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Abstract

Let us consider two sequences of closed convex sets {A,} and { B, } converging with respect
to the Attouch-Wets convergence to A and B, respectively. Given a starting point ag, we
consider the sequences of points obtained by projecting onto the “perturbed” sets, i.e., the
sequences {a,} and {b,} defined inductively by b, = Pp (a,—1) and a, = P4, (b,). Sup-
pose that AN B is bounded, we prove that if the couple (A, B) is (boundedly) regular then the
couple (A, B) is d-stable, i.e., for each {a, } and {b,} as above we have dist(a,, ANB) — 0
and dist(b,, ANB) — 0. Similar results are obtained also in the case ANB = ¢, considering
the set of best approximation pairs instead of A N B.

Keywords Convex feasibility problem - Stability - Regularity - Set-convergence -
Alternating projections method
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1 Introduction

Let A and B be two closed convex nonempty sets in a Hilbert space X. The (2-set) convex
feasibility problem asks to find a point in the intersection of A and B (or, when AN B = ,
a pair of points, one in A and the other in B, that realizes the distance between A and
B). The relevance of this problem is due to the fact that many mathematical and concrete
problems in applications can be formulated as a convex feasibility problem. As typical
examples, we mention solution of convex inequalities, partial differential equations, mini-
mization of convex nonsmooth functions, medical imaging, computerized tomography and
image reconstruction.
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The method of alternating projections is the simplest iterative procedure for finding a
solution of the convex feasibility problem and it goes back to von Neumann [15]: let us
denote by P4 and Pp the projections onto the sets A and B, respectively, and, given a
starting point cp € X, consider the alternating projections sequences {c,} and {d,} given by

dp = Pg(ca—1) and ¢y = Po(dy) (n €N).

If the sequences {c,} and {d,} converge in norm, we say that the method of alternating
projections converges. Originally, von Neumann proved that the method of alternating pro-
jection converges when A and B are closed subspaces. Then, for two generic convex sets,
the weak convergence of the alternating projection sequences was proved by Bregman in
1965 [5]. Nevertheless, the problem of whether the alternating projections algorithm con-
verges in norm for each couple of convex sets remained open till the example given by
Hundal in 2004 [12]. This example shows that the alternating projections do not converge
in norm when A is a suitable convex cone and B is a hyperplane touching the vertex of A.
Moreover, this example emphasizes the importance of finding sufficient conditions ensuring
the norm convergence of the alternating projections algorithm. In the literature, conditions
of this type were studied (see, e.g., [1, 3]), even before the example by Hundal. Here, we
focus on those conditions based on the notions of regularity, introduced in [1]. Indeed, in
the present paper, we investigate the relationships between regularity of the couple (A, B)
(see Definition 3.1 below) and “stability” properties of the alternating projections method
in the following sense. Let us suppose that {A,} and {B,} are two sequences of closed con-
vex sets such that A, — A and B, — B for the Attouch-Wets variational convergence
(see Definition 2.2) and let us introduce the definition of perturbed alternating projections
sequences.

Definition 1.1 Given a9 € X, the perturbed alternating projections sequences {a,} and
{b,}, wrt. {A,} and {B,} and with starting point ag, are defined inductively by

b, = Pp,(an—1) and a, = Py, (b,) (n eN).

Our aim is to find some conditions on the limit sets A and B such that, for each choice
of the sequences {A,} and {B,} and for each choice of the starting point ag, the correspond-
ing perturbed alternating projections sequences {a,} and {b,} satisfy dist(a,, AN B) — 0
and dist(b,, A N B) — 0. If this is the case, we say that the couple (A, B) is d-stable. In
particular, we show that the regularity of the couple (A, B) implies not only the norm con-
vergence of the alternating projections sequences for the couple (A, B) (as already known
from [1]), but also that the couple (A, B) is d-stable. This result might be interesting also in
applications since real data are often affected by some uncertainties. Hence stability of the
convex feasibility problem with respect to data perturbations is a desirable property, also in
view of computational developments.

Let us conclude the introduction by a brief description of the structure of the paper. In
Section 2, we list some notations and definitions, and we recall some well-known facts about
the alternating projections method. Section 3 is devoted to various notions of regularity
and their relationships. It is worth pointing out that in this section we provide a new and
alternative proof of the convergence of the alternating projections algorithm under regularity
assumptions. This proof well illustrates the main geometrical idea behind the proof of our
main result Theorem 4.9, stated and proved in Section 4. This result shows that a regular
couple (A, B) is d-stable whenever AN B (or a suitable substitute if ANB = () is bounded.
Corollaries 4.16, 4.18, and 4.19 simplify and generalize some of the results obtained in [9],
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since there we considered only the case where A N B # ) whereas, in the present paper, we
encompass also the situation where the intersection of A and B is empty. We conclude the
paper with Section 5, where we discuss the necessity of the assumptions of our main result
and we state a natural open problem: suppose that A N B is bounded, is regularity equivalent
to d-stability?

2 Notation and Preliminaries

Throughout all this paper, X denotes a nontrivial real normed space with the topological
dual X*. We denote by Bx and Sy the closed unit ball and the unit sphere of X, respectively.
Ife >0,x € X,and A, B C X, we denote as usual

x+A:={x+4+a,aecA}, oaA:={aa;ac A}, A+B:={a+b;acA, be B}

For x, y € X, [x, y] denotes the closed segment in X with endpoints x and y, and (x, y) =

[x, yI \ {x, y} is the corresponding “open” segment. For a subset A of X, we denote by

int (A), conv (A) and conv (A) the interior, the convex hull and the closed convex hull of A,

respectively. Let us recall that a body is a closed convex set in X with nonempty interior.
We denote by

diam(A) := sup, yeq llx — ¥l

the (possibly infinite) diameter of A. For x € X, let

dist(x, A) := inf fla —x|.
ae

Moreover, given A, B nonempty subsets of X, we denote by dist(A, B) the usual “distance”
between A and B, that is,

dist(A, B) := inf dist(a, B).
acA
Now, we recall two notions of convergence for sequences of sets (for a wide overview
about this topic see, e.g., [2]). By c(X) we denote the family of all nonempty closed subsets

of X. Let us introduce the (extended) Hausdorff metric 4 on c(X). For A, B € c(X), we
define the excess of A over B as

e(A, B) := supdist(a, B).

acA

Moreover, if A # () and B = () we put e(A, B) = 0o, if A = ) we put e(A, B) = 0. Then,
we define

h(A, B) := max{e(A, B), e(B, A)}.
Definition 2.1 A sequence {A;} in c(X) is said to Hausdorff converge to A € c(X) if
lim; h(A;, A) =0.
As the second notion of convergence, we consider the so called Attouch-Wets con-

vergence (see, e.g., [14, Definition 8.2.13]), which can be seen as a localization of the
Hausdorff convergence. If N € Nand A, B € c(X), define

en(A, B) == e(ANNBy, B) € [0, 00),
hn(A, B) := max{en (A, B),eN(B, A)}.
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524 C.A. De Bernardi, E. Miglierina

Definition 2.2 A sequence {A;} in c(X) is said to Attouch-Wets converge to A € c(X) if,
foreach N € N,
limj hN(Aj, A) =0.

In the last section of our paper we shall need the following elementary fact, related to
localized Hausdorff distance between two sets.

Fact 2.3 Let D : X — X be a bounded linear operator. Let ¢, § € (0, 1) and suppose that
ID—1I|| <eandb € dBx.If A C X and N € N then

N+§
Iy (A b+ D(A)) =8+ 5 o
—¢
Proof If x € AN N By then
d(x,b+ D(A)) = inf |b+y—x|
yeD(A)
16+ D(x) — x|l

IAIA

1611+ 1D = Illlx|| <6+ Ne.
Therefore, we conclude that

en(A,b+ D(A)) = supycannpy d(x, b+ D(A)) <5+ Ne <5+ Iffjs
Now, suppose that x € Aandy = b + D(x) € [b + D(A)] N N By, then

Ixll < llx = DI+ Iyl + [l < ellxll + N+,
N+S
1—¢

and hence ||x|| < . Proceeding as above, we have

N +6
en(b+ D(A), A) <5+ 1*

E.

O

The notions of distance between two convex sets and of projection of a point onto a
convex set of a Hilbert space play a fundamental role in our paper. Unless otherwise stated,
from now on, X will denote an Hilbert space endowed with the inner product (-, -). The
projection onto a closed convex nonempty subset C sends any point xg € X to its nearest
point in C, denoted by Pc(xp). We shall frequently use in the paper the following result,
usually called variational characterization of the projection onto C.Letcop € C and xg € X,
then cg = Pc(xp) if and only if

(xo — co,c —co) <0, wheneverc € C. @))]

We recall that the angle ang(u, v) between two nonnull vectors u, v € X is defined by
means of the equality

ang(u, v) := arccos (M) )

el

In the sequel of the paper, we denote the cosine of the angle between two nonnull vectors

u,veXas
(u,v)
laellllvll

It is clear that, if xog ¢ C, (1) is equivalent to the following condition:

cos(u, v) := cos(ang(u, v)) =
% < ang(xg — co, ¢ —cp) < m, wheneverc € C \ {co}.
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Finally, we recall that the projection Pc is a nonexpansive map from X to C, i.e., it holds
| Pc(x) — Pc(y)|l < |lx — yll (see, e.g., [14, Proposition 10.4.8]). Now, let us consider two
closed convex nonempty subsets A and B of X, we denote by

E :={a€A;d@a,B)=d(A, B)},
F :={beB;db,B)=d(A, B)}.

We say that v := Pz—;(0) is the displacement vector for the couple (A, B). It is clear
thatif AN B # then E = F = AN B and the displacement vector for the couple (A, B)
is null. We recall the following fact, where, given amap T : X — X, Fix(T) denotes the
set of all fixed points of T'.

Fact 2.4 ([1, Fact 1.1]) Suppose that X is a Hilbert space and that A, B are closed convex
nonempty subsets of X. Then we have:

@Gi) vl =dist(A, B)and E +v =F;
(ii)) E =Fix(P4Pp) = AN (B —v)and F = Fix(PgP4) = BN (A 4+ v);
(iii) Ppe=Pre=e+4v(ec E)and PAf =Ppf=f—v(f €F)

We conclude this section by proving a relationship between the Attouch-Wets conver-
gence of a sequence {A,} of closed convex sets and the convergence of the sequence { Py, }
of projections onto A, (see Lemma 2.6). This results is probably known but we were not
able to find any reference in the literature, hence we provide a detailed proof for the sake
of completeness. In order to prove this result we need to prove a preliminary lemma based
on a geometrical property of the unit ball that holds in every Hilbert space. This property,
called uniform rotundity, can be seen as a strengthening of the convexity of the unit ball
and it is widely studied in the framework of the geometry of Banach space (see, e.g., [11])
Let us recall that, given a normed space Z, the modulus of convexity of Z is the function
8z : [0,2] — [0, 1] defined by

52(n) :inf{l - ”x“zLy

:x,yeBx,le—yllzn}-

It is clear that §z(n1) < &z(n2), whenever 0 < n; < 5y < 2. Moreover, if r > 0 and
n € [0, 2], by recalling the positive homogeneity of the norm, we have

réz (1) =inf{r - Hx;y

:x,yeer,IIx—yllzn}~

In particular, if », M > O and x, y € r Bx are such that | x — y|| > M then we have

xX+y

=r[1=8z(5)] @

We say that Z is uniformly rotund if §7(n) > 0, whenever n € (0, 2]. It is well known (see,
e.g., [11]) that Hilbert spaces are uniformly rotund, but there are uniformly rotund spaces
that are not Hilbert spaces. Therefore, it is worth to state and prove the following lemma in
this general framework. Moreover, this result, roughly speaking, says that if a convex set in
a uniformly rotund space is contained in a sufficiently tight annulus between two spheres,
then its diameter is as small as we want.

Lemma 2.5 Let Z be a uniformly rotund normed space. Let H, K, M > 0, then there exists

&’ € (0, H) such that, if p € [0, K] and if C is a convex set such that p —&’ < ||c|| < p+¢/,
whenever ¢ € C, then diam(C) < M.
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Proof Suppose without any loss of generality that M < 2 and H < 1. We claim that any

' € (0. H) such that &' [2 = 87 (47 ) | < 467 () works. Let p € [0, K] and let C

be a convex set such that p — &’ < ||c|| < p + &', whenever ¢ € C. First, observe that, since
87 assumes values in [0, 1], we have ¢’ < %. Hence, if p < %, we have

diam(C) <2(p +¢&') < M.

Now, suppose that p > % and let us prove that diam(C) < M. Suppose on the contrary
that there exist ¢1, ¢y € C satisfying |c; — ¢z]| > M. Putr := p + ¢'. By (2) and since
% e C, we have

c1+ce
p—¢& <|——

+
Therefore, we have &’ [2 — 6z (KLH)] > pdz (%) > %(Sz (KLH), against the
definition of &’. O

We are now in position to state and prove the result that links convergence of sets A,
with that of projections onto A,,.

Lemma 2.6 Let X be a Hilbert space. Suppose that a sequence {A,} in c(X) Attouch-Wets
converges to A € c(X). Then the corresponding sequence of projections { Py, } uniformly
converges on bounded set to Py.

Proof Without any loss of generality we can suppose that 0 € A. Let us prove that, for each
K, M > 0, there exists ng € N such that

sup [|Pa,x — Pax|| < M,
xeK By

whenever n > ng. By Lemma 2.5 (where we take H = K), there exists ¢’ € (0, K) such
that, if p € [0, K] and if C is a convex set such that p — &’ < |lc|| < p + &', whenever
¢ € C, then diam(C) < M. Since {A,} Attouch-Wets converges to A, there exists ngp € N
such that, for n > ng, we have
(i) A,N3KBx C A+ ¢ By;
(i) AN3KBy C A, +¢'By;
Letx € KBy, y = Psax,n > ngand y, = Py, x. Put p = ||x — y|| and observe that p < K
since 0 € A . By (ii),
lx = yall < llx =yl + lly = yall < p+ ¢
and hence ||y, || < |lx|| + |lx — y»|| < 3K. Therefore, by (i), y, belongs to the convex set
C:=(A+¢&Bx)N[x+ (o +¢&)Bx].
Moreover, since dist(x, A) = p, we have dist(x, C) > p — &'. It follows that every ¢ € C
satisfies
p—¢& <lc—xl|<p+¢.
Hence, the assumptions of Lemma 2.5 hold for the set C — x and we obtain that diam(C —

x) = diamC < M. It follows that ||y, — y|| = || Pa,x — Pax| < M. By the arbitrariness of
x € K By, the proof is concluded. O
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3 Notions of Regularity for a Couple of Convex Sets

In this section we introduce some notions of regularity for a couple of nonempty closed
convex sets A and B. This class of notions was originally introduced in [1], in order to obtain
some conditions ensuring the norm convergence of the alternating projections algorithm
(see, also, [4]). Here we list three different type of regularity: (i) and (ii) are exactly as
they appeared in [1], whereas (iii) is new. See [1] for concrete examples of couple of sets
satisfying or not properties (i) and (ii). In particular, observe that, by [1, Theorem 3.9],
bounded regularity always holds when X is finite-dimensional.

Definition 3.1 Let X be a Hilbert space and A, B closed convex nonempty subsets of X.
Suppose that E, F' are nonempty. We say that the couple (A, B) is:

(i) regular if for each ¢ > 0 there exists § > 0 such that dist(x, E) < ¢, whenever x € X
satisfies

max{dist(x, A), dist(x, B — v)} < §;

(i1) boundedly regular if for each bounded set S C X and for each ¢ > 0 there exists
8 > 0 such that dist(x, E) < ¢, whenever x € S satisfies

max{dist(x, A), dist(x, B — v)} < §;
(iii) linearly regular for points bounded away from E if for each ¢ > 0 there exists K > 0

such that
dist(x, £) < K max{dist(x, A), dist(x, B — v)},

whenever dist(x, E) > &.

The following proposition shows that (i) and (iii) in the definition above are equivalent.
The latter part of the proposition is a generalization of [1, Theorem 3.15].

Proposition 3.2 Let X be a Hilbert space and A, B closed convex nonempty subsets of X.
Suppose that E, F are nonempty. Let us consider the following conditions.

(i) The couple (A, B) is regular.
(i) The couple (A, B) is boundedly regular.
(iii) The couple (A, B) is linearly regular for points bounded away from E.

Then (iii) < (i) = (ii). Moreover, if E is bounded, then (ii) = (i).

Proof The implication (i) = (ii) is trivial. The implication (iii) = (i) follows directly
from the definition. Indeed, by contradiction let us suppose that (i) does not hold, i.e., there
exist € > 0 and a sequence {x,} C X such that dist(x,, E) > & and

max{dist(x, A), dist(x, B — v)} — 0.

By (iii) we have that dist(x,, E) — 0, a contradiction.
Now, let us prove that (i) = (iii). Suppose on the contrary that there exist ¢ > 0 and a

sequence {x,} C X such that dist(x,, E) > ¢ (n € N) and
max{dist(x,,A), dist(x,,B—v)}

dist(xy, E) — 0.
Foreachn € N, lete, € E, a, € A, and b, € B be such that |e, — x,|| = dist(x,, E),
la, — x| = dist(x,, A), and ||b, — v — x,,|| = dist(x,, B —v). PutA, = —%— € (0, 1)

llen—2xull
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and define z, = Apxn + (1 — Ay)en, a, = Anay + (1 — Ay)e, € A, and b}, = Apyb, + (1 —
An)(en + v) € B. By our construction, it is clear that

distzy.A) o la=ayl _ Jo—an] g dist@B—v) _ 16y=v=zll _ Jby—v—ua]]
£ - € llen—xnll € - & len—xnll *

Hence, dist(z,,, £) = ¢ and max{dist(z,, A), dist(z,, B — v)} — 0. This contradicts (i).
Now, suppose that E is bounded, and let us prove that (ii) = (i). Suppose on the
contrary that there exist ¢ > 0 and a sequence {x,} C X such that dist(x,, E) > ¢ (n € N)
and
max{dist(x,, A), dist(x,,, B — v)} — 0.

Foreachn € N, lete, € E, a, € A, and b, € B be such that |e, — x,|| = dist(x,, E),
la, — x,| = dist(x,, A), and ||b, — v — x,|| = dist(x,,, B — v). Put A, = m € (0,1

and define z, = Ayxy, + (1 — Ay)en, a, = Apay + (1 — Ay)e, € A, and b}, = Ayby, + (1 —
An)(en + v) € B. By our construction, it holds that

dist(zn, A) < llzn — ayll < llxn — anll

and
dist(z,, B —v) < ||b), — v — za |l < 1y — v — x|

Hence, dist(z,, E) = & and max{dist(z,, A), dist(z,, B — v)} — 0. Moreover, since E is
bounded {z,} is a bounded sequence. This contradicts (ii) and the proof is concluded. O

The following theorem follows by [1, Theorem 3.7].

Theorem 3.3 Let X be a Hilbert space and A, B closed convex nonempty subsets of
X. Suppose that the couple (A, B) is regular. Then the alternating projections method
converges.

We present here below a proof of this theorem, slightly different from that contained in
[1]. This proof is based on a simplified version of the argument that we will use in our main
result Theorem 4.9. Let us point out that this proof is not essential for sequel of the paper,
but it can be useful to visualize the geometrical idea behind the proof of Theorem 4.9. We
consider only the case where A N B is nonempty since the general case is similar but some
unavoidable details would have made it more difficult to follow the outline of the proof.

Proof Let us consider the sequences {c, = Pa(d,)} and {d,+1 = Pp(cy)}. By the
nonexpansivity of the projections onto convex sets, for every 7 € A N B, we have:

llen = hll = 1Pa(dn) — Pa(W)|| < lldn — ||
ldns1 — hll = I1Pp(cp) — P(W)| < llca — A

It follows immediately that:
(o) dist(cy, AN B) < dist(d,, AN B) and dist(d,+1, A N B) < dist(c,, AN B),

whenever n € N. This condition implies that [1, Theorem 3.3, (iv)] holds, therefore the
following fact holds: “The sequence {c,} converges to a point in AN B iff dist(c,, ANB) —
0.” Hence, it is sufficient to prove that dist(c,, A N B) — 0.

For ¢ > 0, by the equivalence (i) < (iii) in Proposition 3.2, there exists K > 0 such
that

dist(x, A N B) < K max{dist(x, A), dist(x, B)}, 3)
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whenever dist(x, AN B) > ¢. Observe that K > 1 and definen = ,/1 — ﬁ ‘We claim that,
for each n € N, the following condition holds:
(B) ifdist(c,, AN B) > ¢ then dist(c,, AN B) < ndist(d,, AN B).
To prove this, let i, :== Psnp(d,) and observe that

[dist(ca, A N B) + [dist(dy, A)I* < llcy — hall* + [dist(dy, A)] . @
By the variational characterization of the projection and since ¢, = P4(d,), we obtain that
the angle 6, := ang(d, — ¢y, h, — ¢y) is such that

b
- <0, <m.
2

Hence, (4) implies
[dist(ca, A N B)J* + [dist(dy, A)J* < llen — hyll* + [dist(d,, A)]?
—2|lcp — hy |l dist(dy, A) cos 6y,

= [dist(d,, A N B)]?

A

where the last equality is obtained by applying the law of cosines to the triangle with vertices
dy, ¢, and and h,,. This gives

[dist(c,, AN B)]* < [dist(d,, A N B)]* — [dist(d,, A)]*
Finally, since, by (), dist(d,, A N B) > dist(c,, A) > &, (3) and the last inequality gives

1
[dist(ca, A N B)]? < [dist(d,, AN B)])> — 3 Ldist(dy, AN B)J*,

and the claim is proved.

Now, if there exists ng € N such that dist(c,,, AN B) < ¢, then, (o) implies dist(c,, AN
B) < ¢ for every n > ng. On the other hand, if dist(c,, A N B) > ¢ for all n € N, then, by
combining subsequently (8) and («) we obtain

dist(c,, A N B) < ndist(d,, AN B) < ndist(c,—1, AN B) (n e N),

a contradiction since n < 1. Therefore we conclude that eventually dist(c,, AN B) < ¢. By
the arbitrariness of ¢ > 0 the proof is concluded. O

4 Regularity and Perturbed Alternating Projections

This section is devoted to prove our main result. Indeed, here we show that if a couple
(A, B) of convex closed sets is regular then not only the alternating projections method
converges but also the couple (A, B) satisfies certain “stability” properties with respect to
perturbed projections sequences.

Let us start by making precise the word “stability” by introducing the following two
notions of stability for a couple (A, B) of convex closed subsets of X.

Definition 4.1 Let A and B be closed convex subsets of X such that E, F are nonempty. We
say that the couple (A, B) is stable [d-stable, respectively] if for each choice of sequences
{A}, {Bn} C c(X) converging with respect to the Attouch-Wets convergence to A and
B, respectively, and for each choice of the starting point ag, the corresponding perturbed
alternating projections sequences {a,} and {b,} converge in norm [satisfy dist(a,, E) — 0
and dist(b,, F) — 0, respectively].
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Remark 4.2 We remark that the couple (A, B) is stable if and only if for each choice of
sequences {A,}, {B,} C c(X) converging with respect to the Attouch-Wets convergence
to A and B, respectively, and for each choice of the starting point ag, there exists e € E
such that the perturbed alternating projections sequences {a,} and {b,} satisfy a,, — e and
b, — e + v in norm.

Proof Without any loss of generality, we can suppose that 0 € B. Let us start by proving
thatif a, — ethene € E.

We claim that the sequence {PAn Pg, } uniformly converges on the bounded sets to P4 Pp.
To see this observe that:

® since 0 € B, we have || Pgx|| < ||x||, whenever x € X;
® since projections are nonexpansive, we have
| Pa, Pp,x — Pa, Ppx|| < || Pp,x — Ppxl|l,
whenever x € X andn € N;
® foreachx € X andn € N, we have
| Pa, Pp,x — PaPpx|| < ||Pa,Pp,x — Pa, Ppx|| + || Pa, Ppx — PaPpx].
The previous observation implies that, for N > 0, , we have

sup | Pa,Pp,x — PAPpx|| < sup | Pp,x — Ppx]||
lxI<N lx[I<N

+ sup ||Pa,Ppx — PaPpx||
IxI<N

< sup |[[Pp,x — Ppx| + sup [Pa,y— Payl.
Ixl<N Iyll<N

Since A, — A, B, — B for the Attouch-Wets convergence, by Lemma 2.6, { P4, } uni-
formly converges on bounded set to P4 and {Pg,} uniformly converges on bounded set to
Pg. The claim follows by the previous inequality.

Now, since {a,} is bounded and

any1 = Pa, Pp,an = PyPpay + (Pa, P, — PAPp)ay,

passing to the limit as n — oo, we obtain e = P4 Ppe. By Fact 2.4, (ii), we have thate € E.
Similarly, it is easy to see that

by+1 = Pp,an, = Ppa, + (P, — Pp)a, — Ppe =e+v,

and the proof is concluded. O

It is clear that if the couple (A, B) is stable, then it is d-stable. Moreover, if E, F are
singletons then also the converse implication holds true. The following basic assumptions
will be considered in the sequel of the paper.

Basic assumptions 4.3 Let A, B be closed convex nonempty subsets of X. Suppose that:

(i) E, F are nonempty and bounded;
(i) {An}and {B,} are sequences of closed convex sets such that A, — A and B,, - B
for the Attouch-Wets convergence.

Now, let us prove a chain of lemmas and propositions that we shall use in the proof of
our main result, Theorem 4.9 below.
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Lemma 4.4 Let G be a closed convex subset of X. Suppose that there exist €, K > 0 such
that eBx C G C KByx. Then, ifu,w € 0G and 0 := cos(u w) > 0, we have

lu — wl? < K27 4+ 1) 1222,

Proof The proof involves only the plane containing the origin and the vectors u and v.
Henceforth, without any loss of generality we can suppose that X = RZ and u = (||u||, 0).
Let us denote w = (x, y), with x, y € R, and suppose that u, w € dG. Observe that, since
6 > 0, x is positive.

We claim that it holds

Iyl >

Tl - IIMII)‘ &)

To prove our claim, suppose on the contrary that

and let us consider two cases. First, let x be such that 0 < x < |[u||. Since eBx C G and
u= (lull,0) € G, the set

L:={(z,v) €eR* 0 <z < ul, [v] < |pyG— lubl}

Iyl < f(x— Iull)’. (6)

is contained in the interior of G and w € L, a contradiction. We now turn to the case
x > |lull. Let & := (0, —“L_) € X, then it holds

X —|lul]
b (1 ),
X X

By (6), we have ||h]| < €. Then u belongs to the interior of the set conv ({w} U ¢ Byx), and

hence to the interior of G. This contradiction proves the claim.
1-62
02

Since 6 = cos(u, w) = we have y2 = 1222 Hence, by (5), we have

X
lwl

1-62 Jlu|)?
(@ — ul)? < S22,

Finally,

2 2 2 _p2
e = wl? = (= ul)? + 3> < o2 (L2 4 1) 22 < &2 (K7 1) 1228,

O

Proposition 4.5 Let Basic assumptions 4.3 be satisfied and, for eachn € N, let a, € A,
and b,, € B,,. Suppose that the couple (A, B) is regular. Let ¢ > 0, then there existn € (0, 1)
and ny € N such that for each n > ny we have:

(i) ifdist(an, E) > 2¢ and dist(by, F) > 2¢ then cos(a, —e, b, — (e+v)) < 1, whenever
e e E +¢eBy.

(i) if dist(ay, E) > 2¢ and dist(by11, F) > 2e then cos(byy1 — foan +v — f) < n,
whenever f € F + ¢By.

Proof Let us prove that there exist n € (0, 1) such that eventually (i) holds, the proof that
there exist n € (0, 1) such that eventually (ii) holds is similar. Suppose that this is not the
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case, then there exist sequences {ex} C E + By, {6} C (0, 1) and an increasing sequence
of the integers {n} such that dist(a,, , E) > 2¢, dist(by,, F) > 2¢, and

cos(an, — ek, bu, — (ex +v)) = 6 — 1.
Let G = E + 2¢By and observe that G is a bounded body in X. Since ¢; € intG and

ay, ¢ intG, there exists a unique point a,’{ € ek, a,, 1N 0G. Similarly, there exists a unique
point b,’( € ek, by, — v] N dG. Moreover, by construction, we have that

COS(a,/( — e, b,/( — ek) = 6.
Lemma 4.4 implies that ||(a; — v) — (b}, — v)|| = lla; — b, || — 0. Since G is bounded and
Ay, — A, B,, — B for the Attouch-Wets convergence, there exist sequences {a,’{’ }C A
and {b} C B — v such that ||a; — a; || — 0 and ||} — b; || — 0. Hence, by the triangle

inequality, |la; — b}/|| — 0 and eventually dist(a;’, E) > ¢, a contradiction since the couple
(A, B) is regular. O

Proposition 4.6 Let Basic assumptions 4.3 be satisfied, suppose that the couple (A, B) is
regular, and let §,¢ > 0. For each n € N, let a,, x, € A, and by, y, € B, be such that
dist(x,, E) — 0 and dist(y,, F) — 0. Then there exists no € N such that for eachn > ny
we have:

(i) ifdist(a,, E) > 2¢, dist(b,, F) > 2¢, and a, = Py, b, then
cos(xy — an, by — (an +v)) < 8;
(i) ifdist(an, E) > 2¢, dist(by+1, F) = 2¢, and by = Pp,_,ay then

cOS(Ynt1 — but1. an +v —bpy1) < 6.

Proof Let us prove that eventually (i) holds, the proof that eventually (ii) holds is similar.
Since dist(a,, E) > 2¢ and dist(x,, £) — 0 we have that eventually x,, — a, # 0. By
Proposition 4.5, there exists n € (0, 1) and n; € N such that

cos(an —e, b, — (e+ v)) <n, (N

whenever n > n| and e € E +¢eBy. Observe that, if dist(a,, E) > 2¢ and dist(b,,, F) > 2¢,
we have that ||a, — e|| > ¢ and ||b, — (e + v)|| > ¢ (n € N). By the law of cosines we have

lu—wi? = llul® + |wll* — 2 cos@u, w)llulw] = 2lulwl(l —cos(u, w)), u, weX.

By (7) and the previous inequality, applied to w = b, — (e + v) and u = a, — e, there
exists a constant " > 0 such that ||b, — (a, + v)|| > 7', whenever n > nj. By the above,
Xp—ay # 0and b, — (a,+v) # Oforalln > ny, then eventually cos(x, —an, by — (@, +v))
is well-defined. If v = 0, the thesis is trivial since, by the variational characterization of
an = Py, by, itholds
(Xn —an, by —ay) <0,

whenever n € N.

Suppose that v # 0. We claim that, if v denotes the displacement vector for the couple
(A, B), eventually we have

(v, an — xn) <80 llan — x5 . (®)

To prove our claim observe that, since dist(x,, E) — 0, we can suppose without any loss of
generality that dist(x,, E) < ¢ (n € N). Moreover, we can consider a sequence {x,} C E
such that ||x, — x,|| — 0. Let G = E + 2¢ Bx and observe that G is a bounded body in X.
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Since x,, € intG and a, ¢ int G, there exists a unique point a,, € [x,, a,] N dG. Since G is
bounded and A,, — A for the Attouch-Wets convergence, there exists a sequence {a, } C A
such that ||a]] — a],|| — 0. Since {x,} C E, it follows that |la, — x,,|| > 2¢ and, by taking
into account the variational characterization of the projection, that (v, a, —x;,) < 0. Hence,
eventually we have
(v, —x}) — 8 lla) — x| < —5ue.

Since ||x;, — x,|| = 0 and |la, — a),|| — 0, eventually we have

(v, ay — xp) — 81 lla,, — x|l < 0.

By homogeneity of (v, -) and of the norm, and by our construction, the claim is proved.
Now, by our claim, since a, = Pa,b, and x,, € A, (n € N), we have

(xn — an, by — (ap +v)) = (X, — ay, by — ay) + {ap — xp, V) < (377/”61,, — Xl

Eventually, since ||b, — (a, + v)|| > n’, we have

5y’
cos(x, —an, by — (ap + V) < ————— < 3§
(n = . b — (e ”|m—m+m

O

Now, we need a simple geometrical result whose proof is a simple application of the
definition of cosine combined with the triangle inequality.

Fact 4.7 Let n,n' € (0,1) be such that n < n'. If § € (0, 1) satisfies ?%’ < n' and if
x,y € X are linearly independent vectors such that cos(x, y) < n and cos(y —x, —x) <§
then |Ix|| < n'||yll

Proof By our hypotheses and the definition of cosine, we have

—(y,x) = —=nlxllyll:;
o —(y.x) + lxl® < 8lly — xlllIx]l.

Combining the two inequalities, we obtain
Xl Cllxll = nliylD) < 8lly — xIHixl,
and hence, by the triangular inequality,
il =nliyl < 8lly —xI < 8llyll + 8llx].
Finally,
lxll < mllyll <7'lyll.

1-6
O

Proposition 4.8 Letr Basic assumptions 4.3 be satisfied. For each M > 0 there exist 6 €
(0, M) and ng € N such that if n > ng we have:

(i) ifb, € By, an = Pa, by, and dist(b,,, F) < 0 then
dist(a,, E) <2M,
ay, and dist(a,, E) < 60 then
dist(by41, F) <2M.

(ii) ifa, € Ay, byy1 = Pp

n+1
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Proof Let M > 0 and p = ||v||, where v is the displacement vector. By Lemma 2.5 (where
we take H = 3M), there exists &’ € (0,3M) such that, if C is a convex set such that
o —¢ < |c|l <p+ ¢, whenever ¢ € C, then diam(C) < M. Put § = ¢’/3, since Basic
assumption 4.3 are satisfied, there exists ng € N such that if n > ng we have:

(a) ifw € A, then dist(w, F) > p — 36;
(b) ife € E, there exists x € A, such that |le — x| < 6.

Now, let n > ng, b, € By, an = Pa,b,, and dist(b,, F) < 6. Let f, € F be such
that || f, — byl < 0 and pute, = f, —v € E. By (b), there exists x, € A, such that
lx, — e, |l < 6. Hence, since a, = Pa,b, and |le, — fu|| = p, we have
lan = full < llan = bull + Il fn — ball
< xu = bull + 11 fu = bl
lxn —en+en— fu+ fu—Dbull + 11 fu —bull
lxn —enll + 0 + 201 fu — bull < p + 36.

Let us consider the convex set C = [x,, — f,;, a, — fu]. Observe that, since

lxn — full < llen — xull + llen — full < 0 + 06,

we have that ||c|| < p + 36, whenever ¢ € C. Moreover, since [x,,a,] C A, and f,, € F,
by (a) we have ||c|| > p — 36, whenever ¢ € C. Hence, we can apply Lemma 2.5 to the set
C and we have ||a, — x,,|| = diam(C) < M. Then

dist(ay, E) < |lay — enll < llap — xull + lley —xpll < M +60 <2M.

A

IA

The proof that eventually (ii) holds is similar. O
We are now ready to state and prove the main result of this paper.

Theorem 4.9 Let A, B be closed convex nonempty subsets of X such that E and F are
bounded. Suppose that the couple (A, B) is regular, then the couple (A, B) is d-stable.

Proof Let ag € X and let {a,} and {b,} be the corresponding perturbed alternating
projections sequences, i.e,

an = PA,, (by) and b, = PB,, (@n—1).

First of all, we remark that it is enough to prove that dist(a,, E) — 0 since the proof that
dist(b,, F) — 0 follows by the symmetry of the problem. Therefore our aim is to prove
that for each M > 0, eventually we have

dist(an, E) < M.

Let us consider M > 0, then, by (ii) in Proposition 4.8, there exist 0 < 6 < % and
n’ € N such that, for each n > n’, if dist(a,, E) < 0 then dist(b,+1, F) < M. Now, by
(i) in Proposition 4.8, there exist 0 < ¢ < % and n” € N such that, for each n > n”, if

dist(b,, F') < 2¢ then dist(a,, E) < 6. Therefore, we conclude that there exist 0 < ¢ < %
and ng = max{n’, n”’} € N such that, for each n > ng we have:

(o) if dist(d,, F) < 2¢ then dist(a,, E) < M and dist(b,+1, F) < M.

Again, by applying Proposition 4.8 twice and a similar reasoning as above, we can suppose
that, for each n > ng:
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(ap) if dist(a,, E) < 2¢ then dist(b,+1, F) < M and dist(a,+1, E) < M.
Now, by Proposition 4.5 there exist n € (0, 1) and n1 > ng such that:
(i) if dist(a,, E) > 2¢ and dist(b,, F) > 2¢ then
cos(an — e, by — (e +v)) <,

whenevern > n; and e € E + ¢By;
(i) if dist(a,, E) > 2¢ and dist(by+1, F) > 2¢ then

cos(but1 — fran — (f —v)) <,
whenevern > ny and f € F + ¢By.

Foreachn € N, lete, € E and f, € F be such that ||a, — e,| = dist(a,, E) and
by — full = dist(b,, F). By the Attouch-Wets convergence of {A,} and {B,} to A and B,
respectively, there exist two sequences {x,} and {y,} such thatx, € A,,y, € B, (n € N)
and such that ||x, +v — f;|| = Oand ||y,+1 — v — e, || = 0. Moreover, without any loss
of generality we can suppose that x, € E + ¢Bx and y, € F + ¢By, whenever n > nj.
Now, take n’ € (17, 1) and § € (0, 1) satisfying ?%7 < n'. By applying Proposition 4.6 there
exists np > n such that, for each n > n,, we have:

@ii1) if dist(a,, E) > 2¢ and dist(b,, F) > 2¢ then
cos(xy — an, by — (an +v)) < 6;
(iv) ifdist(a,, E) > 2¢ and dist(b,+1, F) > 2¢ then
oS(Ynt1 — bnt1, an — (bpy1 — v)) < 6.
Taking into account (i)-(iv) and Fact 4.7, if n > n; then the following conditions hold:
e ifdist(a,, E) > 2¢ and dist(b,, F) > 2& then
lan = xall < 0'llbn — (xn +V)II;
o ifdist(a,, E) > 2¢ and dist(b, 41, F) > 2¢ then
1Bn+1 = Yut1ll < 0'llan — (1 — V).

Now, by the triangle inequality, we have that, for each n > n», the following conditions
hold (we provide all steps only in the first condition, since the second one follows similarly):

e ifdist(a,, E) > 2¢ and dist(b,, F) > 2& then
dist(a,, E) < llap — (fu — vl
lan — xnll + llxn +v — full
N'llby = X0 — vl + X0 +v = full
77/||bn —Xp = v+ fu— full + X0 +v = fill
0'1bn = full + 1x0 +v = fulD) + 1x0 +v = full:
o ifdist(a,, E) > 2¢ and dist(b,+1, F) > 2¢ then
diSt(anrh F) =< ”bn+l - (6‘,, + U)”
77/(”5111 —enll + llynr1 —v—enll) + | yn+1 — v —enll.

IN A

IA

IA

IA

If we consider n” € (n’, 1), since ||x, +v — fu|l = Oand ||y,+1 — v — e,|| — O, there
exists n3 > ny such that if n > n3 then the following conditions hold:
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(B1) ifdist(b,, F) > 2¢ and dist(a,, E) > 2¢ then
dist(ay, E) < ndist(by, F);
(B2) ifdist(a,, E) > 2¢ and dist(b, 11, F) > 2¢ then
dist(by+1, F) < 1 dist(ay, E).

Now, there exists n4 > n3 such that dist(a,,, £) < 2¢ or dist(b,,, F) < 2¢. Indeed,
since n” < 1, the fact that

dist(a,, E) > 2¢ and dist(b,, F) > 2e, whenever n > nj,

contradicts the fact that (81) and (8;) are satisfied whenever n > n3. We conclude our proof
by showing that dist(a,) < M for every n > n4. By contradiction, let us suppose that the set

Q=1{neN:n>nganddist(a,, E) > M}

is nonempty. Let n5s = min Q. Then by (or1), we have dist(b,,, F') > 2¢. Moreover, by (a2),
it holds dist(a,s—1, E) > 2¢. Now, from (f), it follows that

dist(bns, F) < n"dist(ans—1, E) < M.

Finally, since dist(a,5, E) > M > 2¢ and dist(b,,, F)) > 2¢, we conclude from (8) that it
holds
dist(ans, E) < n"dist(bps, F) < M,

a contradiction. O

If the intersection of A and B is nonempty, we obtain, as an immediate consequence of
Theorem 4.9, the following result.

Corollary 4.10 Let A, B be closed convex nonempty subsets of X such that A N B is
bounded and nonempty. If the couple (A, B) is regular then the perturbed alternating
projections sequences {a,} and {b,} satisfy dist(a,, A N B) — 0 and dist(b,, AN B) = 0

We conclude this section by showing some relationships between the results of [9]
and Theorem 4.9. First of all, we briefly recall the notions of strongly exposed point and
strongly exposing functional. This notions, and the corresponding dual versions (see, e.g.,
[6, Definition 6.2]), play an important role in the theory of Banach spaces.

Definition 4.11 (see, e.g., [11, Definition 7.10]) Let A be a nonempty subset of a normed
space Z. A point a € A is called a strongly exposed point of A if there exists a support
functional f € Z* \ {0} for A ata (i.e., f(a) = sup f(A)), such that x, — a for all
sequences {x,} in A such that lim,, f(x,) = sup f(A). In this case, we say that f strongly
exposes A at a.

Remark 4.12 1f f strongly exposes A at a then a is the unique point at which f assumes its
maximum value on A. Indeed, let us suppose on the contrary that there exists b € A \ {a}
such that f(b) = sup f(A), then we get a contradiction taking x, = b, whenever n € N.

Definition 4.13 (see, e.g., [13, Definition 1.3] or [8]) Let A be a body in a normed space
Z. We say that x € 0A is an LUR (locally uniformly rotund) point of A if for each ¢ > 0
there exists § > 0 such thatif y € A and dist(dA, (x + y)/2) < § then ||[x — y|| < . We
say that A is an LUR body if each point in dA is an LUR point of A.
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The notion of LUR norm is a natural generalization of uniform rotundity and plays an
important role in the theory of Banach spaces (see, e.g., [11] for the definition of and the
main results on LUR norms; see also [7, 8] for some recent results involving this notion).
Moreover, it is easy to see that, in the case X is finite-dimensional, a body is LUR iff it is
strictly convex.

The following lemma shows that each LUR point is a strongly exposed point.

Lemma 4.14 (see e.g. [10, Lemma 4.3]) Let A be a body in a normed space Z and suppose
that a € 0A is an LUR point of A. Then, if f € Sz« is a support functional for A in a, f
strongly exposes A at a.

First, we show that a more general variant of the assumptions of one of the main results
in [9], namely [9, Theorem 3.3], implies that the couple (A, B) is regular. It is interesting to
remark that here we consider also the case in which A and B do not intersect.

Proposition 4.15 Let A, B be nonempty closed convex subsets of X. Let us suppose that
there exist e € AN (B — v) and a linear continuous functional x* € Sx+ such that
infx*(B — v) = x*(e) = supx™(A)

and such that x* strongly exposes A at e. Then the couple (A, B) is regular.

Proof There is no loss of generality in assuming e = 0. We claim that E = {0}. Indeed,
if we suppose on the contrary that there exists ¢’ € E \ {e}, then we would have x*(e) =
sup x*(A); a contradiction against Remark 4.12. Now, suppose on the contrary that (A, B)
is not regular. Therefore there exist sequences {x,} C X, {a,} C A, {b,} C B, and a real
number £ > 0 such that
dist(x,, E) = |lxn |l > &, )

and such that

dist(x,, A) = ||x, —an|| = 0, dist(x,, B —v) = ||x, — b, + v| = 0. (10)
Since infx*(B — v) = 0 = supx™*(A), we have

x*(xp) = x"(xp — an) + x"(an) < Xy — anl
and
x*(xp) = x" (% — by + ) + x*(by — V) = —|lx, — by + V]

By the previous two inequalities and (10), it holds lim, x*(x,) = 0. Since ||x, — a,| — O,
we have lim, x*(a,) = 0. Moreover, since x* strongly exposes A at e, the last equality
implies that ||a, || — 0. Indeed, to see this it, is sufficient to apply the definition of strongly
exposing functional and take into account that lim, x*(a,) = sup x*(A). We conclude that
[lxn || = O, contrary to (9). O

By combining the previous proposition and Theorem 4.9, we obtain the following
corollary generalizing [9, Theorem 3.3].

Corollary 4.16 Let A, B be nonempty closed convex subsets of X. Let us suppose that there
existe € AN (B — v) and a linear continuous functional x* € Sx+ such that

infx*(B — v) = x*(e) = supx™(A)

and such that x* strongly exposes A at e. Then, the couple (A, B) is stable.
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Moreover, in [9], the authors proved the following sufficient condition for the stability
of a couple (A, B).

Theorem 4.17 [9, Theorem 4.2] Let X be a Hilbert space and A, B nonempty closed convex
subsets of X. Suppose that int (A N B) # @, then the couple (A, B) is stable.

By combining Corollary 4.16 and Theorem 4.17, we obtain the following sufficient
condition for the stability of the couple (A, B) generalizing [9, Corollary 4.3, (ii)].

Corollary 4.18 Let X be a Hilbert space, suppose that A, B are bodies in X and that A is
LUR. Then the couple (A, B) is stable.

Proof If int (A N B) # (), the thesis follows by applying Theorem 4.17. If int (A N B) = ¢,
since A and B are bodies, we have int(A) N B = (. Since A is LUR the intersection
A N (B — v) reduces to a singleton {e}. By the Hahn-Banach theorem, there exists a linear
functional x* € X* such that

infx*(B — v) = x*(e) = supx™(A).

Since A is an LUR body, by Lemma 4.14, we have that x* strongly exposes A at e. We are
now in position to apply Corollary 4.16 and conclude the proof. O

Finally, we show that [9, Theorem 5.2], follows by Theorem 4.9.

Corollary 4.19 Let U, V be closed subspaces of X such that U NV = {0} and U + V is
closed. Then the couple (U, V) is stable.

Proof Since U + V is closed, by [1, Corollary 4.5], the couple (U, V) is regular. By The-
orem 4.9, the couple (U, V) is d-stable. Since U N V is a singleton, the couple (U, V) is
stable. O

5 Final Remarks, Examples, and an Open Problem

Known examples show that the hypothesis about regularity of the couple (A, B), in Theo-
rem 4.9, is necessary. To see this, it is indeed sufficient to consider any couple (A, B) of
sets such that A N B is a singleton and such that, for a suitable starting point, the method of
alternating projections does not converge (see [12] for such a couple of sets).

A natural question is whether, in the same theorem, the hypothesis about regularity of
the couple (A, B) can be replaced by the weaker hypothesis that “for any starting point the
method of alternating projections converges”. The answer to previous question is negative;
indeed, in [9, Theorem 5.7], the authors provided an example of a couple (A, B) of closed
subspaces of a Hilbert space such that A N B = {0} and such that the couple (A, B) is not
stable (and hence not d-stable since A N B is a singleton). It is interesting to observe that,
by the classical von Neumann result [15], the method of alternating projections converges
for this couple of sets.

The next example shows that, if we consider closed convex sets A, B C X such that
A N B is nonempty and bounded, the regularity of the couple (A, B) does not imply in
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general that (A, B) is stable. In particular, we cannot replace d-stability with stability in the
statement of Theorem 4.9.

Example 5.1 ([9, Example 4.4]) Let X = R? and let us consider, for each & € N, the
following subsets of H:

A = conv{(l, 1), (—1,1),(1,0), (—1,0)};
Con = conv {(1,1), (=1, 1), (1, ). (=1, 0)};
Con—1 = conv{(1, 1), (=1, 1), (1,0), (=1, )};
B = conv{(l,—1), (=1, —=1),(1,0), (—1,0)};
Dy = conv {(1, —1), (=1, =1), (1, =), (=1, 0)};
Dyjp—1 = conv{(l, —1), (—1,—-1),(1,0), (-1, —%)}.
Then the couple (A, B) is regular but not stable.

Fore the sake of completeness we include a proof of the previous example.

Proof By [1, Theorem 3.9], the couple (A, B) is regular. Let us prove that (A, B) is not
stable. It is easy to see that C;, — A and D, — B for the Attouch-Wets convergence. We
claim that the couple (A, B) is not stable. To prove this, let us consider the starting point
zo = (0, 0) and observe that, if we consider the points a,ﬁ = (Pc, Pp, Yz, then a,i — (1,0)
and hence there exists N; € N such that

lay, — (1,0)]| < }.

Define A, = C1 and B, = D; whenever 1 < n < Nj. Similarly, if we consider the points
a? = (Pc, P[)z)ka}\,1 , then a? — (—1,0) and hence there exists N, € N such that

lag, = (=1, 0| < 3.

Define A, = C» and B, = D, whenever Ny + 1 < n < N; + N,. Then, proceeding
inductively, it is easy to construct sequences {A,} and {B,} converging respectively to A
and B for the Attouch-Wets convergence and such that the perturbed alternating projections
sequences {a,} and {b,}, w.r.t. {A,} and {B,} and with starting point zp, do not converge.

O

Now, the following example shows that, even in finite dimension, the hypothesis
concerning the boundedness of the sets E, F cannot be dropped in the statement of
Theorem 4.9.

Example 5.2 Let A, B be the subsets of R? defined by
A={x,y,0€eR%z=0,y>0)}, B={(x, 2 eR}z=0),
then the following conditions hold:

(a) AN B coincides with A (and hence (A, B) is regular);
(b) AN B isnotbounded;
(c) the couple (A, B) is not d-stable.

The proof of (a) and (b) is trivial. To prove (c), we need the following lemma.
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Lemma 5.3 Let A, B be defined as in Example 5.2. For each n € N and xo > 1, let
Pl . P2 < € R be defined by

n,xp’ - n,xo’ n

Pnlx = (x¢ + nxg, —1, 0), Pnz’ (xo—l—nxo—i— 0 0), P3 (0, o n)

n,xo

Let t, x, be the line in R3 containing the point P, n X0 and P,? X0’ and let 1, x, be the ray in

R3 with initial point Pnyx0 and containing the points Pn X0 Let Ay vy, Bn x, be the closed

convex subsets of R3 defined by
Apxo =conv (fyxy Urnxy), Bnxy ={(x,y,2) € R} z= 0}.
Then the following conditions hold.
(1) foreach N € N, lim, hy (A, x,, A) = 0, uniformly with respect to xo > 1;
(i1)) Foreachn € N and xo > 1, the alternating projections sequences, relative to the sets

Ay xos Bn,x, and starting point (xg, 0, 0), converge to Pnl,xo'

Proof (i) Letn € N, xg > 1, and let us denote by {e1, e2, e3} the canonical basis of R3. Let
Dy x, : R? — R be the rotation such that

Pl P3
n,x n,x
Dn,xo(el) = - 3 0= Un,xo»
” n , X0 Pn , X0 ”
PZ _ Pl
Dy x, (e2) = 0 1 = Wp,xg>»
” nxo_angn

Dn,xo(eS) = Un,xg N\ Wn,xp»
where v, y, A Wy, x, denotes the standard vector product between v, », and w;, y, in R3. An
elementary computation shows that ||v, x, — e1ll, l|wn,x, — 2|l (and hence [[v; vy A Wy xy —
e3|l) goto 0 as n — oo, uniformly w.r.t. xo > 1. This implies that || D,, x, — I|| goes to 0 as
n — oo, uniformly w.r.t. xo > 1. By definitions of A, », and A, we have

Anxy = P3 o + Dy (A).

n,xo

Fix N e N. Fact 2.3 implies that iy (A, x,, A) goes to 0 as n — oo, uniformly w.r.t. xo > 1;
the proof is concluded.
(ii) Observe that:

® the projection of the line #, y, onto the plane B is the line s, ., containing Pnl’x0 and the
point (xg, 0, 0);
® the projection of the line s, y, onto the unique plane containing A, y, is the line #, x,.

Hence, the alternating projections sequences, relative to the sets A, x,, By x, and starting

point (xp, 0, 0), converge to intersection point of the lines #, , and s, x, i.€., Pn1 o O

Proof of Example 5.2, (c¢) Fix the starting point ap = (1, 0,0) and let Ay 1, By,1, P1 [» be
defined by Lemma 5.3. Observe that, if we consider the points

(l]l = (PAH PB]y])kaO (k € N),

by Lemma 5.3, (ii), there exists N; € N such that dist(a ;,l ,AN B) > 1, indeed, {a

converges to the point P1 1 =@2,-1,0) and dlst(P1 1» AN B) =1.Define A, = A | and
B, = B11 = B, whenever 1 < n < Nj. Then define An,+1 = A and By, 41 = B, and
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observe that a(z) = Py PBa}Vl = (x1,0,0) for some x; > 1. Proceeding as above, if we
consider the points
2 2
a; = (Pa,, P, )ag (k € N),

then there exists Ny € N such that dist(alzvz, ANB) > % Define A, = A2 x|, By = B2, =
B, whenever N1 + 1 < n < Nj. Then define Ay,11 = A, By,+1 = B, and observe
that ag = Py PBalz\,2 = (x2, 0, 0) for some x > 1. Then, proceeding inductively, we can
construct sequences {A,} and {B,} such that, by Lemma 5.3, (i), A, - A and B, — B
for the Attouch-Wets convergence. Moreover, by our construction, it is easy to see that the
corresponding perturbed alternating projections sequences {a, } and {b,}, with starting point
ag, are such that
limsup,, dist(a,, AN B) > 1.

This proves that the couple (A, B) is not d-stable. O

Finally, we conclude with an open problem asking whether the inverse of Theorem 4.9
holds true.

Problem 5.4 Let A, B be closed convex nonempty subsets of X such that £ and F are
nonempty and bounded. Suppose that the couple (A, B) is d-stable. Does the couple (A, B)
is regular?
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