allocation of
an infinitely lived investor, while Kothari and Shanken (2004) and Cartea, Saúl, and
Toro (2012) study a one-period mean–variance-utility problem, considering a ratio-
nal risk-averse individual who cares about real returns and invests in several asset
classes. They all find that nominal bonds should be crowded out by TIPS. Illeditsch
(2017) finds that a rational long-term investor perceives a large utility cost from not

1. In the United Kingdom, as of March 2015, pension funds held 82% of inflation-linked gilts. The
remaining market share was therefore rather small. As for the U.S., Andonov, Bauer, and Cremers (2013)
report that in 2010 only 56% of public pension funds, and only 10% of private pension funds, offered
inflation protection. It is important to highlight that sophisticated investors, other than through TIPS, are
able to hedge inflation exposure also through inflation swaps.

2. Martellini, Milhau, and Tarelli (2018) also highlight that firms generating cashflows positively cor-
related with inflation would significantly benefit from issuing inflation-indexed debt. The market for cor-
porate inflation-indexed bonds is, however, even smaller than the TIPS market.

3. As a matter of fact, most inflation-related instruments have encountered little success. In addition
to TIPS and inflation swaps, CPI-related futures were also introduced in 2004 by the Chicago Mercantile
Exchange (CME), but failed to attract investors. Fleming and Sporn (2013) document a very low trading
activity on the inflation swap market, consisting of just over two trades per day on average since 2010.
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ABRAHAM LIOUI AND ANDREA TARELLI : 173

Fig 1. TIPS Outstanding, Press Attention to TIPS, and Press Attention to Inflation.

Notes: Panel (a) shows the year-end ratio between the notional amounts of TIPS and total Treasury marketable debt
outstanding, as reported in the Treasury Bulletin of the Bureau of the Fiscal Service. The press attention to TIPS (number
of records in Dow Jones Factiva containing the terms inflation linked or inflation protected or inflation indexed, and
treasury or treasuries) relative to Treasuries (records containing the terms treasury bond or treasury note or treasury
bill or treasuries) is also shown. Panel (b) shows the year-on-year U.S. CPI inflation (U.S. Bureau of Labor Statistics,
Consumer Price Index for All Urban Consumers: All Items, FRED item CPIAUCSL), as well as the press attention to
inflation in the U.S., measured as the relative number of Factiva records in the U.S. containing the word inflation among
the records containing any of the words investments, investing, portfolio choice, and asset allocation. Panel (c) shows the
year-on-year World inflation (World Bank, consumer prices for the World, FRED item FPCPITOTLZGWLD), as well as the
press attention to inflation in the World.

 15384616, 2023, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/jm

cb.12923 by C
ochraneItalia, W

iley O
nline L

ibrary on [21/02/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



174 : MONEY, CREDIT AND BANKING

investing in inflation-indexed bonds. These results are in contrast with a TIPS market
representing only a small fraction of the nominal bond market.
This paper belongs to the aforementioned asset allocation literature and shows that

money illusion may significantly contribute to the low demand for TIPS. Money il-
lusion can be generally described as a bias in the assessment of the real value of eco-
nomic transactions, caused by the fact that agents tend to think in nominal amounts.
4 This bias has been studied in monetary economics (e.g., Marschak 1950, 1974,
Dusansky and Kalman 1974), as well as in behavioral and experimental economics
(e.g., Shafir, Diamond, and Tversky 1997, Fehr and Tyran 2001, 2007, 2014, Luhan
and Scharler 2014), and has been found to be useful in solving several asset pric-
ing puzzles.
Despite the common thinking of money illusion mostly being harmful in hyper-

inflation environments, Brunnermeier and Julliard (2008) and Cavallo, Cruces, and
Perez-Truglia (2017) suggest that money illusion and rational inattention toward in-
flation can be even stronger in low-inflation environments. 5 Investors tend to be
misled by current low inflation rates, which are wrongly associated with low infla-
tion risk. This phenomenon could have been particularly relevant in the last couple
of decades, when the level of inflation has been low despite a nonnegligible infla-
tion risk. Indeed, as we show in Figure 1(b) for the U.S. and in Figure 1(c) at the
global level, the press attention to inflation, which could be considered as a proxy
for the agents’ attention to inflation, closely follows the year-on-year realized infla-
tion in the corresponding economy. According to Gabaix (2014), economic agents
allocate attention purposefully toward salient features, using a sparse representation
of reality that ignores information perceived to be less relevant. As we show in Fig-
ure 1(a) through a measure of press attention to TIPS, Treasuries get far more at-
tention among market agents than TIPS. Interestingly, the relative press attention
to TIPS mimics the fraction of TIPS outstanding relative to the total amount of
Treasuries.
In this work, we consider the distortions on the demand side implied bymoney illu-

sion in a market where multiple asset classes (nominal and indexed bonds, stocks, and
cash) are available to a long-term investor with a finite horizon. At first, we consider
an infinitely risk-averse investor and show that severe money illusion drives conserva-
tive investors out of the indexed bond market. While nonillusioned investors attempt
to hedge future variations of the real rate, money-illusioned investors ignore expected
inflation, hedging only variations of the nominal rate. We then consider an investor
having moderate risk aversion, who takes advantage also of the risk/return trade-off

4. In this work, money illusion can be either considered as a manifestation of irrationality, which might
be the case for a significant fraction of households in the economy, or as a rational choice of the agent,
which is the case, for instance, for fund managers whose compensation is based on nominal returns, or for
pension funds which liabilities are not inflation-linked.

5. Piazzesi and Schneider (2008), accounting for agents with different money illusion, explain the
house-price booms and stock market undervaluation in both the 1970s and 2000s, which occurred in op-
posite interest rate and inflation regimes.
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of the tradable assets, beyond their capacity to hedge inflation. We consider both the
cases where risk premia are constant and time-varying, discovering that, again, money
illusion significantly shifts the portfolio from indexed to nominal bonds. In contrast,
the impact on equity investments is negligible, because the inflation-hedging prop-
erties of both nominal and inflation-indexed bonds are quantitatively more relevant
than those of stocks.
A key contribution of our work is that we quantify the economic impact of money

illusion under different perspectives. First, we evaluate the welfare loss, as perceived
by a nonillusioned agent, for implementing the portfolio strategy of a partially or"
totally money-illusioned investor. Although the estimation uses TIPS data and is thus
based on the low-inflation post-1999 period, we find the welfare loss to be substan-
tial, with a certainty equivalent reduction of up to about 1% per annum (p.a.) for
investment horizons longer than 10 years. Second, and most importantly, we provide
a rationale for the low demand for inflation-protected bonds, by quantifying the ex
ante opportunity cost, as perceived by both a nonillusioned and a money-illusioned
investors, of not accessing the inflation-indexed bond market. We find that a nonil-
lusioned investor, who ignores time variations in risk premia, perceives a significant
utility cost for not investing in inflation-indexed bonds. The certainty equivalent loss
is about 0.5% p.a. for a 10-year horizon, 0.85% p.a. for a 20-year horizon, and 1.25%
p.a. for a 30-year horizon, representing thus a large incentive to enter the TIPS mar-
ket. However, we find that a money-illusioned investor perceives a loss smaller than
0.1% p.a. when TIPS are not accessible. The losses are only slightly higher when
investors are more sophisticated and account for time variations in risk premia, but
the conclusion is the same: the opportunity cost suffered by a money-illusioned agent
prevented from investing in inflation-protected instruments is very small, as her per-
ceived expected utility achievable by substituting real with nominal bonds is nearly
unchanged. It thus seems that money-illusioned investors have little incentive to en-
ter the inflation-indexed bond market. These findings are mostly driven by a hedging
rationale, rather than by speculative motives. Indeed, our results are robust to dif-
ferent levels of the inflation risk premium, and they are confirmed by an additional
analysis based on data from the UK market, where large pension fund positions in
inflation-indexed gilts cause the inflation risk premium to largely differ from that in
the U.S. market.
Our framework is based on a dynamic affine term structure model of the nominal

and real term structures, as in Christensen, Lopez, and Rudebusch (2010), D’Amico,
Kim, and Wei (2018), Breach, D’Amico, and Orphanides (2020), and Andreasen,
Christensen, and Riddell (2021), which is then applied to an asset allocation problem
with multiple asset classes, as for instance in Sangvinatsos and Wachter (2005). We
contribute to the asset allocation literature relying on dynamic term structure models,
providing a different perspective to the empirical issues of the sensitivity to estimation
errors and the in-sample overfitting of essentially affine models discussed by Duffee
(2011), Feldhütter et al. (2012), and Sarno, Schneider, and Wagner (2016). These
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176 : MONEY, CREDIT AND BANKING

works show that unconstrained term structure models with time-varying risk premia
entail unrealistic portfolio positions and overstated certainty equivalent returns. We
mitigate these issues by imposing reasonable bounds to the volatility of the risk pre-
mia and by accounting for survey-based long-run expectations of asset returns.
The preferences that we adopt are inspired by the contribution of Basak and Yan

(2010), who analyze the implications of money illusion for asset prices in a mar-
ket with inflationary fluctuations. Building on their work, David and Veronesi (2013)
develop a general equilibrium model, featuring money illusion, that captures histori-
cal stock and bond comovements and explains the low P/E ratio and high long-term
yields in the late 1970s. They find evidence for a significant degree of money illu-
sion affecting asset prices in the U.S. market. Finally, Miao and Xie (2013) include
money illusion in a monetary model of endogenous growth, showing that the impact
of money illusion on long-run growth is significant also when expected inflation is
close to its long-run mean. While these contributions highlight the distortions of the
equilibrium introduced by money illusion, our focus is on the individual behavior of
an investor with a long-term finite horizon.
This work is also related to the strand of the literature attempting to explain the

mispricing and liquidity puzzles of TIPS. In particular, Fleckenstein, Longstaff, and
Lustig (2014) find a massive mispricing of TIPS, highlighted by replicating the pay-
off of nominal Treasury bonds using inflation swaps and TIPS. Their explanation
invokes the near-money characteristic of nominal Treasuries and justifies the persis-
tence of the mispricing as an effect of the slow-moving-capital phenomenon. This
interpretation is reinforced by Gromb and Vayanos (2018), who find that expected
returns of arbitrage portfolios are negatively related to shocks to the amount of ar-
bitrage capital. Christensen and Gillan (2018) provide additional evidence, showing
that quantitative easing reduced the liquidity premium in the TIPS market. The puz-
zling illiquidity of TIPS has led several authors to identify a liquidity factor (e.g.,
Abrahams et al. 2016, Pflueger and Viceira 2016, D’Amico, Kim, and Wei 2018,
Andreasen, Christensen, and Riddell 2021). Given the evidence of a significant de-
gree of money illusion in the U.S. market (David and Veronesi 2013), our model
provides a rationale for the low demand for TIPS, which may contribute to their
illiquidity.
The remainder of the paper is organized as follows. In Section 1, we set up the

economic framework and derive the optimal portfolio strategy of a money-illusioned
long-term investor. Section 2 describes the estimation methodology, presents the data
set and discusses the parameter estimates. In Section 3, we discuss the results of the
optimal portfolio strategy obtained considering constant asset risk premia, at first for
a conservative investor (infinite risk aversion), and then for an investor with a mod-
erate risk aversion. In Section 4, we present additional findings obtained considering
time-varying risk premia. Section 5 discusses our findings, in light of other factors
potentially contributing to the low market demand for TIPS, and summarizes the ro-
bustness checks. Section 6 concludes. A separate Online Appendix contains several
technical details, as well as robustness checks and additional empirical findings.
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ABRAHAM LIOUI AND ANDREA TARELLI : 177

1. OPTIMAL PORTFOLIO CHOICE

We consider a long-term investor trading nominal and inflation-indexed bonds, a
stock index, and a nominal money market account (cash). We do not include inflation
swaps in the investable universe because, in the absence of further frictions, these
would be redundant. Furthermore, inflation swaps have a very low trading frequency
(Fleming and Sporn 2013) and are not available to a large fraction of investors. As in
most asset allocation problems, we are in a situation of partial equilibrium, whereby
the prices of the assets available for trade are given to the investor. In the follow-
ing, we describe the economy where the agent trades and we then derive the optimal
portfolio strategy.

1.1 The Economy

Stochastic discount factor (SDF). We assume the existence of an SDF that prices
nominal and inflation-indexed default-free bonds, as well as a stock index.6 The nom-
inal SDF dynamics is

d�t

�t
= −Rtdt − �′

tdzt, (1)

where Rt is the nominal short-term interest rate and �t is the n× 1 vector of market
prices of the n systematic sources of risk, zt . zt is a vector of n× 1 standard Brownian
motions. Following the literature on dynamic term structure models, we assume an
affine functional form for the nominal rate and for the market prices of risk:

Rt = R0 + R′
1Xt, (2)

�t = �0 + �1Xt, (3)

where R0 is a scalar, R1 is an m× 1 vector, �0 is an n× 1 vector, and �1 is an
n× m matrix. Finally, Xt is the m× 1 vector of state variables, which follows an
autoregressive process à la Ornstein–Uhlenbeck:

dXt = �
(
X̄ − Xt

)
dt + �′

Xdzt, (4)

where � is an m× m mean reversion matrix, X̄ is the m× 1 vector of the long-run
means of the state variables, and �X is the n× m volatility matrix.

6. Our SDF is specified in reduced form and is therefore compatible with any investor who can trade
such instruments, irrespective of preferences and, in particular, of their degree of money illusion.
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178 : MONEY, CREDIT AND BANKING

Nominal quantities are converted into real quantities using the price level, which
dynamics is

dPt
Pt

= πtdt + σ ′
Pdzt, (5)

where πt stands for the instantaneous expected inflation and σP is the n× 1 volatility
vector of unexpected inflation. As for Rt and �t , we assume that πt is affine in the
state variables:

πt = π0 + π′
1Xt, (6)

where π0 is a scalar and π1 is an m× 1 vector.

Traded assets. We assume that the long-term investor can trade a nominally risk-free
asset (cash) yielding the short-term interest rate Rt . In addition, a stock can be traded
and its price, St , is assumed to have the following dynamics:

dSt
St

= (
Rt + σ ′

S�t
)
dt + σ ′

Sdzt, (7)

where σS is the n× 1 volatility vector of the stock.
On the fixed-income side, the investor can trade both nominal and real zero-coupon

bonds. The nominal bond delivers one unit of the currency at maturity, while the
real bond delivers one unit of the numéraire. As in Duffie and Kan (1996), nominal
discount bond prices are exponential affine functions of the state variables. As shown
inOnlineAppendixA.1, the nominal price of a nominal discount bondwith amaturity
T and a time-to-maturity τ = T − t is given by

B(Xt, τ ) = e−y
n(Xt ,τ )τ = eA

B
0 (τ )+AB

1 (τ )Xt , (8)

where yn(Xt, τ ) = −AB0 (τ )/τ − AB
1 (τ )/τ · Xt is the nominal yield. The scalar AB0 and

the 1 × m vectorAB
1 solve a system of ordinary differential equations given in Online

Appendix A.1. The dynamics of the nominal bond price is thus:

dB(Xt, τ )

B(Xt, τ )
=

⎛
⎜⎜⎜⎜⎜⎝Rt + AB

1 (τ )�
′
X�t︸ ︷︷ ︸

nominal yield
risk premium

⎞
⎟⎟⎟⎟⎟⎠dt + AB

1 (τ )�
′
Xdzt, (9)

where we have highlighted the instantaneous risk premiumAB
1 (τ )�

′
X�t that compen-

sates for the exposure to the nominal yield risk.
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ABRAHAM LIOUI AND ANDREA TARELLI : 179

As shown in Online Appendix A.2, the nominal price of a real zero-coupon bond,
that is a bond that pays the price index level at maturity, is given by

I(Xt,Pt, τ ) = Pte
−yr (Xt ,τ )τ = Pte

AI0(τ )+AI
1(τ )Xt , (10)

where yr(Xt, τ ) = −AI0(τ )/τ − AI
1(τ )/τ · Xt is the real yield. The price dynamics is

thus:

dI (Xt,Pt, τ )

I (Xt,Pt, τ )
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
Rt + AI

1(τ )�
′
X�t︸ ︷︷ ︸

real yield
risk premium

+ σ ′
P�t︸︷︷︸

unexpected inflation
risk premium

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
dt

+ (AI
1(τ )�

′
X + σ ′

P

)
dzt, (11)

where we have highlighted the risk premiumAI
1(τ )�

′
X�t + σ ′

P�t . The first term com-
pensates for the real yield risk and the second for unexpected inflation risk. These
risks correspond to the two terms appearing in the diffusion coefficient in (11).
We consider yr(Xt, τ ) in (10) to be the model-implied yield of a tradable inflation-

indexed bond, for example, a TIPS in the U.S. market. As in Christensen, Lopez,
and Rudebusch (2010), and differing from D’Amico, Kim, and Wei (2018) and other
works, we employ a reduced-form description of the TIPS yield curve, without de-
composing the TIPS premium into an inflation premium component and a liquidity
premium component. As identifying the components of the TIPS premium is not
relevant for our purposes, we opt for a more parsimonious and robust specification,
showing in the estimation phase that it provides a good fit of the TIPS yield curve.
In the empirical analysis, we check that our asset allocation and welfare results are
robust with respect to different specifications of the inflation premium. Furthermore,
in order to keep the asset allocation model tractable, and consistent with the aggre-
gate data set that we use, we disregard the 2.5-month indexation lag of TIPS. For the
estimation and the asset allocation exercise, we use TIPS yields corresponding to 5-
year or longer maturities, and our asset allocation and welfare results are particularly
strong for 10-year or longer horizons, where we expect the indexation lag to have
very little effect. Previous studies estimated that the 8-month indexation lag of UK
inflation-indexed gilts has a tiny impact on yields, that is, 1.5 basis points according to
Evans (1998), and between 0 and 6 basis points according to Risa (2001). D’Amico,
Kim, and Wei (2018) estimated an indexation-lag premium for U.S. TIPS comprised
between −5 and 3 basis points most of the time, with a variation accounting only
for a tiny fraction of TIPS yield variance. Finally, in line with all the aforementioned
literature, in order to be able to use aggregate yield curve data and for analytical
tractability, we also disregard the deflation option in modeling TIPS prices. The de-
flation option may have a small price impact for recently issued TIPS in a deflationary
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180 : MONEY, CREDIT AND BANKING

environment, but D’Amico, Kim, and Wei (2018), who also did not model the defla-
tion floor, showed that its price impact on TIPS yields is below five basis points most
of the time. Concerning our analysis, we expect the effect of the deflation option to
be negligible for long investment horizons, which is where most of our results turn
out to be relevant.
We denote the nominal price of a generic risky asset by Y it . Its dynamics takes the

following form:

dY it
Y it

= (
Rt + σ ′

Y i�t
)
dt + σ ′

Y idzt . (12)

Preferences. Consider a long-term investor endowed with utility from real terminal
wealth:

U (wT ) = w
1−γ

T

1 − γ
, (13)

where wT stands for the real wealth at the investor’s horizon T . When the investor is
money-illusioned, we assume that her objective function modifies as follows:

U (wT ,WT ) =
(
w1−α
T W α

T

)1−γ

1 − γ
, (14)

whereWT stands for the nominal terminal wealth and 0 ≤ α ≤ 1 measures the degree
of money illusion. When α = 0, the investor is not money-illusioned, in the sense
that she maximizes her expected utility from real terminal wealth. When α = 1, the
investor is completely money-illusioned, as she thinks only in nominal terms. This
specification is inspired by Basak and Yan (2010), Miao and Xie (2013), and David
and Veronesi (2013), although we choose to define utility over terminal wealth only
(no intermediate consumption) for analytical tractability. In fact, when markets are
complete, a quasi-closed-form optimal solution can be derived also for the case of
utility over consumption. However, a specification with utility over terminal wealth
allows us to obtain analytical results in some relevant cases of suboptimal portfolio
strategies and under market incompleteness. These cases include the evaluation of
welfarewhen the investor builds a suboptimal strategy consideringα > 0, or when the
investment universe includes fewer nonredundant assets than the number of sources
of risk in the market.
As the relation between real and nominal wealth is wT =WTP

−1
T , the objective

function becomes:

U (wT ,WT ) =
(
w1−α
T W α

T

)1−γ

1 − γ
= W 1−γ

T P−(1−α)(1−γ )
T

1 − γ
≡ U (WT ), (15)

with the understanding that the case where no money illusion is at play is nested by
setting α = 0.
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ABRAHAM LIOUI AND ANDREA TARELLI : 181

Budget constraint. The investor allocates her wealth to N risky assets and the money
market account. The dynamics of nominal wealth reads as follows:

dWt

Wt
=

N∑
i=1

ωi
t

dY it
Y it

+
(
1 −

N∑
i=1

ωi
t

)
Rtdt, (16)

where ωi
t stands for the proportion of (indifferently) real or nominal wealth invested

in risky asset i. Using (12), this dynamics can be written as follows:

dWt

Wt
= (Rt + ω′

t�
′�t )dt + ω′

t�
′dzt, (17)

where ωt is the N × 1 vector of weights and � is a matrix which columns are the
volatility vectors of the risky assets, σY i . The dynamics of real wealth is obtained by
applying Itô’s lemma to wt =WtP−1

t :

dwt

wt
= (Rt − πt + ω′

t�
′(�t − σP) + σ ′

PσP)dt + (ω′
t�

′ − σ ′
P)dzt . (18)

Market completeness. Concerning the estimation of the model, which we address in
the next section, the market is complete, as the set of observed asset returns is suf-
ficient to pin down the market prices for all risks introduced in the economy, and
therefore to fully characterize the dynamics of the SDF (1). In order to derive the op-
timal portfolio strategy, however, it is important to take into account the issue of mar-
ket (in)completeness from the point of view of the investor. The market is complete
if there are at least N = n nonredundant assets available for trade. As we consider
n = 5 sources of risk, we could meet this condition, but, in order to obtain results
more easily interpretable from an economic point of view, we prefer to study the op-
timal allocation considering at most one nominal bond, one inflation-indexed bond,
and the stock market, on top of the nominal risk-less asset. When utility depends only
on terminal wealth, as is well known since Kim and Omberg (1996), it is possible to
solve the optimal asset allocation problem even when markets are incomplete. In this
case, knowing the dynamics of traded assets does not allow investors to reverse en-
gineer the dynamics of a unique SDF. To solve this issue, along the lines of He and
Pearson (1991) and Sangvinatsos and Wachter (2005), we write the market prices of
risk �t as the sum of two components: the first, �∗

t , corresponding to their projection
onto the returns of the assets available for trade, and the second, νt , being orthogonal
to the traded asset returns. In principle, there exists an infinity of vectors νt which
are compatible with the prices of the traded assets. We show in Online Appendix B.1
how, among all the possible values of νt , it is possible to impose that the dynamics
of optimal wealth is actually spanned by the traded assets, pinning down the unique
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182 : MONEY, CREDIT AND BANKING

vector ν∗
t that makes the optimal wealth achievable with the traded assets. The nom-

inal SDF of the investor is then:

d�ν∗
t

�ν∗
t

= −Rtdt − (�∗
t + ν∗

t )
′dzt . (19)

Equivalently, it is possible to define a real SDF, denoted as φν∗
t ≡ Pt�ν∗

t .

1.2 Optimal Portfolio Choice under Money Illusion

Our setting allows us to write a separable value function for the investor’s problem:

J(Wt,Pt,T − t ) ≡ max
[ωs]Ts=t

Et

[
W 1−γ

T P−(1−α)(1−γ )
T

1 − γ

]

= W 1−γ
t P−(1−α)(1−γ )

t

1 − γ
[F (Xt,T − t )]γ . (20)

The optimal strategy uncovers the typical structure à laMerton:

ωt = 1

γ
(�′�)−1�′�t − (1 − α)

1 − γ

γ
(�′�)−1�′σP + (�′�)−1�′�X

(FX)′

F
, (21)

where FX is the column vector of the partial derivatives of F . As we show in Online
Appendix B.1,

F (Xt,T − t ) = exp

{
1

2
X′
tB3(T − t )Xt + B2(T − t )Xt + B1(T − t )

}
, (22)

where B1(T − t ),B2(T − t ), and B3(T − t ) are the solution of a system of Ric-
cati equations.
Taking B̃3(T − t ) = (B3(T − t ) + B′

3(T − t ))/2, we can rewrite the optimal port-
folio strategy (21) as:

ωt = 1

γ
(�′�)−1�′�t − (1 − α)

1 − γ

γ
(�′�)−1�′σP

+(�′�)−1�′�X(B̃3(T − t )Xt + B′
2(T − t )). (23)

The first component is the mean–variance speculative component, taking advantage
of the instantaneous risk/return trade-off offered by the assets available for trade. The
second component hedges instantaneous realized inflation risk and reflects a direct
impact of money illusion. Notably, this term disappears under severe money illu-
sion (α = 1), which means that the investor is no longer concerned by realized in-
flation risk. The last term is the intertemporal hedging component, which is affected
by money illusion in a nonlinear way. The portfolio strategy is still linear in the state
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ABRAHAM LIOUI AND ANDREA TARELLI : 183

variables Xt , driving the short-term rate, the expected inflation, and the market prices
of risk.
To better gather the economics behind the strategy in (21), note that it can be rewrit-

ten as:

ωt = 1

γ
(�′�)−1�′[�t − (1 − α)σP] + (1 − α)(�′�)−1�′σP

+(�′�)−1�′�X(B̃3(T − t )Xt + B′
2(T − t )). (24)

The investor is interested in the real risk/return trade-off, and thus in the real risk pre-
mia that traded assets can offer. Consequently, for a nonillusioned investor, the first
mean–variance component in (24) involves the real market prices of risk �t − σP,
which do indeed represent the volatility of the real SDF. However, in the presence of
money illusion, the investor accounts to a lesser extent for realized inflation volatility,
even ignoring it under severe money illusion (α = 1). The same happens to the sec-
ond term, which does not depend on risk aversion: a nonillusioned investor attempts
to hedge (perfectly or imperfectly) the inflation risk exposure, but, once again, money
illusion distorts this behavior and leads a perfectly illusioned investor to ignore un-
expected inflation risk. Overall, money illusion affects the risk/return trade-off per-
ceived by the investor, as well as the unexpected inflation risk to hedge.
The intertemporal hedging component contributes with horizon-dependent effects

to the portfolio strategy. To assess the potential impact of money illusion on this
component, we start by looking at the case of an extremely conservative investor,
that is, an investor with an infinite risk aversion. We show in Online Appendix B.2
that, when the market prices of risk are constant (�1 = 0) and bonds with maturities
equal to the remaining horizon, T − t, are available, the optimal strategy is

ω
γ→∞
t = (1 − α)(�′�)−1�′ (�XAI

1(T − t ) + σP
)+ α(�′�)−1�′�XAB

1 (T − t ) (25)

= (�′�)−1�′�X[R′
1(e

−�(T−t ) − I)�−1]′

+(1 − α)(�′�)−1�′
(
σP − �X

[
π′
1

(
e−�(T−t ) − I

)
�−1

]′)
. (26)

According to (25), recalling that the volatility vector of an indexed bond is�XAI
1(T −

t ) + σP and that the volatility vector of a nominal bond is�XAB
1 (T − t ), it is clear that

a nonillusioned investor (α = 0) avoids speculating through the risky assets (bonds
and stocks) and invests all the wealth in an indexed bond, which maturity coincides
with the investment horizon. A money-illusioned investor, conversely, combines an
indexed and a nominal bond, both maturing at her investment horizon. The rela-
tive weight of the two depends on the degree of money illusion. An extremely il-
lusioned investor (α = 1) invests only in a nominal bond with the appropriate ma-
turity. Representing the portfolio weights as in (26), it appears that nonillusioned
investors, other than hedging unexpected inflation, aim to hedge the real rate, that
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184 : MONEY, CREDIT AND BANKING

is, the difference between the nominal rate (loading on the state variables with the
vector R1) and expected inflation (loading on the state variables with the vector π1).
Conversely, money-illusioned investors focus on hedging the short-term nominal rate
only, since the two components related to realized and expected inflation vanish for
α = 1. Clearly, if expected inflation affects the nominal short-term rate (for exam-
ple, through a monetary policy rule), the illusioned investor indirectly still partially
hedges expected inflation, but expected inflation is not a source of risk that matters
per se.

When risk aversion is finite and risk premia are allowed to vary over time, there is
no immediately interpretable explicit solution. However, it is worth recalling that:

F (Xt,T − t ) = Et

⎡
⎣(�ν∗

T

�ν∗
t

(
PT
Pt

)1−α
)1− 1

γ

⎤
⎦. (27)

This representation provides an interesting perspective on the intertemporal hedging
component. A nonillusioned investor focuses on the quantities driving the real pric-
ing kernel φν∗

t = �ν∗
t Pt , which are the real rate, unexpected inflation, and the market

prices of risk. A severely money-illusioned investor instead focuses on the risks driv-
ing the nominal pricing kernel, which are the nominal short-term rate and the market
prices of risk. Expected and realized inflation are not relevant to a money-illusioned
investor. In the empirical analysis, we assess the quantitative importance of these ef-
fects.

2. ESTIMATION

In this section, we estimate themodel. After describing the data set used, we present
the methodology employed and highlight the characteristics of the different speci-
fications for the risk premia that we consider. Finally, we discuss the estimates of
the parameters.

2.1 Data

We estimate the model using U.S. monthly data from January 31, 1999 until De-
cember 31, 2019. We consider zero-coupon nominal yields for the following matu-
rities: 3 and 6 months, and 1, 2, 3, 5, 7, and 10 years. The 3- and 6-month yields
are obtained from the Treasury Bill rates, available on the Federal Reserve Economic
Data website 7 (series GS3M and GS6M). The other nominal zero-coupon yields are the

7. https://research.stlouisfed.org/fred2/.
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ABRAHAM LIOUI AND ANDREA TARELLI : 185

series fitted by Gürkaynak, Sack, andWright (2007), 8 available on the website of the
Federal Reserve Board. 9 We use zero-coupon real yields for thematurities of 5, 7, and
10 years, as fitted in Gürkaynak, Sack, and Wright (2010), which are also available
on the website of the Federal Reserve Board. 10 As a broad U.S. stock market index,
we consider the CRSP NYSE/Amex/NASDAQ/ARCA Value-Weighted Market In-
dex. To compute monthly realized inflation, we use the Consumer Price Index for All
Urban Consumers: All Items, available on the Federal Reserve Economic Data web-
site (item CPIAUCSL). Finally, we consider the 10-year stock return forecast and the
10-year forward average of the 10-year bond yield from the Survey of Professional
Forecasters (median responses for STOCK10 and BOND10, respectively). 11

2.2 Methodology

Along the lines of Joslin, Singleton, and Zhu (2011), we estimate the model by
maximum likelihood, choosing as pricing factors the first three principal components
of the whole set of the time series of observed nominal and real yields, which we
collect in the vector of state variables Xt . 1213 We stack the state variables Xt , the log
price index log(Pt ), and the log stock index level log(St ) into a column vector Zt :

Zt = [
X1
t X2

t X3
t log(Pt ) log(St )

]′
. (28)

The joint dynamics of the elements of Zt is

dZt = Bdt + AZtdt + �′
Zdzt, (29)

8. The yield curves are fitted for maturities between 1 and 30 years. As the authors discourage ex-
trapolations outside of this range, for the short end of the yield curve we complement their data set using
Treasury Bill rates.

9. https://www.federalreserve.gov/pubs/feds/2006/200628/200628abs.html.

10. https://www.federalreserve.gov/pubs/feds/2008/200805/200805abs.html.

11. https://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-
forecasters/data-files.

12. We also tried considering two separate level factors for the nominal and real yields, as in Chris-
tensen, Lopez, and Rudebusch (2010), but we did not notice any significant difference in the quality of
the estimates, nor in the implications in terms of portfolio choice. This is probably because of the fact
that, unlike in their work, we do not impose any constraints on the mean-reversion matrix, as we are not
interested in obtaining a representation à la Nelson–Siegel of the term structure.

13. The choice of the number of state variables comes from a trade-off between goodness-of-fit and
parsimony. Duffee (2011) pointed out that fully fledged four- or five-factor essentially affine term structure
models may lead to unreasonably high portfolio positions in asset allocation contexts. As D’Amico, Kim,
and Wei (2018) found, the first three principal components of the joint set of nominal and TIPS yields
explain more than 94% of their variance, which we deem to be enough to capture the joint price dynamics
of the assets in our investable universe.
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where the column vector B and the matrix A can be compactly written as

B =

⎡
⎢⎣ �X̄

π0 − ‖σP‖2
2

R0 + σ ′
S�0 − ‖σS‖2

2

⎤
⎥⎦, A =

⎡
⎢⎢⎢⎢⎣

0 0
−� 0 0

0 0
π′
1 0 0

R′
1 + σ ′

S�1 0 0

⎤
⎥⎥⎥⎥⎦, (30)

where we set X̄ = 0, as the state variables are the principal components of bond yields
and are centered on zero. Note that the last two columns of A are zeros, as only the
three state variables Xt , loaded by the nonzero columns of A, determine the drift of
the quantities in Zt . The volatility matrix �Z is obtained by juxtaposing �X, σP, and
σS:

�X =

⎡
⎢⎢⎢⎢⎣

	X(1, 1) 	X(1, 2) 	X(1, 3)
0 	X(2, 2) 	X(2, 3)
0 0 	X(3, 3)
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎦ , σP =

⎡
⎢⎢⎢⎢⎣

σP(1)
σP(2)
σP(3)
σP(4)
0

⎤
⎥⎥⎥⎥⎦ , σS =

⎡
⎢⎢⎢⎢⎣

σS(1)
σS(2)
σS(3)
σS(4)
σS(5)

⎤
⎥⎥⎥⎥⎦ . (31)

Applying an Euler scheme, we perform an exact discretization of the multivari-
ate continuous-time process Zt , which determines the first contribution to the log-
likelihood function. 14 The second contribution is obtained by imposing the bond
pricing restrictions, which relate the current value of the state variables Xt to the
observed nominal and real bond yields. We allow for Gaussian observation errors,
uncorrelated both in time series and cross-sectionally, with a constant standard devi-
ation σ B

ε for the nominal yields and σ I
ε for the real yields. We also impose that the

10-year forward expected average of the 10-year bond yield and the 10-year stock
return forecast from the Survey of Professional Forecasters are equal to the model-
implied quantities (derived in Online Appendices A.1 and A.3) plus an observation
error with standard deviation, respectively, σ BF

ε and σ SF
ε .

We numerically maximize the likelihood function with respect to the whole set of
model parameters at the same time, by considering different alternatives to the re-
strictions that can be imposed on the dynamics of the market prices of risk. First, we
consider a specification with the restriction that the asset risk premia are constant,
which we obtain imposing that �1 = 0. Second, we consider a specification with
time-varying risk premia, initially with no restrictions imposed on the matrix �1. As
in Christensen, Lopez, and Rudebusch (2010), we then recursively iterate the estima-
tion, by imposing, at each step, a zero restriction on the element of�1 with the lowest

14. For details on the exact discretization of the continuous-time process and on the construction of the
likelihood function, we refer the reader to Sangvinatsos and Wachter (2005), Koijen, Nijman, and Werker
(2010), or Lioui and Tarelli (2019).
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ABRAHAM LIOUI AND ANDREA TARELLI : 187

t-statistics, stopping when all the elements of �1 have a t-stat higher than 2. 15 Third,
we consider a specification where we let the risk premia of the risky assets vary, but
constraining their volatility to some reasonable values. In particular, we impose that
the volatility of the risk premia of the nominal bonds, ‖AB

1 (τ )�
′
X�1�

′
X‖, and the real

bonds, ‖(AI
1(τ )�

′
X + σ ′

P)�1�
′
X‖, are not higher than the volatility of the short-term

interest rate, which is equal to 0.59% per annum. 16 We also impose that the volatil-
ity of the risk premium of unexpected inflation, ‖σ ′

P�1�
′
X‖, is not higher than 0.5%

per annum and, finally, that the volatility of the equity premium, ‖σ ′
S�1�

′
X‖, is not

higher than 1% per annum. By imposing economically reasonable restrictions on the
time variation of risk premia, this methodology attempts to implement, as suggested
by Sarno, Schneider, and Wagner (2016), a modeling approach that is flexible but
limits overfitting.
For the empirical study, we consider as base case the results obtained for constant

risk premia, which is for our purpose the most reliable framework, allowing us to fo-
cus on the roles of interest rate, expected inflation, and unexpected inflation hedging.
We also present the results obtained for the case of volatility-constrained time-varying
risk premia. We relegate to Online Appendix E the results obtained in the case where
the statistically significant elements of �1 are left unconstrained, justifying why we
deem that this framework is not appropriate for the analysis. In particular, Online
Appendix E.2 presents an out-of-sample forecasting exercise, where we compare the
three specifications for the risk premia. As shown in Online Appendix Table A.4,
the model based on constant risk premia better predicts nominal and real bond yield
variations for horizons of one year or longer, followed by the volatility-constrained
model. Overall, the unconstrained specification shows poor predictive ability.

2.3 Parameter Estimates

Table 1 shows the parameter estimates for the specification with constant risk pre-
mia (Panel A) and with volatility-constrained risk premia (Panel B). In the second
case, as standard inference methodologies do not apply when binding constraints are
imposed to the parameter space, we adopt the bootstrapping methodology outlined in
Tibshirani and Efron (1993) and employed by Ireland (2015) to estimate constrained
dynamic term structure models. We simulate 1,000 trajectories of artificial data us-
ing the point estimates of the parameters obtained from the true data, and then repeat
the estimation for each one of the trajectories, considering a sample size equal to the
original data set. The standard errors in Table 1, Panel B are the standard deviations
of the estimates obtained over the 1,000 replications. The estimates of the parameters

15. Similar procedures have been followed by several authors, such as Duffee (2002), Sangvinatsos
andWachter (2005) and Christensen, Lopez, and Rudebusch (2010). Joslin, Priebsch, and Singleton (2014)
performed a model selection among all possible sets of zero restrictions on the elements of �1. This would
entail very long computation times in our continuous-time framework.

16. We choose to impose this restriction for the 3- and 10-year nominal bonds, and for the 7-year
real bond.
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188 : MONEY, CREDIT AND BANKING

TABLE 1

Parameter Estimates

Panel A. Constant risk premia

R0 R1 π0 π1 � σBε σ Iε

0.0178 0.3584 0.0211 0.0553 0.0666 −0.5903 0.7883 0.0013 0.0007
(0.0001) (0.0012) (0.0018) (0.0040) (0.0026) (0.0116) (0.0275) (0.0000) (0.0000)

−0.4303 −0.6751 0.0134 0.2183 −0.1604
(0.0045) (0.0232) (0.0017) (0.0071) (0.0169)
0.2193 −1.0766 −0.0126 0.1001 0.1717
(0.0114) (0.0474) (0.0014) (0.0072) (0.0159)

�0 �1 �X σP σS

−0.6408 0 0 0 0.0203 0.0063 −0.0033 0.0003 0.0368
(0.0289) (0.0009) (0.0008) (0.0005) (0.0006) (0.0093)
0.4478 0 0 0 0 0.0113 0.0016 −0.0004 −0.0267
(0.0449) (0.0005) (0.0005) (0.0006) (0.0093)
−0.0917 0 0 0 0 0 0.0083 −0.0038 −0.0461
(0.0487) (0.0004) (0.0005) (0.0087)
1.2215 0 0 0 0 0 0 0.0084 −0.0183
(0.2363) (0.0004) (0.0086)
0.8481 0 0 0 0 0 0 0 0.1350
(0.1046) (0.0060)

Panel B. Time-varying risk premia with volatility constraints

R0 R1 π0 π1 � σBε σ Iε

0.0178 0.3595 0.0210 0.0745 0.0710 −0.4387 1.5060 0.0013 0.0007
(0.0001) (0.0021) (0.0030) (0.0472) (0.0574) (0.1182) (0.1576) (0.0000) (0.0000)

−0.4296 −0.6174 0.0319 0.1967 −0.4457
(0.0057) (0.1053) (0.0232) (0.0575) (0.1042)
0.2164 −1.5915 −0.0123 0.0985 0.3965
(0.0110) (0.1333) (0.0244) (0.0501) (0.0606)

�0 �1 �X σP σS

−0.6585 −0.0493 −7.5595 −36.6765 0.0198 0.0064 −0.0033 0.0002 0.0355
(0.0325) (2.9791) (6.0711) (8.1156) (0.0009) (0.0007) (0.0006) (0.0006) (0.0096)
0.4755 −1.8723 6.0817 47.3778 0 0.0111 0.0016 −0.0003 −0.0263
(0.0493) (3.7726) (9.1421) (13.2234) (0.0005) (0.0005) (0.0005) (0.0094)
−0.1158 0.6523 −3.8847 −52.6291 0 0 0.0081 −0.0039 −0.0456
(0.0572) (4.0031) (9.7640) (10.5519) (0.0004) (0.0006) (0.0097)
1.1883 3.2380 5.6039 −87.1044 0 0 0 0.0081 −0.0191
(0.3835) (5.8964) (13.6410) (19.7856) (0.0004) (0.0088)
0.8476 −0.7221 4.3413 −20.0573 0 0 0 0 0.1346
(0.1200) (2.3976) (5.0732) (9.8221) (0.0058)

Note: The tables show themaximum-likelihood estimates of themodel parameters. The sample period runs from January 1999 until December
2019. Panel A shows the parameter estimates obtained for the specification with constant risk premia (�1 = 0). The values in parentheses are
the asymptotic standard errors of the estimates. Panel B shows the parameter estimates obtained for the specification with time-varying risk
premia and restrictions on the maximum volatility of bond, realized inflation and stock risk premia. The volatility of the risk premia for the 3-
and 10-year nominal bonds, and for the 7-year inflation-indexed bond, are imposed to be lower than the volatility of the short-term nominal
rate (0.6% per annum). The volatility of the realized inflation risk premium is not higher than 0.5% per annum and the volatility of the equity
premium is not higher than 1% per annum. The values in parentheses are the standard errors of the estimates.
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ABRAHAM LIOUI AND ANDREA TARELLI : 189

related to the instantaneous nominal risk-free rate, R0 andR1, are, as expected, almost
identical in the two settings, as well as the volatility vectors and the vector of con-
stant risk premia �0. R0 is very close to the average 3-month nominal yield (1.78%
versus 1.84%). The drift of the price index under the objective probability measure,
π0, is about 2.10% in both settings. The average model-implied instantaneous real
rate, R0 − π0 + σ ′

P�0, is equal to 0.68% and 0.66%, respectively. The vector of load-
ings π1 is different between the two settings, but we verified that, as expected, the
corresponding quantities under the pricing measure, π1 − �′

1σP, are nearly identical.
The same applies to the mean-reversion matrices, �, which are different between the
two settings, but the quantities � + �′

X�1 are very similar. Finally, the standard de-
viations of the observation errors of nominal yields, σ B

ε , are in both settings equal to
13 basis points, while the corresponding quantities for real yields, σ I

ε , are both equal
to 7 basis points. 17 The standard deviations of the observation errors of the 10-year
average yield forecast, σ BF

ε , in the two settings are, respectively, 1.04% and 1.01%,
while those for the 10-year stock return forecast, σ SF

ε , are, respectively, 0.84% and
0.50%.
The goodness of fit relative to the realized distributions can be checked in Table 2,

where we report the annualized mean values and the volatilities, both historical and
model-implied, of bond yields, realized inflation, and realized equity returns. The
two specifications fit the historical moments very well. The model-implied means of
the risk premia are also very similar in the two settings. The fitted risk premia of the
nominal bonds are about 0.2–0.4% higher than the risk premia of inflation-indexed
bonds for the same maturities. The unexpected inflation risk premium is nonnegligi-
ble and about 1% in both settings, while the equity premium is just above 6%. In the
second setting, the volatilities of the risk premia are close to the bounds imposed, that
is, the bond premia volatilities are close to the volatility of the historical 3-month rate
(0.59%), while the realized inflation and equity risk premia volatilities are, respec-
tively, 0.5% and 1%. Finally, the short-term rate volatilities are similar between the
two settings, while the model-implied volatility of the expected inflation is slightly
higher when the risk premia are time varying.
Table 3 shows the pairwise correlations between returns and economic variables,

both from the historical distribution and as implied by the estimated parameters for the
two specifications. The model-implied pairwise correlations are rather similar across
models and fit the historical values reasonably well, with some exceptions among the
correlations involving short-term nominal yields. Real bond returns, differing from
nominal bond returns, are positively correlated with the price index. They also have

17. The standard deviation of the observation errors of TIPS yields that we obtain is in line with the
measurement errors reported by D’Amico, Kim, and Wei (2018) for their four-factor model specifications
including a TIPS liquidity factor, while it is much lower than in their proposed three-factor specifications
that do not include the additional factor. The different performance in pricing TIPS of their three-factor
models is probably due to our choice of using as state variables the first principal components of both
nominal and real yields over the full sample, while they filter the latent variables from a large set of nominal
yields and few TIPS yields, which, additionally, are available only for part of the sample period in their
data set.
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190 : MONEY, CREDIT AND BANKING

TABLE 2

Historical and Model-Implied Summary Statistics

Panel A. Constant risk premia

Mean value Volatility

Time series Estimation Data Estimation Data

3M nominal yield 1.84% 1.81% 0.61% 0.61%
6M nominal yield 1.90% 1.91% 0.60% 0.59%
1Y nominal yield 2.01% 2.05% 0.61% 0.69%
2Y nominal yield 2.25% 2.25% 0.65% 0.80%
3Y nominal yield 2.49% 2.47% 0.72% 0.86%
5Y nominal yield 2.92% 2.91% 0.85% 0.90%
7Y nominal yield 3.29% 3.28% 0.93% 0.91%
10Y nominal yield 3.70% 3.70% 0.95% 0.91%
5Y real yield 1.10% 1.09% 0.85% 0.91%
7Y real yield 1.31% 1.33% 0.82% 0.81%
10Y real yield 1.58% 1.57% 0.81% 0.72%
Log realized inflation 2.11% 2.15% 0.92% 0.99%
Equity log returns 6.72% 6.91% 15.09% 15.10%
3M nominal risk premium 0.12% 0.00%
6M nominal risk premium 0.24% 0.00%
1Y nominal risk premium 0.48% 0.00%
2Y nominal risk premium 0.96% 0.00%
3Y nominal risk premium 1.42% 0.00%
5Y nominal risk premium 2.24% 0.00%
7Y nominal risk premium 2.88% 0.00%
10Y nominal risk premium 3.50% 0.00%
5Y real risk premium 2.05% 0.00%
7Y real risk premium 2.51% 0.00%
10Y real risk premium 3.07% 0.00%
Unexpected inflation risk premium 1.02% 0.00%
Equity risk premium 6.08% 0.00%
Nominal risk-free rate 1.78% 0.62%
Expected inflation 2.11% 1.29%

(Continued)

a weak correlation with equity returns, while nominal bond returns are negatively
correlated with the equity. Nominal and real bond returns corresponding to the same
maturities tend to be strongly positively correlated. Furthermore, it is interesting to
observe the model-implied correlations between asset returns and the unobservable
economic variables. Nominal bond returns are more (negatively) correlated with the
short-term rate R relative to real bond returns for the same maturities. Real bond
returns, differing from nominal bond returns, are strongly positively correlated with
the innovations in the expected inflation π and strongly negatively correlated with
the real rate r.
The first row of graphs in Figure 2 shows, for the two specifications, the model-

implied short-term interest rate, the expected inflation, and the break-even inflation.
The instantaneous expected inflation is slightly higher than the break-even inflation,
and the difference between the two is the unexpected inflation risk premium. The
second graphs from the top show the model-implied 10-year nominal and real yields,
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ABRAHAM LIOUI AND ANDREA TARELLI : 191

TABLE 2

(Continued)

Panel B. Constrained time-varying risk premia

Mean value Volatility

Time series Estimation Data Estimation Data

3M nominal yield 1.84% 1.81% 0.59% 0.61%
6M nominal yield 1.90% 1.91% 0.58% 0.59%
1Y nominal yield 2.01% 2.05% 0.59% 0.69%
2Y nominal yield 2.25% 2.25% 0.63% 0.80%
3Y nominal yield 2.49% 2.47% 0.70% 0.86%
5Y nominal yield 2.92% 2.91% 0.83% 0.90%
7Y nominal yield 3.28% 3.28% 0.92% 0.91%
10Y nominal yield 3.70% 3.70% 0.96% 0.91%
5Y real yield 1.10% 1.09% 0.83% 0.91%
7Y real yield 1.31% 1.33% 0.81% 0.81%
10Y real yield 1.58% 1.57% 0.80% 0.72%
Log realized inflation 2.10% 2.15% 0.90% 0.99%
Equity log returns 6.72% 6.91% 15.00% 15.10%
3M nominal risk premium 0.12% 0.10%
6M nominal risk premium 0.24% 0.18%
1Y nominal risk premium 0.48% 0.32%
2Y nominal risk premium 0.96% 0.51%
3Y nominal risk premium 1.42% 0.59%
5Y nominal risk premium 2.23% 0.54%
7Y nominal risk premium 2.87% 0.42%
10Y nominal risk premium 3.52% 0.59%
5Y real risk premium 2.04% 0.60%
7Y real risk premium 2.50% 0.64%
10Y real risk premium 3.05% 0.59%
Unexpected inflation risk premium 0.99% 0.50%
Equity risk premium 6.07% 1.00%
Nominal risk-free rate 1.78% 0.60%
Expected inflation 2.10% 1.62%

Note:The tables show annualized historical and model-implied means and volatilities of bond yields, equity logarithmic returns, and realized
inflation. The tables also show the model-implied means and volatilities of bond risk premia and equity risk premium, as well as of the nominal
risk-free rate and the expected inflation.

as well as their difference, that is, the 10-year break-even inflation. This can be com-
pared to the model-implied 10-year annualized expected inflation (derived in Online
Appendix A.2). The difference between the expected and break-even inflation for a
given maturity τ is constant and nearly zero under constant risk premia, while under
time-varying risk premia it depends on the risk premia associated to the sources of
risk driving the term structure of nominal and real interest rates, as well as to the
unexpected inflation. In particular, the 10-year expected inflation tends to be higher
than the 10-year break-even inflation until 2009 and slightly lower after 2009, as in
D’Amico, Kim, and Wei (2018).
The third row of graphs in Figure 2 represents the risk premia of the 10-year nomi-

nal and real bonds, the stock and the realized inflation. For the model with volatility-
constrained time-varying premia, these are centered on the values obtained under
constant risk premia and are sensible, ranging between about 2% and 5% for the
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192 : MONEY, CREDIT AND BANKING

Fig 2. Time Series of Relevant Model-Implied and Observed Variables.

Notes: The top graphs show themodel-implied instantaneous nominal rate, real rate, and break-even inflation. The second
graphs from the top show the model-implied 10-year nominal yield, real yield, break-even inflation, expected inflation,
and the 10-year CPI inflation rate forecast from the Survey of Professional Forecasters. The third graphs from the top
show the model-implied risk premia of the risky assets and of the unexpected inflation. The bottom graphs show the
portfolio allocation of a nominal mean–variance investor (γ = 10) and the corresponding maximum ex ante Sharpe ratio
(considering a 10-year nominal bond, a 10-year inflation-indexed bond, and the stock index).
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ABRAHAM LIOUI AND ANDREA TARELLI : 193

TABLE 3

Correlations between Asset Returns and Economic Variables

Panel A. Data

3M nom 1Y nom 2Y nom 5Y nom 10Y nom 5Y real 10Y real Equity CPI

3M nom 1.000
1Y nom 0.662 1.000
2Y nom 0.472 0.923 1.000
5Y nom 0.263 0.713 0.893 1.000
10Y nom 0.122 0.513 0.685 0.911 1.000
5Y real 0.018 0.327 0.420 0.504 0.478 1.000
10Y real 0.016 0.341 0.453 0.628 0.692 0.901 1.000
Equity −0.142 −0.286 −0.351 −0.327 −0.261 0.040 0.018 1.000
CPI −0.106 −0.144 −0.142 −0.197 −0.237 0.344 0.140 0.073 1.000

Panel B. Constant risk premia

3M nom 1Y nom 2Y nom 5Y nom 10Y nom 5Y real 10Y real Equity CPI R π r

3M nom 1.000
1Y nom 0.958 1.000
2Y nom 0.834 0.956 1.000
5Y nom 0.508 0.726 0.895 1.000
10Y nom 0.282 0.531 0.753 0.965 1.000
5Y real 0.222 0.315 0.399 0.503 0.575 1.000
10Y real 0.182 0.356 0.520 0.715 0.804 0.943 1.000
Equity −0.222 −0.286 −0.325 −0.314 −0.259 0.090 −0.020 1.000
CPI 0.016 −0.055 −0.119 −0.177 −0.163 0.250 0.113 0.051 1.000
R −0.984 −0.924 −0.772 −0.412 −0.177 −0.183 −0.111 0.192 −0.044 1.000
π −0.357 −0.375 −0.347 −0.197 −0.030 0.718 0.545 0.349 0.370 0.344 1.000
r −0.121 −0.071 −0.025 −0.001 −0.058 −0.849 −0.630 −0.270 −0.412 0.143 −0.880 1.000

Panel C. Constrained time-varying risk premia

3M nom 1Y nom 2Y nom 5Y nom 10Y nom 5Y real 10Y real Equity CPI R π r

3M nom 1.000
1Y nom 0.959 1.000
2Y nom 0.839 0.957 1.000
5Y nom 0.517 0.730 0.896 1.000
10Y nom 0.291 0.536 0.754 0.965 1.000
5Y real 0.199 0.297 0.389 0.506 0.584 1.000
10Y real 0.170 0.345 0.513 0.715 0.807 0.945 1.000
Equity −0.225 −0.286 −0.322 −0.310 −0.255 0.091 −0.018 1.000
CPI 0.025 −0.049 −0.118 −0.182 −0.172 0.260 0.115 0.053 1.000
R −0.982 −0.919 −0.768 −0.410 −0.176 −0.172 −0.104 0.186 −0.067 1.000
π −0.362 −0.434 −0.461 −0.380 −0.237 0.599 0.369 0.387 0.424 0.300 1.000
r −0.093 −0.054 −0.019 −0.012 −0.076 −0.853 −0.638 −0.269 −0.432 0.137 −0.874 1.000

Note: Panel A shows the unconditional correlations between nominal and real bond returns, stock returns, and realized inflation, calculated
from the monthly time series. Panels B and C report the one-month conditional pairwise correlations between nominal and real bond returns,
stock returns, realized inflation, nominal interest rate, expected inflation, and real interest rate.

two 10-year bonds, between 4% and 8% for the stock market, and between about
0% and 2% for the realized inflation premium. In order to show that our estimates
for the time-varying risk premia are able to provide realistic portfolio positions in a
benchmark setting, in the bottom graphs we represent the allocation followed by a
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194 : MONEY, CREDIT AND BANKING

nominal mean–variance investor with a risk aversion γ = 10. 18 When risk premia
are time-varying, the positions also vary with time. As can be noticed, the positions
range from −50% to about 100%, without reaching excessive levels of leverage or
short selling, as expected by an investor with a moderate level of risk aversion. We
also show the maximum ex ante Sharpe ratio achievable with the three assets above,
that is the quantity maximized by the strategy in the previous graphs. Its value is sen-
sible, being just above 0.6 when the risk premia are constant, while it ranges between
about 0.5 and 0.8 under time-varying risk premia. Our specification is thus robust to
the issue raised by Duffee (2011), who shows that unconstrained essentially-affine
term structure models may lead to unrealistically high conditional Sharpe ratios.
Figure A.6 in Online Appendix E.1 shows the same time series as in Figure 2,

but under unconstrained time-varying risk premia. The time series of risk premia,
mean–variance portfolio weights, and maximum achievable Sharpe ratio are subject
to variations which are unreasonably large. 19 The unconstrained model overfits the
data and, consequently, has the drawback of returning uncontrollably volatile time
series for these unobservable quantities.
For the empirical analysis that follows, we adopt the model with constant risk

premia as base case and then verify that similar results are obtained considering
volatility-constrained risk premia. We discuss in Online Appendix E the findings un-
der unconstrained risk premia, which, although qualitatively confirming most of our
conclusions, are not quantitatively sensible. This is unsurprising, in light of the find-
ings by Feldhütter et al. (2012) and Sarno, Schneider, and Wagner (2016), who argue
that (unconstrained) essentially affine term structure models are very sensitive to es-
timation errors and in-sample overfitting, as well as of the in-sample empirical results
in Sangvinatsos and Wachter (2005) and Barillas (2011), who find very large optimal
portfolio positions and unrealistically high utility losses associated with suboptimal
portfolio strategies. 20

3. MAIN EMPIRICAL FINDINGS

We start our empirical investigation considering the case where risk premia are
constant. We have already argued that this is a robust setting in an asset allocation
context, being less prone to overfitting than models based on time-varying premia

18. The investor chooses the portfolio weights by maximizing the quantityU = μ − γ

2
σ 2, where μ is

the expected nominal portfolio return, σ is the volatility of portfolio returns, and γ the risk aversion.

19. Duffee (2011) noticed the same empirical fact and attempted to reduce the issue of estimation over-
fitting by imposing a numerical constraint on the average value of the maximum achievable Sharpe ratio.

20. To the best of our knowledge, only Duffee (2002) documented an acceptable out-of-sample predic-
tive ability of unconstrained essentially affine term structure models. This analysis, however, is based on
rather small sample (less than 4 years of out-of-sample monthly observations). Duffee (2002) also found
a suspiciously high in-sample model-implied volatility of bond risk premia.
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ABRAHAM LIOUI AND ANDREA TARELLI : 195

and, as pointed out by Feldhütter et al. (2012), less sensitive to estimation errors. Fur-
thermore, in this context, we can unambiguously associate the intertemporal hedging
demands, as well as their variations corresponding to different degrees of money il-
lusion, to the economic variables, such as the nominal short-term rate, the expected
inflation, and the real rate.
After assessing the optimal portfolio for agents with different degrees of money

illusion, we evaluate the expected utility losses that would be suffered by rational
nonillusioned investors if they were forced to implement the suboptimal strategy of
a money-illusioned agent. We thus measure the utility cost of money illusion when
it represents an irrational behavior. Furthermore, and most importantly, we evaluate
the utility losses, as perceived by investors with different degrees of money illusion,
of removing inflation-indexed bonds from the investable universe. This is a measure
of the subjective economic incentive to enter the TIPS market. For these analyses, we
are interested in evaluating the ex ante welfare, as perceived by each category of in-
vestor, under the assumption that the agent believes that the dynamics of the market is
given by the model that is adopted. As already mentioned, in this section we consider
investors believing that risk premia are constant. This seems a sensible assumption
for a large number of unsophisticated agents.
We first consider a conservative investor, that is, an agent with an infinite risk aver-

sion, and we then consider a moderate investor, that is, an agent with a medium level
of risk aversion (γ = 10). In the baseline analysis, the investor can trade a 10-year
nominal bond, a 10-year inflation-indexed bond, a stock index, and a nominal money
market account. 21

3.1 Conservative Investor

Portfolio strategy. In the case of γ → ∞ and constant risk premia, it is possible to
explicitly determine the optimal portfolio strategy, as in (25). Considering the state
variables at their long-run means, Figure 3 shows the positions in the four assets for
different degrees of money illusion. α = 0 corresponds to a nonillusioned investor,
α = 0.5 to a partially illusioned investor and α = 1 to a totally money-illusioned in-
vestor. For the U.S. market, there is evidence for a rather high level of money illusion.
Through a consumption-based model, David and Veronesi (2013) estimate a degree
of money illusion of 0.81 over a 50-year long sample of U.S. data. Similar estimates
have been obtained by Maio (2018).
A conservative investor with a very short horizon invests only in the money market

account (cash). Increasing the horizon implies an investment in the other assets. A
particular case arises when the horizon equals the maturity of the bonds available for

21. As shown by Sangvinatsos andWachter (2005), when several highly correlated bonds are available
for trade, optimal unconstrained portfolio positions, as well as certainty equivalent wealth, may reach
unrealistically high values. We follow their approach by making welfare considerations in an incomplete
market, where the dynamics of the state variables are not perfectly spanned by the assets available for
trade. The choice of having only one nominal and one inflation-indexed bond has the additional advantage
of making the results particularly easy to interpret.
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196 : MONEY, CREDIT AND BANKING

Fig 3. Optimal Portfolio Strategy for γ → ∞ and Different Degrees of Money Illusion α; Constant Risk Premia.

trade (10 years). In this case, a nonillusioned investor (α = 0) allocates all her wealth
in the indexed bond and nothing in the other assets. For intermediate levels of money
illusion, the investor reduces the position in the real bond and increases the position
in the nominal bond. A severely money-illusioned investor (α = 1) invests only in the
nominal bond. For any investment horizon, the stock and cash positions are barely
affected by money illusion.
In terms of intertemporal hedging demands, an interesting pattern emerges: while

the position in the nominal bond flattens when the investment horizon is above 10
years, the position in the real bond keeps increasing steadily. Roughly, a nonillusioned
investor allocates 0% in the nominal bond if the investment horizon is 10 years and
about 30% when the horizon is 20 or 30 years. The corresponding figures for the po-
sition in the indexed bond are 100%, 130%, and 150%, respectively. This is a direct
consequence of the dynamics of expected inflation, which loads more than the nomi-
nal short-term rate on the less persistent state variables driving the economy (X2 and
X3).
The stock position for a conservative investor is very small, it is almost not sensitive

to money illusion and, as expected, is increasing in the investment horizon. It is equal
to zero when the latter equals 10 years, that is, the maturity of the bonds. The cash
position decreases from 100% for short horizons to zero when the horizon is 10 years,
when the portfolio is fully invested in bonds. The cash position keeps decreasing
toward negative values, implying leveraged positions in the other assets, for horizons
longer than 10 years.
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ABRAHAM LIOUI AND ANDREA TARELLI : 197

While money illusion strongly tilts the portfolio from indexed to nominal bonds,
the indexed bond position is zero only when the nominal bond maturity is equal to the
investment horizon and money illusion is severe. Overall, given that nominal bonds
for almost any maturity up to 30 years exist, we can confidently say that money illu-
sion drives conservative investors away from the indexed bond market, as a conser-
vative money-illusioned investor allocates all wealth into a nominal bond maturing at
her investment horizon. Conversely, if indexed bonds were available for all maturities,
conservative nonillusioned investors would invest only in indexed bonds.

Intertemporal hedging demands. The horizon effects, that is, the intertemporal hedg-
ing components of the optimal portfolio strategy in Figure 3, are substantial, and
money illusion causes a shift from the indexed to the nominal bond market. Given
that market prices of risk are constant so far, is this effect related to expected in-
flation or to the nominal short-term rate? In Figure 4, we show the projections
of the intertemporal hedging components of each asset position onto the expected
inflation and the nominal short-term rate, as well as the corresponding orthogo-
nal components.
As can be noticed, the component of the intertemporal hedging demands projected

onto expected inflation is substantial and very sensitive to the degree of money illu-
sion, while the orthogonal component is far less sensitive. The mechanism at play is
the following: investors take long positions in indexed bonds and short nominal bonds
in order to hedge expected inflation. Money illusion tends to make these positions de-
crease in absolute value. The intertemporal hedging demand of the stock is mostly
correlated with expected inflation and, as stock returns are positively correlated with
the expected inflationπ (see Table 3, Panel B), the hedging demand is decreasing with
α. However, as the inflation-indexed bond has better inflation-hedging properties, the
stock position is very small.
The two bottom rows of graphs in Figure 4 deliver a totally different picture, as the

intertemporal hedging demands projected onto the nominal short-term rate is negli-
gible, and the sensitivity to α is also very small. One may be surprised that, even for
a money-illusioned investor, the projection of the hedging demand onto the nominal
risk-free rate is small. This is due to the low correlation between the short-term rate
and the returns of the 10-year nominal and real bonds, as documented in Table 3.
In short, when risk premia are constant, the intertemporal hedging demands for a

conservative investor are linked to the rationale of hedging expected inflation, while
the nominal interest rate plays a marginal role. Money illusion tends to reduce the
demand for assets hedging future variations of expected inflation. When both types
of bonds are available, they are used to perform most of the intertemporal hedging
activity, while the stock plays a marginal role.

Impact of money illusion on equity investments. In order to further investigate the im-
pact of money illusion on stock positions, we show in Figure 5 the portfolio strategy
of nonillusioned and illusioned investors when the inflation-indexed bond is not avail-
able in the asset universe. The nominal bond position is increasing in the investment
horizon, differing from Figure 3 where it flattens when indexed bonds are available,
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198 : MONEY, CREDIT AND BANKING

Fig 4. Intertemporal Hedging Components Projected onto (and Orthogonal to) Expected Inflation and the Nominal Short-
Term Interest Rate for γ → ∞ and Different Degrees of Money Illusion α; Constant Risk Premia.

and is essentially insensitive to money illusion. The stock position increases with the
horizon and is substantial for a nonillusioned investor (10% and 18%, for 10- and
30-year horizons, respectively), as the stock is used to hedge expected inflation in
spite of the real bond. The stock position is instead substantially reduced when the
degree of money illusion is higher.
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ABRAHAM LIOUI AND ANDREA TARELLI : 199

Fig 5. Optimal Portfolio Strategy for γ → ∞ and Different Degrees of Money Illusion α when the 10-Year Inflation-
Indexed Bond is Excluded from the Investable Universe; Constant Risk Premia.

In Online Appendix C, we analyze the dual case, more interesting for the under-
standing of the model than from a practical perspective, where the investor cannot
access the nominal bond market. The analysis extends also to the case of a moderate
investor, which we introduce further into this section.

Synthesis. For a conservative investor, the impact of money illusion is substantial,
as it drives the investor out of the indexed bond market toward the nominal bond
market. When inflation-indexed bonds are not available, money-illusion leads to a
lower stock allocation.

3.2 Moderate Investor

Consider now a moderate investor, with a risk aversion γ = 10. For this investor,
the risk/return trade-off offered by the investment opportunity set plays a role also
through the speculative component, which is represented by the first term in (24).
We want to assess the impact of money illusion in this context and see how the op-
timal portfolio strategy is similar and how it differs from the results obtained for the
infinitely risk-averse investor. Furthermore, as risk aversion is finite, we are able to
calculate annualized certainty equivalent returns of the strategies and, thus, to perform
a welfare analysis.

Portfolio strategy. The portfolio strategy shown in Figure 6 mimics the patterns ob-
served for the conservative investor. A moderate nonillusioned investor with a 10-
year horizon invests 60% in the nominal bond, rather than 0% as the conservative
investor. The position in the indexed bond is around 80%, rather than 100%. Despite
these differences, money illusion affects the portfolio strategy similarly to the case
of a conservative investor, as it entails a reduction of the optimal position in the real
bond and an increase of the position in the nominal bond. Furthermore, the amount
of this substitution effect is similar to that observed in Figure 3. As expected, the op-
timal stock position is higher relative to the case of a conservative investor, but the
position is again almost insensitive to money illusion.
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200 : MONEY, CREDIT AND BANKING

Fig 6. Optimal Portfolio Strategy for γ = 10 and Different Degrees of Money Illusion α, as well as Utility Loss relative
to a Nonillusioned Investor; Constant Risk Premia.

Utility loss due to money illusion. When money illusion is interpreted as an irrational
behavior, the welfare cost it implies, as perceived by a rational nonillusioned agent, is
particularly interesting. We evaluate it considering the portfolio strategy followed by
an agent with a degree ofmoney illusion α and calculate the expected utility perceived
by a nonillusioned investor forced to implement this suboptimal strategy. The cost
is expressed in terms of annualized certainty equivalent loss. The derivation of the
value function for an investor following a suboptimal strategy is detailed in Online
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ABRAHAM LIOUI AND ANDREA TARELLI : 201

Appendix B.3, while in Online Appendix B.4 we provide the expression for the
loss.
For different degrees of money illusion α, the opportunity cost �ann is shown in

the bottom graph of Figure 6. As expected, the annualized loss increases with α, but
not linearly, as for a 10-year horizon and α = 0.5 we observe an annualized loss of
0.25%, while for a totally illusioned agent (α = 1) the loss is about 0.80% per annum.
Furthermore, the annualized loss steeply increases with the investment horizon, up to
around 10 years, and keeps increasing at a lower rate when the horizon is longer. For
α = 1 and a 30-year horizon, the annualized loss is about 1.25%.
Overall, it seems that, when all the investable assets we consider are available for

dynamic trading, the opportunity cost of money illusion is substantial. Our estimate
is in line with the empirical findings in Stephens and Tyran (2016), who observe
that 10-year real portfolio returns are about 10 percentage points lower for Danish
money-illusioned individuals.

Perceived utility loss due to the unavailability of inflation-indexed bonds for different
degrees of money illusion. Figure 7 shows the optimal portfolio strategy when the
investor has no access to inflation-indexed bonds. The effect of an increasing degree
of money illusion on the portfolio weights is comparable to that already noted for the
conservative investor, with little effect on the nominal bond position and a reduction
in the stock position.
The most interesting result is shown, however, in the bottom panel of Figure 7,

where the annualized certainty equivalent loss due to the exclusion of the inflation-
indexed bond from the investable universe is shown. The opportunity cost of not hav-
ing access to the real bond is increasing in the investment horizon and is substantial
for a nonillusioned investor (α = 0), being equal to 1.25% per annum for a 30-year
horizon. This result is in line with the previous findings by Mkaouar, Prigent, and
Abid (2017), who consider fully-rational nonillusioned investors. However, we also
notice that the cost of removing the inflation-indexed bond is perceived as negligible
by a totally money-illusioned investor (α = 1).

The last observation is crucial, as it may represent a contributing factor to the
low market demand for inflation-protected securities. Although the optimal portfolio
weight associated with the inflation-indexed bond may not be exactly zero, because
of the fact that an illusioned investor perceives a negligible loss for not investing in
inflation-protected securities, her demand for these is likely to be low, as they can be
effectively substituted by more traditional assets, such as nominal bonds and stocks.

Synthesis. It seems that money illusion significantly affects the optimal portfolio
strategy of long-term investors, and in particular the positions taken in nominal
and inflation-indexed bonds. The utility cost of money illusion, if evaluated from
the point of view of a long-term nonillusioned investor, is significant. Although the
optimal allocation of a money-illusioned investor also comprises an investment in
inflation-indexed bonds, we show that by excluding inflation-indexed bonds from the
investable universe, the utility loss perceived by a money-illusioned investor is very
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202 : MONEY, CREDIT AND BANKING

Fig 7. Optimal Portfolio Strategy for γ = 10 and Different Degrees of Money Illusion α when the 10-Year Inflation-
Indexed is Excluded from the Investable Universe, as well as Utility Loss relative to the Case where the Inflation-Indexed
Bond is Available; Constant Risk Premia.

small, as her perceived expected utility substituting real bonds with nominal bonds is
almost unchanged.

4. ADDITIONAL EMPIRICAL FINDINGS: TIME-VARYING RISK PREMIA

In this section, we present additional empirical results that support the evidence ob-
tained under constant risk premia. We evaluate the optimal portfolio strategy and ex
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ABRAHAM LIOUI AND ANDREA TARELLI : 203

antewelfare perceived by agents believing that risk premia are time-varying, who can
be regarded as being rather sophisticated investors.We focus on the case of amoderate
investor (γ = 10), considering the specification where risk premia are time-varying
and their volatilities have been constrained, as specified in Section 2.3. The parame-
ter estimates used are those in Table 1, Panel B. We relegate to Online Appendix E
the analysis based on the specification with time-varying risk premia without any
volatility constraint. This further analysis confirms the main conclusions drawn in
this section, by providing qualitatively compatible results, but, as it could have been
expected considering the evidence in Duffee (2011), Feldhütter et al. (2012), and
Sarno, Schneider, and Wagner (2016), it overstates the optimal dynamic portfolio
positions and the certainty equivalent returns.

Portfolio strategy. Figure 8 shows the optimal portfolio strategy when investors have
access to the full investment universe. For short investment horizons, the optimal
strategy is virtually identical to the case where risk premia are constant (Figure 6).
When the horizon is increased beyond 5 years, the impact of time-varying risk premia
seems to shift the optimal portfolio from nominal bonds to inflation-indexed bonds.
For a 30-year horizon, the increase of the weight in the real bond is between 30%
and 50%, corresponding to an approximately equivalent reduction of the weight in
the nominal bond. This is true for any value of α, which suggests that there is little
interaction between money illusion and the intertemporal hedging demands due to
the time variation of risk premia.

Utility loss due to money illusion. The welfare analysis in the graph at the bottom of
Figure 8, showing the certainty equivalent loss attributable to money illusion, con-
firms that the welfare effect of money illusion is substantial. The loss is very similar
in pattern and size to the case of constant risk premia. Indeed, considering a 10-year
horizon, the annualized loss is about 1% for a totally illusioned investor with respect
to a nonillusioned investor.

Perceived utility loss due to the unavailability of inflation-indexed bonds for different
degrees of money illusion. We consider now the case where the inflation-indexed
bond is removed from the investable universe. Figure 9 shows that the effect of money
illusion on the optimal allocation is qualitatively similar to the case with constant
risk premia (Figure 7). However, the effect of money illusion on the intertemporal
hedging component associated with the nominal bond is more pronounced in this
case, leading to a position for the illusioned investor which is higher by 30–40% for
a horizon longer than 10 years relative to the nonillusioned investor. This difference
corresponds to a different degree of leverage, as reflected by the cash position.
The evaluation of the opportunity cost, perceived by investors with different lev-

els of α, of excluding the real bond, is crucial to confirm that a money-illusioned
investor does not perceive as useful the availability of inflation-protected securi-
ties. Indeed, in this situation, other than for inflation hedging, an investor who times
the market also takes positions in the assets to hedge future variations in the risk
premia. As can be noticed in Figure 9, the opportunity cost is substantial for the
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204 : MONEY, CREDIT AND BANKING

Fig 8. Optimal Portfolio Strategy for γ = 10 and Different Degrees of Money Illusion α, as well as Utility Loss relative
to a Nonillusioned Investor; Time-Varying Risk Premia with Volatility Constraints.

nonillusioned investor (α = 0). The annualized loss increases steadily with the in-
vestment horizon, being equal to 0.5% per annum for a 10-year horizon, 1.1% for a
20-year horizon, and 1.6% for a 30-year horizon. However, considering a partially
illusioned investor (α = 0.5), the perceived loss is already significantly reduced,
reaching a maximum of 0.9% for a 30-year horizon. A totally illusioned investor
(α = 1) perceives an even lower loss, which is roughly flat and equal to 0.25% per
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ABRAHAM LIOUI AND ANDREA TARELLI : 205

Fig 9. Optimal Portfolio Strategy for γ = 10 and Different Degrees of Money Illusion α when the 10-Year Inflation-
Indexed Bond is Excluded from the Investable Universe, as well as Utility Loss relative to the Case where the Inflation-
Indexed Bond is Available; Time-Varying Risk Premia with Volatility Constraints.

annum up to a 20-year horizon, and increases to a maximum of 0.5% for a 30-year
horizon. 22

22. The nonnegligible utility loss perceived by the totally money-illusioned investor for horizons
shorter than 10 years is due to the fact that the investor cannot take short positions in the 10-year inflation-
indexed bond, as implied by the optimal strategy in Figure 8, where the money-illusioned investor short
sells the inflation-indexed bond (thus selling inflation protection) to finance long positions in other assets.
This effect is of secondary importance, in the robustness checks we show that it reduces when the stock
is excluded from the investable universe (Online Appendix G) and that it disappears when the investable
universe is composed of 5-year bonds rather than of 10-year bonds (Online Appendix H).
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206 : MONEY, CREDIT AND BANKING

In conclusion, our analysis confirms that a money-illusioned long-term investor,
even when attempting to time the market by accounting for time-varying risk premia,
perceives a significantly lower opportunity cost of not having access to inflation-
indexed instruments relative to a nonillusioned investor. Among money-illusioned
investors, even those following sophisticated dynamic strategies seem to be able to at-
tain comparable expected utilities by substituting inflation-indexed bonds with more
traditional assets, such as nominal bonds and stocks, and therefore have little incen-
tive to enter the inflation-indexed bond market.

5. DISCUSSION AND ROBUSTNESS CHECKS

Our analysis shows thatmoney illusion has significant consequences on the optimal
allocation of a long-term investor, as well as on the perceived economic incentives
to invest in inflation-indexed bonds. While the results shown in the paper refer to a
situation where the state variables driving the economy are at their long-run means,
in Online Appendix F we consider the time variation of the state variables throughout
the available sample and show the time series of the optimal portfolio, as well as the
perceived certainty equivalent losses from not investing in TIPS, for investors having
different degrees of money illusion. While we observe strong time variations, all our
key findings are maintained. In particular, despite significant time variations of the
risk premia of the assets available for trade, a money-illusioned investor perceives a
significantly lower economic incentive to enter the TIPS market than a nonillusioned
investor for the whole time period considered.
There are other possible contributing factors to the low market demand for TIPS

in the last decade. As pointed out by Gourio and Ngo (2020), the correlation between
inflation and stock market returns turned from negative to slightly positive in the
years following the 2008 financial crisis. Some investors could then rationally choose
to be exposed to inflation risk to hedge against future bad states of the economy.
Our model is totally compatible with such rationalmoney-illusioned behavior, as the
preferences that we employ could represent either an irrationally biased behavior or
a fully-rational behavior. In addition, there is evidence for a low level of perceived
inflation uncertainty in the decade after 2009 (e.g., Breach, D’Amico, and Orphanides
2020), which could have reduced the market interest in TIPS.
However, considering the market share of TIPS relative to the total Treasury mar-

ket in Figure 1(a), we notice that the share is rather stable and around 7–10% since
2005. It actually tends to slightly increase since 2010 (together with the size of
the TIPS market), when liquidity comes back to normal levels after the Great Re-
cession, despite the fact that the inflation-stock returns correlation continues to be
slightly positive and the perceived inflation risk rather low. We therefore believe that,
while a rational money-illusioned behavior of some agents and a lower perceived
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inflation risk may contribute to the low demand for TIPS, these are not the key
determinants.
We relegate to the Online Appendix further analyses and robustness checks. In On-

line Appendix D, we show that our baseline results are robust to shifts of the realized
inflation risk premium, which is a quantity that previous studies have shown to be
difficult to estimate. In Online Appendix G, we perform an asset allocation exercise
excluding the stock index from the investable universe, verifying that all our baseline
results are maintained, while in Online Appendix H we modify the maturity of the
bonds included in the investable universe. In Online Appendix I, we consider levels
of risk aversion different from the base case value (γ = 10), showing that all our re-
sults are qualitatively maintained. As the hedging motive is the key determinant of
our findings, money illusion has stronger effects for higher levels of risk aversion and
vice versa. In Online Appendix J, we check the robustness of our findings by rees-
timating the model using also survey-based long-run inflation forecasts. In Online
Appendix K, we instead consider a different specification for the nominal and real
term structure dynamics, using a four-factor no-arbitrage Nelson–Siegel-like model
as in Christensen, Lopez, and Rudebusch (2010).
Finally, in Online Appendix L we repeat the analysis using an alternative data set

obtained from the UK market and spanning the period 1985–2018. Other than be-
cause of the length of the sample, it is interesting to see whether our conclusions are
robust to the choice of a market environment where the average inflation level and
the inflation volatility are higher, as well as where the average inflation risk premium
is negative. In this additional analysis, we find an even higher welfare cost of money
illusion, qualitatively confirming all our conclusions.

6. CONCLUSION

Several authors have studied the effects of money illusion on financial markets.
Modigliani and Cohn (1979) recognized money illusion as the source of major errors
in the valuation of common stocks during periods of anticipated hyperinflation, con-
cluding that these valuation mistakes were the main cause of a 50% undervaluation of
U.S. stock value at the end of 1977. Their analysis was confirmed by Cohen, Polk, and
Vuolteenaho (2005), who tested the effects of money illusion in a framework based on
the capital asset pricing model, identifying an irrational increase of expected returns
across all stocks, irrespective of the riskiness (beta) of the stock, during periods of hy-
perinflation. More recently, Schmeling and Schrimpf (2011) found that survey-based
measures of expected inflation are able to predict aggregate stock returns, attributing
this phenomenon to money illusion.
The present work shows that the mechanism at play in the aforementioned empiri-

cal investigations is also crucial for the decision making of a long-term investor. Our
results confirm some of the findings in Stephens and Tyran (2016), who documented
a tendency for money-illusioned investors to shift portfolios toward nominal assets.
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208 : MONEY, CREDIT AND BANKING

In particular, an illusioned investor tends to reduce the allocation in inflation-indexed
bonds, which intertemporally hedge expected inflation, in favor of nominal bonds.
The effect on the stock allocation is marginal. We find the cost of money illusion
to be around 1% per annum for a moderately risk-averse agent with an investment
horizon of 10 years or longer. We also estimate that a nonillusioned investor who
has no access to inflation-indexed bonds suffers from a utility loss of about 0.5–1.5%
per annum for investment horizons of 10 to 30 years. Conversely, the perceived wel-
fare loss of a money-illusioned investor is significantly lower. This finding identifies
money illusion as potentially being at the origin of the scarce market demand for
TIPS, as money-illusioned investors understate the utility loss entailed by substitut-
ing inflation-indexed bonds with nominal bonds.
Our results apply to individuals that irrationally suffer from money illusion, which

has been shown to widely happen when the level of inflation is low, despite a possi-
bly high inflation risk. Importantly, our analysis also applies to agents that rationally
have preferences based on nominal returns. This is the case, for instance, for fund
managers whose performance is benchmarked against nominal assets, or for pension
funds which liabilities are not inflation-linked, as it is the case for most U.S. pension
funds (Andonov, Bauer, and Cremers 2013).
From the technical standpoint, we contribute to the literature of dynamic asset al-

location relying on affine term structure models, further investigating the empirical
issues of essentially affine models that have recently been pointed out by Feldhütter
et al. (2012) and Sarno, Schneider, and Wagner (2016). In particular, we complement
the information set with survey-based forecasts and constrain the volatility of the risk
premia in order to reduce the model overfitting, which typically leads to unrealistic
optimal portfolio positions and largely overstates utility losses entailed by subopti-
mal strategies. While we provide out-of-sample forecasting evidence to support our
approach, we leave for future research a formal analysis of these methodologies and
an accurate fine tuning of the restrictions to be imposed in the estimation.
The analysis that we propose, at the cost of a significant increase of model com-

plexity and estimation risk, as well as the need for a nontrivial numerical solution
of the portfolio choice problem, could be extended to account for a time-varying de-
gree of money illusion and a stochastic inflation volatility. Finally, our work may
provide new insights on the relative mispricing of TIPS, inflation swaps, and nomi-
nal Treasury bonds (Fleckenstein, Longstaff, and Lustig 2014), by recognizing that
the demand pressures for inflation protection either through TIPS or inflation swaps
correspond to different categories of agents: the first often consisting of unsophisti-
cated investors, who look for saving opportunities but might be money-illusioned, the
second typically consisting of more sophisticated institutional investors, seeking for
inflation-hedging and often funding-constrained. We model the demand of a price-
taker operating in the first market, showing that money illusion generates significant
distortions. A general equilibrium model accounting for heterogeneity in money il-
lusion and funding constraints, as well as market segmentation, might contribute to
the explanation of the inflation premium and the TIPS pricing puzzle.
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Figure A.1: Optimal portfolio strategy for γ → ∞ and different degrees of money
illusion α, when the 10-year nominal bond is excluded from the investable universe.
Constant risk premia.
Figure A.2: Optimal portfolio strategy for γ = 10 and different degrees of money

illusion α, when the 10-year nominal bond is excluded from the investable universe.
Figure A.3: Optimal portfolio strategy for γ = 10 and different degrees of money

illusion α, when the 10-year nominal bond is excluded from the investable universe.
Figure A.4: Optimal portfolio strategy for γ = 10 and different degrees of money

illusion α.
Figure A.5: Optimal portfolio strategy for γ = 10 and different degrees of

money illusion α, when the 10-year inflation-indexed bond is excluded from the in-
vestable universe.
Figure A.6: Time series of relevant model-implied and observed variables. Time-

varying risk premia (unconstrained volatility).
Figure A.7: Optimal portfolio strategy for γ = 10 and different degrees of money

illusion α.
FigureA.8: Time series of in-sample optimal portfolioweights for a non-illusioned

investor, obtained for different risk premia specifications.
Figure A.9: Optimal portfolio strategy for γ = 10 and different degrees of

money illusion α, when the 10-year inflation-indexed bond is excluded from the in-
vestable universe.
Figure A.10: Time series of in-sample optimal portfolio weights and perceived

utility losses when the inflation-indexed bond is not available for investors with dif-
ferent degrees of money illusion.
Figure A.11: Bond-only analysis. Optimal portfolio strategy for γ = 10 and dif-

ferent degrees of money illusion α.
Figure A.12: Bond-only analysis.Optimal portfolio strategy for γ = 10 and dif-

ferent degrees of money illusion α.
Figure A.13: Bond-only analysis. Optimal portfolio strategy for γ = 10 and differ-

ent degrees of money illusion α, when the 10-year inflation-indexed bond is excluded
from the investable universe.
Figure A.14: Bond-only analysis. Optimal portfolio strategy for γ = 10 and differ-

ent degrees of money illusion α, when the 10-year inflation-indexed bond is excluded
from the investable universe.
Figure A.15: Optimal portfolio strategy for γ = 10 and different degrees of money

illusion α, when the investor can trade 5-year bonds.
Figure A.16: Optimal portfolio strategy for γ = 10 and different degrees of

money illusion α, when the 5-year inflation-indexed bond is excluded from the in-
vestable universe.
Figure A.17: Optimal portfolio strategy for γ = 10 and different degrees of money

illusion α, when the investor can trade 5-year bonds.
Figure A.18: Optimal portfolio strategy for γ = 10 and different degrees of

money illusion α, when the 5-year inflation-indexed bond is excluded from the in-
vestable universe.
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Figure A.19: Optimal portfolio strategy for γ = 5 and different degrees of money
illusion α.

Figure A.20: Optimal portfolio strategy for γ = 5 and different degrees of
money illusion α, when the 10-year inflation-indexed bond is excluded from the in-
vestable universe.
Figure A.21: Optimal portfolio strategy for γ = 20 and different degrees of money

illusion α. Utility loss with respect to a non-illusioned investor. Constant risk premia.
Figure A.22: Optimal portfolio strategy for γ = 20 and different degrees of

money illusion α, when the 10-year inflation-indexed bond is excluded from the in-
vestable universe.
Figure A.23: Optimal portfolio strategy for γ = 5 and different degrees of money

illusion α. Utility loss with respect to a non-illusioned investor.
Figure A.24: Optimal portfolio strategy for γ = 5 and different degrees of

money illusion α, when the 10-year inflation-indexed bond is excluded from the in-
vestable universe.
Figure A.25: Optimal portfolio strategy for γ = 20 and different degrees of money

illusion α.
Figure A.26: Optimal portfolio strategy for γ = 20 and different degrees of

money illusion α, when the 10-year inflation-indexed bond is excluded from the in-
vestable universe.
Figure A.27: Baseline model estimated observing also survey-based inflation ex-

pectations. Constant risk premia.
Figure A.28: Baseline model estimated observing also survey-based inflation ex-

pectations.
Figure A.29: Baseline model estimated observing also survey-based inflation ex-

pectations. Constant risk premia.
Figure A.30: 4-factor affine no-arbitrage Nelson-Siegel term structure specifica-

tion with constant risk premia.
Figure A.31: 4-factor affine no-arbitrage Nelson-Siegel term structure specifica-

tion with constant risk premia.
Figure A.32: 4-factor affine no-arbitrage Nelson-Siegel term structure specifica-

tion with constant risk premia.
Figure A.33: UK-based analysis. Time series of relevant model-implied and ob-

served variables.
Figure A.34: UK-based analysis. Optimal portfolio strategy for γ = 10 and dif-

ferent degrees of money illusion α.
Figure A.35: UK-based analysis. Optimal portfolio strategy for γ = 10 and dif-

ferent degrees of money illusion α.
Figure A.36: UK-based analysis. Optimal portfolio strategy for γ = 10 and differ-

ent degrees of money illusion α, when the 10-year inflation-indexed bond is excluded
from the investable universe.
Figure A.37: UK-based analysis. Optimal portfolio strategy for γ = 10 and differ-

ent degrees of money illusion α, when the 10-year inflation-indexed bond is excluded
from the investable universe.
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Money Illusion and TIPS Demand

Online Appendix

Abraham Lioui∗ Andrea Tarelli†

This Online Appendix is organized as follows. In Section A, we derive the pricing equations for
nominal bonds (A.1), real bonds (A.2) and of the long-run expected stock return (A.3). The derivation
of the optimal portfolio strategy is in Section B. In particular, we derive the optimal portfolio strategy
for complete and incomplete markets (B.1), the optimal portfolio strategy for an infinitely risk-averse
agent and constant market prices of risk (B.2), the welfare from suboptimal strategies (B.3) and the
certainty equivalent utility loss (B.4). In Section C we address the dual case to that studied in the
baseline analysis, calculating the optimal portfolio strategy and welfare losses when the nominal bond
is not accessible. In Section D, we discuss the empirical findings obtained imposing a zero unexpected
inflation risk premium. In Section E, we elaborate on the specification with time-varying risk premia
where no volatility constraints are imposed, discussing the parameter estimates (E.1), comparing it with
the other specifications in terms of out-of-sample predictive ability (E.2), and studying the portfolio
strategy and welfare (E.3). In Section F we study the time series of the optimal in-sample portfolio
positions and perceived losses when TIPS are not available. In Section G we perform an analysis
based on an investable universe where only nominal and inflation-indexed bonds are available, while the
stock is excluded. In Section H we study the optimal portfolio strategy and welfare effects considering
maturities of the tradable bonds different from the baseline analysis. In Section I we instead consider
different values of the risk aversion parameter. In Section J we study the effect of complementing the
information set by survey-based long-run inflation expectations. In Section K we apply our methodology
to a different market specification, where the nominal and real term structures are specified with a 4-
factor no-arbitrage Nelson-Siegel-like model. Finally, in Section L, we perform an empirical analysis
based on UK data.

A Asset prices

A.1 Nominal bond pricing

We conjecture that the nominal price of a zero-coupon nominal bond has the following functional form:

B (Xt, τ) = e−yn(Xt,τ)τ = eAB
0 (τ)+AB

1 (τ)Xt ,
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where τ stands for the time to maturity of the bond. From no-arbitrage arguments, the nominal price
B of a nominal bond satisfies the following PDE:

BXΘ
(
X̄ − Xt

)
+ 1

2tr
(
BXXΣ′

XΣX
)

+ Bt − RtB = BXΣ′
XΛt,

where B· stands for the partial derivative of B. Computing the derivatives:

BX = AB
1 B

BXX =
(
AB

1

)′
AB

1 B

Bt = −Bτ = −
(

∂

∂τ
AB

0 (τ) + ∂

∂τ
AB

1 (τ) Xt

)
B,

substituting into the PDE (A.1) for these derivatives, as well as the expressions for Rt and Λt yields:

AB
1 Σ′

X (Λ0 + Λ1Xt) = AB
1 Θ

(
X̄ − Xt

)
+ 1

2AB
1 Σ′

XΣX
(
AB

1

)′
−
(

∂

∂τ
AB

0 (τ) + ∂

∂τ
AB

1 (τ) Xt

)
−
(
R0 + R′

1Xt
)

.

Matching the homogeneous term and the term in Xt yields:

∂

∂τ
AB

0 (τ) = AB
1

(
ΘX̄ − Σ′

XΛ0
)

+ 1
2AB

1 Σ′
XΣX

(
AB

1

)′
− R0, (A.1)

∂

∂τ
AB

1 (τ) = −AB
1
(
Θ + Σ′

XΛ1
)

− R′
1. (A.2)

The nominal rate is given considering the limit for τ → 0:

Rt = R0 + R′
1Xt.

The dynamics of the price of a nominal zero-coupon bond with a time to maturity τ is:

dB (Xt, τ)
B (Xt, τ) =

[
−
(

∂

∂τ
AB

0 (τ) + ∂

∂τ
AB

1 (τ) Xt

)
+ AB

1 Θ
(
X̄ − Xt

)
+ 1

2AB
1 Σ′

XΣX
(
AB

1

)′
]

dt

+AB
1 Σ′

Xdzt.

Substituting for the expressions (A.1) and (A.2):

dB (Xt, τ)
B (Xt, τ) = −

[
AB

1

(
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XΛ0
)

+ 1
2AB

1 Σ′
XΣX
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−AB
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1Xt

]
dt

+
[
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1 Θ
(
X̄ − Xt

)
+ 1

2AB
1 Σ′

XΣX
(
AB

1

)′
]

dt

+AB
1 Σ′

Xdzt.

We finally obtain:

dB (Xt, τ)
B (Xt, τ) =

[
R0 + R′

1Xt + AB
1 Σ′

X (Λ0 + Λ1Xt)
]

dt + AB
1 Σ′

Xdzt.
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The time-varying risk premium is the instantaneous annualized expected excess return:

1
dt

Et

[dB (Xt, τ)
B (Xt, τ)

]
− Rt = AB

1 (τ) Σ′
X (Λ0 + Λ1Xt) . (A.3)

The model-implied expected average nominal yield for the maturity τ over a horizon τh is given by:

1
τh

Et

[ 1
τh

∫ t+τh

t
yn (Xs, τ) ds

]
= Ayn

0 (τh)
τh

+ Ayn

1 (τh)
τh

Xt, (A.4)

where:

Ayn

0 (τh) = AB
0 (τ)
τ

τh + AB
1 (τ)
τ

∫ τh

0

(
I − e−Θs

)
X̄ds,

Ayn

1 (τh) = AB
1 (τ)
τ

∫ τh

0
e−Θsds.

A.2 Real bond pricing

We conjecture that the nominal price of a zero-coupon inflation-indexed bond has the following func-
tional form:

I (Xt, Pt, τ) = Pte
−yr(Xt,τ)τ = Pte

AI
0(τ)+AI

1(τ)Xt .

From no-arbitrage arguments, the nominal price I of an inflation-indexed bond satisfies the following
PDE:

(
IXΣ′

X + IPσ
′
P Pt

)
Λt = IXΘ

(
X̄ − Xt

)
+ IP Ptπt + 1

2tr
(
IXXΣ′

XΣX
)

+ IXP Σ′
XσP Pt

+1
2IP Pσ

′
PσP P 2

t + It − RtI.

The derivatives can be computed explicitly as follows:

IX = AI
1I,

IP = I

Pt
,

IXX =
(
AI

1

)′
AI

1I,

IXP = AI
1

I

Pt
,

IP P = 0,

It = −Iτ = −
(

∂

∂τ
AI

0 (τ) + ∂

∂τ
AI

1 (τ) Xt

)
I.

Substituting into the PDE (A.5) the derivatives, as well as the expressions for Rt, πt and Λt yields:

(
AI

1Σ′
X + σ′

P

)
(Λ0 + Λ1Xt) = AI

1Θ
(
X̄ − Xt

)
+
(
π0 + π′

1Xt
)

+ 1
2AI

1Σ′
XΣX

(
AI

1

)′

+AI
1Σ′

XσP −
(

∂

∂τ
AI

0 (τ) + Xt

)
−
(
R0 + R′

1Xt
)

.
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Matching the homogeneous term and the term in Xt:

∂

∂τ
AI

0 (τ) = AI
1

(
ΘX̄ − Σ′

XΛ0
)

+ AI
1Σ′

XσP + 1
2AI

1Σ′
XΣX

(
AI

1

)′
− R0 + π0 − σ′

P Λ0, (A.5)

∂

∂τ
AI

1 (τ) = −AI
1
(
Θ + Σ′

XΛ1
)

− R′
1 + π′

1 − σ′
P Λ1. (A.6)

The real rate is given considering the limit for τ → 0:

rt = R0 − π0 + σ′
P Λ0 +

(
R′

1 − π′
1 + σ′

P Λ1
)

Xt = Rt −
(
πt − σ′

P Λt
)︸ ︷︷ ︸

bei0t

, (A.7)

where the instantaneous break-even inflation rate, bei0t , is the difference between the instantaneous
expected inflation, πt, and the risk premium associated to the unexpected inflation, σ′

P Λt. The dynamics
of the price of a zero-coupon real bond with time to maturity τ can be computed as:

dI (Xt, Pt, τ)
I (Xt, Pt, τ) =

 −
(

∂
∂τ AI

0 (τ) + ∂
∂τ AI

1 (τ) Xt

)
+ AI

1Θ
(
X̄ − Xt

)
+ (π0 + π′

1Xt) + 1
2AI

1Σ′
XΣX

(
AI

1

)′
+ AI

1Σ′
XσP

dt

+AI
1Σ′

Xdzt + σ′
P dzt.

Substituting for the expressions (A.5) and (A.6):

dI (Xt, Pt, τ)
I (Xt, Pt, τ) = −

 AI
1

(
ΘX̄ − Σ′

X (Λ0 − σP )
)

+ 1
2AI

1Σ′
XΣX

(
AI

1

)′

−R0 + π0 − σ′
P Λ0 − AI

1 (Θ + Σ′
XΛ1) Xt

−R′
1Xt + π′

1Xt − σ′
P Λ1Xt

dt

+
[

AI
1Θ

(
X̄ − Xt

)
+ (π0 + π′

1Xt) + 1
2AI

1Σ′
XΣX

(
AI

1

)′

+AI
1Σ′

XσP

]
dt

+AI
1Σ′

Xdzt + σ′
P dzt.

We finally obtain:

dI (Xt, Pt, τ)
I (Xt, Pt, τ) =

[
R0 + R′

1Xt +
(
AI

1Σ′
X + σ′

P

)
(Λ0 + Λ1Xt)

]
dt

+
(
AI

1Σ′
X + σ′

P

)
dzt.

The time-varying risk premium is the instantaneous annualized expected excess return:

1
dt

Et

[dI (Xt, Pt, τ)
I (Xt, Pt, τ)

]
− Rt =

(
AI

1 (τ) Σ′
X + σ′

P

)
(Λ0 + Λ1Xt) (A.8)

The break-even inflation rate for a maturity τ is given by:

bei (Xt, τ) = yn (Xt, τ) − yr (Xt, τ) = AI
0 (τ) − AB

0 (τ)
τ

+ AI
1 (τ) − AB

1 (τ)
τ

Xt.
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As in D’Amico et al. (2018), the model-implied expected inflation for a maturity τ is given by:

1
τ

Et

[
log Pt+τ

Pt

]
= AP

0 (τ)
τ

+ AP
1 (τ)
τ

Xt, (A.9)

where:

AP
0 (τ) =

(
π0 − σ′

PσP

2

)
τ + π′

1

∫ τ

0

(
I − e−Θs

)
X̄ds,

AP
1 (τ) = π′

1

∫ τ

0
e−Θsds.

A.3 Long-run expected stock return

The model-implied expected annualized stock return over a horizon τh is given by:

1
τh

Et

[
log St+τh

St

]
= AS

0 (τh)
τh

+ AS
1 (τh)
τh

Xt, (A.10)

where:

AS
0 (τh) =

(
R0 + σ′

SΛ0 − σ′
SσS

2

)
τh +

(
R′

1 + σ′
SΛ1

) ∫ τh

0

(
I − e−Θs

)
X̄ds,

AS
1 (τh) =

(
R′

1 + σ′
SΛ1

) ∫ τh

0
e−Θsds.

B Portfolio strategy

B.1 Optimal portfolio strategy in incomplete markets

The value function can be expressed as:

J (Wt, Pt, T − t) = W 1−γ
t P

−(1−α)(1−γ)
t

1 − γ
F (Xt, T − t) (B.11)

With the martingale approach, it can be shown that:

Wt = l
− 1

γ Φ
− 1

γ

t P
−(1−α) 1−γ

γ

t Et

(ΦT

Φt

(
PT

Pt

)(1−α)
)1− 1

γ

 , (B.12)

where Φ0 = 1, P0 = 1 and:
l
− 1

γ = W0

E0

[(
ΦT
Φ0

(
PT
P0

)(1−α)
)1− 1

γ

] .

We rewrite time-t wealth as follows:

Wt = W0Φ
− 1

γ

t P
−(1−α) 1−γ

γ

t

F (Xt, T − t)
F (X0, T ) ≡ G (Φt, Pt, Xt, T − t) , (B.13)
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where:

F (Xt, T − t) = Et

(ΦT

Φt

(
PT

Pt

)(1−α)
)1− 1

γ

 .

Computing the first-order condition of the equation of the value function (B.11) and solving by Wt,
by comparison with (B.12), it immediately follows that F (Xt, T − t) is such that the value function
can be expressed as follows:

J (Wt, Pt, t) = W 1−γ
t P

−(1−α)(1−γ)
t

1 − γ
[F (Xt, T − t)]γ , (B.14)

The function F (Xt, T − t) takes the form:

F (Xt, T − t) = exp
{1

2X′
tB3 (T − t) Xt + B2 (T − t) Xt + B1 (T − t)

}
. (B.15)

Recalling that G ≡ Wt, the following no-arbitrage relation holds:

LG + Gt − RtG =
(
−GΦΦtΛ′

t + GP Ptσ
′
P + GXΣ′

X
)

Λt, (B.16)

where:

LG = GΦ (−ΦtRt) + GP (Ptπt) + GXΘ
(
X̄ − Xt

)
+GΦXΣ′

X (−ΦtΛt) + GP XΣ′
X (PtσP ) + GΦP (PtσP )′ (−ΦtΛt)

+1
2
(
GΦΦ (−ΦtΛt)′ (−ΦtΛt) + GP P (PtσP )′ (PtσP ) + tr

(
GXXΣ′

XΣX
))

.

Substituting for the partial derivatives of G:

LG = − 1
γ

Φ−1
t G (−ΦtRt) − (1 − α) 1 − γ

γ
P −1

t G (Ptπt) + FX
F

GΘ
(
X̄ − Xt

)
− 1

γ
Φ−1

t

FX
F

GΣ′
X (−ΦtΛt) − (1 − α) 1 − γ

γ
P −1

t

FX
F

GΣ′
X (PtσP )

+ (1 − α) 1 − γ

γ2 Φ−1
t P −1

t G (PtσP )′ (−ΦtΛt)

+1
2


1
γ

(
1 + 1

γ

)
Φ−2

t G (−ΦtΛt)′ (−ΦtΛt)
+ (1 − α) 1−γ

γ

(
1 + (1 − α) 1−γ

γ

)
P −2

t G (PtσP )′ (PtσP )
+tr

(
FXX

F GΣ′
XΣX

)
 .

Simplifying:

LG

G
= 1

γ
Rt − (1 − α) 1 − γ

γ
πt + FX

F
Θ
(
X̄ − Xt

)
+ 1

γ

FX
F

Σ′
XΛt − (1 − α) 1 − γ

γ

FX
F

Σ′
XσP − (1 − α) 1 − γ

γ2 σ′
P Λt

+1
2

(1
γ

(
1 + 1

γ

)
Λ′

tΛt + (1 − α) 1 − γ

γ

(
1 + (1 − α) 1 − γ

γ

)
σ′

PσP + tr
(

FXX
F

Σ′
XΣX

))
.
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Substituting into (B.16):(1
γ

Λ′
t − (1 − α) 1 − γ

γ
σ′

P + FX
F

Σ′
X

)
Λt = 1

γ
Rt − (1 − α) 1 − γ

γ
πt + FX

F
Θ
(
X̄ − Xt

)
+ 1

γ

FX
F

Σ′
XΛt − (1 − α) 1 − γ

γ

FX
F

Σ′
XσP

− (1 − α) 1 − γ

γ2 σ′
P Λt + 1

2γ

(
1 + 1

γ

)
Λ′

tΛt

+ (1 − α) 1 − γ

2γ

(
1 + (1 − α) 1 − γ

γ

)
σ′

PσP

+1
2tr

(
FXX

F
Σ′

XΣX

)
+ Gt

G
− Rt.

Rearranging and collecting terms:

0 =
(1

γ
− 1

)
Rt − (1 − α) 1 − γ

γ
πt + FX

F
Θ
(
X̄ − Xt

)
+
(1

γ
− 1

)
FX
F

Σ′
XΛt − (1 − α) 1 − γ

γ

FX
F

Σ′
XσP

+
(

1 − 1
γ

)
(1 − α) 1 − γ

γ
σ′

P Λt

+ 1
2γ

(1
γ

− 1
)

Λ′
tΛt + (1 − α) 1 − γ

2γ

(
1 + (1 − α) 1 − γ

γ

)
σ′

PσP

+1
2tr

(
FXX

F
Σ′

XΣX

)
+ Ft

F
.

It is at this point necessary to elaborate on market completeness. The optimal portfolio strategy is
obtained equaling the diffusion terms of the dynamics of (log) wealth, written either as in (B.13) or as
a linear combination of the dynamics of the underlying assets:

Σω = 1
γ

Λt − (1 − α) 1 − γ

γ
σP + ΣX

(FX)′

F
. (B.17)

This n-dimensional equation imposes that the N non-redundant traded assets, for which the volatility
vectors are at the l.h.s., span the dynamics of optimal wealth at the r.h.s.. In the case of complete
markets this happens without issues, as Σ is invertible. If instead markets are incomplete, we follow
Sangvinatsos and Wachter (2005) and impose some further restrictions to make sure that the r.h.s. is
completely spanned by the traded assets. We decompose the r.h.s. of the equation into a contribution
spanned by the traded assets and a contribution orthogonal to the asset space. In order to decompose
the vector of market prices of risk, we write Λt = Λ∗

t + ν∗
t , where Λ∗

t belongs to the column space of
the volatility matrix of the traded assets and ν∗

t belongs to the null space. We pre-multiply (B.17) by
I − Σ (Σ′Σ)−1 Σ′:

(
I − Σ

(
Σ′Σ

)−1
Σ′
)
Σω︸ ︷︷ ︸

0

= 1
γ

(
I − Σ

(
Σ′Σ

)−1
Σ′
)

(Λ∗
t + ν∗

t )

− (1 − α) 1 − γ

γ

(
I − Σ

(
Σ′Σ

)−1
Σ′
)
σP
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+
(
I − Σ

(
Σ′Σ

)−1
Σ′
)
ΣX

(FX)′

F
.

This condition will affect the function F , which we still have to determine, and therefore the dynamics
of optimal wealth and the optimal portfolio weights. As

(
I − Σ (Σ′Σ)−1 Σ′

)
Λ∗

t = 0, then:

ν∗
t = (1 − α) (1 − γ)

(
I − Σ

(
Σ′Σ

)−1
Σ′
)
σP − γ

(
I − Σ

(
Σ′Σ

)−1
Σ′
)
ΣX

(FX)′

F
.

Pre-multiplying instead (B.17) by Σ (Σ′Σ)−1 Σ′:

Σ
(
Σ′Σ

)−1
Σ′Σω︸ ︷︷ ︸

Σω

= 1
γ
Σ
(
Σ′Σ

)−1
Σ′ (Λ∗

t + ν∗
t ) − (1 − α) 1 − γ

γ
Σ
(
Σ′Σ

)−1
Σ′σP

+Σ
(
Σ′Σ

)−1
Σ′ΣX

(FX)′

F
.

As Σ (Σ′Σ)−1 Σ′ν∗
t = 0, by pre-multiplying again by (Σ′Σ)−1 Σ′, we obtain the expression for the

optimal portfolio weights (21).
We employ the following notations:

Λ∗
t = Σ

(
Σ′Σ

)−1
Σ′Λt = Σ

(
Σ′Σ

)−1
Σ′ (Λ0 + Λ1Xt) = Λ∗

0 + Λ∗
1Xt,

where:

Λ∗
0 = Σ

(
Σ′Σ

)−1
Σ′Λ0,

Λ∗
1 = Σ

(
Σ′Σ

)−1
Σ′Λ1,

In the remaining, we also employ the following notations:

σ⊥
P =

(
I − Σ

(
Σ′Σ

)−1
Σ′
)
σP ,

Σ⊥
X =

(
I − Σ

(
Σ′Σ

)−1
Σ′
)
ΣX.

The market prices of risk can therefore be decomposed as:

Λt = Λ∗
t + ν∗

t = Λ∗
0 + Λ∗

1Xt + (1 − α) (1 − γ)σ⊥
P − γΣ⊥

X
(FX)′

F
.

Setting τ = T − t, we guess the functional form for F (Xt, τ):

F (Xt, τ) = exp
{1

2X′
tB3 (τ) Xt + B2 (τ) Xt + B1 (τ)

}
,

and compute the derivatives:

FX =
(1

2X′
t

(
B3 (τ) + B′

3 (τ)
)

+ B2 (τ)
)

F =
(
X′

tB̃3 (τ) + B2 (τ)
)

F,
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FXX =
(1

2X′
t

(
B3 (τ) + B′

3 (τ)
)

+ B2 (τ)
)′ (1

2X′
t

(
B3 (τ) + B′

3 (τ)
)

+ B2 (τ)
)

F

+1
2
(
B3 (τ) + B′

3 (τ)
)

F

= 1
4
(
B3 (τ) + B′

3 (τ)
)′ XtX′

t

(
B3 (τ) + B′

3 (τ)
)

F + 1
2B′

2 (τ) X′
t

(
B3 (τ) + B′

3 (τ)
)

F

+1
2
(
B3 (τ) + B′

3 (τ)
)′ XtB2 (τ) F + B′

2 (τ) B2 (τ) F + 1
2
(
B3 (τ) + B′

3 (τ)
)

F

= B̃3 (τ) XtX′
tB̃3 (τ) F + B′

2 (τ) X′
tB̃3 (τ) F + B̃3 (τ) XtB2 (τ) F

+B′
2 (τ) B2 (τ) F + B̃3 (τ) F,

Ft = −
(1

2X′
t

d
dτ

B3 (τ) Xt + d
dτ

B2 (τ) Xt + d
dτ

B1 (τ)
)

F,

where B̃3 (τ) = B3(τ)+B′
3(τ)

2 . The market prices of risk can be rewritten as:

Λt = Λ∗
t + ν∗

t

= Λ∗
0 + Λ∗

1Xt + (1 − α) (1 − γ)σ⊥
P − γΣ⊥

X

(
B̃3 (τ) Xt + B′

2 (τ)
)

= Λ∗
0 + (1 − α) (1 − γ)σ⊥

P − γΣ⊥
XB′

2 (τ) +
(
Λ∗

1 − γΣ⊥
XB̃3 (τ)

)
Xt

= Λ̃∗
0 + Λ̃∗

1Xt,

where Λ̃∗
0 = Λ∗

0 + (1 − α) (1 − γ)σ⊥
P − γΣ⊥

XB′
2 (τ) and Λ̃∗

1 = Λ∗
1 − γΣ⊥

XB̃3 (τ). Substituting in the PDE
for the expressions of Rt, πt and Λt, as well as for the derivatives of F :

0 =
(1

γ
− 1

) (
R0 + R′

1Xt
)

− (1 − α) 1 − γ

γ

(
π0 + π′

1Xt
)

+
(
X′

tB̃3 (τ) + B2 (τ)
)

Θ
(
X̄ − Xt

)
+
(1

γ
− 1

)(
X′

tB̃3 (τ) + B2 (τ)
)
Σ′

X

(
Λ̃∗

0 + Λ̃∗
1Xt

)
− (1 − α) 1 − γ

γ

(
X′

tB̃3 (τ) + B2 (τ)
)
Σ′

XσP +
(

1 − 1
γ

)
(1 − α) 1 − γ

γ
σ′

P

(
Λ̃∗

0 + Λ̃∗
1Xt

)
+ 1

2γ

(1
γ

− 1
)(

Λ̃∗
0 + Λ̃∗

1Xt

)′ (
Λ̃∗

0 + Λ̃∗
1Xt

)
+ (1 − α) 1 − γ

2γ

(
1 + (1 − α) 1 − γ

γ

)
σ′

PσP

+1
2tr

((
B̃3 (τ) XtX′

tB̃3 (τ) + B′
2 (τ) X′

tB̃3 (τ) + B̃3 (τ) XtB2 (τ) + B′
2 (τ) B2 (τ) + B̃3 (τ)

)
Σ′

XΣX
)

−
(1

2X′
t

d
dτ

B3 (τ) Xt + d
dτ

B2 (τ) Xt + d
dτ

B1 (τ)
)

.

Isolating the term in X′
t . . . Xt and solving for d

dτ B3 (τ):

d
dτ

B3 (τ) = −2B̃3 (τ) Θ + 2
(1

γ
− 1

)
B̃3 (τ)Σ′

XΛ̃∗
1 + 1

γ

(1
γ

− 1
)(

Λ̃∗
1

)′
Λ̃∗

1 + B̃3 (τ)Σ′
XΣXB̃3.

Isolating the term in Xt and solving for d
dτ B2 (τ):

d
dτ

B2 (τ) =
(1

γ
− 1

)
R′

1 − (1 − α) 1 − γ

γ
π′

1 + X̄′Θ′B̃3 (τ) − B2 (τ) Θ

+
(1

γ
− 1

)(
Λ̃∗

0

)′
ΣXB̃3 (τ) +

(1
γ

− 1
)

B2 (τ)Σ′
XΛ̃∗

1
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− (1 − α) 1 − γ

γ
σ′

PΣXB̃3 (τ) − (1 − α)
(

γ − 1
γ

)2
σ′

P Λ̃∗
1

+ 1
γ

(1
γ

− 1
)(

Λ̃∗
0

)′
Λ̃∗

1 + B2 (τ)Σ′
XΣXB̃3 (τ) .

Isolating the homogeneous term and solving for d
dτ B1 (τ):

d
dτ

B1 (τ) =
(1

γ
− 1

)
R0 − (1 − α) 1 − γ

γ
π0 + B2 (τ) ΘX̄ +

(1
γ

− 1
)

B2 (τ)Σ′
XΛ̃∗

0

− (1 − α) 1 − γ

γ
B2 (τ)Σ′

XσP − (1 − α)
(

γ − 1
γ

)2
σ′

P Λ̃∗
0

+ 1
2γ

(1
γ

− 1
)(

Λ̃∗
0

)′
Λ̃∗

0 + (1 − α) 1 − γ

2γ

(
1 + (1 − α) 1 − γ

γ

)
σ′

PσP

+1
2B2 (τ)Σ′

XΣXB′
2 (τ) + 1

2tr
(
B̃3 (τ)Σ′

XΣX
)

.

In order to write the optimal portfolio weights, recall that FX
F = X′

tB̃3 (τ) + B2 (τ). Then, substi-
tuting into (21):

ωt = 1
γ

(
Σ′Σ

)−1
Σ′Λt − (1 − α) 1 − γ

γ

(
Σ′Σ

)−1
Σ′σP (B.18)

+
(
Σ′Σ

)−1
Σ′ΣX

(
B̃3 (τ) Xt + B′

2 (τ)
)

.

B.2 Optimal portfolio strategy for an infinitely risk-averse agent and constant mar-
ket prices of risk

For γ → ∞, in the case of constant market prices of risk (Λ1 = 0), it is possible to write an explicit
solution to the problem. Indeed, in this case B3(τ) → 0 and the optimal portfolio strategy becomes
independent of the current state Xt:

ωt = (1 − α)
(
Σ′Σ

)−1
Σ′σP +

(
Σ′Σ

)−1
Σ′ΣXB′

2 (τ) , (B.19)

where:
d
dτ

B2 (τ) = −R′
1 + (1 − α)π′

1 − B2 (τ) Θ, (B.20)

for which the solution is:

B2 (τ) =
(
R′

1 − (1 − α)π′
1
) (

e−Θτ − I
)

Θ−1. (B.21)

We can then rewrite the optimal portfolio strategy as:

ωt = (1 − α)
(
Σ′Σ

)−1
Σ′σP +

(
Σ′Σ

)−1
Σ′ΣX

[
R′

1

(
e−Θτ − I

)
Θ−1

]′
(B.22)

− (1 − α)
(
Σ′Σ

)−1
Σ′ΣX

[
π′

1

(
e−Θτ − I

)
Θ−1

]′
.

Recall that, for constant risk premia, the coefficient AB
1 , used for nominal bond pricing, satisfies the
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following relation:
∂

∂τ
AB

1 (τ) = −AB
1 (τ) Θ − R′

1, (B.23)

Therefore, the explicit solution for AB
1 is:

AB
1 (τ) = R′

1

(
e−Θτ − I

)
Θ−1. (B.24)

The same applies to the coefficient AI
1, used for real bond pricing:

∂

∂τ
AI

1 (τ) = −AI
1 (τ) Θ−

(
R′

1−π′
1
)

, (B.25)

for which the solution is:
AI

1 (τ) =
(
R′

1−π′
1
) (

e−Θτ − I
)

Θ−1. (B.26)

Therefore:
ωt = (1 − α)

(
Σ′Σ

)−1
Σ′
(
ΣXAI

1 (τ) + σP

)
+ α

(
Σ′Σ

)−1
Σ′ΣXAB

1 (τ) , (B.27)

where the first term, with weight 1 − α, replicates an inflation-indexed bond with time-to-maturity τ ,
and the second term, with weight α, replicates a nominal bond with time-to-maturity τ .

B.3 Utility from suboptimal strategies

Given a certain degree of money illusion α, the optimal portfolio strategy is given by (B.18). We
are interested in assessing the welfare of an investor, following a certain portfolio strategy, which is
suboptimal with respect to her degree of money illusion α̂. In particular, we are interested in assessing
the utility loss sustained by a non-illusioned agent (α̂ = 0), in the case where she follows the same
portfolio strategy as an illusioned agent (α > 0). The portfolio weights, calculated (sub-optimally) for
α > 0, take the form:

ω̂t (τ) = 1
γ

(
Σ′Σ

)−1
Σ′ (Λ0 + Λ1Xt) + (1 − α)

(
1 − 1

γ

) (
Σ′Σ

)−1
Σ′σP (B.28)

+
(
Σ′Σ

)−1
Σ′ΣX

(
B̃3 (τ) Xt + B′

2 (τ)
)

≡ ω̂0 (τ) + ω̂1 (τ) Xt,

where τ = T − t and:

ω̂0 (τ) = 1
γ

(
Σ′Σ

)−1
Σ′Λ0 + (1 − α)

(
1 − 1

γ

) (
Σ′Σ

)−1
Σ′σP +

(
Σ′Σ

)−1
Σ′ΣXB′

2 (τ) ,

ω̂1 (τ) = 1
γ

(
Σ′Σ

)−1
Σ′Λ1 +

(
Σ′Σ

)−1
Σ′ΣXB̃3 (τ) .

The expected utility over terminal wealth (evaluated for a degree of money illusion α̂), Ĵ (τ, Wt, Xt, Pt),
is a martingale, as it represent an expectation of future utility. Thus, it satisfies the following PDE:

∂

∂t
Ĵ + LĴ = 0,
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where LĴ is the following differential operator:

LĴ = ĴW Wt
(
Rt + ω̂′

t (τ) Σ′Λt
)

+ ĴXΘ
(
X̄ − Xt

)
+ ĴP Ptπt

+ĴXW WtΣ′
XΣω̂t (τ) + ĴW P WtPtω̂

′
t (τ) Σ′σP + ĴXP PtΣ′

XσP

+1
2 ĴW W W 2

t ω̂
′
t (τ) Σ′Σω̂t (τ) + 1

2tr
(
ĴXXΣ′

XΣX
)

+ 1
2 ĴP P P 2

t σ
′
PσP .

We guess the following functional form for Ĵ (τ, Wt, Xt, Pt):

Ĵ (τ, Wt, Xt, Pt) = W 1−γ
t P

−(1−α̂)(1−γ)
t

1 − γ
H (Xt, τ) .

Substituting into the PDE and simplifying:

0 = ∂

∂t
H + (1 − γ)

(
Rt + ω̂′

t (τ) Σ′Λt
)

H + HXΘ
(
X̄ − Xt

)
− (1 − α̂) (1 − γ) πtH

+ (1 − γ) HXΣ′
XΣω̂t (τ) − (1 − α̂) (1 − γ)2 ω̂′

t (τ) Σ′σP H − (1 − α̂) (1 − γ) HXΣ′
XσP

−1
2γ (1 − γ) ω̂′

t (τ) Σ′Σω̂t (τ) H + 1
2tr

(
HXXΣ′

XΣX
)

+1
2 (1 − α̂) (1 − γ) (2 − α̂ − γ + α̂γ)σ′

PσP H.

We make a guess on the functional form of H:

H (Xt, τ) = exp
{1

2X′
tB̂3 (τ) Xt + B̂2 (τ) Xt + B̂1 (τ)

}
.

The partial derivatives are given by:

HX =
(1

2X′
t

(
B̂3 (τ) + B̂′

3 (τ)
)

+ B̂2 (τ)
)

H

=
(
X′

t
˜̂B3 (τ) + B̂2 (τ)

)
H

HXX = 1
4
(
B̂3 (τ) + B̂′

3 (τ)
)′

XtX′
t

(
B̂3 (τ) + B̂′

3 (τ)
)

H + 1
2B̂′

2 (τ) X′
t

(
B̂3 (τ) + B̂′

3 (τ)
)

H

+1
2
(
B̂3 (τ) + B̂′

3 (τ)
)′

XtB̂2 (τ) H + B̂′
2 (τ) B̂2 (τ) H + 1

2
(
B̂3 (τ) + B̂′

3 (τ)
)

H

=
( ˜̂B3 (τ) XtX′

t
˜̂B3 (τ) + B̂′

2 (τ) X′
t
˜̂B3 (τ) + ˜̂B3 (τ) XtB̂2 (τ) + B̂′

2 (τ) B̂2 (τ) + ˜̂B3 (τ)
)

H

∂

∂t
H = −

(1
2X′

t

d
dτ

B̂3 (τ) Xt + d
dτ

B̂2 (τ) Xt + d
dτ

B̂1 (τ)
)

H,

where ˜̂B3 (τ) = B̂3(τ)+B̂′
3(τ)

2 . Substituting into the PDE the partial derivatives, as well as the quantities
Rt, πt, Λt (note that Σ′Λt = Σ′Λ∗

t ) and ω̂t (τ):

0 = −
(1

2X′
t

d
dτ

B̂3 (τ) Xt + d
dτ

B̂2 (τ) Xt + d
dτ

B̂1 (τ)
)

(1 − γ)
(
R0 + R′

1Xt + (ω̂0 (τ) + ω̂1 (τ) Xt)′ Σ′ (Λ0 + Λ1Xt)
)

+
(
X′

t
˜̂B3 (τ) + B̂2 (τ)

)
Θ
(
X̄ − Xt

)
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− (1 − α̂) (1 − γ)
(
π0 + π′

1Xt
)

+ (1 − γ)
(
X′

t
˜̂B3 (τ) + B̂2 (τ)

)
Σ′

XΣ (ω̂0 (τ) + ω̂1 (τ) Xt)

− (1 − α̂) (1 − γ)2 (ω̂0 (τ) + ω̂1 (τ) Xt)′ Σ′σP

− (1 − α̂) (1 − γ)
(
X′

t
˜̂B3 (τ) + B̂2 (τ)

)
Σ′

XσP

−1
2γ (1 − γ) (ω̂0 (τ) + ω̂1 (τ) Xt)′ Σ′Σ (ω̂0 (τ) + ω̂1 (τ) Xt)

+1
2tr

(( ˜̂B3 (τ) XtX′
t
˜̂B3 (τ) + B̂′

2 (τ) X′
t
˜̂B3 (τ) + ˜̂B3 (τ) XtB̂2 (τ) + B̂′

2 (τ) B̂2 (τ) + ˜̂B3 (τ)
)

Σ′
XΣX

)
+1

2 (1 − α̂) (1 − γ) (2 − α̂ − γ + α̂γ)σ′
PσP .

Isolating the terms in X′
t . . . Xt and solving for d

dτ B̂3 (τ) yields:

d
dτ

B̂3 (τ) = 2 (1 − γ) ω̂′
1 (τ) Σ′Λ1 − 2 ˜̂B3 (τ) Θ + 2 (1 − γ) ˜̂B3 (τ) Σ′

XΣω̂1 (τ)

−γ (1 − γ) ω̂′
1 (τ) Σ′Σω̂1 (τ) + ˜̂B3 (τ) Σ′

XΣX
˜̂B3 (τ) .

Isolating the terms in Xt and solving for d
dτ B̂2 (τ):

d
dτ

B̂2 (τ) = (1 − γ)
(
R′

1 + ω̂′
0 (τ) Σ′Λ1 + Λ′

0Σω̂1 (τ)
)

+X̄′Θ′ ˜̂B3 (τ) − B̂2 (τ) Θ − (1 − α̂) (1 − γ)π′
1

+ (1 − γ) ω̂′
0 (τ) Σ′ΣX

˜̂B3 (τ) + (1 − γ) B̂2 (τ) Σ′
XΣω̂1 (τ)

− (1 − α̂) (1 − γ)2 σ′
P Σω̂1 (τ) − (1 − α̂) (1 − γ)σ′

P ΣX
˜̂B3 (τ)

−γ (1 − γ) ω̂′
0 (τ) Σ′Σω̂1 (τ) + B̂2 (τ) Σ′

XΣX
˜̂B3 (τ) .

Isolating the homogeneous terms and solving for d
dτ B̂1 (τ):

d
dτ

B̂1 (τ) = (1 − γ)
(
R0 + ω̂′

0 (τ) Σ′Λ0
)

+ B̂2 (τ) ΘX̄ − (1 − α̂) (1 − γ) π0

+ (1 − γ) B̂2 (τ) Σ′
XΣω̂0 (τ) − (1 − α̂) (1 − γ)2 ω̂′

0 (τ) Σ′σP

− (1 − α̂) (1 − γ) B̂2 (τ) Σ′
XσP − 1

2γ (1 − γ) ω̂′
0 (τ) Σ′Σω̂0 (τ)

+1
2B̂2 (τ) Σ′

XΣXB̂′
2 (τ) + 1

2tr
( ˜̂B3 (τ) Σ′

XΣX
)

+1
2 (1 − α̂) (1 − γ) (2 − α̂ − γ + α̂γ)σ′

PσP .

B.4 Certainty equivalent utility loss

The certainty equivalent utility loss ℓ, incurred by following a suboptimal strategy, can be measured in
terms of fraction of initial wealth. It can be obtained by solving the following problem:

Ĵ (T, W0, X0, P0) = J (T, W0 (1 − ℓ) , X0, P0) .
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Developing the r.h.s.:

Ĵ (T, W0, X0, P0) = W 1−γ
0 (1 − ℓ)1−γ P

−(1−α)(1−γ)
0

1 − γ
[F (X0, T )]γ = (1 − ℓ)1−γ J (T, W0, X0, P0) ,

and, finally, the initial certainty equivalent loss can be expressed as:

ℓ = 1 −
(

Ĵ (T, W0, X0, P0)
J (T, W0, X0, P0)

) 1
1−γ

.

It is useful to calculate an annualized certainty equivalent loss, which, for an investment horizon
equal to τ , we evaluate as:

ℓann = 1 −
(

Ĵ (T, W0, X0, P0)
J (T, W0, X0, P0)

) 1
(1−γ)τ

= 1 − (1 − ℓ)
1
τ .

C Portfolio strategy and welfare losses when the nominal bond is not
accessible

Referring to the baseline specification with constant risk premia, Figure A.1 shows the optimal portfolio
strategy of a conservative investor with no access to nominal bonds. This situation is highly hypothetical,
given the current enormous size of nominal bond markets, but it complements the intuition obtained
in Figure 5, where the investor can not trade the inflation-indexed bond. When only the indexed
bond is available, its position is monotonically increasing in the investment horizon and decreases with
the degree of money illusion, due to a reduced benefit associated to inflation hedging. Furthermore,
this long position is partially offset by a negative stock position when the degree of money illusion is
high, while the stock position is virtually zero for a non-illusioned investor, who fully benefits from the
inflation-hedging properties of the real bond.

Referring instead to the analysis in Section 4.2, Figure A.2 shows the optimal portfolio strategy
and certainty equivalent loss of a moderate investor who can not invest in nominal bonds. The results
are complementary to those obtained in Figure 7: money illusion reduces the allocations in both the
inflation-indexed bond and the stock market. In terms of opportunity cost of removing nominal bonds
from the investable universe, a money-illusioned investor is severely hurt, while a non-illusioned investor,
who tends to favor the allocation into inflation-indexed bonds (Figure 6), is significantly less affected.

Figure A.3 shows a similar analysis based on the specification with time-varying risk premia, for
which the main results are in Section 5. When the nominal bond is excluded from the investable
universe, the highest utility loss is sustained by the money-illusioned investor (about 2% per annum
for a 10- to 30-year horizon), while a non-illusioned investor perceives a loss equal to about 0.4% per
annum.
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D Empirical findings imposing a zero unexpected inflation risk pre-
mium

The estimation of the inflation risk premium is an object of debate in the literature concerning inflation-
indexed securities. In our setting, in particular, the unexpected inflation risk premium is equal to σ′

P Λt

and determines the difference between the instantaneous expected inflation πt and the instantaneous
break-even inflation:

beit = Rt − rt = πt − σ′
P Λt. (D.29)

We are interested in assessing whether our empirical findings in terms of portfolio strategy and
welfare are robust with respect to the estimate obtained for the unexpected inflation risk premium.
The base case estimate of this quantity, for the setting with constant risk premia, is non-negligible and
equal to σ′

P Λ̃ = 1.17%. We decided to repeat our analysis imposing this quantity to be equal to zero.
In order to do so, we needed to determine a modified vector of constant market prices of risk, Λ̃0, so
that σ′

P Λ0 = 0. Λ̃ is a 5×1 vector. Therefore, we needed to impose four additional constraints to pin it
down. We chose to impose that the risk premia on the 2- and 10-year nominal bonds, as well as that of
the 10-year inflation-indexed bond and the stock, are unchanged with respect to their base case values.
This translates into the following conditions:


AB

1 (2) Σ′
X

AB
1 (10) Σ′

X

AI
1 (10) Σ′

X + σ′
P

σ′
P

σ′
S

 Λ̃0 =


AB

1 (2) Σ′
XΛ0

AB
1 (10) Σ′

XΛ0(
AI

1 (10) Σ′
X + σ′

P

)
Λ0

0
σ′

SΛ0

 .

Figure A.4 shows the optimal portfolio strategy for different degrees of money illusion, as well as the
certainty equivalent annualized loss attributable to money illusion. The results are virtually identical
to those obtained for the base case estimate of Λ0 (Figure 6).

Figure A.5 instead shows the optimal portfolio positions when the inflation-indexed bond is removed
from the investable universe, as well as the perceived loss by the investors with different values of α.
The results are, again, very similar to those shown in Figure 7.

Overall, it seems that the conclusions we draw in Section 4 are not sensitive to the estimate of the
unexpected inflation risk premium.

E Empirical findings with unconstrained volatility of time-varying
risk premia

In this section, we report the empirical results obtained when we do not impose any restrictions on
the volatility of the risk premia in the estimation. After presenting the parameter estimates for the
unconstrained model, we perform an out-of-sample prediction exercise, comparing the different model
specifications in terms of predictive ability. We then report the portfolio choice implications of letting
the risk premia unconstrained. The results highlight the necessity of robustifying the estimation of the
model based on unconstrained time-varying risk premia, which we do in the baseline analysis.
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E.1 Estimation

We consider a specification with time-varying risk premia, initially with no restrictions imposed on the
matrix Λ1. As in Christensen et al. (2010), we then iterate the estimation procedure, by progressively
imposing a zero restriction on the element of Λ1 with the lowest t-statistics. We stop when all the
elements of Λ1 have a t-stat higher than 2. The parameter estimates are listed in Table A.1. The
standard deviation of the observation errors of the 10-year average yield forecast, σBF

ϵ , is 1.00%, while
that for the 10-year stock return forecast, σSF

ϵ , is 0.50%. While we could expect a more flexible model
to better fit the data in the sample, the improvement relative to the constrained models is negligible.

The summary statistics and characteristics of the distributions of the most relevant economic and
financial quantities, both historical and as implied by the estimated parameters, are listed in Table
A.2. It is very interesting to note how the model-implied volatility of expected inflation is affected by
considering time-varying risk premia with no restriction on their volatility. In addition, the estimated
risk premia seem to be extremely (and unrealistically) volatile in this case.

Table A.3 shows the correlations both from the historical distribution and as implied by the estimated
parameters (for both variable and constant risk premia).

Figure A.6 shows the time series of the model-implied macroeconomic variables, the risk premia and
the maximum achievable Sharpe ratio (considering a 10-year nominal bond, a 10-year inflation-indexed
bond and the stock index). When compared to Figure 2b, it is noticeable how the volatility of the
expected inflation (which is unobservable) is higher in this setting. The annualized 10-year nominal
bond risk premium, which is stabilized by the observation of the survey-based expected average 10-year
nominal yield, ranges from 0% to 10%, while the 10-year real risk premium, for which we do not observe
survey data, is way more volatile, ranging from about −7% to about 32%. The equity premium, for
which we also observe survey expectations, ranges between 0% and 10%. The time series of mean-
variance portfolio weights clearly shows the limits of this setting for portfolio choice: for a myopic
nominal investor with γ = 10, the portfolio weights of the bonds range from about −500% to 1000%.
The ex-ante Sharpe ratio (in annual terms) achievable with the mean-variance portfolio is on average
higher than 1, with unreasonably high peaks around 5.

E.2 Out-of-sample predictive ability

In this section, we assess the out-of-sample predictive ability of the three model specifications, i.e., based
on constant risk premia (CRP), constrained time-varying risk premia (CTVRP), and unconstrained
time-varying risk premia (UTVRP). To do so, we recursively estimate the parameters over an expanding
window. The initial window spans the period December 1999 through December 2005. The window is
then expanded by 1-month steps until the end of the available sample (December 2019) is reached. For
each model specification and estimation window, we use the parameter estimates and the end-of-period
values of the state variables to generate 1-, 12-, 36-, and 60-month-ahead predictions of the nominal and
real yield variations, as well as of equity logarithmic returns. We then calculate the prediction errors as
the differences between predictions and the corresponding realized values. Finally, from the time series
of prediction errors, we evaluate the root-mean-squared errors (RMSE) and report them in Table A.4.

The specification based on constant risk premia is the best performer (lowest RMSE) for the pre-

A - 16



diction of nominal and real yield variations almost across the board, as long as the predictive horizon
is sufficiently long (12 months or longer), while the second best is represented by the specification with
volatility-constrained time-varying risk premia. A few exceptions to this conclusion are observed for
a 1-month predictive horizon, where the specification based on volatility-constrained time-varying risk
premia better forecasts yields for maturities equal to 5 years or above. For such predictive horizon,
however, the differences in RMSE across models are rather small. Finally, focusing on stock return
predictability, the relative forecasting performance of the three specifications depends on the predictive
horizon. For a short predictive horizon (1 month), the best model is CRP, followed by CTVRP. For
the other horizons, the specifications with time-varying risk premia dominate showing rather similar
performances, with CTVRP being the best performer for a 12-month horizon and UTVRP for 36- and
60-month horizons. Overall, considering that our analysis is mainly focused on long-horizon bond allo-
cation, the above results support our choice of considering the setup based on constant risk premia as
baseline and the constrained-volatility model as an alternative specification.

E.3 Portfolio strategy and welfare

Portfolio strategy Figure A.7 shows the optimal portfolio strategy when investors have access to
the full investment universe and the state variables are at their long-run means. For short investment
horizons, the optimal strategy is similar to the case where risk premia are constant (Figure 6) or
time-varying with a constrained volatility (Figure 8). When the horizon is increased, the impact of
the time-varying risk premia with unconstrained volatility significantly affects the portfolio strategy.
However, the qualitative results at the long-run mean of the state of the economy are similar to the
other specifications, with an increase of the nominal bond position and a decrease of the real bond
position with α, as well as positions in the stock and cash, which are rather insensitive to α.

Utility loss due to money illusion The welfare analysis in the graph at the bottom, showing the
certainty equivalent loss attributable to money illusion, confirms that the welfare effect of money illusion
is substantial. The pattern of the loss is very similar to the case of constant risk premia, although the size
of the relative loss seems to be lower than in the cases of constant or volatility-constrained risk premia.
For example, the annualized loss is about 0.85% for a totally illusioned investor with a 30-year horizon
with respect to a non-illusioned investor (rather than 1.2% for the case with volatility-constrained risk
premia).

Figure A.7, however, shows relative losses, which somehow hide the actual value of certainty equiv-
alent returns. In-sample certainty equivalent returns are, in this specification, unrealistically high. For
example, considering the state variables at their long-run means, a non-illusioned agent with a 30-year
horizon has a certainty equivalent real annualized return equal to 2.83% when risk premia are constant,
and equal to 3.28% when risk premia are time-varying with a constrained volatility. The in-sample
certainty equivalent real annualized return is instead unrealistically high and equal to 12.38% when risk
premia are time-varying with an unconstrained volatility.

This figure is due to the fact that optimal portfolio positions, as soon as the state of the economy
departs from the long-run mean, quickly assume unrealistically high values. To point out this issue,
on the left graphs in Figure A.8 we show the time series of in-sample portfolio weights, considering
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a non-illusioned investor (α = 0) with a 10-year horizon, for the three specifications of risk premia.
The weights are calculated for each date considering the time series of the state variables Xt and
the estimated model parameters. As can be noticed, the positions, which are expressed in fractions
of total wealth, are constant for the case of constant risk premia, time-varying within a realistically
implementable range (from −25% to about 200%) for the case of volatility-constrained risk premia, and
time-varying within an unrealistically wide range (from −1500% to 2500%) for the case of unconstrained
risk premia. In particular, the in-sample overfitting of bond risk premia causes incredibly large and
offsetting positions between the nominal bond and the real bond, which correspond to quasi-arbitrage
opportunities. The extremely large in-sample certainty equivalents, shown in the graphs on the right,
reach a peak of almost 40% per annum and are a consequence of this same issue.

Perceived utility loss due to the unavailability of inflation-indexed bonds for different
degrees of money illusion We consider now the case where one of the bonds is removed from
the investable universe. In particular, Figure A.9 shows the case where the inflation-indexed bond is
unavailable. In terms of portfolio positions, qualitatively, the effect of money illusion on the optimal
allocation is similar to the case with volatility-constrained risk premia (Figure 9), although in this case
the effect of money illusion on the portfolio positions seems to be less pronounced.

We then evaluate the opportunity cost, perceived by investors with different levels of α, of excluding
the real bond. As can be noticed in Figure A.9, the opportunity cost of excluding the inflation-indexed
bond, although slightly higher for the non-illusioned investor, is huge for any level of α. In particular,
the annualized loss reaches a level of about 9% per annum for a 30-year horizon. This is a consequence of
the fact that, once a bond is excluded from the investable universe, it is not possible for the investor to
exploit the quasi-arbitrage opportunities arising from the in-sample over-fitted bond risk premia. This
result is consistent with the empirical findings of other studies relying on unconstrained essentially affine
term structure models, such as the huge utility losses incurred when following suboptimal strategies, as
documented by Sangvinatsos and Wachter (2005) and Barillas (2011), or the extremely high sensitivity
to parameter uncertainty, as documented by Feldhütter et al. (2012).

F Time variation of optimal portfolio positions and perceived losses
when the TIPS market is not accessible

For the two main specifications, assuming respectively constant risk premia and volatility-constrained
time-varying risk premia, we plot in the top graphs of Figure A.10 the time series of the in-sample
optimal portfolio weights for a non-money-illusioned investor (α = 0) and a totally money-illusioned
investor (α = 1). The positions are calculated according to the current value of the state variables Xt

and considering a 30-year investment horizon.
As expected, for an investor considering constant risk premia, the positions are constant throughout

the sample. For an investor considering time-varying risk premia, the positions in the two bonds are
negatively correlated, e.g. an increase in the optimal position in the nominal bond tends to correspond
to a decrease in the position in the real bond. Unsurprisingly, for a non-money-illusioned investor the
optimal position in the inflation-indexed bond is always higher than the optimal position in the nominal
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bond. Conversely, a totally money-illusioned investor would invest more in nominal bonds most of the
time, but there are periods where the optimal investment in the inflation-indexed bond is higher than
that of the nominal bond. It turns out that these are periods when the expected inflation is rather
higher than the break-even inflation. As can be noticed, the stock position is almost unaffected by
money illusion.

The bottom graphs of Figure A.10 show the certainty equivalent annualized losses, as perceived
by an investor with a 30-year horizon starting at a given date, when the TIPS is removed from the
investable universe. The solid lines refer to a non-money-illusioned investor, while the dashed lines refer
to a totally money-illusioned investor. For the analysis based on constant risk premia, the perceived
losses are constant: 1.3% per annum for a non-money-illusioned investor and nearly zero for a money-
illusioned investor. For an investor exploiting the time variation of the risk premia, the perceived losses
are slightly higher time varying. They tend to decrease throughout the sample, being comprised between
1.4% and 2% per annum for a non-money-illusioned investor and between 0.3% and 0.7% per annum
for a money-illusioned investor. The losses tend to be higher when the optimal position in the inflation-
indexed bond (when it is accessible) is higher. Interestingly, the difference between the losses perceived
by the two investors is similar to the difference estimated under constant risk premia. If compared to
a non-money-illusioned investor, a money-illusioned investor perceives a substantially lower economic
incentive to invest in the TIPS market at all times.

G Empirical findings with a bond-only investable universe

In this section, we check that our main empirical findings are mostly driven by the characteristics of
the nominal and inflation-indexed bonds, while they are affected to a lesser extent by the possibility of
investing in the stock index that we have included in our baseline analysis. To do so, using U.S. data,
we repeat our analysis excluding the stock from the investable universe.

For what concerns the effects of money illusion on the optimal portfolio strategy and the certainty
equivalent, the results respectively in Figures A.11 (constant risk premia) and A.12 (time-varying risk
premia), if compared to those in Figures 6 and 8, show totally comparable portfolio shifts and utility
losses entailed by money illusion.

For what concerns the optimal strategy in the absence of the inflation-indexed bond, Figure A.13
refers to the specification with constant risk premia and shows similar effects to those in Figure 7, with
slightly smaller differences between bond allocations corresponding to agents with different degrees of
money illusion. This stems from the fact that the stock can not be used as a substitute for the missing
inflation-indexed bond in order to hedge inflation. Also the utility losses entailed by the removal of the
inflation-indexed bond from the investable universe follow very similar patterns to those in the baseline
analysis, although slightly larger welfare effects are observed in the case where the stock index is not
accessible.

It is interesting to notice that, for the specification with time-varying risk premia, the optimal
strategy for a short-horizon money-illusioned investor in Figure A.12 does not entail short positions,
which are present in the baseline analysis in Figure 8. The welfare losses perceived for short horizons by
the money-illusioned investor (Figure A.14) are thus even smaller than in the baseline analysis (Figure
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9).

H Empirical findings for different maturities of the investable bonds

In the baseline analysis we consider an investable universe composed of a 10-year nominal bond, a 10-
year inflation-indexed bond, a stock index and a nominal money market account. In this Appendix we
want to show that our results are not driven by the particular choice of the maturity of the bonds. We
run once more the analysis by considering a 5-year nominal bond and a 5-year inflation-indexed bond,
in spite of the 10-year bonds. We consider both the specifications with constant and time-varying risk
premia.

H.1 Constant risk premia

Figure A.15 shows that the optimal portfolio weights in the 5-year bonds and the stock index follow very
similar patterns to those obtained in the baseline analysis (Figure 6), the most important difference
being that the allocations for all bonds are larger. This is due to the fact that the risk exposures
of these bonds, mainly to nominal and real rate risks, are lower than those of the 10-year bonds,
making it necessary to increase the portfolio positions in order to achieve similar risk exposures. This
makes bond positions, in particular for the 5-year inflation-indexed bond, to be always positive. Money
illusion entails a significant portfolio shift from inflation-indexed to nominal bonds, especially for long
investment horizons. The welfare losses entailed by money illusion are very similar to those obtained in
the baseline analysis.

Figure A.16 shows the optimal allocation when the 5-year inflation-indexed bond is removed from
the investable universe. The positions are again qualitatively similar to those in Figure 7, with higher
positions in the nominal bond. The welfare losses perceived by investors with different degrees of money
illusion are higher than those in the baseline analysis, but the patterns are very similar, with a markedly
higher perceived certainty equivalent annualized loss suffered by the non-illusioned investor (about 2.2%
p.a. for a 30-year horizon) with respect to the loss perceived by the totally money-illusioned investor
(about 0.4% p.a. for a 30-year horizon).

H.2 Time-varying risk premia

The analysis performed considering time-varying risk premia leads to similar results as for the case
of constant risk premia. The optimal positions in the 5-year nominal and inflation-indexed bonds in
Figure A.17 have similar patterns to those in Figure 8 for 10-year bonds, but the positions are larger
and, importantly, the position of the inflation-indexed bond is always positive. This is mainly due
to the optimal myopic allocation, which non-trivially depends on the instantaneous expected returns,
volatilities and correlations of the assets available for trading. The welfare loss suffered by a non-
illusioned investor, when forced to follow the portfolio strategy of the money-illusioned investor, is
about 0.85% p.a. for a 30-year horizon (it is 1.2% p.a. in the baseline analysis).

When the inflation-indexed bond is excluded from the investable universe, as can be seen in Figure
A.18, the perceived utility loss is higher than in the baseline analysis (Figure 9) for all investors, and
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also the differences in perceived utility losses between investors with different degrees of money illusion
are higher in this case for any investment horizon. For example, the difference in perceived loss between
the non-illusioned investor and the totally money-illusoned investor is more than 1.5% p.a. for a 30-
year horizon, as opposed to slightly more than 1% in the baseline analysis. Furthermore, considering
short investment horizons (below 10 years), the effect noticeable in Figure 9, where the perceived utility
loss is similar between investors with α = 0 and α = 1, is in this case absent because of the fact
that the optimal strategy, when the 5-year inflation-indexed bond is available (Figure A.17), does not
require short positions in the inflation-indexed bond for the totally money-illusioned investor, while in
the baseline analysis (Figure 8) the optimal strategy requires a short position in the 10-year inflation-
indexed bond for short investment horizons, which allows to finance long positions in other risky assets.
When the money-illusioned investor is prevented from investing in the 10-year bond, she suffers from
the inability to take this short position, and hence a non-negligible perceived utility loss, which in this
case is not due to the impossibility to hedge inflation, but to the limited ability to short sell an asset,
even if this entails increasing inflation exposure, to finance other long positions. This effect is absent in
the case where the investable universe includes 5-year bonds.

I Empirical findings for levels of risk aversion different from γ = 10

In this Appendix we consider levels of risk aversion different from the base case value γ = 10. In
particular, with respect to the baseline analysis, we consider a more risk-tolerant investor (γ = 5) and
a more risk-averse investor (γ = 20).

I.1 Constant risk premia

Figure A.19 shows that, when the risk aversion is lower than in the baseline analysis (Figure 6), the
optimal portfolio positions follow similar patterns, although positions are typically larger. For what
concerns the welfare implications of money illusion, these are qualitatively similar to the base case
analysis, while they are quantitatively smaller, as the certainty equivalent annualized losses are about
halved.

When the inflation-indexed bond is removed from the investable universe (Figure A.20), the results
are qualitatively similar to those obtained for γ = 10 (Figure 7), although the sizes of the perceived
losses are about halved.

Figure A.21 shows instead the optimal portfolio strategy for more conservative investors (γ = 20).
The patterns of the positions are again similar to those obtained in the baseline analysis (Figure 6),
although the sizes of the positions in the risky assets are lower, as it was expected. The certainty
equivalent welfare losses entailed by money illusion are about twice as large as those in the baseline
analysis for γ = 10.

When the inflation-indexed bond is removed from the investable universe (Figure A.22), the results
are qualitatively similar to those obtained for γ = 10 (Figure 7), although the sizes of the perceived
losses are about twice as large.
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I.2 Time-varying risk premia

We consider now the model specification with time-varying risk premia. Figure A.23 shows the optimal
strategy for investors with a risk aversion of 5, where the positions follow very similar patterns to those
in Figure 8 but are quantitatively larger, entailing also higher levels of leverage. The welfare losses
suffered by a non-illusioned investor, forced to follow the strategy of a money-illusioned investor are
lower than in the base case.

Figure A.24 shows the optimal strategy and welfare losses suffered by investors with different degrees
of money illusion when the inflation-indexed bond is removed from the investable universe. Also in this
case, similar conclusions to the baseline results in Figure 9 can be drawn, although the differential
between the welfare losses perceived by the non-illusioned and the money-illusioned investors are lower.

When the level of risk aversion is increased, the results are again qualitatively similar to those
obtained in the baseline analysis, as can be noticed in Figures A.25 and A.26, although the welfare
effects entailed by money illusion and the perceived utility losses entailed by not allowing non-illusioned
investors to access inflation-indexed bonds are significantly larger, due to the higher importance of the
hedging motive.

The results in this Appendix confirm that money illusion significantly affects inflation risk hedging,
while it has a lower impact in terms of speculative decisions. Investors with a high level of risk aversion
are subject to stronger welfare effects when money illusion is at play, entailing also greater differen-
tial welfare incentives to non-illusioned investors, as opposed to money-illusioned investors, to include
inflation-indexed bonds in their portfolio.

J Empirical findings estimating the baseline model observing also
survey-based inflation expectations

In this Section, as it has been done in the works by D’Amico et al. (2018) and Breach et al. (2020),
we expand the information set used to estimate the model by also observing time series of inflation
expectations. In particular, we consider the 10-year CPI inflation rate forecast from the Survey of
Professional Forecasters (CPI10 median responses).

Under our model specification, the expected inflation, i.e., the expected logarithmic increment of the
price level, over a time interval τ , is given in (A.9). The observed forecast of the 10-year inflation rate
is assumed to be equal to the model-implied value plus an observation error with standard deviation
σIF

ϵ .

J.1 Estimation

The model can be estimated using the same methodology described in Section 3 for the baseline specifi-
cation. Table A.5 shows the parameter estimates and their asymptotic standard errors. Most estimates
are statistically significant, including the market prices of risk in Λ0, with the exception of the elements
associated to the level factors respectively of the nominal and real yield curves (first and fourth elements
of Λ0). The standard deviation of the observation errors of the 10-year inflation rate forecast σIF

ϵ is
0.31%, while the standard deviation of the observation errors of the expected average over 10 years of
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the 10-year nominal yield, σBF
ϵ , is 1.05% and that for the 10-year expected stock market return σSF

ϵ is
0.85%.

Table A.6 reports the annualized mean values and the volatilities, both historical and model-implied,
of bond yields, realized inflation and realized equity returns. The estimate of the average expected
inflation is about 0.25% higher than that obtained for the baseline analysis in Table 2a, corresponding
to a slightly higher estimate for the unexpected inflation risk premium and real bond risk premia.

Figure A.27 shows the time series of the model-implied macroeconomic variables, the risk premia and
the maximum achievable Sharpe ratio (considering a 10-year nominal bond, a 10-year inflation-indexed
bond and the stock index).

J.2 Portfolio strategy and welfare

Portfolio strategy Figure A.28 shows the optimal portfolio strategy and certainty equivalent annual-
ized losses entailed by money illusion. Despite a slightly higher optimal position in the inflation-indexed
bond, due to the higher inflation risk premium, the results are very similar to those obtained in the
baseline analysis (Figure 6).

Perceived utility loss due to the unavailability of inflation-indexed bonds for different
degrees of money illusion We consider in Figure A.29 the case where the inflation-indexed bond is
removed from the investable universe. Also in this case, the results in terms of portfolio positions and
economic incentives to invest in TIPS are very similar to those obtained in the baseline analysis (Figure
7).

K Empirical findings under a 4-factor affine no-arbitrage Nelson-
Siegel term structure specification

K.1 Model specification

In this section, we implement a 4-factor affine no-arbitrage Nelson-Siegel term structure model similar
to the one proposed by Christensen et al. (2010), checking whether our empirical results are robust to
the choice of the affine model chosen. In this specification, there are two separate level factors, LR

t and
Lr

t , respectively for the nominal and the real yield curves, while a slope factor SR
t and a curvature factor

CR
t are common to the two curves. The vector of state variables is Xt =

[
LR

t SR
t CR

t Lr
t

]′
and its

Q-dynamics is:
dXt = −ΘQXtdt + Σ′

XdzQt . (K.30)

The 4 × 4 mean-reversion matrix ΘQ is restricted to depend only on one parameter, λ

ΘQ =


0 0 0 0
0 λ −λ 0
0 0 λ 0
0 0 0 0

 . (K.31)
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Note that, as in Christensen et al. (2010), the level factors are unit-root processes under the Q-measure.
As in our baseline 3-factor model specification, we adopt a generic upper-triangular definition for the
volatility matrix ΣX, which allows the innovations in the factors to be correlated between them. This
entails that, given the vector of market prices of risk Λt = Λ0 + Λ1Xt, the P-dynamics of Xt is:

dXt =
(
Σ′

XΛ0 − ΘXt
)

dt + Σ′
Xdzt, (K.32)

where Θ = ΘQ − Σ′
XΛ1.1

The instantaneous nominal and real interest rates are respectively defined as:

Rt = LR
t + SR

t , rt = Lr
t + αrSR

t . (K.33)

Using the same notations introduced in Section 2.1, the following relations hold:

R0 = 0, πQ
0 = 0, π0 = πQ

0 + σ′
P Λ0,

R1 =


1
1
0
0

 , πQ
1 =


1

(1 − αr)
0

−1

 , π1 = πQ
1 + σ′

P Λ1.

Under this framework, as in the baseline specification, bond nominal and real yields can be written as
affine functions of the state variables. In this case the loadings are the same as in the reduced-form
yield curve model by Nelson et al. (1987):

yn (Xt, τ) = −AB
0 (τ)
τ

− AB
1 (τ)
τ

Xt,

yr (Xt, τ) = −AI
0 (τ)
τ

− AI
1 (τ)
τ

Xt,

where:

AB
1 (τ) = −τ

[
1
(

1−e−λτ

λτ

) (
1−e−λτ

λτ − e−λτ
)

0
]

,

AI
1 (τ) = −τ

[
0 αr

(
1−e−λτ

λτ

)
αr
(

1−e−λτ

λτ − e−λτ
)

1
]

,

and AB
0 (τ) and AI

0 (τ) can be obtained integrating the following ODEs:

∂

∂τ
AB

0 (τ) = 1
2AB

1 (τ) Σ′
XΣX

(
AB

1 (τ)
)′

− R0,

∂

∂τ
AI

0 (τ) = AI
1 (τ) Σ′

XσP + 1
2AI

1 (τ) Σ′
XΣX

(
AI

1 (τ)
)′

− R0 + π0 − σ′
P Λ0.

1Note that, as under this specification the matrix ΘQ is singular, when the market prices of risk are constant (Λ1 = 0),
it is not possible to find a vector X̄ such that ΘX̄ = Σ′

XΛ0. This is the reason why we prefer to write the P-dynamics of
Xt as in (K.32) rather than as in (4). All the equations used to determine the bond prices and the optimal asset allocation
in the baseline specification still hold, with the only attention that whenever a term ΘX̄ appears, it must be replaced by
Σ′

XΛ0.
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K.2 Estimation

The model can be estimated using the same methodology described in Section 3 for the baseline spec-
ification. Table A.7 shows the parameter estimates and their standard errors. Most estimates are
statistically significant, including the market prices of risk in Λ0, with the exception of the elements
associated to the level factors respectively of the nominal and real yield curves (first and fourth elements
of Λ0).

Table A.8 reports the annualized mean values and the volatilities, both historical and model-implied,
of bond yields, realized inflation and realized equity returns.

K.3 Portfolio strategy and welfare

Portfolio strategy Figure A.31 shows the optimal portfolio strategy obtained when the yield curves
follow the 4-factor no-arbitrage Nelson-Siegel specification. As a consequence of the fact that two state
variables follow unit-root processes, it turns out that in some occasions the optimal portfolio positions
tend to diverge when the investment horizon becomes longer. Despite this fact, which leads to larger
positions than in Figure 6 for long investment horizons, the baseline results are confirmed: money
illusion entails a significant shift of the long-term optimal portfolio weights from inflation-indexed to
nominal bonds. The effect on the stock allocation is also slightly more sizable than in the baseline
analysis for horizons longer than 15 years. From the point of view of a long-term non-illusioned agent,
the utility cost of money illusion is substantial, ranging from about 0.8% p.a. for a 10-year horizon to
about 5% p.a. for a 30-year horizon.

Perceived utility loss due to the unavailability of inflation-indexed bonds for different
degrees of money illusion We consider in Figure A.32 the case where the inflation-indexed bond
is removed from the investable universe. In terms of portfolio positions, the effect of money illusion
on the optimal allocation is qualitatively similar to that obtained for the baseline specification (Figure
7), but in this case the substitution effect between the stock and the nominal bond for an increasing
α is stronger. The perceived utility loss for not accessing inflation-indexed bonds is again very small
for a fully money-illusioned investor, while it is significantly higher for a partially money-illusioned or
a non-illusioned agent.

L Empirical findings on UK data

We report in this section the empirical results obtained using UK data from December 1985 to July 2018.
It is an interesting analysis, because the sample period is almost twice as long as the one available for the
U.S. market, as well as for the fact that, due to the higher development of the market of inflation-indexed
instruments, we expect a smaller inflation risk premium in the UK market. Eventually, performing the
analysis on a different dataset represents also a useful robustness check for our baseline results.

A - 25



L.1 Estimation

For this analysis, we use monthly data from December 1985 to July 2018 for 1-year, 2-year, 3-year,
5-year, 7-year and 10-year nominal bond yields, as well as 5-year, 7-year and 10-year real bond yields,
available on the website of the Bank of England. Principal and coupon payments of inflation-indexed
gilts are adjusted according to the Retail Price Index (RPI), which time series is also available from the
Bank of England and that we use as price index. For the stock market, we use total returns over the
FTSE All-Share Index.

Table A.9 shows the parameter estimates for both the specifications with constant and time-varying
risk premia, which we also constrain in volatility as we did for the estimation performed over U.S. data.
Table A.10 reports instead the means and volatilities of relevant historical and model-implied variables.
These can be directly compared with the parameter estimates and statistics obtained from U.S. data
and reported in Tables 1 and 2.

Focusing on Table A.10a, as can be noticed, the average level of nominal and real yields is higher
than for the U.S. sample. The same applies to the volatility of nominal yields, while real yields seem
to be slightly less volatile in the UK sample. The average realized inflation is also way higher in
the UK dataset (3.34%) than in the U.S. dataset (2.17%), and the realized inflation volatility is also
higher (1.46% vs 1.07%). Estimated nominal and real bond risk premia are lower for the UK data.
Furthermore, the realized inflation risk premium is slightly negative for the UK sample (−0.07%), while
it is positive in the U.S. sample (1.18%).

As far as the correlations are concerned, comparing Table A.11 with Table 3, it can be noticed that
equity returns are positively correlated with nominal and real bond returns in the UK dataset, while
in the U.S. dataset equity returns are negatively correlated with nominal bond returns and positively
correlated with real bond returns. Another difference is the estimated correlation of the real rate r with
the expected inflation π, which estimate is negative in the UK sample, but not as strongly negative
(−0.91) as the estimate obtained from the U.S. sample.

Finally, Figure A.33 shows the time series of the model-implied macroeconomic variables, the risk
premia and the maximum achievable Sharpe ratio (considering a 10-year nominal bond, a 10-year
inflation-indexed bond and the stock index). As can be noticed, in the time-varying setting, the realized
inflation risk premiums shows an increasing pattern, being negative at the beginning of the sample and
positive at the end of the sample.

L.2 Portfolio strategy and welfare

Portfolio strategy Figure A.34 shows the optimal portfolio strategy for the specification based on
constant risk premia. Although the patterns are qualitatively similar to those shown for the U.S. market
in Figure 6, in this case, for investment horizons longer than 10 years, a money-illusioned investor would
take a sizable short position the inflation-indexed bond. This is probably due to the fact that the realized
inflation premium is slightly negative. In the long-run, a money-illusioned investor prefers to even have
a negative exposure to inflation in order to benefit from this premium. The utility cost of money illusion
is even more sizable than for the analysis based on U.S. data, probably due to the fact that realized
inflation is more volatile in the UK dataset.
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The results obtained under time-varying risk premia, which we show in Figure A.35 are very similar
to those obtained for the U.S. market (Figure 8), again with a higher welfare effect entailed by money
illusion in the analysis based on UK data.

Perceived utility loss due to the unavailability of inflation-indexed bonds for different
degrees of money illusion We consider now the case where one of the bonds is removed from the
investable universe. For the specification with constant risk premia, Figure A.36 shows the case where
the inflation-indexed bond is unavailable. In terms of portfolio positions, the effect of money illusion
on the optimal allocation is similar to that obtained for the U.S. dataset (Figure 7), although in the
case based on UK data, being the money-illusioned investor unable to short the inflation-indexed bond
for long horizons, and thus not being able to benefit from selling the negative inflation premium, also
the money-illusioned investor perceives a considerable utility loss for a very long investment horizon
(more than 20 years). For horizons shorter than 20 years, however, the utility loss perceived by a
money-illusioned agent is nearly zero, as in our baseline analysis.

Finally, the analysis in Figure A.37 refers to the specification with time-varying risk premia and
shows results that are totally comparable to those based on U.S. estimates (Figure 9).
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Table A.1: Parameter estimates when no constraints on the volatility of risk premia are imposed.

The table shows the maximum-likelihood estimates of the model parameters. The values in parentheses are the asymptotic
standard errors of the estimates. Starting from an unrestricted matrix Λ1, the estimation is iterated by progressively
imposing a zero restriction on the element of Λ1 with the lowest t-statistics. The results reported in the table correspond
to the estimate obtained when all the elements of Λ1 have a t-stat higher than 2. The sample period runs from January
1999 until December 2019.

R0 R1 π0 π1 Θ σB
ϵ σI

ϵ

0.0178 0.3596 0.0210 0.1067 0.1130 0.2531 2.7564 0.0013 0.0007
(0.0001) (0.0012) (0.0018) (0.0383) (0.0470) (0.1824) (0.5509) (0.0000) (0.0000)

−0.4297 −0.3291 0.0349 0.2145 −0.0779
(0.0045) (0.1370) (0.0325) (0.1270) (0.3750)
0.2132 −1.7429 0.0045 0.2672 1.2497

(0.0115) (0.3672) (0.0305) (0.1075) (0.3020)
Λ0 Λ1 ΣX σP σS

−0.6673 −2.1701 −42.8899 −101.5027 0.0196 0.0068 −0.0035 0.0002 0.0325
(0.0302) (2.3943) (9.5134) (28.5585) (0.0009) (0.0008) (0.0006) (0.0006) (0.0094)
0.5057 −0.8670 26.4088 55.9389 0 0.0110 0.0020 −0.0005 −0.0269

(0.0481) (3.7212) (14.0668) (37.7858) (0.0005) (0.0006) (0.0006) (0.0094)
−0.1620 −2.3824 −43.9248 −186.2893 0 0 0.0084 −0.0039 −0.0491
(0.0539) (3.8272) (14.0364) (36.6662) (0.0004) (0.0005) (0.0088)
1.1834 5.9460 24.0838 −172.9475 0 0 0 0.0080 −0.0188

(0.2389) (4.3214) (16.3750) (43.1108) (0.0004) (0.0086)
0.8215 −0.8405 4.7544 −76.7747 0 0 0 0 0.1343

(0.1055) (2.1410) (8.9725) (29.0113) (0.0060)
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Table A.2: Historical and model-implied summary statistics when no constraints on the volatility of
risk premia are imposed.

The table shows annualized historical and model-implied means and volatilities of bond yields, equity log returns, realized
inflation and their model-implied means and volatilities. The table also shows the model-implied means and volatilities of
the bond risk premia, the equity risk premium, the nominal risk-free rate and the expected inflation.

Time series Mean value Volatility
Estimation Data Estimation Data

3M nominal yield 1.84% 1.81% 0.57% 0.61%
6M nominal yield 1.90% 1.91% 0.56% 0.59%
1Y nominal yield 2.01% 2.05% 0.57% 0.69%
2Y nominal yield 2.25% 2.25% 0.62% 0.80%
3Y nominal yield 2.49% 2.47% 0.69% 0.86%
5Y nominal yield 2.92% 2.91% 0.83% 0.90%
7Y nominal yield 3.28% 3.28% 0.93% 0.91%
10Y nominal yield 3.70% 3.70% 0.97% 0.91%

5Y real yield 1.10% 1.09% 0.85% 0.91%
7Y real yield 1.31% 1.33% 0.83% 0.81%
10Y real yield 1.58% 1.57% 0.81% 0.72%

Log realized inflation 2.09% 2.15% 0.90% 0.99%
Equity log returns 6.72% 6.91% 15.03% 15.10%

3M nominal risk premium 0.12% 0.23%
6M nominal risk premium 0.24% 0.43%
1Y nominal risk premium 0.48% 0.77%
2Y nominal risk premium 0.96% 1.25%
3Y nominal risk premium 1.42% 1.52%
5Y nominal risk premium 2.23% 1.71%
7Y nominal risk premium 2.88% 1.72%
10Y nominal risk premium 3.54% 1.81%

5Y real risk premium 2.04% 5.23%
7Y real risk premium 2.50% 6.06%
10Y real risk premium 3.06% 6.68%

Unexpected inflation risk premium 0.97% 0.87%
Equity risk premium 6.07% 2.44%
Nominal risk-free rate 1.78% 0.58%

Expected inflation 2.10% 1.73%
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Table A.3: Correlations between asset returns and economic variables when no constraints on the
volatility of risk premia are imposed.

Panel (a) shows unconditional correlations between nominal and real bond returns, stock returns and realized inflation,
calculated from the monthly time series. Panel (b) reports one-month conditional pairwise correlations between nominal
and real bond returns, stock returns, realized inflation, nominal interest rate, expected inflation and real interest rate.

(a) Data
3M nom 1Y nom 2Y nom 5Y nom 10Y nom 5Y real 10Y real Equity CPI

3M nom 1.000
1Y nom 0.662 1.000
2Y nom 0.472 0.923 1.000
5Y nom 0.263 0.713 0.893 1.000
10Y nom 0.122 0.513 0.685 0.911 1.000
5Y real 0.018 0.327 0.420 0.504 0.478 1.000
10Y real 0.016 0.341 0.453 0.628 0.692 0.901 1.000
Equity −0.142 −0.286 −0.351 −0.327 −0.261 0.040 0.018 1.000

CPI −0.106 −0.144 −0.142 −0.197 −0.237 0.344 0.140 0.073 1.000

(b) Time-varying risk premia without volatility restrictions
3M nom 1Y nom 2Y nom 5Y nom 10Y nom 5Y real 10Y real Equity CPI R π r

3M nom 1.000
1Y nom 0.957 1.000
2Y nom 0.834 0.956 1.000
5Y nom 0.509 0.728 0.897 1.000
10Y nom 0.282 0.534 0.756 0.966 1.000
5Y real 0.153 0.263 0.366 0.499 0.582 1.000
10Y real 0.135 0.322 0.499 0.711 0.805 0.945 1.000
Equity −0.215 −0.278 −0.317 −0.308 −0.256 0.113 −0.005 1.000

CPI −0.009 −0.086 −0.154 −0.212 −0.197 0.254 0.103 0.081 1.000
R −0.980 −0.913 −0.757 −0.397 −0.167 −0.157 −0.091 0.162 −0.055 1.000
π −0.374 −0.506 −0.593 −0.588 −0.480 0.407 0.129 0.429 0.466 0.252 1.000
r −0.027 0.004 0.027 0.012 −0.062 −0.846 −0.632 −0.301 −0.444 0.110 −0.807 1.000
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Table A.4: Predictive ability of model specifications based on constant risk premia, as well as volatility-
constrained and unconstrained time-varying risk premia.

The table reports 1-, 12-, 36-, and 60-month-ahead out-of-sample prediction root-mean-squared errors (RMSE, expressed
as percentages) of nominal and real yield variations, as well as of logarithmic equity returns. The model specifications
considered are based on constant risk premia (CRP), volatility-constrained time-varying risk premia (CTVRP), and uncon-
strained time-varying risk premia (UTVRP). The estimation is performed over an expanding window, considering an initial
sample starting in December 1999 and ending in December 2005, which is then recursively expanded by monthly steps
through December 2019. The prediction is performed over an out-of-sample period starting in January 2006, considering
the estimated parameters and the values of the state variables at the end of the most recent estimation window. For each
instrument and predictive horizon, the RMSE of the best performing model is represented in bold underlined, while the
RMSE of the second best is underlined.

1-month prediction 12-month prediction 36-month prediction 60-month prediction

CRP CTVRP UTVRP CRP CTVRP UTVRP CRP CTVRP UTVRP CRP CTVRP UTVRP

3M nominal yield 0.1527 0.1538 0.1687 0.9923 1.0510 1.1466 1.8008 1.8196 2.3401 1.9736 2.0410 4.8409
6M nominal yield 0.1369 0.1408 0.1539 0.9632 1.0126 1.1218 1.8351 1.8512 2.3627 2.0777 2.1454 4.8633
1Y nominal yield 0.1689 0.1721 0.1799 0.9204 0.9538 1.0799 1.7833 1.7910 2.2692 2.1029 2.1658 4.6899
2Y nominal yield 0.1958 0.1971 0.2035 0.8740 0.8878 1.0314 1.7157 1.7267 2.0936 2.1130 2.1801 4.1058
3Y nominal yield 0.2145 0.2149 0.2215 0.8391 0.8423 0.9859 1.6472 1.6688 1.9260 2.0809 2.1564 3.4695
5Y nominal yield 0.2342 0.2339 0.2412 0.8039 0.8040 0.9254 1.5340 1.5844 1.7045 2.0115 2.1126 2.6025
7Y nominal yield 0.2456 0.2452 0.2532 0.7893 0.7953 0.8925 1.4458 1.5238 1.5949 1.9574 2.0845 2.2545
10Y nominal yield 0.2548 0.2548 0.2630 0.7688 0.7815 0.8537 1.3409 1.4421 1.4979 1.8899 2.0352 2.0989
5Y real yield 0.2707 0.2687 0.2725 0.8459 0.8434 0.9244 1.4792 1.5646 1.6929 1.8962 2.0644 2.1907
7Y real yield 0.2446 0.2436 0.2488 0.7838 0.7926 0.8639 1.3823 1.4738 1.5889 1.7837 1.9576 2.0847
10Y real yield 0.2199 0.2196 0.2251 0.7079 0.7258 0.7847 1.2257 1.3305 1.4341 1.6139 1.7948 1.9712
Equity log return 4.2484 4.2524 4.2753 17.5899 17.3140 17.3681 31.1114 28.1476 28.0934 38.6718 33.0592 32.9554
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Table A.5: Baseline model estimated observing also survey-based inflation expectations. Constant
risk premia. Parameter estimates.

The table shows the maximum-likelihood parameters estimates when the information set includes also the 10-year CPI
inflation rate forecast from the Survey of Professional Forecasters. Risk premia are constant. The values in parentheses
are the asymptotic standard errors of the estimates. The sample period runs from January 1999 until December 2019.

R0 R1 π0 π1 Θ σB
ϵ σI

ϵ

0.0178 0.3584 0.0237 0.0576 0.0661 −0.5678 0.8392 0.0013 0.0007
(0.0001) (0.0012) (0.0002) (0.0045) (0.0027) (0.0125) (0.0300) (0.0000) (0.0000)

−0.4260 −0.7630 0.0132 0.2171 −0.1757
(0.0046) (0.0296) (0.0017) (0.0074) (0.0179)
0.2306 −1.2423 −0.0131 0.1294 0.2429

(0.0117) (0.0626) (0.0015) (0.0088) (0.0201)
Λ0 Λ1 ΣX σP σS

−0.6309 0 0 0 0.0202 0.0063 −0.0033 0.0002 0.0365
(0.0285) (0.0009) (0.0008) (0.0005) (0.0006) (0.0093)
0.4448 0 0 0 0 0.0113 0.0017 −0.0003 −0.0269

(0.0442) (0.0005) (0.0005) (0.0006) (0.0093)
−0.0527 0 0 0 0 0 0.0083 −0.0038 −0.0462
(0.0489) (0.0004) (0.0006) (0.0087)
1.6614 0 0 0 0 0 0 0.0084 −0.0189

(0.1075) (0.0004) (0.0086)
0.9249 0 0 0 0 0 0 0 0.1349

(0.1238) (0.0060)

A - 32



Table A.6: Baseline model estimated observing also survey-based inflation expectations. Constant
risk premia. Historical and model-implied summary statistics.

The table shows annualized historical and model-implied means and volatilities of bond yields, equity log returns, realized
inflation and their model-implied means and volatilities. The table also shows the model-implied means and volatilities of
the bond risk premia, the equity risk premium, the nominal risk-free rate and the expected inflation.

Time series Mean value Volatility
Estimation Data Estimation Data

3M nominal yield 1.84% 1.81% 0.60% 0.61%
6M nominal yield 1.90% 1.91% 0.60% 0.59%
1Y nominal yield 2.01% 2.05% 0.60% 0.69%
2Y nominal yield 2.25% 2.25% 0.65% 0.80%
3Y nominal yield 2.48% 2.47% 0.72% 0.86%
5Y nominal yield 2.92% 2.91% 0.84% 0.90%
7Y nominal yield 3.29% 3.28% 0.91% 0.91%
10Y nominal yield 3.70% 3.70% 0.93% 0.91%

5Y real yield 1.10% 1.09% 0.85% 0.91%
7Y real yield 1.30% 1.33% 0.82% 0.81%
10Y real yield 1.58% 1.57% 0.81% 0.72%

Log realized inflation 2.37% 2.15% 0.92% 0.99%
Equity log returns 6.72% 6.91% 15.08% 15.10%

3M nominal risk premium 0.11% 0.00%
6M nominal risk premium 0.23% 0.00%
1Y nominal risk premium 0.47% 0.00%
2Y nominal risk premium 0.95% 0.00%
3Y nominal risk premium 1.42% 0.00%
5Y nominal risk premium 2.24% 0.00%
7Y nominal risk premium 2.86% 0.00%
10Y nominal risk premium 3.44% 0.00%

5Y real risk premium 2.29% 0.00%
7Y real risk premium 2.77% 0.00%
10Y real risk premium 3.33% 0.00%

Unexpected inflation risk premium 1.39% 0.00%
Equity risk premium 6.08% 0.00%
Nominal risk-free rate 1.78% 0.61%

Expected inflation 2.37% 1.48%
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Table A.7: Parameter estimates for the 4-factor affine no-arbitrage Nelson-Siegel term structure spec-
ification.

The table shows the maximum-likelihood parameters estimates for the model described in Section K.1. The values in
parentheses are the asymptotic standard errors of the estimates. The sample period runs from January 1999 until December
2019.

R0 R1 π0 π1 ΘQ αr σB
ϵ σI

ϵ

0 1 0.0076 1 0 0 0 0 0.6206 0.0008 0.0011
(0.0021) (0.0115) (0.0000) (0.0000)

1 0.3794 0 0.4161 −0.4161 0
(0.0115) (0.0090) (0.0090)

0 0 0 0 0.4161 0
(0.0090)

0 −1 0 0 0 0

Λ0 Λ1 ΣX σP σS

−0.1514 0 0 0 0 0.0096 −0.0100 −0.0143 0.0061 0.0026 −0.0075
(0.2198) (0.0006) (0.0007) (0.0028) (0.0006) (0.0007) (0.0119)
−0.7133 0 0 0 0 0 0.0060 −0.0072 −0.0004 0.0007 0.0138
(0.2242) (0.0003) (0.0020) (0.0004) (0.0006) (0.0107)
−0.6645 0 0 0 0 0 0 0.0277 −0.0007 0.0013 0.0542
(0.2259) (0.0013) (0.0003) (0.0006) (0.0093)
−0.2887 0 0 0 0 0 0 0 0.0053 −0.0033 −0.0433
(0.2277) (0.0002) (0.0006) (0.0093)
1.0305 0 0 0 0 0 0 0 0 0.0082 −0.0176

(0.2362) (0.0004) (0.0091)
0.8434 0 0 0 0 0 0 0 0 0 0.1318

(0.2437) (0.0062)
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Table A.8: 4-factor affine no-arbitrage Nelson-Siegel term structure specification. Historical and
model-implied summary statistics.

The table shows annualized historical and model-implied means and volatilities of bond yields, equity log returns, realized
inflation and their model-implied means and volatilities. The table also shows the model-implied means and volatilities of
the bond risk premia, the equity risk premium, the nominal risk-free rate and the expected inflation.

Time series Mean value Volatility
Estimation Data Estimation Data

3M nominal yield 1.85% 1.81% 0.56% 0.61%
6M nominal yield 1.90% 1.91% 0.54% 0.59%
1Y nominal yield 2.00% 2.05% 0.58% 0.69%
2Y nominal yield 2.24% 2.25% 0.72% 0.80%
3Y nominal yield 2.48% 2.47% 0.80% 0.86%
5Y nominal yield 2.94% 2.91% 0.83% 0.90%
7Y nominal yield 3.30% 3.28% 0.79% 0.91%
10Y nominal yield 3.68% 3.70% 0.74% 0.91%

5Y real yield 1.11% 1.09% 0.69% 0.91%
7Y real yield 1.33% 1.33% 0.68% 0.81%
10Y real yield 1.55% 1.57% 0.67% 0.72%

Log realized inflation 2.15% 2.15% 0.93% 0.99%
Equity log returns 6.76% 6.91% 15.08% 15.10%

3M nominal risk premium 0.12% 0.00%
6M nominal risk premium 0.25% 0.00%
1Y nominal risk premium 0.55% 0.00%
2Y nominal risk premium 1.21% 0.00%
3Y nominal risk premium 1.86% 0.00%
5Y nominal risk premium 2.96% 0.00%
7Y nominal risk premium 3.76% 0.00%
10Y nominal risk premium 4.57% 0.00%

5Y real risk premium 3.00% 0.00%
7Y real risk premium 3.66% 0.00%
10Y real risk premium 4.41% 0.00%

Realized inflation risk premium 0.76% 0.00%
Equity risk premium 6.09% 0.00%
Nominal risk-free rate 1.81% 0.60%

Expected inflation 2.16% 0.60%
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Table A.9: UK-based analysis. Parameter estimates.

The table shows the maximum-likelihood estimates of the model parameters. The sample period runs from December 1985
to July 2018. Panel (a) shows the parameter estimates obtained for the specification with constant risk premia (Λ1 = 0).
The values in parentheses are the asymptotic standard errors of the estimates. Panel (b) shows the parameter estimates
obtained for the specification with time-varying risk premia and restrictions on the maximum volatility of bond, realized
inflation and stock risk premia. The volatility of the risk premia for the 3- and 10-year nominal bonds, and for the 7-year
inflation-indexed bond, are imposed to be lower than 1%. The volatility of the realized inflation risk premium is not higher
than 0.5% per annum and the volatility of the equity premium is not higher than 1% per annum. The values in parentheses
are the standard errors of the estimates.

(a) Constant risk premia

R0 R1 π0 π1 Θ σB
ϵ σI

ϵ

0.0482 0.4425 0.0337 0.2147 0.0661 −0.5287 −0.9337 0.0009 0.0009
(0.0001) (0.0009) (0.0025) (0.0022) (0.0011) (0.0091) (0.0114) (0.0000) (0.0000)

−0.6427 −1.0922 −0.0189 0.3049 0.1013
(0.0078) (0.0265) (0.0008) (0.0088) (0.0096)
−0.7436 0.1934 −0.0039 0.1885 0.1955
(0.0099) (0.0272) (0.0008) (0.0064) (0.0081)

Λ0 Λ1 ΣX σP σS

−0.2150 0 0 0 0.0268 −0.0007 0.0007 0.0005 −0.0242
(0.0074) (0.0010) (0.0006) (0.0004) (0.0007) (0.0078)
−0.0173 0 0 0 0 0.0116 −0.0011 −0.0003 −0.0224
(0.0100) (0.0004) (0.0004) (0.0007) (0.0077)
0.0401 0 0 0 0 0 0.0083 0.0009 −0.0079

(0.0113) (0.0003) (0.0007) (0.0077)
−0.0477 0 0 0 0 0 0 0.0140 0.0015
(0.1770) (0.0005) (0.0076)
0.2868 0 0 0 0 0 0 0 0.1495

(0.1768) (0.0053)

(b) Time-varying risk premia with volatility restrictions

R0 R1 π0 π1 Θ σB
ϵ σI

ϵ

0.0482 0.4425 0.0338 0.1078 0.0674 0.1204 −0.8229 0.0009 0.0009
(0.0002) (0.0027) (0.0049) (0.0749) (0.0591) (0.1534) (0.2341) (0.0000) (0.0000)

−0.6442 −1.1201 −0.0297 0.1696 0.0712
(0.0082) (0.1902) (0.0339) (0.0944) (0.1613)
−0.7438 0.3843 0.0054 −0.0939 0.3181
(0.0161) (0.2683) (0.0277) (0.0778) (0.1237)

Λ0 Λ1 ΣX σP σS

−0.2172 −0.0513 −24.5926 −4.1829 0.0265 −0.0005 0.0009 0.0007 −0.0242
(0.0135) (2.1745) (5.7366) (8.8493) (0.0011) (0.0007) (0.0006) (0.0008) (0.0151)
−0.0143 0.9121 10.7036 2.5268 0 0.0116 −0.0012 −0.0002 −0.0218
(0.0218) (2.9410) (8.0468) (13.4909) (0.0004) (0.0004) (0.0009) (0.0102)
0.0452 −0.9774 38.3922 −14.0737 0 0 0.0083 0.0007 −0.0075

(0.0303) (3.7849) (10.5009) (16.8228) (0.0004) (0.0009) (0.0085)
−0.0410 −7.7586 −2.3811 15.2210 0 0 0 0.0137 0.0001
(0.3555) (5.5391) (13.9290) (19.1601) (0.0006) (0.0094)
0.2870 −1.2047 −1.4300 5.9979 0 0 0 0 0.1493

(0.2165) (1.5776) (4.2625) (5.1218) (0.0093)
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Table A.10: UK-based analysis. Historical and model-implied summary statistics.

The table shows annualized historical and model-implied means and volatilities of bond yields, equity log returns, realized
inflation and their model-implied means and volatilities. The table also shows the model-implied means and volatilities of
the bond risk premia, the equity risk premium, the nominal risk-free rate and the expected inflation.

(a) Constant risk premia

Time series Mean value Volatility
Estimation Data Estimation Data

1Y nominal yield 4.94% 4.96% 1.27% 1.18%
2Y nominal yield 5.05% 5.03% 1.14% 1.15%
3Y nominal yield 5.16% 5.14% 1.07% 1.12%
5Y nominal yield 5.33% 5.34% 1.03% 1.07%
7Y nominal yield 5.48% 5.49% 1.03% 1.03%
10Y nominal yield 5.63% 5.62% 1.05% 0.97%

5Y real yield 1.68% 1.67% 0.89% 0.91%
7Y real yield 1.77% 1.79% 0.81% 0.79%
10Y real yield 1.90% 1.89% 0.72% 0.68%

Log realized inflation 3.36% 3.34% 1.41% 1.46%
Equity log returns 8.45% 9.28% 15.33% 15.31%

1Y nominal risk premium 0.25% 0.00%
2Y nominal risk premium 0.48% 0.00%
3Y nominal risk premium 0.68% 0.00%
5Y nominal risk premium 1.05% 0.00%
7Y nominal risk premium 1.37% 0.00%
10Y nominal risk premium 1.77% 0.00%

5Y real risk premium 0.59% 0.00%
7Y real risk premium 0.81% 0.00%
10Y real risk premium 1.11% 0.00%

Realized inflation risk premium −0.07% 0.00%
Equity risk premium 4.81% 0.00%
Nominal risk-free rate 4.82% 1.49%

Expected inflation 3.37% 1.46%

(b) Constrained time-varying risk premia

Time series Mean value Volatility
Estimation Data Estimation Data

1Y nominal yield 4.94% 4.96% 1.24% 1.18%
2Y nominal yield 5.05% 5.03% 1.11% 1.15%
3Y nominal yield 5.16% 5.14% 1.05% 1.12%
5Y nominal yield 5.33% 5.34% 1.02% 1.07%
7Y nominal yield 5.48% 5.49% 1.03% 1.03%
10Y nominal yield 5.63% 5.62% 1.05% 0.97%

5Y real yield 1.68% 1.67% 0.89% 0.91%
7Y real yield 1.77% 1.79% 0.81% 0.79%
10Y real yield 1.90% 1.89% 0.72% 0.68%

Log realized inflation 3.37% 3.34% 1.38% 1.46%
Equity log returns 8.45% 9.28% 15.30% 15.31%

1Y nominal risk premium 0.25% 0.53%
2Y nominal risk premium 0.47% 0.84%
3Y nominal risk premium 0.68% 1.00%
5Y nominal risk premium 1.05% 1.05%
7Y nominal risk premium 1.36% 0.97%
10Y nominal risk premium 1.77% 1.00%

5Y real risk premium 0.59% 0.97%
7Y real risk premium 0.81% 1.00%
10Y real risk premium 1.11% 0.90%

Realized inflation risk premium −0.07% 0.32%
Equity risk premium 4.81% 1.00%
Nominal risk-free rate 4.82% 1.45%

Expected inflation 3.38% 1.43%
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Table A.11: UK-based analysis. Correlations between asset returns and economic variables.

Panel (a) shows the unconditional correlations between nominal and real bond returns, stock returns and realized inflation,
calculated from the monthly time series. Panels (b) and (c) report the one-month conditional pairwise correlations between
nominal and real bond returns, stock returns, realized inflation, nominal interest rate, expected inflation and real interest
rate.

(a) Data
1Y nom 2Y nom 5Y nom 10Y nom 5Y real 10Y real Equity CPI

1Y nom 1.000
2Y nom 0.954 1.000
5Y nom 0.806 0.920 1.000
10Y nom 0.610 0.731 0.920 1.000
5Y real 0.306 0.405 0.418 0.317 1.000
10Y real 0.326 0.435 0.516 0.485 0.911 1.000
Equity 0.071 0.091 0.144 0.147 0.167 0.197 1.000

CPI −0.062 −0.072 −0.087 −0.102 0.255 0.184 0.006 1.000

(b) Constant risk premia
1Y nom 2Y nom 5Y nom 10Y nom 5Y real 10Y real Equity CPI R π r

1Y nom 1.000
2Y nom 0.983 1.000
5Y nom 0.837 0.921 1.000
10Y nom 0.651 0.766 0.948 1.000
5Y real 0.346 0.427 0.475 0.313 1.000
10Y real 0.395 0.519 0.667 0.584 0.942 1.000
Equity 0.074 0.107 0.157 0.154 0.185 0.214 1.000

CPI −0.050 −0.057 −0.071 −0.086 0.031 −0.001 0.006 1.000
R −0.979 −0.928 −0.717 −0.509 −0.229 −0.234 −0.034 0.044 1.000
π −0.662 −0.610 −0.496 −0.489 0.455 0.310 0.055 0.084 0.710 1.000
r −0.438 −0.438 −0.306 −0.039 −0.894 −0.713 −0.116 −0.051 0.403 −0.359 1.000

(c) Constrained time-varying risk premia
1Y nom 2Y nom 5Y nom 10Y nom 5Y real 10Y real Equity CPI R π r

1Y nom 1.000
2Y nom 0.983 1.000
5Y nom 0.834 0.920 1.000
10Y nom 0.651 0.768 0.949 1.000
5Y real 0.333 0.418 0.471 0.313 1.000
10Y real 0.385 0.513 0.666 0.585 0.942 1.000
Equity 0.074 0.107 0.156 0.152 0.185 0.213 1.000

CPI −0.055 −0.062 −0.076 −0.088 0.023 −0.008 −0.004 1.000
R −0.981 −0.929 −0.716 −0.509 −0.227 −0.235 −0.037 0.047 1.000
π −0.491 −0.434 −0.341 −0.388 0.635 0.474 0.084 0.080 0.538 1.000
r −0.409 −0.413 −0.289 −0.029 −0.897 −0.714 −0.119 −0.045 0.385 −0.569 1.000
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Figure A.1: Optimal portfolio strategy for γ → ∞ and different degrees of money illusion α, when
the 10-year nominal bond is excluded from the investable universe. Constant risk premia.
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Figure A.2: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when
the 10-year nominal bond is excluded from the investable universe. Utility loss with respect to the case
where the nominal bond is available. Constant risk premia.
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Figure A.3: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when
the 10-year nominal bond is excluded from the investable universe. Utility loss with respect to the case
where the nominal bond is available. Time-varying risk premia (with volatility constraints).
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Figure A.4: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α. Utility
loss with respect to a non-illusioned investor. Constant risk premia and zero realized inflation risk
premium.

0 10 20 30

0

0.5

1

1.5

2

0 10 20 30

0

0.5

1

1.5

0 10 20 30

0.34

0.35

0.36

0.37

0.38

0.39

0 10 20 30

-1.5

-1

-0.5

0

0.5

0 5 10 15 20 25 30

0

0.5

1

1.5

A - 42



Figure A.5: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when the
10-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect to the
case where the inflation-indexed bond is available. Constant risk premia and zero realized inflation risk
premium.
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Figure A.6: Time series of relevant model-implied and observed variables. Time-varying risk premia
(unconstrained volatility).

The top graphs show the model-implied instantaneous nominal rate, real rate and break-even inflation. The second graphs
from the top show the model-implied 10-year nominal yield, real yield, break-even inflation, expected inflation and the
10-year CPI inflation rate forecast from the Survey of Professional Forecasters. The third graphs from the top show
the model-implied risk premia of the risky assets and of the unexpected inflation. The bottom graphs show the portfolio
allocation of a nominal mean-variance investor (γ = 10) and the corresponding maximum ex-ante Sharpe ratio (considering
a 10-year nominal bond, a 10-year inflation-indexed bond and the stock index).
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Figure A.7: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α. Utility
loss with respect to a non-illusioned investor. Time-varying risk premia (unconstrained volatility).
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Figure A.8: Time series of in-sample optimal portfolio weights for a non-illusioned investor, obtained
for different risk premia specifications.

The graphs on the left show the optimal in-sample portfolio weights, calculated for each date considering the time series of
the state variables Xt and the estimated model parameters. The graphs on the right show the ex-ante certainty equivalent
annualized real return for a strategy starting at the current date. The investor is not money-illusioned, i.e., α = 0, and
the investment horizon is 10-year long. Panel (a) refers to the model specification with constant risk premia, using the
estimates in Table 1a. Panel (b) refers to the model specification with time-varying risk premia constrained in volatility,
using the estimates in Table 1b. Panel (c) refers to the model specification with time-varying risk premia with no volatility
constraints, using the estimates in Table A.1. All values are expressed as percentages.
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(c) Time-varying risk premia (unconstrained volatility)
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Figure A.9: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when the
10-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect to the
case where the inflation-indexed bond is available. Time-varying risk premia (unconstrained volatility).
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Figure A.10: Time series of in-sample optimal portfolio weights and perceived utility losses when the
inflation-indexed bond is not available for investors with different degrees of money illusion.

The top graphs show the optimal in-sample portfolio weights, calculated for each date considering the time series of the
state variables Xt and the estimated model parameters. The solid lines refer to an investor that is not money-illusioned
(α = 0), while the dashed lines refer to a totally money-illusioned investor (α = 1). The bottom graphs show the ex-ante
annualized certainty equivalent losses, for a strategy starting at the current date, as perceived by an investor with a given
degree of money illusion α that is prevented from investing in the inflation-indexed bond. The investment horizon is
30-year long. Panel (a) refers to the model specification with constant risk premia, using the estimates in Table 1a. Panel
(b) refers to the model specification with time-varying risk premia constrained in volatility, using the estimates in Table
1b.
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Figure A.11: Bond-only analysis. Optimal portfolio strategy for γ = 10 and different degrees of
money illusion α. Utility loss with respect to a non-illusioned investor. Constant risk premia.
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Figure A.12: Bond-only analysis. Optimal portfolio strategy for γ = 10 and different degrees of
money illusion α. Utility loss with respect to a non-illusioned investor. Time-varying risk premia.
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Figure A.13: Bond-only analysis. Optimal portfolio strategy for γ = 10 and different degrees of money
illusion α, when the 10-year inflation-indexed bond is excluded from the investable universe. Utility
loss with respect to the case where the inflation-indexed bond is available. Constant risk premia.
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Figure A.14: Bond-only analysis. Optimal portfolio strategy for γ = 10 and different degrees of money
illusion α, when the 10-year inflation-indexed bond is excluded from the investable universe. Utility
loss with respect to the case where the inflation-indexed bond is available. Time-varying risk premia.
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Figure A.15: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when
the investor can trade 5-year bonds. Utility loss with respect to a non-illusioned investor. Constant
risk premia.

0 10 20 30

1

2

3

4

0 10 20 30

0

0.5

1

1.5

2

2.5

0 10 20 30

0.39

0.4

0.41

0.42

0.43

0.44

0 10 20 30

-5

-4

-3

-2

-1

0 5 10 15 20 25 30

0

0.5

1

1.5

A - 53



Figure A.16: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when
the 5-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect to
the case where the inflation-indexed bond is available. Constant risk premia.
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Figure A.17: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when
the investor can trade 5-year bonds. Utility loss with respect to a non-illusioned investor. Time-varying
risk premia (with volatility constraints).
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Figure A.18: Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when
the 5-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect
to the case where the inflation-indexed bond is available. Time-varying risk premia (with volatility
constraints).
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Figure A.19: Optimal portfolio strategy for γ = 5 and different degrees of money illusion α. Utility
loss with respect to a non-illusioned investor. Constant risk premia.
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Figure A.20: Optimal portfolio strategy for γ = 5 and different degrees of money illusion α, when the
10-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect to the
case where the inflation-indexed bond is available. Constant risk premia.
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Figure A.21: Optimal portfolio strategy for γ = 20 and different degrees of money illusion α. Utility
loss with respect to a non-illusioned investor. Constant risk premia.
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Figure A.22: Optimal portfolio strategy for γ = 20 and different degrees of money illusion α, when
the 10-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect to
the case where the inflation-indexed bond is available. Constant risk premia.
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Figure A.23: Optimal portfolio strategy for γ = 5 and different degrees of money illusion α. Utility
loss with respect to a non-illusioned investor. Time-varying risk premia (with volatility constraints).
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Figure A.24: Optimal portfolio strategy for γ = 5 and different degrees of money illusion α, when
the 10-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect
to the case where the inflation-indexed bond is available. Time-varying risk premia (with volatility
constraints).
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Figure A.25: Optimal portfolio strategy for γ = 20 and different degrees of money illusion α. Utility
loss with respect to a non-illusioned investor. Time-varying risk premia (with volatility constraints).

0 10 20 30

0

0.5

1

1.5

0 10 20 30

-0.5

0

0.5

1

1.5

2

0 10 20 30

0.16

0.18

0.2

0.22

0 10 20 30

-1.5

-1

-0.5

0

0.5

1

0 5 10 15 20 25 30

0

1

2

3

A - 63



Figure A.26: Optimal portfolio strategy for γ = 20 and different degrees of money illusion α, when
the 10-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect
to the case where the inflation-indexed bond is available. Time-varying risk premia (with volatility
constraints).
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Figure A.27: Baseline model estimated observing also survey-based inflation expectations. Constant
risk premia. Time series of relevant model-implied and observed variables.

The top graphs show the model-implied instantaneous nominal rate, real rate and break-even inflation. The second graphs
from the top show the model-implied 10-year nominal yield, real yield, break-even inflation, expected inflation and the
10-year CPI inflation rate forecast from the Survey of Professional Forecasters. The third graphs from the top show
the model-implied risk premia of the risky assets and of the unexpected inflation. The bottom graphs show the portfolio
allocation of a nominal mean-variance investor (γ = 10) and the corresponding maximum ex-ante Sharpe ratio (considering
a 10-year nominal bond, a 10-year inflation-indexed bond and the stock index).

2001 2004 2006 2009 2012 2015 2017

-0.05

0

0.05

0.1

2001 2004 2006 2009 2012 2015 2017

0

0.02

0.04

0.06

0.08

0.1

2001 2004 2006 2009 2012 2015 2017

0

0.05

0.1

0.15

2001 2004 2006 2009 2012 2015 2017

-0.5

0

0.5

1

1.5

2

2.5

A - 65



Figure A.28: Baseline model estimated observing also survey-based inflation expectations. Constant
risk premia. Optimal portfolio strategy for γ = 10 and different degrees of money illusion α. Utility
loss with respect to a non-illusioned investor.
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Figure A.29: Baseline model estimated observing also survey-based inflation expectations. Constant
risk premia. Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when the
10-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect to the
case where the inflation-indexed bond is available.
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Figure A.30: 4-factor affine no-arbitrage Nelson-Siegel term structure specification with constant risk
premia. Time series of relevant model-implied and observed variables.

The top graphs show the model-implied instantaneous nominal rate, real rate and break-even inflation. The second graphs
from the top show the model-implied 10-year nominal yield, real yield, break-even inflation, expected inflation and the
10-year CPI inflation rate forecast from the Survey of Professional Forecasters. The third graphs from the top show
the model-implied risk premia of the risky assets and of the unexpected inflation. The bottom graphs show the portfolio
allocation of a nominal mean-variance investor (γ = 10) and the corresponding maximum ex-ante Sharpe ratio (considering
a 10-year nominal bond, a 10-year inflation-indexed bond and the stock index).
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Figure A.31: 4-factor affine no-arbitrage Nelson-Siegel term structure specification with constant risk
premia. Optimal portfolio strategy for γ = 10 and different degrees of money illusion α. Utility loss
with respect to a non-illusioned investor.
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Figure A.32: 4-factor affine no-arbitrage Nelson-Siegel term structure specification with constant risk
premia. Optimal portfolio strategy for γ = 10 and different degrees of money illusion α, when the
10-year inflation-indexed bond is excluded from the investable universe. Utility loss with respect to the
case where the inflation-indexed bond is available.
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Figure A.33: UK-based analysis. Time series of relevant model-implied and observed variables.

The top graphs show the model-implied instantaneous nominal rate, real rate and break-even inflation. The second graphs
from the top show the model-implied 10-year nominal yield, real yield, break-even inflation and expected inflation. The
third graphs from the top show the model-implied risk premia of the risky assets and of the unexpected inflation. The
bottom graphs show the portfolio allocation of a nominal mean-variance investor (γ = 10) and the corresponding maximum
ex-ante Sharpe ratio (considering a 10-year nominal bond, a 10-year inflation-indexed bond and the stock index).
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Figure A.34: UK-based analysis. Optimal portfolio strategy for γ = 10 and different degrees of money
illusion α. Utility loss with respect to a non-illusioned investor. Constant risk premia.
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Figure A.35: UK-based analysis. Optimal portfolio strategy for γ = 10 and different degrees of money
illusion α. Utility loss with respect to a non-illusioned investor. Time-varying risk premia.
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Figure A.36: UK-based analysis. Optimal portfolio strategy for γ = 10 and different degrees of money
illusion α, when the 10-year inflation-indexed bond is excluded from the investable universe. Utility
loss with respect to the case where the inflation-indexed bond is available. Constant risk premia.
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Figure A.37: UK-based analysis. Optimal portfolio strategy for γ = 10 and different degrees of money
illusion α, when the 10-year inflation-indexed bond is excluded from the investable universe. Utility
loss with respect to the case where the inflation-indexed bond is available. Time-varying risk premia.
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