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Abstract
In this paper we are interested in the following critical Hartree equation

⎧
⎪⎨

⎪⎩

−�u =
( ∫

�

u2
∗
μ(ξ)

|x − ξ |μ dξ
)
u2

∗
μ−1 + εu, in �,

u = 0, on ∂�,

where N ≥ 4, 0 < μ ≤ 4, ε > 0 is a small parameter, � is a bounded domain in R
N , and

2∗
μ = 2N−μ

N−2 is the critical exponent in the sense of the Hardy–Littlewood–Sobolev inequality.
By establishing various versions of local Pohozaev identities and applying blow-up analysis,
we first investigate the location of the blow-up points for single bubbling solutions to above
the Hartree equation. Next we prove the local uniqueness of the blow-up solutions that
concentrates at the non-degenerate critical point of the Robin function for ε small.
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1 Introduction andmain results

In a celebrated paper [4], Brezis and Nirenberg introduced the following Sobolev critical
problem

{
−�u = |u|2∗−2u + εu, in �,

u = 0, on ∂�,
(1.1)

where 2∗ = 2N
N−2 with N ≥ 3, ε > 0 is a real positive parameter, � is a smooth bounded

domain beRN . The existence of a positive solution uε to (1.1), i.e., a solution which achieves
the infimum

Sε := inf
u∈H1

0 (�)\{0}

∫

�
(|∇u|2 − εu2)dx
( ∫

�
|u|2∗dx

) 2
2∗

has been proved by Brezis and Nirenberg in [4] provided ε ∈ (0, λ1) in dimension N ≥ 4
and when ε ∈ (λ∗, λ1) in dimension N = 3, where λ1 is the first eigenvalue of −� with
Dirichlet boundary condition and λ∗ ∈ (0, λ1) depends on the domain �. On the other hand,
when ε = 0, problem (1.1) becomes much more delicate. Pohozaev first proved in [33] that
(1.1) does not have any solutions in the case where � is a star-shaped domain. Bahri and
Coron [2] proved that (1.1) has a solution when � has a nontrivial topology and ε = 0.

As ε → 0, Rey [34] proved that if a solution uε of (1.1) satisfies

|∇uε|2 → S
N
2 δx0 , as ε → 0, (1.2)

where δx denotes the Dirac mass at x and S the best Sobolev constant defined by

S := inf

{‖∇u‖L2

‖u‖L2∗
: u ∈ D1,2(RN ) \ {0}

}

.

Then x0 ∈ � is a critical point of Robin functionR(x) (see (1.4)). Conversely, if N ≥ 5 and
x0 is a nondegenerate critical point of R(x), then for ε sufficiently small (1.1) has a family
of solutions uε satisfying (1.2). Let � be a smooth bounded domain in R

N and N ≥ 4, Rey
[35] (independently by Han [27]) considered

{
−�u = N (N − 2)u

N+2
N−2 + εu, in �,

u = 0, on ∂�,
(1.3)
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and studied the localtion of blow-up point for solutions to (1.3) and blowing up rate, namely,

lim
ε→0

ε‖uε‖
2(N−4)
N−2

L∞ = (N − 2)3ωN

2ρN
R(x0) if N ≥ 5,

lim
ε→0

ε ln ‖uε‖L∞ = 4ω4R(x0) if N = 4,

where ωN is a measure of the unit sphere of RN , ρN = ∫ ∞
0

r N−1

(1+r2)N−2 dr and

R(x) := H(x, x) (1.4)

is called the Robin function of � at point x . The Green’s function of the Dirichlet problem
for the Laplacian is then defined by

G(x, y) = 1

(N − 2)ωN |y − x |N−2 − H(x, y), (1.5)

and it satisfies
{

−�G(x, ·) = δx in �,

G(x, ·) = 0 on ∂�.

Musso and Pistoia in [31] and Bahri, Li and Rey in [3] studied existence of solutions which
blow-up at k ≥ 1 different points of �.

To investigate the uniqueness of the blow-up solutions, Grossi in [24] proved the unique-
ness of the solutions to (1.1) under suitable assumptions on the the domain�, see also [25]. If
N ≥ 5 and for ε small enough, Cerqueti in [12] proved that if the domain� is symmetric with
respect to the coordinate hyperplanes xk = 0 and convex in the xk-directions, there exists a
unique solution uε of (1.3) with the property that

lim
ε→0

∫

�
|∇uε|2dx

( ∫

�
|uε|2∗dx

) 1
2∗

= S, (1.6)

and this solution is nondegenerate. Later inspired by Li in [30], Cerqueti and Grossi in [6]
follow closely the line of [30] for the blow-up analysis which be used to prove the uniqueness
result for the solutions of (1.3), and they proved that all solutions of (1.3) satisfy the property
(1.6) under the same hypothesis on the domain�. In [22], Glangetas considered the problem
(1.3) and it is shown that if N ≥ 5, the uniqueness of solutions uε of (1.3) with the property
that (1.2) for ε small enough, where x0 is a nondegenerate critical point of Robin function
R(x). Recently, considering the uniqueness result of Glangetas in [22], Cao, Luo and Peng
[9] proved that if ε is small, problem (1.1) has a unique solution provided the domain � is
convex and N ≥ 6. For other related results, we refer the readers to [7, 8, 10, 16, 26] and
their references for the existence and uniqueness of solutions for nonlinear elliptic equations.

There is wide literature about the study of the asymptotic behavior of the solutions for the
almost critical problem

{
−�u = u2

∗−1−ε, in �,

u = 0, on ∂�.
(1.7)

Atkinson and Peletier [1] studied the asymptotic behavior of subcritical solutions uε to (1.7).
Brezis and Peletier [5] used the method of PDE to obtain the same results as that in [1] for

the spherical domains. Wei in [38] further locate the blow-up point x0 and to give a precise
asymptotic expansion of the least energy solutions for problem (1.7). Rey in [36] and Musso
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and Pistoia in [32] proved, for ε > 0 small enough, a positive solutions with two positive
blow-up points provided the domain � have a small hole. For ε < 0, Del Pino, Felmer and
Musso in [14] established a positive solutions which blows-up at two positive points when
the domain � have a hole and for ε small enough. Del Pino, Felmer and Musso in [15]
found solutions with three or more positive blow-up points under suitable assumptions on
the domain �. Towers of positive bubbles for problem (1.7) were constructed by Del Pino,
Dolbeault and Musso in [13] under suitable assumptions on the nondegeneracy of Robin’s
functionR(x) and Green’s function.

In this paper we are interested in the following critical Hartree equation
⎧
⎪⎨

⎪⎩

−�u =
( ∫

�

u2
∗
μ(ξ)

|x − ξ |μ dξ
)
u2

∗
μ−1 + εu, in �,

u = 0, on ∂�,

(1.8)

where N ≥ 4, 0 < μ ≤ 4, ε > 0 is a small parameter, � is a smooth and bounded domain in
R

N and the exponent 2∗
μ := 2N−μ

N−2 is critical in the sense of the Hardy–Littlewood–Sobolev
inequality. To under the critical growth of the nonlocal problem, we need to recall the famous
Hardy–Littlewood–Sobolev inequality.

Proposition 1.1 ( [29]) Let θ, r > 1 and 0 < μ < N with 1
θ

+ 1
r = 2− μ

N . Let f ∈ Lθ (RN )

and g ∈ Lr (RN ), there exists a sharp constant C(θ, r , μ, N ) independent of f , g, such that
∫

RN

∫

RN

f (x)g(ξ)

|x − ξ |μ dxdξ ≤ C(θ, r , μ, N )‖ f ‖θ‖g‖r . (1.9)

If θ = r = 2N
2N−μ

, then

C(θ, r , μ, N ) = CN ,μ = π
μ
2

�(
N−μ
2 )

�(N − μ
2 )

{�(N )

�( N2 )

} N−μ
N

.

There is equality in (1.9) if and only if f ≡ (const .)g and

g(x) = A(1 + λ2|x − z|2)−(2N−μ)/2

for some A ∈ C, λ ∈ R \ {0} and z ∈ R
N .

According to Proposition 1.1, the functional
∫

RN

∫

RN

|u(x)|p|v(y)|p
|x − y|μ dxdy

is well defined in H1(RN ) × H1(RN ) if 2N−μ
N ≤ p ≤ 2N−μ

N−2 . Here, it is quite natural to call
2N−μ

N the lower Hardy–Littlewood–Sobolev critical exponent and 2∗
μ := 2N−μ

N−2 the upper
Hardy–Littlewood–Sobolev critical exponent. In the following, we use SH ,L to denote best
constant defined by

SH ,L := inf
u∈D1,2(RN )\{0}

∫

RN |∇u|2dx
( ∫

RN

∫

RN
|u(x)|2∗μ |u(ξ)|2∗μ

|x−ξ |μ dxdξ
) N−2
2N−μ

. (1.10)

In this way, we know that (1.13) is closely related to the nonlocal Euler-Lagrange equation

− �u =
(∫

RN

u2
∗
μ(ξ)

|x − ξ |μ dξ

)

u2
∗
μ−1, in R

N . (1.11)

123



Local uniqueness of blow-up solutions for critical Hartree… Page 5 of 51   217 

For the critical nonlocal equation (1.11), Du and Yang in [17] and Guo, Hu, Peng and Shuai
in [23] studied equation (1.11) with critical exponent 2N−μ

N−2 by analyzing the corresponding
integral system. They also classified the uniqueness of the positive solutions and concluded
that every positive solution of (1.11) must assume the form (see [17, 20])

Ūz,λ(x) = S
(N−μ)(2−N )
4(N−μ+2) C

2−N
2(N−μ+2)
N ,μ

[
N (N − 2)

] N−2
4 Uz,λ(x),

where (see [37]),

Uz,λ(x) := λ
N−2
2

(1 + λ2|x − z|2) N−2
2

, x ∈ R
N , z ∈ R

N , λ ∈ R
+,

is the unique family of positive solutions of

− �u = N (N − 2)u2
∗−1, in R

N . (1.12)

In a recent paper [20], Gao and Yang considered the Hartree type Brezis-Nirenberg prob-
lem (1.13). They proved a Brezis-Nirenberg type result saying that: if N ≥ 4, (1.13) has a
nontrivial solution for ε > 0; if N = 3, then there exists λ∗ such that (1.8) has a nontrivial
solution for ε > λ∗, where ε is not an eigenvalue of−�with homogeneous Dirichlet bound-
ary data; if N ≥ 3 and ε ≤ 0, (1.8) admits no solutions when� is star-shaped. More recently,
Yang and Zhao in [40] proved that the solution uε of (1.8) blows up exactly at a critical point
of the Robin function that cannot be on the boundary of� via the Lyapunov-Schmit reduction
method. Existence of bubbling solutions for equation (1.8) were constructed by Yang, Ye and
Zhao in [41] under suitable assumptions on the nondegeneracy of Robin’s functionR(x).

Naturally, one would like to know whether the local uniqueness results of the blow-up
solutions hold true for the Hartree equation and if it is possible to prove the location of
blow-up point for the critical problem via local Pohozaev identities. For N ≥ 4 and ε > 0 is
small, one of the main purposes of this paper is to locate the blow-up point of single bubbling
solutions for the following critical Hartree equation by local Pohozaev identities and blow-up
analysis,

⎧
⎪⎨

⎪⎩

−�u =
( ∫

�

u2
∗
μ(ξ)

|x − ξ |μ dξ
)
u2

∗
μ−1 + εu, in �,

u = 0, on ∂�,

(1.13)

and study the local uniqueness of the blow-up solutions for problem (1.13) provided N ≥ 6
and ε small enough.

Before stating the main results, it is useful to introduce some notations. We denote by

AH ,L := [
N (N − 2)

] N−μ+2
2 C−1

N ,μS
μ−N
2 . (1.14)

We know that Uz,λ(x) is the solution of

−�Uz,λ = AH ,L

( ∫

RN

U
2∗
μ

z,λ(ξ)

|x − ξ |μ dξ
)
U

2∗
μ−1

z,λ , in R
N .

We denote by PUz,λ the projection of a function Uz,λ onto H1
0 (�), namely,

�PUz,λ = �Uz,λ, in �, PUz,λ = 0, on ∂�. (1.15)

Let us set

ψz,λ = Uz,λ − PUz,λ.
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We remark that ψz,λ is a harmonic function such that

ψz,λ = Uz,λ, on ∂�.

A first result that we obtain is the following.

Theorem 1.1 Let N ≥ 4 andμ ∈ (0, N ). Assume that uε is a sequence of solutions of H1
0 (�)

satisfying

‖uε‖L∞ → +∞ as ε → 0 and |uε(x)| ≤ CUxε,λε (x), (1.16)

with its maximum at xε and λ
N−2
2

ε = maxx∈� uε(x) = uε(xε). Then there exists x0 ∈ � such
that as ε → 0, xε → x0, and x0 is a critical point of Robin functionR, i.e., ∇R(x0) = 0.

Remark 1.1 The above results have been be proved byYang and Zhao [40] by using reduction
arguments under different conditions, in this paper we will prove this theorem via the local
Pohozaev identity (2.2).

In [41], authors constructed the existence of single bubbling solutions for (1.13) via the
Lyapunov-Schmit reductionmethod. Alongwith this interesting results, we will obtain a type
of local uniqueness results of these. More precisely, we can prove the following result.

Theorem 1.2 Let N ≥ 6 and μ ∈ (0, 4). Assume that {u( j)
ε }( j = 1, 2) are two families of

functions of H1
0 (�) such that u( j)

ε is a solution of (1.13) and satisfies condition (1.16). If
x0 ∈ � is an isolated non-degenerate critical point of the Robin function R(x), then there
exists ε′

0 > 0 such that for any ε ∈ (0, ε′
0], such type of solutions

u( j)
ε = PU

x ( j)
ε ,λ

( j)
ε

+ w( j)
ε , j = 1, 2,

are unique, that is, u(1)
ε = u(2)

ε , x (1)
ε = x (2)

ε , λ(1)
ε = λ

(2)
ε and w

(1)
ε = w

(2)
ε .

Remark 1.2 In a first version of the main resutls were obtained under the assumption μ is
close N or 0 and that N = 6 and μ = 4. The same results was improved to the present
version due to the work [28] by Li, Liu, Tang and Xu, since the nondegeneracy property of
the limit critical Hartree equation was generalized to a wider range of the parameters.

Remark 1.3 We remark that there are some restriction on the dimension N and parameter
μ, since some estimates do not work well in applying the local Pohozaev identities and
applying blow-up analysis. For example, we note that in the case that N = 6 and μ = 4, it
is difficult to prove that c0 = 0 in Lemma 3.9 by (4.25) and (4.26) (see proof of Lemma 3.9
below). Moreover, for N = 5, if x0 is a nondegerate critical point of Robin functionR, from
Lemma 3.2, we have

|xε − x0| = O
( 1

λε

)
. (1.17)

However, by (1.17), we can not derive the estimates of (3.23) and (3.24) in Lemma 3.23.

The proof of the main results is mainly inspired by [16, 26], let u(1)
ε and u(2)

ε be two different
positive solutions of (1.1). Set

ηε(x) := u(1)
ε (x) − u(2)

ε (x)

‖u(1)
ε (x) − u(2)

ε (x)‖L∞
,

123
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then for any fixed θ ∈ (0, 1) and small ε, we want to prove |ηε(x)| < θ for all x ∈
�, which is incompatible with the fact ‖ηε‖L∞ = 1. Compared with the local Brezis-
Nirenberg problem, the appearance of nonlocal critical term in problem (1.13) brings new
difficulties. For example, the corresponding local Pohozaev identities will have various new
terms involving volume integral, which causes new difficulties in estimates of the order of
each terms in the local Pohozaev identities precisely. To apply the blow-up analysis, we need
to use some nondegeneracy results. Du and Yang in [17] showed that if μ is close to N with
N = 3 or 4, Ūz,λ as in (1.11) is nondegenerate in the sense that solutions of the linearized
equation. Recently, Gao et al. in [19] proved that a nondegeneracy result at Ūz,λ for (1.11)
when N = 6 and μ = 4, and also proposed that the problem is an open within the remaining
range of N , μ. Later, X. Li, C. Liu, X. Tang and G. Xu. in [28] gave a affirmative answers
and it also completely solves the interval of the remaining exponents N and μ.

Lemma 1.1 Assume that N ≥ 3, 0 < μ < N with 0 < μ ≤ 4, and Ūz,λ be the corresponding
family of unique family of positive solutions of (1.11). Then the linearized operator of (1.11)
at Ūz,λ defined by

Lφ = −�φ − 2∗
μ

( 1

|x |μ ∗ (Ū
2∗
μ−1

z,λ φ)
)
Ū

2∗
μ−1

z,λ − (2∗
μ − 1)

( 1

|x |μ ∗ Ū
2∗
μ

z,λ

)
Ū

2∗
μ−2

z,λ φ

only admits solutions in D1,2(RN ) of the form

φ = āDλŪz,λ + b · ∇Ūz,λ,

where ā ∈ R, b ∈ R
N .

Notation. In what follows we let

‖u‖H1
0

=
(∫

�

|∇u|2dx
) 1

2

, ‖u‖Lq =
(∫

�

|u|qdx
) 1

q

.

as the standard norm in the Sobolev space H1
0 (�) and Lq(�)-standard norm for any q ∈

[1,+∞), respectively. Moreover, A = o(ᾱ) means A/ᾱ → 0 as ε → 0 and A = O(ᾱ)

means that |A/ᾱ| ≤ C .
This paper is organized as follows: in Sect. 2, we first construct the local Pohozaev type

identities for critical Hartree equation and give the proof of Theorem 1.1. In Sect. 3, we
give the proofs of some crucial estimates for blow-up solutions and Green’s function, and
completed the proof of Theorem 1.2. The proof of Theorem 1.2 requires some technical
computations which are given in Sect. 5 and Appendixs A-D.

2 Local Pohozaev identities and blow-up points

The first goal of this section is to establish the local Pohozaev type identities for the critical
Hartree equation. As an application of the local Pohozaev type identities, we are able to locate
the blow-up points in Theorem 1.1.

2.1 Local Pohozaev type identities

Lemma 2.1 Suppose that uε be a solution of the equation (1.13). Then, for any bounded
domain �′ ⊂ �, one has the following identity holds:

123
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−
∫

∂�′
∂uε

∂ν

〈
x − xε,∇uε

〉
ds + 1

2

∫

∂�′
|∇uε|2

〈
x − xε, ν

〉
ds − N − 2

2

∫

∂�′
∂uε

∂ν
uεds

=
(N − 2

2
− N

2∗
μ

) ∫

�′

∫

�\�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ dξdx

+ μ

2∗
μ

∫

�′

∫

�\�′
x · (x − ξ)

u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ+2 dξdx

+ 1

2∗
μ

∫

∂�′

∫

�

u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ
〈
x − xε, ν

〉
dξds + ε

2

∫

∂�′
u2ε

〈
x − xε, ν

〉
ds − ε

∫

�′
u2εdx,

(2.1)

and

−
∫

∂�′
∂uε

∂x j

∂uε

∂ν
ds + 1

2

∫

∂�′
|∇uε|2ν j ds = 2

2∗
μ

∫

∂�′

∫

�′
|uε(x)|2∗

μ |uε(ξ)|2∗
μ

|x − ξ |μ ν j dξds

+ ε

2

∫

∂�′
u2εν j ds

+ 1

2∗
μ

∫

∂�′

∫

�\�′
|uε(x)|2∗

μ |uε(ξ)|2∗
μ

|x − ξ |μ ν j dξds + μ

2∗
μ

∫

�′

∫

�\�′
(x j − ξ j )

|uε(ξ)|2∗
μ |uε(x)|2∗

μ

|x − ξ |μ+2 dξdx, (2.2)

for j = 1, . . . , N, where ν = ν(x) denotes the unit outward normal to the boundary ∂�′.

Proof By elliptic regularity theory, we know that the solution uε of (1.13) is of C2. Without
loss of generality, we may suppose that xε = 0. Since uε satisfies

− �uε =
( ∫

�

u
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
u
2∗
μ−1

ε + εuε. (2.3)

Then we multiply the equation (2.3) by 〈x,∇uε〉 and integrating on �′, we obtain

−
∫

�′
�uε〈x,∇uε〉dx =

∫

�′
〈x,∇uε〉

( ∫

�

u
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
u
2∗
μ−1

ε (x)dx

+ε

∫

�′
〈x,∇uε〉uε(x)dx . (2.4)

Notice that

∫

�′

〈
x,∇uε(x)

〉(
∫

�

u
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
u
2∗
μ−1

ε (x)dx

=
∫

�′

〈
x,∇uε(x)

〉(
∫

�′
u
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
u
2∗
μ−1

ε (x)dx

+
∫

�′

〈
x,∇uε(x)

〉(
∫

�\�′
u
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
u
2∗
μ−1

ε (x)dx .
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We calculate the first term on the right-hand side to obtain

2∗
μ

∫

�′

〈
x,∇uε(x)

〉(
∫

�′
u
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
u
2∗
μ−1

ε (x)dx

= −N
∫

�′

∫

�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ dxdξ + μ

∫

�′

∫

�′
x · (x − ξ)

u
2∗
μ

ε (ξ)

|x − ξ |μ+2 u
2∗
μ

ε (x)dξdx

+
∫

∂�′

∫

�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ
〈
x, ν

〉
dξds.

Similarly, we can deduce

2∗
μ

∫

�′
〈ξ,∇uε(ξ)〉

( ∫

�′
u
2∗
μ

ε (x)

|x − ξ |μ dx
)
u
2∗
μ−1

ε (ξ)dξ

= −N
∫

�′

∫

�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ dxdξ + μ

∫

�′

∫

�′
ξ · (ξ − x)

u
2∗
μ

ε (x)

|x − ξ |μ+2 u
2∗
μ

ε (ξ)dxdξ

+
∫

∂�′

∫

�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ 〈ξ, ν〉dxds.

Thus we can prove that

∫

�′

〈
x,∇uε(x)

〉(
∫

�′
u
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
u
2∗
μ−1

ε (x)dx

= μ − 2N

22∗
μ

∫

�′

∫

�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ dxdξ + 1

2∗
μ

∫

∂�′

∫

�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ
〈
x, ν

〉
dξds. (2.5)

For the second term, integration by parts, we have

2∗
μ

∫

�′

〈
x,∇uε(x)

〉(
∫

�\�′
u
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
u
2∗
μ−1

ε (x)dx

= −N
∫

�′

∫

�\�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ dξdx

+μ

∫

�′

∫

�\�′
x · (x − ξ)

u
2∗
μ

ε (ξ)

|x − ξ |μ+2 u
2∗
μ

ε (x)dξdx

+
∫

∂�′

∫

�\�′
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ 〈x, ν〉dξds. (2.6)

On the other hand, we have

−
∫

�′
�uε

〈
x,∇uε

〉
dx = 2 − N

2

∫

�′
|∇uε|2dx + 1

2

∫

∂�′

〈
x, ν

〉|∇uε|2dx

−
∫

∂�′
∂uε

∂ν

〈
x,∇uε

〉
ds (2.7)

and
∫

�′

〈
x,∇uε

〉
uεdx = 1

2

∫

∂�′
u2ε

〈
x, ν

〉
ds − N

2

∫

�′
u2εdx . (2.8)
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In view of Green’s formulas, we have
∫

�′
|∇uε|2 = −

∫

�′
uε�uεdx +

∫

∂�′
∂uε

∂ν
uεds

=
∫

�′

∫

�

u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ dxdξ + ε

∫

�′
u2εdx +

∫

∂�′
∂uε

∂ν
uεds. (2.9)

Hence by (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9) imply that (2.1).
To prove (2.2), We multiply (2.3) by ∂uε

∂x j
and integrating on �′, we have

−
∫

�′
�uε

∂uε

∂x j
dx =

∫

�′
∂uε

∂x j

( ∫

�

|uε(ξ)|2∗
μ

|x − ξ |μ dξ
)
|uε(x)|2∗

μ−1dx + ε

∫

�′
∂uε

∂x j
uεdx . (2.10)

Similar to the above argument, we have
∫

�′
∂uε

∂x j

( ∫

�′
|uε(ξ)|2∗

μ

|x − ξ |μ dξ
)
|uε(x)|2∗

μ−1dx

= −(2∗
μ − 1)

∫

�′
∂uε

∂x j

( ∫

�′
|uε(ξ)|2∗

μ

|x − ξ |μ dξ
)
|uε(x)|2∗

μ−1dx

+ μ

∫

�′

∫

�′
(x j − ξ j )

|uε(ξ)|2∗
μ |uε(x)|2∗

μ

|x − ξ |μ+2 dξdx

+
∫

∂�′

∫

�′
|uε(x)|2∗

μ |uε(ξ)|2∗
μ

|x − ξ |μ ν j dξds.

Then, we can deduce
∫

�′
∂uε

∂x j

( ∫

�′
|uε(ξ)|2∗

μ

|x − ξ |μ dξ
)
|uε(x)|2∗

μ−1dx

= N − 2

2N − μ

∫

∂�′

∫

�′
|uε(x)|2∗

μ |uε(ξ)|2∗
μ

|x − ξ |μ ν j dξds

+ μ(N − 2)

2N − μ

∫

�′

∫

�′
(x j − ξ j )

|uε(ξ)|2∗
μ |uε(x)|2∗

μ

|x − ξ |μ+2 dξdx .

(2.11)

Similarly, we also have
∫

�′
∂uε

∂ξ j

( ∫

�′
|uε(x)|2∗

μ

|x − ξ |μ dx
)
|uε(ξ)|2∗

μ−1dξ

= N − 2

2N − μ

∫

∂�′

∫

�′
|uε(ξ)|2∗

μ |uε(x)|2∗
μ

|x − ξ |μ ν j dxds

+ μ(N − 2)

2N − μ

∫

�′

∫

�′
(ξ j − x j )

|uε(x)|2∗
μ |uε(ξ)|2∗

μ

|x − ξ |μ+2 dxdξ.

Hence we can get
∫

�′
∂uε

∂x j

( ∫

�′
|uε(ξ)|2∗

μ

|x − ξ |μ dξ
)
|uε(x)|2∗

μ−1dx

= 2(N − 2)

2N − μ

∫

∂�′

∫

�′
|uε(x)|2∗

μ |uε(ξ)|2∗
μ

|x − ξ |μ ν j dξds.

(2.12)
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Now similar to the calculations of (2.11), we know

∫

�′
∂uε

∂x j

( ∫

�\�′
|uε(ξ)|2∗

μ

|x − ξ |μ dξ
)
|uε(x)|2∗

μ−1dx

= N − 2

2N − μ

∫

∂�′

∫

�\�′
|uε(x)|2∗

μ |uε(ξ)|2∗
μ

|x − ξ |μ ν j dξds

+ μ(N − 2)

2N − μ

∫

�′

∫

�\�′
(x j − ξ j )

|uε(ξ)|2∗
μ |uε(x)|2∗

μ

|x − ξ |μ+2 dξdx .

(2.13)

So, by (2.10), (2.12) and (2.13), we can prove (2.2). This finishes the proof. ��

2.2 Location of the blow-up point

We first prove the following lemma.

Lemma 2.2 Assume that N ≥ 4 and uε is a sequence of solutions of problem (1.13) satisfying
the assumptions of Theorem 1.1. Then there holds λεdε → +∞ for ε small enough.

Proof Assume that λεdε → c̃ < +∞ as ε → 0 and uε is a solution of (1.13) with λ
N−2
2

ε =
max
x∈�

uε(x) = uε(xε) → +∞ as ε → 0. Set vε = λ
− N−2

2
ε uε(λ

−1
ε x+xε). Then vε(x) satisfies

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−�vε(x) =
( ∫

�ε

v
2∗
μ

ε (ξ)

|x − ξ |μ dξ
)
v
2∗
μ−1

ε (x) + ε

λ2ε
vε in �ε := {

x : x

λε

+ xε ∈ �
}
,

vε(x) = 0 on ∂�ε,

vε(0) = max
x∈�ε

vε(x) = 1.

As ε → 0, by the elliptic regularity, we have vε → v in C2
loc(R

N+) and v satisfies

⎧
⎪⎪⎨

⎪⎪⎩

−�v(x) =
( ∫

R
N+

v2
∗
μ(ξ)

|x − ξ |μ dξ
)
v2

∗
μ−1(x), v > 0, in R

N+ := {
x ∈ R

N : xN > 0
}
,

v(0) = max
x∈RN+

v(x) = 1, v ∈ H1
0 (RN+).

It follows from the Pohozaev identity that v ≡ 0, which contradicts with v(0) = 1. ��

We are ready to give the estimate of uε away from xε.

Lemma 2.3 Assume that N ≥ 4 and uε is a sequence of solutions of problem (1.13) satisfying
the assumptions of Theorem 1.1 and x ∈ �\BRλ−1

ε
(xε) for R > 0 is any fixed large constant.

Then

uε(x) = G(x, xε)

λ
N−2
2

ε

AN ,μ + O

⎛

⎝
ε

λ
N−2
2

ε dN−2
+ 1

λ
N+2
2

ε dN
+ 1

λ
N
2
ε dN−1

⎞

⎠ in � \ BRλ−1
ε

(xε)

(2.14)
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and

∇uε(x) = ∇G(x, xε)

λ
N−2
2

ε

AN ,μ + O
( ε

λ
N−2
2

ε dN−1
+ 1

λ
N+2
2

ε dN+1
+ 1

λ
N
2
ε dN

)
in � \ BRλ−1

ε
(xε).

(2.15)

Here d = |xε − x | and AN ,μ =
∫

B 1
2 dλε

(0)

∫

B 1
2 dλε

(0)

v
2∗
μ

ε (ξ)v
2∗
μ−1

ε (x)

|x − ξ |μ dξdx.

Proof By the potential theory and (1.13), we have

uε(x) =
∫

�

G(x, z)
(( ∫

�

u
2∗
μ

ε (ξ)

|z − ξ |μ dξ
)
u
2∗
μ−1

ε (z) + εuε(z)
)
dz. (2.16)

First we remark that, as a consequence of the moving sphere method, the Talenti bubbles
satisfy

∫

RN

U
2∗
μ

xε,λε
(ξ)

|x − ξ |μ dξ = N (N − 2)

AH ,L
U

2∗−2∗
μ

xε,λε
, (2.17)

(see [21][Proof Theorem 1.2] for example). Combining (1.16), (2.17) and G(x, z) =
O
( 1

|z−x |N−2

)
, we know

∫

�\B d
2

(xε)

∫

�

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)G(x, z)

|x − ξ |μ dxdξ ≤ C
∫

�\B d
2

(xε)

∫

RN

U
2∗
μ

xε,λε
(ξ)U

2∗
μ−1

xε,λε
(z)G(x, z)

|x − ξ |μ dzdξ

= O
( 1

λ
N+2
2

ε

∫

(
�\B d

2
(xε)

)
\B2d (x)

1

|z − x |N−2|z − xε |N+2
dz

+ 1

λ
N+2
2

ε

∫

(
�\B d

2
(xε)

)
∩B2d (x)

1

|z − x |N−2|z − xε |N+2
dz

)

= O
( 1

λ
N+2
2

ε dN

)
, (2.18)

where d = |xε − x |. Similar to the above estimates, we can also obtain

∫

B d
2

(xε)

∫

�\B d
2

(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)G(x, z)

|x − ξ |μ dξdz ≤ C
∫

B d
2

(xε)

∫

RN

U
2∗
μ

xε,λε
(ξ)U

2∗
μ−1

xε,λε
(z)G(x, z)

|x − ξ |μ dξdz

= O
(
λ
N+2
2

ε

∫

B d
2

(xε)

1

|z − x |N−2(1 + λ2ε |z − xε |2)
N+2
2

dz
)

= O
( 1

λ
N
2
ε dN−1

)
, (2.19)
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Furthermore, we have

∫

B d
2

(xε)

∫

B d
2

(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)G(x, z)

|x − ξ |μ dξdz = G(x, xε)
∫

B d
2

(xε)

∫

B d
2

(xε)

u
2∗
μ

ε ((ξ)u
2∗
μ−1

ε (z)

|x − ξ |μ dξdz

+
∫

B d
2

(xε)

∫

B d
2

(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)
(
G(x, z) − G(x, xε)

)

|x − ξ |μ dξdz
(2.20)

= G(x, xε)

λ
N−2
2

ε

∫

B dλε
2

(0)

∫

B dλε
2

(0)

v
2∗
μ

ε (ξ)v
2∗
μ−1

ε (z)

|x − ξ |μ dξdz

+ 1

λ
N−2
2

ε

∫

B dλε
2

(0)

∫

B dλε
2

(0)

v
2∗
μ

ε (ξ)v
2∗
μ−1

ε (z)
(
G(x, λ−1

ε z + xε) − G(x, xε)
)

|x − ξ |μ dξdz

︸ ︷︷ ︸
:=I

:= G(x, xε)

λ
N−2
2

ε

AN ,μ + O
( 1

λ
N
2
ε dN−1

)
,

where since

I = O
( 1

λ
N−2
2

ε

∫

B dλε
2

(0)

∫

B dλε
2

(0)

v
2∗
μ

ε (ξ)v
2∗
μ−1

ε (z)

|x − ξ |μ · |z|
dN−1λε

dξdz
)

= O
( 1

λ
N
2
ε dN−1

∫

B dλε
2

(0)

∫

RN

U
2∗
μ

0,1(ξ)U
2∗
μ−1

0,1 (z)|z|
|x − ξ |μ dξdz

)

= O
( 1

λ
N
2
ε dN−1

∫

B dλε
2

(0)

|y|
(1 + |z|2) N+2

2

dz
)

= O
( 1

λ
N
2
ε dN−1

)
.

(2.21)

On the other hand, by (1.16), G(x, y) = O
( 1

|y−x |N−2

)
and the definition of Uxε,λε , we can

deduce

ε

∫

�
G(x, z)uε(z)dz = O

[ ε

λ
N−2
2

ε

( ∫

B d
2

(xε)

1

|z − x |N−2
1

|z − xε |N−2
dz

+
∫

�\B d
2

(xε)

1

|z − x |N−2
1

|z − xε |N−2
dz

)]

= O
( ε

λ
N−2
2

ε dN−2

)
.

(2.22)

It follows from (2.16)–(2.21) that the inequality (2.14).
To prove (2.15), we know

∇uε(x) =
∫

�

∇xG(x, z)
((

∫

�

u
2∗
μ

ε (ξ)

|z − ξ |μ dξ
)
u
2∗
μ−1

ε (z) + εuε(z)
)
dz.
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Similar to estimate of uε(x), we can also obtain the inequality (2.15). Hence we finish the
proof of Lemma 2.3. ��
We are going to prove Theorem 1.1 by applying Lemmas 2.2, 2.3 and the local Pohozaev
identity (2.1).

Proof of Theorem 1.1 We will prove the theorem by excluding the case x0 ∈ ∂�. In fact,
takeing dε = 1

2d(xε, ∂�), and by Lemma 2.2, we have

λεdε → +∞, as ε → 0.

Then, by repeating the similar calculations of (A.3) in Lemma A.5, we know

AN ,μ = N (N − 2)

AH ,L

∫

RN
U 2∗−1
0,1 dx + o

(
1
)
. (2.23)

By the Hardy–Littlewood–Sobolev inequality, we have
∫

Bdε (xε)

∫

�\Bdε (xε)

(x j − ξ j )
|uε(ξ)|2∗

μ |uε(x)|2∗
μ

|x − ξ |μ+2 dxdξ

= O
(
λ2N−μ

ε

) ∫

Bdε (xε)

∫

�\Bdε (xε)

1
(
1 + λε|ξ − xε|

)2N−μ

1

|x − ξ |μ+1

1
(
1 + λε|x − xε|

)2N−μ
dxdξ

= O
( 1

λ
N− μ+1

2
ε d

N− μ−1
2

ε

)
. (2.24)

Also, we have
∫

∂Bδ(xε)

∫

�

|uε(x)|2∗
μ |uε(ξ)|2∗

μ

|x − ξ |μ ν j dξds ≤ C
∫

∂Bδ(xε)

∫

RN

|Uxε,λε (x)|2
∗
μ |Uxε,λε (ξ)|2∗

μ

|x − ξ |μ ν j ds

= C
N (N − 2)

AH ,L

∫

∂Bδ(xε)

U 2∗
xε,λε

ν j ds. (2.25)

In view of Lemma 2.3, we know the estimates (2.14) and (2.15) hold on ∂Bdε (xε). By(2.24)
and (2.25), taking �′ = Bdε (xε) in the local Pohozaev identity (2.2) in Lemma 2.1, we have
∫

Bdε (xε)

∂G(x, xε)

∂x j

∂G(x, xε)

∂ν
ds − 1

2

∫

∂Bdε (xε)

|∇G(x, xε)|2ν j ds = O
( ε

dN−1
ε

+ 1

λεdN
ε

)
.

Since we have the identity (see [11])
∫

∂Bδ(xε)

∂G(x, xε)

∂x j

∂G(xε, x)

∂ν
ds − 1

2

∫

∂Bδ(xε)

|∇G(x, xε)|2ν j ds = ∂H(x, xε)

∂x j

∣
∣
x=xε

,

(2.26)

then we know

∂H(x, xε)

∂x j

∣
∣
∣
x=xε

= O
( ε

dN−1
ε

+ 1

λεdN
ε

)
, j = 1, . . . , N . (2.27)

However, recall the following estimate established in [11, 34]

∇R(xε) = 2

ωN

1

(2dε)N−1

x̃ − xε

dε

+ O
( 1

dN−2
ε

)
, as dε → 0, (2.28)
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where x̃ ∈ ∂� is the unique point, satisfying d(xε, ∂�) = |xε − x̃ |. The estimates in (2.27)
and (2.28), lead to a contradiction as ε → 0 immediatelly.

From the above arguments, we know there must hold x0 ∈ �. We have the following
estimate that its proof has been postponed to Lemma A.5 in the Appendix,

AN ,μ = N (N − 2)

AH ,L

∫

RN
U 2∗−1
0,1 dx + O

( 1

λ2ε

)
. (2.29)

By Lemma 2.3 and (2.29), we get by taking �′ = Bδ(xε) in the local Pohozaev identity (2.2)
in Lemma 2.1,

LHS of (2.2) =
∫

∂Bδ(aε)

∂G(x, xε)

∂x j

∂G(x, xε)

∂ν
ds − 1

2

∫

∂Bδ(xε)

|∇G(x, xε)|2ν j ds

+O
(
ε + 1

λε

)
. (2.30)

On the other hand, by Hardy–Littlewood–Sobolev inequality, we can also find
∫

Bδ(xε)

∫

�\Bδ(xε)
(x j − ξ j )

|uε(ξ)|2∗
μ |uε(x)|2

∗
μ

|x − ξ |μ+2 dxdξ = O
( ∫

Bδ(xε)

∫

�\Bδ(xε)

|uε(ξ)|2∗
μ |uε(x)|2

∗
μ

|x − ξ |μ+1 dxdξ
)

= O
(
λ
2N−μ
ε

) ∫

Bδ(xε)

∫

�\Bδ(xε)

1
(
1 + λε |ξ − xε |

)2N−μ

1

|x − ξ |μ+1
1

(
1 + λε |x − xε |

)2N−μ
dxdξ

= O
( 1

λ
N− μ+1

2
ε

)
.

It follows from (2.2) and (4.14) that
∫

∂Bδ(xε)

∂G(x, xε)

∂x j

∂G(x, xε)

∂ν
ds − 1

2

∫

∂Bδ(xε)

|∇G(x, xε)|2ν j ds = O
(
ε + 1

λε

)
. (2.31)

Hence (2.31) and (2.26) imply that

∂H(x, xε)

∂x j

∣
∣
∣
x=xε

= O
(
ε + 1

λε

)
, j = 1, . . . , N . (2.32)

This means that ∇R(x0) = 0 as ε → 0. Thus the conclusion follows. ��

3 Local uniqueness of the blow-up solutions

3.1 Estimates for blow-up solutions and Green’s function

Before we prove that local uniqueness of such type of solutions, we need some preparations.
The following lemma plays a crucial role.

Lemma 3.1 Assume that N ≥ 6, μ ∈ (0, 4) and uε is a sequence of solutions of problem
(1.13) in H1

0 (�). Then we have

uε(x) = G(x, xε)

λ
N−2
2

ε

AN ,μ + O
( ln λε

λ
N+2
2

ε

)
in � \ Bτ (xε), (3.1)

and

∇uε(x) = ∇xG(x, xε)

λ
N−2
2

ε

AN ,μ + O
( ln λε

λ
N+2
2

ε

)
in � \ Bτ (xε), (3.2)
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where AN ,μ from Lemma 2.3 and d = |xε − x |.
Proof We know that the solution of (1.13) can be rewritten as:

uε(x) =
∫

�

∫

�

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)G(x, z)

|x − ξ |μ dξdz + ε

∫

�

uε(z)G(x, z)dz. (3.3)

From the estimate in (2.18), we know

∫

�\B τ
2
(xε)

∫

B τ
2
(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)G(x, z)

|x − ξ |μ dξdz = O
( 1

λ
N+2
2

ε

)
(3.4)

and
∫

�\B τ
2
(xε)

∫

�\B τ
2
(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)G(x, z)

|x − ξ |μ dξdz = O
( 1

λ
N+2
2

ε

)
. (3.5)

Since

G(x, z) = G(x, xε) + 〈∇G(x, xε), z − xε

〉 + O
(|z − xε|2

)
,

then we know
∫

B τ
2

(xε)

∫

B τ
2

(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)G(x, z)

|x − ξ |μ dξdz = G(x, xε)

∫

B τ
2

(xε)

∫

B τ
2

(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)

|x − ξ |μ dξdz

+
∫

B τ
2

(xε)

∫

B τ
2

(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)
〈∇G(x, xε), z − xε

〉

|x − ξ |μ dξdz

︸ ︷︷ ︸
:=A1

+
∫

B τ
2

(xε)

∫

B τ
2

(xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (x)|x − xε|2
|z − ξ |μ dξdz

︸ ︷︷ ︸
:=A2

= G(x, xε)

λ
N−2
2

ε

AN ,μ + O
( ln λε

λ
N+2
2

ε

)
, (3.6)

where

A1 = O
( ∫

B τ
2
(xε)

∫

RN

U
2∗
μ

xε,λε
(ξ)PU

2∗
μ−1

xε,λε
(z)

〈∇G(x, xε), z − xε

〉

|x − ξ |μ dξdz
)

+O
( ∫

B τ
2
(xε)

∫

RN

U
2∗
μ

xε,λε
(ξ)PU

2∗
μ−2

xε,λε
(ξ)wε

∣
∣z − xε

∣
∣

|x − ξ |μ dξdz
)

= O
(N (N − 2)

AH ,L

∫

B τ
2
(xε)

U 2∗−1
xε,λε

〈∇G(x, xε), z − xε〉dz

+N (N − 2)

AH ,L

∫

B τ
2
(xε)

U 2∗−2
xε,λε

wε

∣
∣z − xε

∣
∣dz

)

= O
( ∫

B τ
2
(xε)

U 2∗−2
xε,λε

(z)wε|z − xε|dz
)
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= O
( 1

λ2ε

(
∫ τλε

2

0

r N−1

(1 + r2)
6N
N+2

dr
) N+2

2N ‖wε‖H1
0

)

= O
( 1

λ2ε
‖wε‖H1

0

)
,

by G(x, xε) = G(xε, x). Similarly, we can calculate that

A2 = O
( ∫

B τ
2
(xε)

∫

RN

U
2∗
μ

xε,λε
(ξ)U

2∗
μ−1

xε,λε
(z)|z − xε|2

|x − ξ |μ dξdz
)

= O
(N (N − 2)

AH ,L

∫

B τ
2
(xε)

U 2∗−1
xε,λε

(z)|z − xε|2dz
)

= O
( ln λε

λ
N+2
2

ε

)
.

Finally, similar to the calculation of (2.22), from λε ∼ ε− 1
N−4 from [41, subsection 2.2], we

obtain

ε

∫

�

G(x, z)uε(z)dz = O
( 1

λ
N+2
2

ε

)
. (3.7)

Then (3.3), (3.4), (3.5), (3.6) and (3.7) imply that (3.1). Finally, we get (3.2) from the fact
that

∇uε(x) =
∫

�

∫

�

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)∇xG(x, z)

|x − ξ |μ dξdz + ε

∫

�

uε(z)∇xG(x, z)dz. (3.8)

Hence the proof is finished. ��
Lemma 3.2 Assume that N ≥ 6, μ ∈ (0, 4) and uε is a solution of (1.13). Then we have

∇R(xε) = O
( ln λε

λ2ε

)
(3.9)

and

ε = 1

λN−4
ε

(
A0 + 1

λ2ε

)
, (3.10)

where A0 is a strictly positive constant.

Proof Similar to the arguments of (2.32), by applying the Pohozaev identity in Lemma 2.1
and Lemma 3.1, we can obtain (3.9) by taking �′ = Bτ (xε). Next we shall prove (3.10). By
Lemma 2.3, we find

uε(x) = G(x, xε)

λ
N−2
2

ε

AN ,μ + O
( ε

λ
N−2
2

ε

+ 1

λ
N
2
ε

)
, x ∈ � \ Bτ (xε) (3.11)

and

∇uε(x) = ∇G(x, xε)

λ
N−2
2

ε

AN ,μ + O
( ε

λ
N−2
2

ε

+ 1

λ
N
2
ε

)
, x ∈ � \ Bτ (xε). (3.12)
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By (3.11) and (3.12), taking �′ = Bτ (xε) in the local Pohozaev identity (2.1), we obtain
∫

Bτ (xε)

∫

�\Bτ (xε)

u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ dξdx ≤ C
( ∫

Bτ (xε)

U 2∗
xε,λε

(x)dx
) 2N−μ

2N
( ∫

�\Bτ (xε)

u2
∗

ε (x)dx
) 2N−μ

2N

= O
( 1

λN
ε

)
.

Similarly, we can also calculate that

∫

∂Bτ (xε)

∫

�

u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ
〈
x − xε, ν

〉
dξds

= O
( 1

λN
ε

)
,

∫

Bτ (xε)

∫

�\Bτ (xε)

x · (x − ξ)
u
2∗
μ

ε (x)u
2∗
μ

ε (ξ)

|x − ξ |μ+2 dξdx

= O
( 1

λN
ε

)
,

∫

∂Bτ (xε)

u2ε
〈
x − xε, ν

〉
ds = O

( ε

λN−2
ε

)
.

Inserting (3.11) and (3.12) into the Pohozaev identity (2.1), we know

A2
N ,μ

λN−2
ε

[

−
∫

∂Bτ (xε)

∂G(x, xε)

∂ν

〈
x − xε, ∇G(x, xε)

〉
ds + 1

2

∫

∂Bτ (xε)

|∇G(x, xε)|2
〈
x − xε, ν

〉
ds

− N − 2

2

∫

∂Bτ (xε)

∂G(x, xε)

∂ν
G(x, xε)

]

= −ε

∫

Bτ (xε)

u2ε(x)dx + O
( ε

λN−2
ε

+ 1

λN
ε

)
.

(3.13)

By applying the following identity (see [9])

−
∫

∂Bτ (xε)

∂G(x, xε)

∂ν

〈
x − xε,∇G(x, xε)

〉
ds + 1

2

∫

∂Bτ (xε)

|∇G(x, xε)|2
〈
x − xε, ν

〉
ds

− N − 2

2

∫

∂Bτ (xε)

G(x, xε)
∂G(x, xε)

∂ν
ds = −N − 2

2
R(xε),

we get from (3.13) that

(N − 2)H(xε, xε)A2
N ,μ

2λN−2
ε

= ε

∫

Bτ (xε)

u2ε + O
( ε

λN−2
ε

+ 1

λN
ε

)
. (3.14)

On the one hand, by Lemma A.5, we know

AN ,μ = N (N − 2)

AH ,L

∫

RN
U 2∗−1
0,1 + O

( 1

λ2

)
. (3.15)

On the other hand, by PUxε,λε ≤ Uxε,λε , we have

ε

∫

Bτ (xε)

u2ε(x)dx = ε
[ ∫

Bτ (xε)

(PUxε,λε (x))
2dx + O

(
∫

Bτ (xε)

PUxε,λεwε + ‖wε‖2H1
0

)]

= ε

λ2

∫

RN
U 2
0,1dx + O

( ε

λN−2

)

+ O
((

∫

Bτ (xε)

U 2
xε,λε

dx
) 1
2 ‖wε‖H1

0
+ ‖wε‖2H1

0

)

= ε

λ2

∫

RN
U 2
0,1dx + O

( ε

λ4

)
.

(3.16)

123



Local uniqueness of blow-up solutions for critical Hartree… Page 19 of 51   217 

Therefore, together with (3.14), (3.15) and (3.16), we can deduce

N 2(N − 2)3R(xε)

2AH ,LλN−2
ε

( ∫

RN
U 2∗−1
0,1 dx + O(

1

λ2
)
)2 = ε

λ2ε

( ∫

RN
U 2
0,1dx + O(

1

λ2
)
)

+O
( ε

λN−2
ε

+ 1

λN
ε

)
, (3.17)

which implies that (3.10) is true. ��

3.2 The local uniqueness result

The purpose of this subsection is devoted to complete the proof of Theorem 1.2. There are
some prelimilaries to be done before we go into the proof. First of all, we let u(1)

ε and u(2)
ε be

two different solutions of (1.1). We will use x ( j)
ε and λ

( j)
ε to denote the center and the height

of the bubbles appearing in u( j)
ε ( j = 1, 2), respectively.

Let

ηε(x) := u(1)
ε (x) − u(2)

ε (x)

‖u(1)
ε (x) − u(2)

ε (x)‖L∞
, (3.18)

then ηε(x) satisfies ‖ηε‖L∞=1 and

− �ηε(x) = f
(
x, u(1)

ε , u(2)
ε

)
, (3.19)

where

f
(
x, u(1)

ε , u(2)
ε

) = (2∗
μ − 1)

( ∫

�

(
u(1)

ε (ξ)
)2∗

μ

|x − ξ |μ dξ
)
Cε(x)ηε(x)

+2∗
μ

( ∫

�

Dε(ξ)ηε(ξ)

|x − ξ |μ dξ
)(
u(2)

ε (x)
)2∗

μ−1 + εηε

with

Cε(x) =
∫ 1

0

(
tu(1)

ε (x) + (1 − t)u(2)
ε (x)

)2∗
μ−2

dt,

Dε(ξ) =
∫ 1

0

(
tu(1)

ε (ξ) + (1 − t)u(2)
ε (ξ)

)2∗
μ−1

dt . (3.20)

Lemma 3.3 For N ≥ 6, μ ∈ (0, 4], it holds that

|x (1)
ε − x (2)

ε | = O
( ln λ

(1)
ε

(λ
(1)
ε )2

)
and |λ(1)

ε − λ(2)
ε | = O

( ln λ
(1)
ε

(λ
(1)
ε )2

)
. (3.21)

Proof First we remark that

R(xε) = R(x0) + 〈∇R(x0), xε − x0
〉 + O

(∇2R(x0)|xε − x0|2
)
.

Combining (3.9) and x0 is a nondegerate critical point of Robin function R, we see that for
N ≥ 6

|xε − x0| = O
( ln λε

λ2ε

)
. (3.22)

A direct computations, we get (3.21) from (3.10) and (3.22). ��
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Lemma 3.4 For N ≥ 6, μ ∈ (0, 4), it holds that

Cε(x) = U
2∗
μ−2

x (1)
ε ,λ

(1)
ε

+ O
( ln λ

(1)
ε

λ
(1)
ε

)
U

2∗
μ−2

x (1)
ε ,λ

(1)
ε

+ O
( 2∑

j=1

|w( j)
ε |2∗

μ−2
)

(3.23)

and

Dε(x) = U
2∗
μ−1

x (1)
ε ,λ

(1)
ε

+ O
( ln λ

(1)
ε

λ
(1)
ε

)
U

2∗
μ−1

x (1)
ε ,λ

(1)
ε

+ O
( 2∑

j=1

|w( j)
ε |2∗

μ−1
)
. (3.24)

Proof In view of Lemma 3.3, we first note that

|U
a(1)
ε ,λ

(1)
ε

(x) −U
x (2)
ε ,λ

(2)
ε

(x)| = O
(
|x (1)

ε − x (2)
ε | · (∇xUx,λ(1)

ε
(x)|

x=x (1)
ε

)

+|λ(1)
ε − λ(2)

ε | · (∇xUx (1)
ε ,λ

(x)|
λ=λ

(1)
ε

))

= O
(
U
x (1)
ε ,λ

(1)
ε

(
λ(1)

ε |x (1)
ε − x (2)

ε | + λ
(1)
ε − λ

(2)
ε

λ
(1)
ε

))

= O
( ln λ

(1)
ε

λ
(1)
ε

)
U
x (1)
ε ,λ

(1)
ε

(x), (3.25)

which implies that

u(1)
ε − u(2)

ε = O
( ln λ

(1)
ε

λ
(1)
ε

)
U
x (1)
ε ,λ

(1)
ε

(x) + O
( 2∑

j=1

|w( j)
ε |

)
. (3.26)

Then (3.26) can deduce that (3.23) and (3.24). ��
From [39], we have the following estimate:

Lemma 3.5 For any constant 0 < σ ≤ N − 2, there is a constant C > 0 such that

∫

RN

1

|y − x |N−2

1

(1 + |x |)2+σ
dx ≤

{
C

(1+|y|)σ , if σ < N − 2,
C

(1+|y|)σ ln |y|, if σ = N − 2.

Lemma 3.6 For any constant σ ≥ N −2− μ
2 and μ ∈ (0, 4], there is a constant C > 0 such

that

∫

RN

1

|y − x | 2N (N−2)
2N−μ

1

(1 + |x |) 2N (2+σ)
2N−μ

dx ≤

⎧
⎪⎨

⎪⎩

C

(1+|y|)
N (2σ+μ)
2N−μ

, if σ ≥ N − 2 − μ
2 and 0 < μ < 4,

C

(1+|y|)
N (2σ+μ)
2N−μ

ln |y|, if σ = N − 2 − μ
2 and μ = 4.

Proof We just need to obtain the estimate for |y| ≥ 2, the other is similar. Let d = 1
2 |y|.

Then we have
∫

Bd (0)

1

|y − x | 2N (N−2)
2N−μ

1

(1 + |x |) 2N (2+σ)
2N−μ

dx ≤ C

d
2N (N−2)
2N−μ

∫

Bd (0)

1

(1 + |x |) 2N (2+σ)
2N−μ

dx

≤ C

d
2N (N−2)
2N−μ

1

(1 + d)
N (4+2σ−2N+μ)

2N−μ

≤ C

d
N (2σ+μ)
2N−μ

,
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for any σ > N − 2 − μ
2 . And we have

∫

Bd (y)

1

|y − x | 2N (N−2)
2N−μ

1

(1 + |x |) 2N (2+σ)
2N−μ

dx ≤ C

d
2N (2+σ)
2N−μ

∫

Bd (y)

1

|y − x | 2N (N−2)
2N−μ

dx

≤ C

d
2N (2+σ)
2N−μ

d
N (4−μ)
2N−μ ≤ C

d
N (2σ+μ)
2N−μ

.

Assume that x ∈ R
N \ (

Bd(0) ∪ Bd(y)
)
. Then we know

|x − y| ≥ 1

2
|y|, |x | ≥ 1

2
|y|.

Hence by a direct computation, we have
∫

RN \
(
Bd (0)∪Bd (y)

)
1

|y − x | 2N (N−2)
2N−μ

1

(1 + |x |) 2N (2+σ)
2N−μ

dx

≤
∫

RN \
(
Bd (0)∪Bd (y)

)
1

|x | 2N (N−2)
2N−μ

1

(1 + |x |) 2N (2+σ)
2N−μ

dx

≤ C

d
2N (N−2)
2N−μ

∫

RN \
(
Bd (0)∪Bd (y)

)
1

(1 + |x |) 2N (2+σ)
2N−μ

dx

≤ C

d
N (2σ+μ)
2N−μ

,

for any σ ≥ N − 2 − μ
2 . This finishes the proof. ��

Lemma 3.7 For ηε(x) defined by (3.18), we have

∫

�

ηε(x)dx = ln λ
(1)
ε

(λ
(1)
ε )N−2

and ηε(x) = ln λ
(1)
ε

(λ
(1)
ε )N−2

, in � \ Bδ(x
(1)
ε ), (3.27)

where δ > 0 is a any small fixed constant.

Proof By the potential theory, we know

ηε(x) = (2∗
μ − 1)ηε,1(x) + 2∗

μηε,2(x) + ε

∫

�

G(x, z)ηε(z)dz,

where

ηε,1(x) =
∫

�

G(x, z)
( ∫

�

(u(1)
ε (ξ))2

∗
μ

|x − ξ |μ dξ
)
Cε(z)ηε(x)dz,

ηε,2(x) =
∫

�

G(x, z)
( ∫

�

Dε(ξ)ηε(ξ)

|x − ξ |μ dξ
)
(u(2)

ε (z))2
∗
μ−1dz.

Firstly, we can deduce

|Cε(z)| ≤ C
(λ

(1)
ε )

4−μ
2

(
1 + λ

(1)
ε |z − x (1)

ε |)4−μ
and |Dε(ξ)| ≤ C

(λ
(1)
ε )

N−μ+2
2

(
1 + λ

(1)
ε |ξ − x (1)

ε |)N−μ+2 . (3.28)
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Combining |ηε| ≤ 1, (1.16), (2.17) and Lemma 3.5, then we get

ηε,1 ≤ C
∫

�

1

|z − x |N−2

( ∫

RN

(
U
x (1)
ε ,λ

(1)
ε

(ξ)
)2∗

μ

|x − ξ |μ dξ
)
Cε(z)dz

≤ C
∫

�

1

|z − λ
(1)
ε x |N−2

1
(
1 + |z − λ

(1)
ε x (1)

ε |2)2
dx

≤ C
∫

�

1

|λ(1)
ε (x − x (1)

ε ) − z|N−2

1
(
1 + |z|)4

dz

≤ C
1

(
1 + λ

(1)
ε |x − x (1)

ε |)2
.

(3.29)

Next repeating the above process, we know

ηε,1 = O
( 1
(
1 + λ

(1)
ε |x − x (1)

ε |)4
)
.

Then we can proceed as in the above argument for finite number of times to prove

ηε,1 = O
( ln λ

(1)
ε

(
1 + λ

(1)
ε |x − x (1)

ε |)N−2

)
. (3.30)

Next, we find

|U
x (1)
ε ,λ

(1)
ε

(x) −U
x (2)
ε ,λ

(2)
ε

(x)| = O
( ln λε

(λ
(1)
ε )2

)
U
x (1)
ε ,λ

(1)
ε

(x). (3.31)

Hence by Lemma 3.6 and Hardy–Littlewood–Sobolev inequality, we can calculate that for
d(�) := diam(�)

ηε,2 ≤ C
∫

�

( ∫

�

Dε(ξ)

|x − ξ |μ dξ
)(
U
x (2)
ε ,λ

(2)
ε

(z)
)2∗

μ−1
Gε(x, z)dz

≤ C

(λ
(1)
ε )

N−2
2

( ∫ d(�)

0

r N−1

(1 + r2)
N (N−μ+2)

2N−μ

dr
) 2N−μ

2N
(∫

�

1

|z − x | 2N (N−2)
2N−μ

(λ
(1)
ε )

N (N−μ+2)
2N−μ

(
1 + (λ

(1)
ε )2|z − x (1)

ε |2) N (N−μ+2)
2N−μ

dz

) 2N−μ
2N

≤ C

(∫

�

1
∣
∣λ

(1)
ε (x − x (1)

ε ) − z
∣
∣
2N (N−2)
2N−μ

1
(
1 + |z|) 2N (N−μ+2)

2N−μ

dx

) 2N−μ
2N

≤ C
(
1 + λ

(1)
ε |x − x (1)

ε |)N
.

Finally, we have

ε

∫

�

Gε(x, z)ηε(z)dz = O(ε).
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Therefore, together with the estimates of ηε,1 and ηε,2, we can deduce

|ηε(x)| = O
( ln λ

(1)
ε

(
1 + λ

(1)
ε |x − x (1)

ε |)N−2

)
+ O(ε). (3.32)

Hence (3.27) can be deduced by (3.32). ��

According to the above nondegeneracy result in Lemma 1.1, we have the following crucial
lemma.

Lemma 3.8 Suppose that the exponents N, μ satisfy the assumptions of Theorem 1.2. Let
η̃ε(x) = ηε

( x
λ

(1)
ε

+ x (1)
ε

)
. Then we have that

∣
∣
∣η̃ε(x) −

N∑

k=0

ckφk(x)
∣
∣
∣ = o

( 1

λ
(1)
ε

)
, uniformly in C1(BR(0) for any R > 0, (3.33)

where ck , k = 1, . . . , N are some constants and

φ0 = ∂U0,λ

∂λ

∣
∣
∣
λ=1

, φk = ∂U0,1

∂xk
, k = 1, . . . , N .

Proof Since |η̃ε| ≤ 1, by the regularity theorem [18], we know that

η̃ε ∈ C1(BR̃(0)) and ‖η̃ε‖C1,α(BR̃(0)) ≤ C,

for any fixed large R̃ and α ∈ (0, 1). Hence we may assume that η̃ε → η̃0 in C1(BR̃(0)) for
any large R̃ > 0. Now by a direct calculation, we have

−�η̃ε(x) = − 1

(λ
(1)
ε )2

�ηε

( x

λ
(1)
ε

+ x (1)
ε

)

= Eε,1η̃ε

(
x
) + Eε,2(x) + ε

(λ
(1)
ε )2

η̃ε

(
x
)
,

where

Eε,1(x) = 2∗
μ − 1

(λ
(1)
ε )N−μ+2

( ∫

�

(
u(1)

ε ((λ
(1)
ε )−1ξ + x (1)

ε )
)2∗

μ

|x − ξ |μ dξ
)
Cε

(
(λ(1)

ε )−1x + x (1)
ε

)
,

Eε,2(x) = 2∗
μ

(λ
(1)
ε )N−μ+2

( ∫

�

Dε

(
(λ

(1)
ε )−1ξ + x (1)

ε

)
η̃ε

(
y
)

|x − ξ |μ dξ
)(

u(2)
ε ((λ(1)

ε )−1x + x (1)
ε )

)2∗
μ−1

.

Then for any ϕ(x) ∈ C∞
0 (RN ) with supp ϕ(x) ⊂ B

λ
(1)
ε δ

(x (1)
ε ) for a small fixed δ, we have

∫

B
λ
(1)
ε δ

(x (1)
ε )

∇η̃ε(x)∇ϕ(x)dx =
∫

B
λ
(1)
ε δ

(x (1)
ε )

(
Eε,1η̃ε(x)

+Eε,2(x)
)
ϕ(x)dx + ε

(λ
(1)
ε )2

∫

B
λ
(1)
ε δ

(x (1)
ε )

η̃ε(x)ϕ(x)dx . (3.34)

In view of the elementary inequality (A.2) in Appendix A, we know

123



  217 Page 24 of 51 M. Squassina et al.

∫

B
λ
(1)
ε δ

(x (1)
ε )

Eε,1η̃ε(x)ϕ(x)dx

= 2∗
μ − 1

(λ
(1)
ε )N−μ+2

∫

B
λ
(1)
ε δ

(x (1)
ε )

∫

B
λ
(1)
ε δ

(x (1)
ε )

(
u(1)

ε (
ξ

λ
(1)
ε

+ x (1)
ε )

)2∗
μCε

(
x

λ
(1)
ε

+ x (1)
ε

)
ϕ(x)

|x − ξ |μ dxdξ

= 2∗
μ − 1

(λ
(1)
ε )N−μ+2

F1 + 2∗
μ(2∗

μ − 1)

(λ
(1)
ε )N−μ+2

F2 + 2∗
μ(2∗

μ − 1)2

(2λ(1)
ε )N−μ+2

F3 + O
( 2∗

μ − 1

(λ
(1)
ε )N−μ+2

F4

)
,

(3.35)

where

F1 =
∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

(
PU

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x (1)
ε )

)2∗
μCε

( x
λ

(1)
ε

+ x (1)
ε

)
η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ,

F2 =
∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

(
PU

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x (1)
ε )

)2∗
μ−1

w
(1)
ε (

ξ

λ
(1)
ε

+ x (1)
ε )Cε

( x
λ

(1)
ε

+ x (1)
ε

)
η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ,

F3 =
∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

(
PU

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x (1)
ε )

)2∗
μ−2

(w
(1)
ε (

ξ

λ
(1)
ε

+ x (1)
ε ))2Cε

( x
λ

(1)
ε

+ x (1)
ε

)
η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ,

F4 =
∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

(
w

(1)
ε (

ξ

λ
(1)
ε

+ x (1)
ε )

)2∗
μCε

( x
λ

(1)
ε

+ x (1)
ε

)
η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ.

By the definition of U
x (1)
ε ,λ

(1)
ε
, Lemma 3.4 and Lemma A.5, we have

F1=
∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

(
PU

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+x(1)
ε )

)2∗
μ
(
U
x(1)
ε ,λ

(1)
ε

( x

λ
(1)
ε

+x(1)
ε )

)2∗
μ−2

η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ

+ o
( 1

λ
(1)
ε

)

= (λ
(1)
ε )N−μ+2

∫

RN

∫

RN

U
2∗
μ

0,1(ξ)U
2∗
μ−2

0,1 (x)η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ + o
( 1

λ
(1)
ε

)
.

(3.36)

And we have the following rest other estimates for which the proof is left in Lemma A.6 in
Appendix A:

1

(λ
(1)
ε )N−μ+2

F2 = o
( 1

λ
(1)
ε

)
,

1

(λ
(1)
ε )N−μ+2

F3 = o
( 1

λ
(1)
ε

)
,

1

(λ
(1)
ε )N−μ+2

F4 = o
( 1

λ
(1)
ε

)
.

(3.37)
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Now similar to the calculations of (3.35), by inequality (A.2), we can deduce

∫

B
λ
(1)
ε δ

(a(1)
ε )

Eε,2ϕ(x)dx

= 2∗
μ

(λ
(1)
ε )N−μ+2

∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

Dε

( ξ

λ
(1)
ε

+ x(1)
ε

)
η̃ε(ξ)

(
u(2)
ε ( x

λ
(1)
ε

+ x(1)
ε )

)2∗
μ−1

ϕ(x)

|x − ξ |μ dxdξ

= 2∗
μ

∫

RN

∫

RN

U
2∗
μ

0,1(ξ)η̃ε(ξ)U
2∗
μ−1

0,1 (x)ϕ(x)

|x − ξ |μ dxdξ + o
( 1

λ
(1)
ε

)
. (3.38)

On the other hand, from ‖ηε‖ = 1, we have

ε

(λ
(1)
ε )2

∫

B
λ
(1)
ε δ

(x (1)
ε )

η̃ε(x)ϕ(x)dx = o
( 1

λ
(1)
ε

)
. (3.39)

Consequently, in view of (3.34)-(3.39), we obtain

∫

B
λ
(1)
ε δ

(x (1)
ε )

∇η̃ε(x)∇ϕ(x)dx = (2∗
μ − 1)

∫

RN

∫

RN

U
2∗
μ

0,1(ξ)U
2∗
μ−2

0,1 (x)η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ

+2∗
μ

∫

RN

∫

RN

U
2∗
μ

0,1(ξ)η̃ε(y)U
2∗
μ−1

0,1 (x)ϕ(x)

|x − ξ |μ dxdξ + o
( 1

λ
(1)
ε

)
.

(3.40)

Taking ε → 0 in (3.40), we find that η̃0 satisfies

− �η̃0 = (2∗
μ − 1)

( ∫

RN

U
2∗
μ

0,1(ξ)

|x − ξ |μ dξ
)
U

2∗
μ−2

0,1 (x)η̃0(x)

+2∗
μ

( ∫

RN

U
2∗
μ−1

0,1 (ξ)η̃0(ξ)

|x − ξ |μ dξ
)
U

2∗
μ−1

0,1 , in R
N . (3.41)

From the non-degeneracy results of Lemma 1.1, which gives η̃0 = ∑N
k=0 ckφk . Hence the

conclusion (3.33) follows by (3.40) and (3.41). ��
The proof of the following lemma is postponed to Sect. 4.

Lemma 3.9 Suppose that the exponents N, μ satisfy the assumptions of Theorem 1.2, there
holds

ck = 0, for k = 0, . . . , N ,

where ck are the constants in Lemma 3.8.

We are going to prove Theorem 1.2 by using Lemmas 3.8 and 3.9.

Proof of Theorem 1.2 From (3.32), we find that

|ηε(x)| = O
( 1

RN−3

) + O
(
ε
)
, for x ∈ � \ B

R(λ
(1)
ε )−1(x

(1)
ε ),

123



  217 Page 26 of 51 M. Squassina et al.

which means that for any fixed θ ∈ (0, 1) and small ε, there exists R̃ > 0 such that

|ηε(x)| ≤ θ, for x ∈ � \ B
R̃(λ

(1)
ε )−1(x

(1)
ε ).

Also for above fixed R̃, in view of Lemma 3.9, we know

|ηε(x)| = o(1), for x ∈ B
R̃(λ

(1)
ε )−1(x

(1)
ε ). (3.42)

Then for any fixed θ ∈ (0, 1) and small ε, we can deduce that |ηε(x)| < θ for all x ∈ �.
This is a contradiction to ‖ηε‖L∞ = 1. So u(1)

ε = u(2)
ε for small ε. This finishes the proof of

Theorem 1.2. ��

4 Proof of Lemma 3.9

This section is devoted to the proof of Lemma 3.9.

Lemma 4.1 For N ≥ 6 and μ ∈ (0, 4), let ηε(x) be the function defined by (3.18). Then we
have the following estimate:

ηε(x) =
(
(2∗

μ − 1)A(1)
ε + 2∗

μA(2)
ε

)
G(x(1)

ε , x)

+
N∑

k=1

(
(2∗

μ − 1)B(1)
ε,k + 2∗

μB(2)
ε,k

)
∂kG(x(1)

ε , x) + O
( ln λ

(1)
ε

(λ
(1)
ε )N

)
, in C1(� \ B2δ(x

(1)
ε )

)
,

(4.1)

where δ > 0 is any small fixed constant, ∂kG(z, x) = G(z,x)
∂zk

,

A(1)
ε =

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(u(1)
ε (ξ))2

∗
μCε(z)ηε(z)

|z − ξ |μ dzdξ, (4.2)

A(2)
ε =

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

Dε(ξ)ηε(ξ)(u(2)
ε (z))2

∗
μ−1

|z − ξ |μ dzdξ, (4.3)

B(1)
ε,k =

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(zk − x (1)
ε,k )

(u(1)
ε (ξ))2

∗
μCε(z)ηε(z)

|z − ξ |μ dzdξ, (4.4)

B(2)
ε,k =

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(zk − x (1)
ε,k )

Dε(ξ)ηε(ξ)(u(2)
ε (z))2

∗
μ−1

|z − ξ |μ dzdξ. (4.5)

Proof By the potential theory and (3.19), we have

ηε(x) =
∫

�

G(z, x)g
(
z, λ(1)

ε (z), λ(2)
ε (z)

)
dz

= (2∗
μ − 1)

∫

�

G(z, x)
( ∫

�

(u(1)
ε (ξ))2

∗
μ

|z − ξ |μ dξ
)
Cε(z)ηε(z)dz

+ 2∗
μ

∫

�

G(z, x)
( ∫

�

Dε(ξ)ηε(ξ)

|x − ξ |μ dz
)
(u(2)

ε (z))2
∗
μ−1dz

+ ε

∫

�

G(z, x)ηε(z)dz.

(4.6)
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According to Lemma 3.7, for any z ∈ �\B2δ(a
(1)
ε ), we obtain the estimate of the third term

in (4.6) as

∫

�

G(z, x)ηε(z)dz =
∫

Bδ(x
(1)
ε )

G(z, x)ηε(z)dz +
∫

�\Bδ(x
(1)
ε )

G(z, x)ηε(z)dz

=
∫

Bδ(x
(1)
ε )

ηε(z)dz + O
( ∫

�

G(z, x)
ln λ

(1)
ε

(λ
(1)
ε )N−2

dz
)

= O
( ln λ

(1)
ε

(
λ

(1)
ε

)N−2

)
.

(4.7)

Decomposing the first term of (4.6) by

∫

�

G(z, x)
( ∫

�

(u(1)
ε (ξ))2

∗
μ

|z − ξ |μ dξ
)
Cε(z)ηε(z)dz

=
∫

Bδ(x
(1)
ε )

G(z, x)
( ∫

Bδ(x
(1)
ε )

(u(1)
ε (ξ))2

∗
μ

|x − ξ |μ dξ
)
Cε(z)ηε(z)dz

+ 2
∫

�\Bδ(z
(1)
ε )

G(z, x)
( ∫

Bδ(x
(1)
ε )

(u(1)
ε (ξ))2

∗
μ

|z − ξ |μ dξ
)
Cε(z)ηε(z)dz

+
∫

�\Bδ(x
(1)
ε )

G(z, x)
( ∫

�\Bδ(x
(1)
ε )

(u(1)
ε (ξ))2

∗
μ

|z − ξ |μ dξ
)
Cε(z)ηε(z)dz

:= G1 + 2G2 + G3.

We are going to estimate G1, G2 and G3, respectively. By using Hardy–Littlewood–Sobolev
inequality, Lemma 3.7 and (3.28), then we have

G1 = A(1)
ε G(x(1)

ε , x) +
∫

Bδ(x
(1)
ε )

(
G(z, x) − G(x(1)

ε , x)
)(

∫

Bδ(x
(1)
ε )

(u(1)
ε (ξ))

2∗
μ

|z − ξ |μ dξ
)
Cε(z)ηε(z)dz

= A(1)
ε G(x(1)

ε , x) +
N∑

k=1

∂kG(x(1)
ε , x)

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(zk − x(1)
ε,k )

(u(1)
ε (ξ))

2∗
μCε(z)ηε(z)

|z − ξ |μ dzdξ

+ O
( 1

|x − x(1)
ε |N

∫

Bδ(x
(1)
ε )

∣
∣z − x(1)

ε

∣
∣2
( ∫

Bδ(x
(1)
ε )

(u(1)
ε (ξ))

2∗
μ

|z − ξ |μ dξ
)
Cε(z)ηε(z)dz

)

= A(1)
ε G(x(1)

ε , x) +
N∑

k=1

∂kG(x(1)
ε , x)B(1)

ε,k

+ O

⎛

⎜
⎜
⎝

1

|x − x(1)
ε |N

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

∣
∣z − x(1)

ε

∣
∣2U

2∗
μ

x(1)
ε ,λ

(1)
ε

(ξ)Cε(z)ηε(z)

|z − ξ |μ dzdξ

⎞

⎟
⎟
⎠

= A(1)
ε G(x(1)

ε , x) +
N∑

k=1

∂kG(x(1)
ε , x)B(1)

ε,k

+ O

(
1

|x − x(1)
ε |N

∫

Bδ(x
(1)
ε )

∣
∣z − x(1)

ε

∣
∣2U

4
N−2

x(1)
ε ,λ

(1)
ε

(x)ηε(z)dz

)

= A(1)
ε G(x(1)

ε , x) +
N∑

k=1

∂kG(x(1)
ε , x)B(1)

ε,k + O
( ln λ

(1)
ε

(
λ
(1)
ε

)N

1

|x − x(1)
ε |N

)
,
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where A(1)
ε and B(1)

ε,k are defined in (4.2) and (4.4). Moreover, we can also find

G2 ≤ C
∫

�\Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

U
2∗
μ

x (1)
ε ,λ

(1)
ε

(ξ)G(z, x)Cε(z)ηε(z)

|z − ξ |μ dzdξ

≤ C
ln λ

(1)
ε

(λ
(1)
ε )N

( ∫

�\Bδ(z
(1)
ε )\B2δ(x)

1

|z − x |N−2

1

|z − x (1)|2
ε

dz

+
∫

�\Bδ(x
(1)
ε )∩B2δ(x)

1

|z − x |N−2

1

|z − x (1)|2
ε

dz
)

≤ C
ln λ

(1)
ε

(λ
(1)
ε )N δN−2

∫

�\Bδ(x
(1)
ε )

1

|z − x (1)
ε |2

dz + C
ln λ

(1)
ε

(λ
(1)
ε )N δ2

∫

B2δ(x)

1

|z − x |N−2 dz

= O
( ln λ

(1)
ε

(λ
(1)
ε )N

)
.

Analogously, we also have

G3 = O
( ln λ

(1)
ε

(λ
(1)
ε )N

)
.

For the second term in (4.6), we decompose it by
∫

�

G(z, x)
( ∫

�

Dε(ξ)ηε(ξ)

|z − ξ |μ dξ
)
(u(2)

ε (z))2
∗
μ−1dz

=
∫

Bδ(x
(1)
ε )

G(z, x)
( ∫

Bδ(x
(1)
ε )

Dε(ξ)ηε(ξ)

|z − ξ |μ dξ
)
(u(2)

ε (z))2
∗
μ−1dz

+ 2
∫

Bδ(x
(1)
ε )

Gε(z, x)
( ∫

�\Bδ(x
(1)
ε )

Dε(ξ)ηε(ξ)

|z − ξ |μ dξ
)
(u(2)

ε (z))2
∗
μ−1dz

+
∫

�\Bδ(x
(1)
ε )

G(z, x)
( ∫

�\Bδ(x
(1)
ε )

Dε(ξ)ηε(ξ)

|z − ξ |μ dξ
)
(u(2)

ε (z))2
∗
μ−1dz

:= L1 + L2 + L3.

Similar to the estimate for G1, by Hardy–Littlewood–Sobolev inequality and the fact
|ηε(x)| ≤ 1, (3.28) and (3.31), a direct calculation shows that

L1 = A(2)
ε G(x (1)

ε , x) +
N∑

k=1

∂kG(x (1)
ε , x)

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(zk − x (1)
ε,k )

Dε(ξ)ηε(ξ)(u(2)
ε (z))2

∗
μ−1

|z − ξ |μ dzdξ

+O

(
1

|x − x (1)
ε |N

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

∣
∣z − x (1)

ε

∣
∣2 Dε(ξ)ηε(ξ)(u(2)

ε (z))2
∗
μ−1

|z − ξ |μ dzdξ

)

= A(2)
ε G(x (1)

ε , x) +
N∑

k=1

∂kG(x (1)
ε , x)B(2)

ε,k + O
( (λ

(1)
ε )N−μ+2

|x − x (1)
ε |N

)

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

1
(
1 + λ

(1)
ε |ξ − x (1)

ε |)N−μ+2

1

|z − ξ |μ
|z − x (1)

ε |2
(
1 + λ

(1)
ε |z − x (1)

ε |)N−μ+2 dzdξ
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= A(2)
ε G(x (1)

ε , x) +
N∑

k=1

∂kG(x (1)
ε , x)B(2)

ε,k +

+O
( 1

(λ
(1)
ε )N

1

|x − x (1)
ε |N

∫

Bδ(0)

∫

Bδ(0)

1
(
1 + |ξ |)N−μ+2

1

|z − ξ |μ
|z|2

(
1 + |z|)N−μ+2 dzdξ

= A(2)
ε G(x (1)

ε , x) +
N∑

k=1

B(2)
ε,k ∂kG(x (1)

ε , x) + O
( 1

(λ
(1)
ε )N

1

|x − x (1)
ε |N

)
,

where A(2)
ε and B(2)

ε,k are defined in (4.3)and (4.5). By Lemma 3.7, we can calculate that

L2 ≤ C
∫

�\Bδ (x
(1)
ε )

∫

Bδ (x
(1)
ε )

U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(ξ)ηε(ξ)U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(z)G(z, x)

|z − ξ |μ dzdξ

≤ C ln λ
(1)
ε

(λ
(1)
ε )N−2

( ∫

�\Bδ (x
(1)
ε )

U
2N (2∗μ−1)
2N−μ

x(1)
ε ,λ

(1)
ε

(ξ)dξ
) 2N−μ

2N
( ∫

Bδ (x
(1)
ε )

∣
∣
∣

1

|z − x |N−2U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(z)
∣
∣
∣

2N
2N−μ

dz
) 2N−μ

2N

≤ C ln λ
(1)
ε

(λ
(1)
ε )N−2

1

(λ
(1)
ε )

N−2
2

( ∫

Bδ (x
(1)
ε )

(λ
(1)
ε )

N (N−μ+2)
2N−μ

(
1 + (λ

(1)
ε )2|z − x (1)

ε |2) N (N−μ+2)
2N−μ

dz
) 2N−μ

2N

= O
( ln λ

(1)
ε

(λ
(1)
ε )2N−4

)
.

(4.8)

And similar to the estimate of (4.8), we can also find

L3 ≤ C
∫

�\Bδ (x
(1)
ε )

∫

�\Bδ (x
(1)
ε )

U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(ξ)ηε(ξ)U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(z)G(z, x)

|z − ξ |μ dzdξ

≤ C ln λ
(1)
ε

(λ
(1)
ε )N−2

( ∫

�\Bδ (x
(1)
ε )

U
2N (2∗μ−1)
2N−μ

x(1)
ε ,λ

(1)
ε

(ξ)dξ
) 2N−μ

2N
( ∫

Bδ (x
(1)
ε )

∣
∣
∣

1

|z − x |N−2U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(z)
∣
∣
∣

2N
2N−μ

dz
) 2N−μ

2N

≤ C ln λ
(1)
ε

(λ
(1)
ε )N−2

1

(λ
(1)
ε )

N−2
2

( ∫

(
�\Bδ (x

(1)
ε )

)
\B2δ (x)

∣
∣
∣

1

|z − x |N−2

(λ
(1)
ε )

N−μ+2
2

(
1 + (λ

(1)
ε )2|z − x (1)

ε |2) N−μ+2
2

∣
∣
∣

2N
2N−μ

dz
) 2N−μ

2N

+C ln λ
(1)
ε

λ̃N−2
ε

1

(λ
(1)
ε )

N−2
2

∫

(
�\Bδ (x

(1)
ε )

)
∩B2δ (x)

∣
∣
∣

1

|z − x |N−2

(λ
(1)
ε )

N−μ+2
2

(
1 + (λ

(1)
ε )2|z − x (1)

ε |2) N−μ+2
2

∣
∣
∣

2N
2N−μ

dz
) 2N−μ

2N

≤ C ln λ
(1)
ε

(λ
(1)
ε )N−2

1

(λ
(1)
ε )N− μ

2

[( ∫

�\Bδ (x
(1)
ε )

1
∣
∣z − x (1)

ε

∣
∣
2N (N−μ+2)

2N−μ

dz
) 2N−μ

2N +
∫

B2δ (x)

1
∣
∣z − x

∣
∣
2N (N−2)
2N−μ

dz
) 2N−μ

2N
]

= O
( ln λ

(1)
ε

(λ
(1)
ε )2N−μ

)
+ O

( ln λ
(1)
ε

(λ
(1)
ε )2N−4

)
,
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where we using 2N (N−μ+2)
2N−μ

> N and 2N (N−2)
2N−μ

< N . Combining (4.6)-(4.7) and estimates
of G1, G2, G3, L1, L2, L3, then we get

ηε(x) =
(
(2∗

μ − 1)A(1)
ε + 2∗

μA
(2)
ε

)
G(x (1)

ε , x) +
N∑

k=1

(
(2∗

μ − 1)B(1)
ε,k + 2∗

μB
(2)
ε,k

)
∂kG(x (1)

ε , x)

+ O
( ln λ

(1)
ε

(λ
(1)
ε )N

+ ε ln λ
(1)
ε

(λ
(1)
ε )N−2

+ 1

(λ
(1)
ε )N

+ ln λ
(1)
ε

(λ
(1)
ε )2N−4

+ ln λ
(1)
ε

(λ
(1)
ε )2N−μ

)

=
(
(2∗

μ − 1)A(1)
ε + 2∗

μA
(2)
ε

)
G(x (1)

ε , x)

+
N∑

k=1

(
(2∗

μ − 1)B(1)
ε,k + 2∗

μB
(2)
ε,k

)
∂kG(x (1)

ε , x) + O
( ln λ

(1)
ε

(λ
(1)
ε )N

)
,

for x ∈ � \ B2δ(x
(1)
ε ),

in the last step we have used ε = O
( 1

(λ
(1)
ε )N−4

) = O
( 1

(λ
(1)
ε )2

)
.

On the other hand, from (4.6), we obtain

∂ηε(x)

∂xi
= (2∗

μ − 1)
∫

�

Dxi G(z, x)
( ∫

�

(u(1)
ε (ξ))2

∗
μ

|z − ξ |μ dξ
)
Cε(z)ηε(z)dz

+ 2∗
μ

∫

�

Dxi G(z, x)
( ∫

�

Dε(ξ)ηε(ξ)

|z − ξ |μ dξ
)
(u(2)

ε (z))2
∗
μ−1dz+ε

∫

�

Dxi G(z, x)ηε(z)dz.

Similar to the above estimates of ηε(x), we know for N ≥ 6,

ε

∫

�

Dxi G(z, x)ηε(z)dz = O
( ln λ

(1)
ε

(
λ

(1)
ε

)N

)
.

By Hardy–Littlewood–Sobolev inequality and the fact that |ηε(x)| ≤ 1, Lemma 3.7, (3.28)
and (3.31), then we can get

∫

�

Dxi G(z, x)
( ∫

�

(u(1)
ε (ξ))2

∗
μ

|z − ξ |μ dξ
)
Cε(z)ηε(z)dz

= A(1)
ε Dxi G(x (1)

ε , x) +
N∑

k=1

Dxi (∂kG(x (1)
ε , x)B(1)

ε,k ) + O
( ln λ

(1)
ε

(λ
(1)
ε )N

)
,

and

∫

�

Dxi G(z, x)
( ∫

�

Dε(ξ)ηε(ξ)

|z − ξ |μ dξ
)
(u(2)

ε (z))2
∗
μ−1dz

= A(2)
ε Dxi G(x (1)

ε , x) +
N∑

k=1

B(2)
ε,k Dxi (∂kG(x (1)

ε , x)) + O
( ln λ

(1)
ε

(λ
(1)
ε )N

)
.

123



Local uniqueness of blow-up solutions for critical Hartree… Page 31 of 51   217 

Therefore, we deduce

∂ηε(x)

∂xi
=

(
(2∗

μ − 1)A(1)
ε + 2∗

μA
(2)
ε

)
Dxi G(x (1)

ε , x)

+
N∑

k=1

(
(2∗

μ − 1)B(1)
ε,k + 2∗

μB
(2)
ε,k

)
Dxi (∂kG(x (1)

ε , x))

+ O
( ln λ

(1)
ε

(λ
(1)
ε )N

)
,

for x ∈ � \ B2δ(x
(1)
ε ),

According to the above argument of ηε(x) and ∂ηε(x)
∂xi

. Then we can finish the proof of
Lemma 4.1. ��
Lemma 4.2 Assume that N ≥ 6, μ ∈ (0, 4) and u( j)

ε with j = 1, 2 be the solutions of (1.1).
Then we have

u( j)
ε (x) = G(x (1)

ε , x)

(λ
(1)
ε )

N−2
2

AN ,μ

+O
( ln λ

(1)
ε

(λ
(1)
ε )

N+2
2

)
in C1

(
� \ B2δ(x

(1)
ε )

)
, (4.9)

where AN ,μ is from Lemma 2.3.

Proof Firstly, in view of Lemma 3.1, we know that (4.9) holds for j = 1 and

u(2)
ε (x) = G(x (2)

ε , x)

(λ
(2)
ε )

N−2
2

AN ,μ

+O
( ln λ

(1)
ε

(λ
(1)
ε )

N+2
2

)
in C1

(
� \ B2δ(x

(2)
ε )

)
. (4.10)

By a direct calculate shows that

G(x (2)
ε , x)

(λ
(2)
ε )

N−2
2

= G(x (1)
ε , x)

(λ
(1)
ε )

N−2
2

+O
( |x (1)

ε − x (2)
ε |

(λ
(1)
ε )

N−2
2

)
+ O

( |λ(1)
ε − λ

(2)
ε |

(λ
(1)
ε )

N−2
2

)
.

Since Bδ(x
(1)
ε ) ⊂ B2δ(x

(1)
ε ) for small ε, we deduce that (4.9) for j = 2 from Lemma 3.3 and

(4.10). ��
Lemma 4.3 For ηε(x) defined by (3.18), we have the following pohozaev identities:

−
∫

∂�′
∂u(1)

ε

∂x j

∂ηε

∂ν
ds −

∫

∂�′
∂u(2)

ε

∂ν

∂ηε

∂x j
ds + 1

2

∫

∂�′

〈∇(u(1)
ε + u(2)

ε ),∇ηε

〉
ν j ds

= 1

2∗
μ

∫

∂�′

∫

�

|u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)ν j

|x − ξ |μ dξds + 1

2∗
μ

∫

∂�′

∫

�

Dε(ξ)ηε(ξ)|u(1)
ε (x)|2∗

μν j

|x − ξ |μ dξds
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+ 1

2∗
μ

∫

∂�′

∫

�′

|u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)ν j

|x − ξ |μ dξds + 1

2∗
μ

∫

∂�′

∫

�′

Dε(ξ)ηε(ξ)|u(1)
ε (x)|2∗

μν j

|x − ξ |μ dξds

+ μ

2∗
μ

∫

�′

∫

�\�′
(x j − ξ j )

|u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)

|x − ξ |μ+2 dxdξ

+ μ

2∗
μ

∫

�′

∫

�\�′
(x j − ξ j )

Dε(ξ)ηε(ξ)|u(1)
ε (x)|2∗

μ

|x − ξ |μ+2 dxdξ

+ ε

2

∫

∂�′

(
u(1)

ε + u(2)
ε

)
ηεν j ds, (4.11)

and

−
∫

∂�′
∂ηε

∂ν

〈
x − x (1)

ε , ∇u(1)
ε

〉
ds −

∫

∂�′
∂u(2)

ε

∂ν

〈
x − x (1)

ε , ∇ηε

〉
ds

+ 1

2

∫

∂�′

〈∇(
u(1)

ε + u(2)
ε

)
,∇ηε

〉〈
x − x (1)

ε , ν
〉
ds + 2 − N

2

∫

∂�′

[∂ηε

∂ν
u(1)

ε + ∂u(2)
ε

∂ν
ηε

]
ds

= −μ

2

[ ∫

�′

∫

�\�′
|u(2)

ε (ξ)|2∗
μ C̃ε(x)ηε(x)

|x − ξ |μ dξdx +
∫

�′

∫

�\�′
Dε(ξ)ηε(ξ)|u(1)

ε (x)|2∗
μ

|x − ξ |μ dξdx
]

+ μ
[ ∫

�′

∫

�\�′
x · (x − ξ)

|u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)

|x − ξ |μ+2 dξdx

+
∫

�′

∫

�\�′
x · (x − ξ)

Dε(ξ)ηε(ξ)|u(1)
ε (x)|2∗

μ

|x − ξ |μ+2 dξdx
]

+
∫

∂�′

∫

�\�′
|u(2)

ε (ξ)|2∗
μ C̃ε(x)ηε(x)

|x − ξ |μ
〈
x − x (1)

ε , ν
〉
dξds

+
∫

∂�′

∫

�\�′
Dε(ξ)ηε(ξ)|u(1)

ε (x)|2∗
μ

|x − ξ |μ
〈
x − x (1)

ε , ν
〉
dξds

+ 2
∫

∂�′

∫

�′
|u(2)

ε (ξ)|2∗
μ C̃ε(x)ηε(x)

|x − ξ |μ
〈
x − x (1)

ε , ν
〉
dξds

+ 2
∫

∂�′

∫

�′
Dε(ξ)ηε(ξ)|u(1)

ε (x)|2∗
μ

|x − ξ |μ
〈
x − x (1)

ε , ν
〉
dξds

+ ε

2

∫

∂�′

(
u(1)

ε + u(2)
ε

)
ηε

〈
x − x (1)

ε , ν
〉
ds − ε

∫

�′

(
u(1)

ε + u(2)
ε

)
ηεdx, (4.12)

where �′ ⊂ � is a smooth domain, ν = ν(x) denotes the unit outward normal to the
boundary ∂�′ and

C̃ε(x) =
∫ 1

0

(
tu(1)

ε (x) + (1 − t)u(2)
ε (x)

)2∗
μ−1

dt,

Dε(ξ) =
∫ 1

0

(
tu(1)

ε (ξ) + (1 − t)u(2)
ε (ξ)

)2∗
μ−1

dt .

Proof In view of Lemma 2.1, taking uε = u( j)
ε with j = 1, 2 in (2.2), and then making a

difference between those respectively. By a direct calculations, we can obtain (4.11). Simi-
larly, taking uε = u( j)

ε with j = 1, 2 in (2.1), and then making a difference between those
respectively, we can also derive that (4.12). ��
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Now we are ready to prove Lemma 3.9 by using the local Pohozaev identities.

Proof of Lemma 3.9 Wedivide the argument into two steps:Step 1.Weprove that ck = 0, k =
1, . . . , N . We define the following quadratic form

P(η, u, τ ) = P(η, u, Bτ (x
(1)
ε )) = −

∫

∂Bτ (x (1)
ε )

∂u

∂x j

∂η

∂ν
ds −

∫

∂Bτ (x (1)
ε )

∂u

∂ν

∂η

∂x j
ds +

∫

∂Bτ (x (1)
ε )

〈∇η,∇u
〉
ν j ds.

For N ≥ 6, taking �′ = Bτ (x
(1)
ε ) in (4.11), by (4.1) and (4.9), we know

LHS of (4.11) =
AN ,μ

(
(2∗

μ − 1)A(1)
ε + 2∗

μA
(2)
ε

)P
(
G(x (1)

ε , x),G(x (1)
ε , x), τ

)

(λ
(1)
ε )

N−2
2

+
N∑

l=1

AN ,μ

(
(2∗

μ − 1)B(1)
ε,l + 2∗

μB
(2)
ε,l

)P
(
G(x (1)

ε , x), ∂lG(x (1)
ε , x), τ

)

(λ
(1)
ε )

N−2
2

+O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−2
2

)
. (4.13)

We next estimate A(1)
ε and A(2)

ε , respectively. In fact,

A(1)
ε = O

( ∫

Bτ (x (1)
ε )

∫

Bτ (x (1)
ε )

U
2∗
μ

x (1)
ε ,λ

(1)
ε

(ξ)Cε(x)ηε(x)

|x − ξ |μ dxdξ
)

= O
( 1

(λ
(1)
ε )N−2

)
,

since
∫

Bτ (x (1)
ε )

(λ
(1)
ε )2

(1 + λ
(1)
ε |x − x (1)

ε |)N+2
dx

= O
( 1

(λ
(1)
ε )N−2

∫ λ
(1)
ε τ

0

r N−1

(1 + r)N+2 dr
)

= O
( 1

(λ
(1)
ε )N−2

)
,

Also, we have

A(2)
ε = O

( ∫

Bτ (x (1)
ε )

∫

Bτ (x (1)
ε )

Dε(ξ)ηε(ξ)(U
x (2)
ε ,λ

(2)
ε

(x))2
∗
μ−1

|x − ξ |μ dxdξ
)

= O

⎛

⎝
(
∫

Bτ (x (1)
ε )

(Dε(ξ)ηε(ξ))
2N

2N−μ dξ
) 2N−μ

2N

(∫

Bτ (x (1)
ε )

U
2N (2∗μ−1)
2N−μ

x (1)
ε ,λ

(1)
ε

(x)dx

) 2N−μ
2N

⎞

⎠

= O
( 1

(λ
(1)
ε )N−2

(
∫

B
λ
(1)
ε τ

(0)

1

(1 + |x |2) N (N−μ+2)
2N−μ

dx
) 2N−μ

N
)

= O
( 1

(λ
(1)
ε )N−2

)
,

by 2N (N−μ+2)
2N−μ

> N . On the other hand, from [11], we know

P
(
G(x (1)

ε , x),G(x (1)
ε , x), τ

)
= −∂R(x (1)

ε )

∂xi
. (4.14)
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Hence it follow from (3.9) that

(
(2∗

μ − 1)A(1)
ε + 2∗

μA
(2)
ε

)P
(
G(x (1)

ε , x),G(x (1)
ε , x), τ

)

(λ
(1)
ε )

N−2
2

= O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−2
2

)
. (4.15)

Nextwe are going to estimate each termof the right hand side of (4.11)with�′ = Bτ (x
(1)
ε ).

We define

P1 := 1

2∗
μ

∫

∂Bτ (x (1)
ε )

∫

�

|u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)ν j

|x − ξ |μ dξds,

P2 := 1

2∗
μ

∫

∂Bτ (x (1)
ε )

∫

�

Dε(ξ)ηε(ξ)|u(1)
ε (x)|2∗

μν j

|x − ξ |μ dξds,

P3 := 1

2∗
μ

∫

∂Bτ (x (1)
ε )

∫

Bτ (x (1)
ε )

[ |u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)ν j

|x − ξ |μ + Dε(ξ)ηε(ξ)|u(1)
ε (x)|2∗

μν j

|x − ξ |μ
]
dξds,

P4 := μ

2∗
μ

∫

Bτ (x (1)
ε )

∫

�\Bτ (x (1)
ε )

(x j − ξ j )
|u(2)

ε (ξ)|2∗
μ C̃ε(x)ηε

|x − ξ |μ+2 dxdξ,

P5 := ε

2

∫

∂Bτ (x (1)
ε )

(
u(1)

ε + u(2)
ε

)
ηεν j ds,

P6 := μ

2∗
μ

∫

Bτ (x (1)
ε )

∫

�\Bτ (x (1)
ε )

(x j − ξ j )
Dε(ξ)ηε(ξ)|u(1)

ε (x)|2∗
μ

|x − ξ |μ+2 dxdξ.

Firstly, we can deduce

C̃ε(x) ≤ C
(λ

(1)
ε )

N−μ+2
2

(
1 + (λ

(1)
ε )2|x − x (1)

ε |2) N−μ+2
2

and Dε(ξ) ≤ C
(λ

(1)
ε )

N−μ+2
2

(
1 + (λ

(1)
ε )2|ξ − x (1)

ε |2) N−μ+2
2

.

Then we have

C̃ε(x) = O
( 1

(λ
(1)
ε )

N−μ+2
2

)
and Dε(ξ) = O

( 1

(λ
(1)
ε )

N−μ+2
2

)
, in � \ Bτ (x

(1)
ε ). (4.16)

Together with (2.17), (3.25) and (3.27), we obtain

P1 = O
( ∫

∂Bτ (x (1)
ε )

∫

�

|U
x (1)
ε ,λ

(1)
ε

(ξ)|2∗
μ C̃ε(x)ηε(x)ν j

|x − ξ |μ dξds
)

= O
( ∫

∂Bτ (x (1)
ε )

(λ
(1)
ε )

N+2
2

(
1 + λ

(1)
ε |x − x (1)

ε |)N+2 ηε(x)ν j ds
)

= O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−2
2

)
,
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and

P2 = O

((∫

∂Bτ (x (1)
ε )

(
U

2∗
μ

x (1)
ε ,λ

(1)
ε

νi
) 2N
2N−μ ds

) 2N−μ
2N

(∫

�

|Dε(ξ)ηε(ξ)| 2N
2N−μ dx

) 2N−μ
2N

)

= O
( 1

(λ
(1)
ε )N

)( ∫

�

(λ
(1)
ε )

N (N−μ+2)
2N−μ

(
1 + (λ

(1)
ε )|x − x (1)

ε |) 2N (N−μ+2)
2N−μ

dx
) 2N−μ

2N

= O
( 1

(λ
(1)
ε )

3N−2
2

)
.

Similar to the above estimates, we can also prove

P3 = O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−2
2

)
.

Moreover, we can find

∫

Bτ (x (1)
ε )

(x j − ξ j )
|U

x (1)
ε ,λ

(1)
ε

(ξ)|2∗
μ

|x − ξ |μ+2 dξ =
∫

�\Bτ (x (1)
ε )

x j − ξ j
(
1 + |ξ − x (1)

ε |)2N−μ
dξ = 0.

This means that P4 = P6 = 0. Furthermore, note that ε = O
( 1

(λ
(1)
ε )N−4

) = O
( 1

(λ
(1)
ε )2

)
if

N ≥ 6, so we have

P5 = O
( 1

(λ
(1)
ε )

3N−2
2

)
.

Hence we know that

RHS of (4.11) = O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−2
2

)
.

Then it follows from (4.13) that

N∑

l=1

AN ,μ

(
(2∗

μ − 1)B(1)
ε,l + 2∗

μB
(2)
ε,l

)P
(
G(x (1)

ε , x), ∂lG(x (1)
ε , x), τ

)

(λ
(1)
ε )

N−2
2

= o
( 1

(λ
(1)
ε )

3N−4
2

)
.

Using the estimate (see [11])

P
(
G(x (1)

ε , x), ∂lG(x (1)
ε , x), τ

)
= −∂2R(x (1)

ε )

∂xi∂xl
(4.17)

and x0 is a nondegenerate critical point of Robin functionR(x), we see that

(2∗
μ − 1)B(1)

ε,l + 2∗
μB

(2)
ε,l = o

( 1

(λ
(1)
ε )N−1

)
. (4.18)

On the other hand, we consider that the estimates of B(1)
ε,l and B(2)

ε,l in (4.4)-(4.5). Using
the elementary inequality (A.2) in Appendix A, then we know that

B(1)
ε,l =

∫

Bτ (x (1)
ε )

∫

Bτ (x (1)
ε )

(zl − x (1)
ε,l )

(u(1)
ε (ξ))2

∗
μCε(z)ηε(z)

|z − ξ |μ dzdξ

= 1

(λ
(1)
ε )2N−μ+1

(
G1 + 2∗

μG2 + 2∗
μ(2∗

μ − 1)

2
G3 + O

(G4
))

,

(4.19)
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where

G1 =
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

(
PU

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x(1)
ε )

)2∗
μCε(

z

λ
(1)
ε

+ x(1)
ε )η̃ε(z)

|z − ξ |μ dzdξ,

G2=
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

(
PU

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+x(1)
ε )

)2∗
μ−1

w
(1)
ε (

ξ

λ
(1)
ε

+x(1)
ε )Cε(

z

λ
(1)
ε

+x(1)
ε )η̃ε(z)

|z − ξ |μ dzdξ,

G3=
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

(
PU

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+x(1)
ε )

)2∗
μ−2(

w
(1)
ε (

ξ

λ
(1)
ε

+x(1)
ε )

)2Cε(
z

λ
(1)
ε

+x(1)
ε )η̃ε(z)

|z − ξ |μ dzdξ,

G4 =
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

(
w

(1)
ε (

ξ

λ
(1)
ε

+ x(1)
ε )

)2∗
μCε(

z

λ
(1)
ε

+ x(1)
ε )η̃ε(z)

|z − ξ |μ dzdξ. (4.20)

Then by Lemmas B.1, B.2 and B.3 in Appendix B, we get

B(1)
ε,l =− cl

2∗ − 1

N (N − 2)

AH ,L

1
(
λ

(1)
ε

)N−1

∫

RN
U

N+2
N−2
0,1 (z)dz + o

( 1

(λ
(1)
ε )N−1

)
, for l=1, 2, . . . , N .

(4.21)

Noting that

B(2)
ε,l =

∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(zl − x (1)
ε,l )

Dε(ξ)ηε(ξ)(u(2)
ε (z))2

∗
μ−1

|z − ξ |μ dzdξ

= H1 + (2∗
μ − 1)H2 + O

(H3
)
,

(4.22)

where

H1 =
∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(zl − x (1)
ε,l )

Dε(ξ)ηε(ξ)
(
PU

x (2)
ε ,λ

(2)
ε

(z)
)2∗

μ−1

|z − ξ |μ dzdξ,

H2 =
∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(zl − x (1)
ε,l )

Dε(ξ)ηε(ξ)
(
PU

x (2)
ε ,λ

(2)
ε

(z)
)2∗

μ−2
w

(2)
ε (z)

|z − ξ |μ dzdξ,

H3 =
∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(zl − x (1)
ε,l )

Dε(ξ)ηε(ξ)
(
w

(2)
ε (z)

)2∗
μ−1

|z − ξ |μ dzdξ. (4.23)

Then by Lemma C.1 in Appendix C, we get

B(2)
ε,l = o

( 1

(λ
(1)
ε )N−1

)
. (4.24)

Thus by (4.18), (4.21) and (4.24) imply ck = 0, k = 1, 2, . . . , N .
Step 2. We prove that c0 = 0. First we define the following quadratic form

Q(η, u, τ ) = −
∫

∂Bτ (x (1)
ε )

〈∇η, ν
〉〈
x − x (1)

ε ,∇u
〉
ds

+ 1

2

∫

∂Bτ (x (1)
ε )

〈∇η,∇u
〉〈
x − x (1)

ε , ν
〉
ds + 2 − N

2

∫

∂Bτ (x (1)
ε )

〈∇η, ν
〉
uds.
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Taking �′ = Bτ (x
(1)
ε ) in (4.12), from (4.1) and (4.9), we have

LHS of (4.12) =
2AN ,μ

(
(2∗

μ − 1)A(1)
ε + 2∗

μA
(2)
ε

)Q
(
G(x (1)

ε , x),G(x (1)
ε , x), τ

)

(λ
(1)
ε )

N−2
2

.

Since we have the estimate (see [11])

Q
(
G(x (1)

ε , x),G(x (1)
ε , x), τ

)
= − (N − 2)

2
R(x (1)

ε ),

which implies that

LHS of (4.12) = − AN ,μ

(
(2∗

μ − 1)A(1)
ε + 2∗

μA
(2)
ε

)
(N − 2)R(x (1)

ε )

(λ
(1)
ε )

N−2
2

.

Note that by (3.15), we know

AN ,μ = N (N − 2)

AH ,L

∫

RN
U 2∗−1
0,1 (z)dz + o

(
1
)
.

On the other hand, from Lemma D.1 in Appendix D, we can find

A(1)
ε + A(2)

ε =
∫

Bδ(x
(1)
ε )

∫

Bδ(x
(1)
ε )

(u(1)
ε (ξ))2

∗
μCε(z)ηε(z)

|z − ξ |μ dzdξ

= 1
(
λ

(1)
ε

)N−2

N (N − 2)

AH ,L

∫

RN
U

4
N−2
0,1 (z)c0φ0dz + o

( 1

(λ
(1)
ε )N−2

)
.

A direct calculation, we can also find

(2∗ − 1)
∫

RN
U

4
N−2
0,1 φ0dz = −N − 2

2

∫

RN
U 2∗−1
0,1 (z)dz.

Therefore, together with the above estimates, we can deduce

LHS of (4.12) = N 2(N − 2)4(N − μ + 2)R(x (1)
ε )

2(AH ,L)2(N + 2)

1

(λ
(1)
ε )

3N−6
2

( ∫

RN
U 2∗−1
0,1 (z)dz

)2
c0

+ o
( 1

(λ
(1)
ε )

N−2
2

)
.

From Lemma D.2 in Appendix D, we know

RHS of (4.12) = 2ε
(
λ

(1)
ε

) N+2
2

( ∫

RN
U 2
0,1(z)dz

)
c0 + o

( 1

(λ
(1)
ε )

N−2
2

)
.

As a result,

N 2(N − 2)4(N − μ + 2)R(x (1)
ε )

2(AH ,L)2(N + 2)

1

(λ
(1)
ε )N−2

( ∫

RN
U 2∗−1
0,1 (z)dz

)2
c0

= 2ε
(
λ

(1)
ε

)2

( ∫

RN
U 2
0,1(z)dz

)
c0 + o

(
1
)
.

(4.25)

123



  217 Page 38 of 51 M. Squassina et al.

Notice that, from the proof of Lemma 3.9 in Sect. 3, we can find the basic estimate

N 2(N − 2)3R(x (1)
ε )

2(AH ,L)2

1

(λ
(1)
ε )N−2

( ∫

RN
U 2∗−1
0,1 (z)dz + O

( 1

(λ
(1)
ε )2

))2

= ε

(λ
(1)
ε )2

( ∫

RN
U 2
0,1(z)dz + O

( 1

(λ
(1)
ε )2

))

+ O
( ε

(λ
(1)
ε )N−2

+ 1

(λ
(1)
ε )N

)
.

(4.26)

Then (4.25) and (4.26) imply that c0 = 0. This finishes the proof of Lemma. ��
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Appendix A. Estimates of AN,� andF2,F3,F4 in (3.35)

In this section, we give that have been used in the previous sections. Let recall that

ψz,λ(x) = Uz,λ − PUz,λ, Uz,λ(x) = ( λ

1 + λ2|x − z|2
) N−2

2 .

Some basic estimates as follow:

Lemma A.1
∂Uz,λ(x)

∂z j
= (N − 2)λ

N+2
2

x j − z j
(
1 + λ2|x − z|2) N

2

= O
(
λUz,λ

)
,

∂Uz,λ(x)

∂λ
= N − 2

2
λ

N−4
2

1 − λ2|x − z|2
(1 + λ2|x − z|2) N

2

= O

(
Uz,λ

λ

)

,

‖ψz,λ‖L∞ = O
( 1

λ
N−2
2 dN−2

)
,

where where d = dist(x, ∂�) is the distance between x and the boundary of �.

Proof This follows from the definition of Uz,λ, PUz,λ, ψz,λ and direct computations. See
also [34]. ��
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Lemma A.2 It holds

ψxε,λε = O
( 1

(λε)
N−2
2

)
, in C1(�) and PUxε,λε = O

( 1

(λε)
N−2
2

)
, in C1(� \ Bδ(xε)

)
,

where δ > 0 is any small fixed constant.

Proof For a proof of this lemma, we refer to [34]. ��
Lemma A.3 It holds

‖wε‖H1
0

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

O

(
1

λN−2
ε

+ ε

λ
N−2
2

ε

)

, if N < 6 − μ,

O

(
(ln λε)

8−2μ
12−μ

λ
4−μ
ε

+ ε(ln λε)
4−μ
6−μ

λ

4−μ
2

ε

)

, if N = 6 − μ,

O

(
1

λ

N−μ+2
2

ε

+ ε

λ

4−μ
2

ε

)

, if N > 6 − μ.

(A.1)

Proof See Lemma 4.1 in [40]. ��
Lemma A.4 For any a > 0, b > 0, one has

(a + b)r = ar + rar−1b + O
(
br

)
, if 1 < r ≤ 2,

(a + b)r = ar + rar−1b + r(r − 1)

2
ar−2b2 + O

(
br

)
, if r > 2.

(A.2)

Proof This follows from a direct calculation. ��
Lemma A.5 For N ≥ 4, μ ∈ (0, 4], it holds

AN ,μ = N (N − 2)

AH ,L

∫

RN
U 2∗−1
0,1 dx + O

( 1

λ2ε

)
, (A.3)

where AN ,μ and AH ,L from (1.14) and Lemma 2.3, respectively.

Proof We have

AN ,μ =
∫

Bτλε (0)

∫

Bτλε (0)

v
2∗
μ

ε (ξ)v
2∗
μ−1

ε (x)

|x − ξ |μ dξdx

= λ
N−2
2

ε

(
B1 − 2B2 − B3

)
,

(A.4)

where

B1 =
∫

RN

∫

RN

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (z)

|x − ξ |μ dξdx, B2 =
∫

RN

∫

RN \Bτ (xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (x)

|x − ξ |μ dξdx,

B3 =
∫

RN \Bτ (xε)

∫

RN \Bτ (xε)

u
2∗
μ

ε (ξ)u
2∗
μ−1

ε (x)

|x − ξ |μ dξdx .

Combining (A.2) and a direct calculation shows that

B1 = N (N − 2)

AH ,L
· 1

λ
N−2
2

ε

∫

RN
U 2∗−1
0,1 dx + O

( 1

λ
N+2
2

ε

)
, (A.5)
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where the estimate of (A.5) follows by the following some computations. Firstly we remark
that

∫

RN

∫

RN

(PUxε,λε (ξ))2
∗
μ(PUxε,λε (x))

2∗
μ−1

|x − ξ |μ dξdx

= N (N − 2)

AH ,L
· 1

λ
N−2
2

ε

∫

RN
U 2∗−1
0,1 dx + O

( 1

λ
N+2
2

ε

)
,

(A.6)

since

∫

RN

∫

RN

U
2∗
μ

xε,λε
(ξ)U

2∗
μ−2

xε,λε
(x)ψxε,λε

|x − ξ |μ dξdx = N (N − 2)

AH ,L

∫

RN
U2∗−2
xε,λε

(x)ψxε,λεdx = O
( 1

λ
N+2
2

ε

)
,

∫

RN

∫

RN

U
2∗
μ−1

xε,λε
(ξ)ψxε,λεU

2∗
μ−2

xε,λε
(x)ψxε,λε

|x − ξ |μ dξdx =

∫

RN

∫

RN

U
2∗
μ−2

xε,λε
(ξ)ψ2

xε,λε
U
2∗
μ−1

xε,λε
(x)

|x − y|μ dξdx = O
( 1

λ
N+2
2

ε

)
,

and

∫

RN

∫

RN

U
2∗
μ−2

xε,λε
(ξ)ψ2

xε,λε
U

2∗
μ−2

xε,λε
(x)ψxε,λε

|x − ξ |μ dξdx = O
( 1

λ
N+2
2

ε

)
.

Secondly, we have

∫

RN

∫

RN

(PUxε,λε (ξ))2
∗
μ(PUxε,λε (x))

2∗
μ−2wε

|x − ξ |μ dξdx = O
(
‖wε‖H1

0

)
. (A.7)

Moreover, we deduce

∫

RN

∫

RN

(PUxε,λε (ξ))2
∗
μ−1wε(PUxε,λε (x))

2∗
μ−1

|x − ξ |μ dξdx

= O
( 1

λ
N−2
2

ε

(
∫ +∞

0

r N−1

(1 + r2)
N (N−μ+2)

2N−μ

dr
) 2N−μ

2N ‖wε‖H1
0

)

= O
( 1

λN
ε

)
,

(A.8)

and

∫

RN

∫

RN

(PUxε,λε (ξ))2
∗
μ−1wε(PUxε,λε (x))

2∗
μ−2wε

|x − ξ |μ dξdx = O
(
‖wε‖2H1

0

)
. (A.9)

123



Local uniqueness of blow-up solutions for critical Hartree… Page 41 of 51   217 

Similar to the calculation of (A.7), (A.8) and (A.9), we find

∫

RN

∫

RN

[ (PUxε,λε )
2∗
μ−2

w2
ε (PUxε,λε (x))2

∗
μ−1

|x − ξ |μ

+ (PUxε,λε )
2∗
μ−2

w2
ε (PUxε,λε (x))2

∗
μ−2

wε

|x − ξ |μ
]
dξdx = O

( 1

λ
N+2
2

ε

)
,

∫

RN

∫

RN

w
2∗
μ

ε (PUxε,λε (x))2
∗
μ−1

|x − ξ |μ dξdx +
∫

RN

∫

RN

w
2∗
μ

ε (PUxε,λε (x))2
∗
μ−2

wε

|x − ξ |μ dξdx = O
( 1

λ
N+2
2

ε

)
,

∫

RN

∫

RN

(PUxε,λε (ξ))
2∗
μw

2∗
μ−1

ε

|x − ξ |μ dξdx +
∫

RN

∫

RN

(PUxε,λε (ξ))
2∗
μ−1

wεw
2∗
μ−1

ε

|x − ξ |μ dξdx = O
( 1

λ
N+2
2

ε

)
,

∫

RN

∫

RN

(PUxε,λε (ξ))
2∗
μ−2

w2
ε (ξ)w

2∗
μ−1

ε

|x − ξ |μ dξdx +
∫

RN

∫

RN

w
2∗
μ

ε (ξ)w
2∗
μ−1

ε

|x − ξ |μ dξdx = O
( 1

λ
N+2
2

ε

)
.

Combining (A.6) and (A.7)-(A.9), the estimate (A.5) is reached.
Using |uε(x)| ≤ CUxε,λε , we compute

B2 ≤ C
∫

RN

∫

RN \Bτ (xε)

U
2∗
μ

xε,λε
(ξ)U

2∗
μ−1

xε,λε
(x)

|x − ξ |μ dξdx = O
( ∫

RN \Bτ (xε)

U 2∗−1
xε,λε

(x)dx
)

= O
( 1

λ
N+2
2

ε

∫

RN \Bτ (xε)

1

|x − xε|N+2 dx
)

= O
( 1

λ
N+2
2

ε

)
.

(A.10)

And similar to the estimate of (A.10), we can also obtain

B3 = O
( 1

λ
N+2
2

ε

)
. (A.11)

Then (A.4), (A.5) and (A.10)-(A.11) imply that (A.3). ��

Lemma A.6 For any fixed small δ > 0, it holds

1

(λ
(1)
ε )N−μ+2

F2 = o
( 1

λ
(1)
ε

)
,

1

(λ
(1)
ε )N−μ+2

F3 = o
( 1

λ
(1)
ε

)
,

1

(λ
(1)
ε )N−μ+2

F4 = o
( 1

λ
(1)
ε

)
.

Proof Notice that

(PUz,λ)
2∗
μ−1 = U

2∗
μ−1

z,λ + O
(
U

2∗
μ−2

z,λ ψz,λ

)
.
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Let us write F2 = F2,1 + F2,2. Now by Lemma 3.4 and (A.1), we can calculate that

1

(λ
(1)
ε )N−μ+2

F2,1

=
∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(
y

λ
(1)
ε

+x (1)
ε )w

(1)
ε (

ξ

λ
(1)
ε

+x (1)
ε )U

2∗
μ−2

x(1)
ε ,λ

(1)
ε

( x
λ

(1)
ε

+x (1)
ε

)
η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ

+ O
( ln λ

(1)
ε

λ
(1)
ε

)

∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x (1)
ε )w

(1)
ε (

ξ

λ
(1)
ε

+ x (1)
ε )U

2∗
μ−2

x(1)
ε ,λ

(1)
ε

( x
λ

(1)
ε

+ x (1)
ε

)
η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ

+ O
( ∫

B
λ
(1)
ε δ

(x(1)
ε )

∫

B
λ
(1)
ε δ

(x(1)
ε )

U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+x (1)
ε )w

(1)
ε (

ξ

λ
(1)
ε

+x (1)
ε )

2∑

j=1
|w( j)

ε |2∗
μ−2η̃ε(x)ϕ(x)

|x − ξ |μ dxdξ
)

= o
( 1

λ
(1)
ε

)
.

(A.12)

Next, similar to the calculations of (A.12), by Lemma A.2, we can also get

1

(λ
(1)
ε )N−μ+2

F2,2 = o
( 1

λ
(1)
ε

)
.

Hence we prove that 1
(λ

(1)
ε )N−μ+2

F2 = o
(

1
λ

(1)
ε

)
. Analogously, we have

1

(λ
(1)
ε )N−μ+2

F3 = o
( 1

λ
(1)
ε

)
,

1

(λ
(1)
ε )N−μ+2

F4 = o
( 1

λ
(1)
ε

)
.

This finishes the proof. ��

Appendix B. Estimates ofG1,G2,G3 andG4 in (4.20)

Lemma B.1 For any N ≥ 6 and μ ∈ (0, 4), it holds that

1

(λ
(1)
ε )2N−μ+1

G1

= − cl
2∗ − 1

N (N − 2)

AH ,L

1
(
λ
(1)
ε

)N−1

∫

RN
U

N+2
N−2
0,1 (z)dz + o

( 1

(λ
(1)
ε )N−1

)
, for l = 1, 2, . . . , N .

(B.1)

Proof In view of PUz,λ = Uz,λ − ψz,λ, we know

(PUz,λ)
2∗
μ = U

2∗
μ

z,λ − 2∗
μU

2∗
μ−1

z,λ ψz,λ + O
(
U

2∗
μ−2

z,λ ψ2
z,λ

)
.

Then G1 can be written as follows:

G1 = G1,1 − 2∗
μG1,2 + O

(G1,3
)
, (B.2)
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where

G1,1 =
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

U
2∗
μ

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x(1)
ε )Cε(

z

λ
(1)
ε

+ x(1)
ε )η̃ε(z)

|z − ξ |μ dzdξ,

G1,2 =
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

U
2∗
μ−1

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x(1)
ε )ψ

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x(1)
ε )Cε(

z

λ
(1)
ε

+ x(1)
ε )η̃ε(z)

|z − ξ |μ dzdξ,

G1,3=
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

U
2∗
μ−2

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x(1)
ε )

(
ψ
x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+x(1)
ε )

)2Cε(
z

λ
(1)
ε

+x(1)
ε )η̃ε(z)

|z − ξ |μ dzdξ.

Combining (2.17), (3.33), (3.23) and oddness of the function, we can prove that as ε → 0

1

(λ
(1)
ε )2N−μ+1

G1,1 → 1
(
λ
(1)
ε

)N−1

∫

RN

∫

RN
yl

U
2∗
μ

0,1(ξ)U
4−μ
N−2
0,1 (z)

( N∑

k=0
ckφk (z)

)

|x − y|μ dzdξ

= N (N − 2)

AH ,L

1
(
λ
(1)
ε

)N−1
cl

∫

RN
zlU

4
N−2
0,1

∂U0,1(z)

∂zl
dz

= − cl
2∗ − 1

N (N − 2)

AH ,L

1
(
λ
(1)
ε

)N−1

∫

RN
U

N+2
N−2
0,1 (z)dz, for l = 1, 2, . . . , N .

(B.3)

Together with (3.23), (A.1), Lemma A.1, oddness of the function, Hardy–Littlewood–
Sobolev, Hölder and Sobolev inequalities, we can prove

1

(λ
(1)
ε )2N−μ+1

G1,2

≤
‖ψ

x(1)
ε ,λ

(1)
ε

‖L∞
(
λ
(1)
ε

) 3N
2 −2

∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

U
2∗
μ−1

0,1 (ξ)U
4−μ
N−2
0,1 (z)

( N∑

k=1
ck

∂U0,1
∂zk

)

|z − ξ |μ dzdξ

︸ ︷︷ ︸
=:G1,2,1

+ O
( ‖ψ

x(1)
ε ,λ

(1)
ε

‖L∞ ln λ
(1)
ε

(
λ
(1)
ε

) 3N
2 −1

) ∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

U
2∗
μ−1

0,1 (ξ)U
4−μ
N−2
0,1 (z)

( N∑

k=1
ck

∂U0,1
∂zk

)

|z − ξ |μ dzdξ

︸ ︷︷ ︸
=:G1,2,2

+ O
( ‖ψ

x(1)
ε ,λ

(1)
ε

‖L∞
(
λ
(1)
ε

) 3N
2 − μ

2

) ∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

U
2∗
μ−1

0,1 (ξ)
( 2∑

j=1
|w( j)

ε |2∗
μ−2)(

N∑

k=1
ck

∂U0,1
∂zk

)

|z − ξ |μ dxdy

︸ ︷︷ ︸
=:G1,2,3

= O
( 1

(λ
(1)
ε )2N−3

)

+ O
( ln λ

(1)
ε

(λ
(1)
ε )2N−2

)
+ O

( (ln λ
(1)
ε )

N−2
N

(λ
(1)
ε )

2N− μ
2 −1+ (N−μ+2)(4−μ)

2(N−2)

)
,

(B.4)
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by

G1,2,1 = O
( 1
(
λ
(1)
ε

)2N−3

)( ∫ λ
(1)
ε τ

0

r N−1

(
1 + r

) 2N (N−μ+2)
2N−μ

dr
) 2N−μ

2N
( ∫ λ

(1)
ε τ

0

r
4N

2N−μ · r N−1

(
1 + r

) 2N (N−μ+4)
2N−μ

dr
) 2N−μ

2N

= O
( 1

(λ
(1)
ε )2N−3

)
,

where we have used 2N (N−μ+2)
2N−μ

> N and 2N (N−μ+4)
2N−μ

> N + 4N
2N−μ

.

G1,2,2 = O
( ln λ

(1)
ε

(
λ
(1)
ε

)2N−2

)( ∫ λ
(1)
ε τ

0

r N−1

(
1 + r

) 2N (N−μ+2)
2N−μ

dr
) 2N−μ

2N
( ∫ λ

(1)
ε τ

0

r
4N

2N−μ · r N−1

(
1 + r

) 2N (N−μ+4)
2N−μ

dr
) 2N−μ

2N

= O
( ln λ

(1)
ε

(λ
(1)
ε )2N−2

)
,

and

G1,2,3 = O
(
∑2

j=1

∥
∥w

( j)
ε

∥
∥

4−μ
N−2

H1
0

(
λ

(1)
ε

)2N− μ
2 −1

)( ∫

B
λ
(1)
ε τ

(0)

1
(
1 + |z|) 2N (N−μ+2)

2N−μ

dz
) 2N−μ

2N

×
( ∫

B
λ
(1)
ε τ

(0)

|z| 2N
N−2

(
1 + |z|) N2

N−2

dz
) N−2

N

= O
( (ln λ

(1)
ε )

N−2
N

(λ
(1)
ε )

2N− μ
2 −1+ (N−μ+2)(4−μ)

2(N−2)

)
.

And analogously, from 0 ≤ ψ
x (1)
ε ,λ

(1)
ε

≤ U
x (1)
ε ,λ

(1)
ε
, we have

1

(λ
(1)
ε )2N−μ+1

G1,3 = o
( 1

(λ
(1)
ε )N−1

)
, (B.5)

since 2N (N−μ+2)
2N−μ

> N and 2N (N−μ+4)
2N−μ

> N + 4N
2N−μ

. Then (B.2), (B.3), (B.4) and (B.5)
imply (B.1). ��
Lemma B.2 For any N ≥ 6 and μ ∈ (0, 4), it holds that

1

(λ
(1)
ε )2N−μ+1

G2 = o
( 1

(λ
(1)
ε )N−1

)
. (B.6)

Proof Firstly, G2 can be written as follows:

G2 = G2,1 + O
(G2,2

)
, (B.7)

where

G2,1 =
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl
U

2∗
μ−1

x (1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+ x (1)
ε )w

(1)
ε (

ξ

λ
(1)
ε

+ x (1)
ε )Cε(

z
λ

(1)
ε

+ x (1)
ε )η̃ε(z)

|z − ξ |μ dzdξ,

G2,2 =
∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl
U

2∗
μ−2

x (1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+x (1)
ε )ψ

x (1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+x (1)
ε )w

(1)
ε (

ξ

λ
(1)
ε

+x (1)
ε )Cε(

z
λ

(1)
ε

+x (1)
ε )η̃ε(z)

|z − ξ |μ dzdξ.
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Now by (3.23), and Lemma A.1, we have

1

(λ
(1)
ε )2N−μ+1

G2,1

= 1
(
λ
(1)
ε

) 3N
2 −2

∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

U
2∗
μ−1

0,1 (ξ)w
(1)
ε U

4−μ
N−2
0,1 (z)

( N∑

k=1
ck

∂U0,1
∂zk

)

|z − ξ |μ dzdξ

︸ ︷︷ ︸
=:G2,1,1

+ O
( ln λ

(1)
ε

(
λ
(1)
ε

) 3N
2 −1

) ∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
yl

U
2∗
μ−1

0,1 (ξ)w
(1)
ε U

4−μ
N−2
0,1 (z)

( N∑

k=1
ck

∂U0,1
∂zk

)

|z − ξ |μ dzdξ

︸ ︷︷ ︸
=:G2,1,2

+ O
( 1
(
λ
(1)
ε

) 3N
2 − μ

2

) ∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
yl

U
2∗
μ−1

0,1 (ξ)w
(1)
ε

( 2∑

j=1
|w( j)

ε |2∗
μ−2)(

N∑

k=1
ck

∂U0,1
∂zk

)

|z − ξ |μ dzdξ

︸ ︷︷ ︸
=:G2,1,3

= o
( 1

(λ
(1)
ε )N−1

)
,

(B.8)

by

G2,1,1 = O
(

∥
∥w

(1)
ε

∥
∥
H1
0

(
λ
(1)
ε

) 3N
2 −2

)( ∫

B
λ
(1)
ε τ

(0)
U2∗
0,1(ξ)dξ

) N−μ+2
2N

( ∫

B
λ
(1)
ε τ

(0)

|z|
4N

2N−μ

(
1 + |z|)

2N (N−μ+4)
2N−μ

dz
) 2N−μ

2N

= o
( 1

(λ
(1)
ε )N−1

)
,

G2,1,2 = o
( 1

(λ
(1)
ε )N−1

)
,

and

G2,1,3 = O
(

∥
∥w

(1)
ε

∥
∥
H1
0

(
λ
(1)
ε

) 3N
2 − μ

2

)( ∫

B
λ
(1)
ε τ

(0)
U2∗
0,1(ξ)dξ

) N−μ+2
2N

( ∫

B
λ
(1)
ε τ

(0)

( ∂U0,1(z)

∂zl
|z|) N

N−2 dy
) N−2

N
( 2∑

j=1

∥
∥w

( j)
ε

∥
∥
4−μ
N−2

H1
0

)

= o
( 1

(λ
(1)
ε )N−1

)
.

Next similar to the calculations of A2,1, we know

1

(λ
(1)
ε )2N−μ+1

G2,2 = o
( 1

(λ
(1)
ε )N−1

)
. (B.9)

Then (B.7), (B.8) and (B.9) imply (B.6). ��
Similar to the proof of Lemmas B.1 and B.2, we can find following two estimates.
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Lemma B.3 For any N ≥ 6 and μ ∈ (0, 4), it holds that

1

(λ
(1)
ε )2N−μ+1

G3 = o
( 1

(λ
(1)
ε )N−1

)
,

1

(λ
(1)
ε )2N−μ+1

G4 = o
( 1

(λ
(1)
ε )N−1

)
.

Appendix C. Estimates ofH1,H2 andH3 in (4.23)

Lemma C.1 For any N ≥ 6 and μ ∈ (0, 4), it holds that

H1 = o
( 1

(λ
(1)
ε )N−1

)
, H2 = o

( 1

(λ
(1)
ε )N−1

)
, H3 = o

( 1

(λ
(1)
ε )N−1

)
. (C.1)

Proof Firstly, let us write B1 H1 = H1,1 + O
(H1,2

)
, where

H1,1=
∫

Bτ (x (1)
ε )

∫

Bτ (x (1)
ε )

(zl − x (1)
ε,l )

Dε(ξ)ηε(ξ)U
2∗
μ−1

x (2)
ε ,λ

(2)
ε

(z)

|z − ξ |μ dzdξ,

H1,2 =
∫

Bτ (x (1)
ε )

∫

Bτ (x (1)
ε )

(zl − x (1)
ε,l )

Dε(ξ)ηε(ξ)U
2∗
μ−2

x (2)
ε ,λ

(2)
ε

(z)ψ
x (2)
ε ,λ

(2)
ε

|z − ξ |μ dzdξ.

Now, let us write

H1,1=O
( 1

(λ
(1)
ε )2N−μ+1

) ∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl
U

2∗
μ−1

x(1)
ε ,λ

(1)
ε

( x
λ

(1)
ε

+x (1)
ε )η̃ε(x)U

2∗
μ−1

x(1)
ε ,λ

(1)
ε

( z
λ

(1)
ε

+x (1)
ε )

|z − ξ |μ dzdξ

︸ ︷︷ ︸
=:H1,1,1

+O
( ln λ

(1)
ε

(λ
(1)
ε )2N−μ+2

) ∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl
U

2∗
μ−1

x(1)
ε ,λ

(1)
ε

(
ξ

λ
(1)
ε

+x (1)
ε )η̃ε(ξ)U

2∗
μ−1

x(1)
ε ,λ

(1)
ε

( z
λ

(1)
ε

+x (1)
ε )

|z − ξ |μ dzdξ

︸ ︷︷ ︸
:=H1,1,2

+ O
( 1

(λ
(1)
ε )2N−μ+1

) ∫

B
λ
(1)
ε τ

(0)

∫

B
λ
(1)
ε τ

(0)
zl

( 2∑

j=1
|w( j)

ε |2∗
μ−1)η̃εU

2∗
μ−1

x(1)
ε ,λ

(1)
ε

( z
λ

(1)
ε

+ x (1)
ε )

|z − ξ |μ dzdξ

︸ ︷︷ ︸
=:H1,1,3

= o
( 1

(λ
(1)
ε )N−1

)
. (C.2)

Note that, we have

∫

B
λ
(1)
ε τ

(0)

zlU
2∗
μ−1

x (1)
ε ,λ

(1)
ε

( z
λ

(1)
ε

+ x (1)
ε )

|z − ξ |μ dξ = 0,

which imply

H1,1,1 = H1,1,2 = 0. (C.3)
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On the other hand, we divide our argument into three cases: (1). For 0 < μ < 2, and
2N (N−μ+2)

2N−μ
> 2N

2N−μ
+ N ,

( ∫

B
λ
(1)
ε τ

(0)

∣
∣|z|U 2∗

μ−1
0,1 (z)

∣
∣

2N
2N−μ dz

) 2N−μ
2N ≤ C .

Using Hardy–Littlewood–Sobolev, Hölder inequality and (A.1), then we have

H1,1,3 = O

⎛

⎜
⎜
⎜
⎝

2∑

j=1

∥
∥w

( j)
ε

∥
∥

N−μ+2
N−2

H1
0

(λ
(1)
ε )

3N−μ+2
2

( ∫

B
λ
(1)
ε τ

(0)

∣
∣|z|U 2∗

μ−1
0,1 (z)

∣
∣

2N
2N−μ dz

) 2N−μ
2N

⎞

⎟
⎟
⎟
⎠

= O

⎛

⎝
1

(λ
(1)
ε )

3N−μ+2
2 + (N−μ+2)2

2(N−2)

⎞

⎠ .

(C.4)

(2). For μ = 2, and 2N (N−μ+2)
2N−μ

= 2N
2N−μ

+ N ,

( ∫

B
λ
(1)
ε τ

(0)

∣
∣|z|U 2∗

μ−1
0,1 (z)

∣
∣

2N
2N−μ dz

) 2N−μ
2N = O

(
ln λ(1)

ε

)
.

Using the definition ofH1,1,3 and (A.1), we can also obtain

H1,1,3 = o
( 1

(λ
(1)
ε )N−1

)
. (C.5)

(3). For 2 < μ < 4, and 2N (N−μ+2)
2N−μ

< 2N
2N−μ

+ N ,

( ∫

B
λ
(1)
ε τ

(0)

∣
∣|z|U 2∗

μ−1
0,1 (z)

∣
∣

2N
2N−μ dz

) 2N−μ
2N = O

(
(λ(1)

ε )
μ−2
2

)
.

Using the definition ofH1,1,3 and (A.1), we can also get

H1,1,3 = o
( 1

(λ
(1)
ε )N−1

)
. (C.6)

Thus, from (C.4), (C.5) and (C.6) imply H1,1 = o
( 1

(λ
(1)
ε )N−1

)
. Similarly, we can also prove

H1,2 = o
( 1

(λ
(1)
ε )N−1

)
.

Similar to the above argument ofH1, we can also get

H2 = o
( 1

(λ
(1)
ε )N−1

)
, H3 = o

( 1

(λ
(1)
ε )N−1

)
. (C.7)

Then the conclusion follows by the above estimates. ��
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Appendix D. Estimates of A(1)
" and A(2)

" in (4.2)-(4.3) and RHS of (4.12)

when Ä′ = B�(x
(1)
" )

Lemma D.1 For any N ≥ 6 and μ ∈ (0, 4), it holds that

A(1)
ε + A(2)

ε = 1
(
λ

(1)
ε

)N−2

N (N − 2)

AH ,L

∫

RN
U

4
N−2
0,1 (z)c0φ0dz + o

( 1

(λ
(1)
ε )N−2

)
. (D.1)

Proof The proof is similar to that of Lemmas B.1, B.2 and B.3. Then we can estimate (D.1)
by (2.17), (3.23), (3.24), (3.31), (3.27), (3.33), (4.2), (4.3) and (A.3). ��

Lemma D.2 For any N ≥ 6 and μ ∈ (0, 4), it holds that

RHS of (4.12) = 2ε
(
λ

(1)
ε

) N+2
2

( ∫

RN
U 2
0,1(z)dz

)
c0 + o

( 1

(λ
(1)
ε )

N−2
2

)
.

Proof Taking �′ = Bτ (x
(1)
ε ) in (4.12), RHS of (4.12) can be written as follows:

RHS of (4.12) = J1 + J2 + J3 + J4 + J5 + J6 + E7 + J8 + J9,

where

J1 + J2 := −μ

2

∫

Bτ (x (1)
ε )

∫

�\Bτ (x (1)
ε )

[ |u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)

|x − ξ |μ + Dε(ξ)ηε(ξ)|u(1)
ε (x)|2∗

μ

|x − ξ |μ
]
dxdξ,

J3 + J4 := μ

∫

Bτ (x (1)
ε )

∫

�\Bτ (x (1)
ε )

[
x · (x − ξ)

|u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)

|x − ξ |μ+2 + x · (x − ξ)
Dε(ξ)ηε(ξ)|u(1)

ε (x)|2∗
μ

|x − ξ |μ+2

]
dxdξ,

J5 + J6 :=
∫

∂Bτ (x (1)
ε )

∫

�\Bτ (x (1)
ε )

[ |u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)

|x − ξ |μ
〈
x − x (1)

ε , ν
〉 + Dε(ξ)ηε(ξ)|u(1)

ε (x)|2∗
μ

|x − ξ |μ
〈
x − x (1)

ε , ν
〉]
dξds,

J7 + J8 := 2
∫

∂Bτ (x (1)
ε )

∫

Bτ (x (1)
ε )

|u(2)
ε (ξ)|2∗

μ C̃ε(x)ηε(x)

|x − ξ |μ
〈
x − x (1)

ε , ν
〉 + Dε(ξ)ηε(ξ)|u(1)

ε (x)|2∗
μ

|x − ξ |μ
〈
x − x (1)

ε , ν
〉]
dξds,

J9 := ε

2

∫

∂Bτ (x (1)
ε )

(
u(1)

ε + u(2)
ε

)
ηε

〈
x − ξ (1)

ε , ν
〉
ds − ε

∫

Bτ (x (1)
ε )

(
u(1)

ε + u(2)
ε

)
ηε(x)dx .
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Using Lemmas 3.27, 3.8, 4.1, (3.31) and Hardy–Littlewood–Sobolev inequality, we can
calculate that

J1 = O
(
(λ(1)

ε )
3N−2μ+2

2

) ∫

Bτ (x (1)
ε )

∫

�\Bτ (x (1)
ε )

1
(
1 + λ

(1)
ε |ξ − x (1)

ε |)2N−μ

1

|x − ξ |μ
ηε(x)

(
1 + λ

(1)
ε |x − x (1)

ε |)N−μ+2 dxdξ

= O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−6
2

) ∫

B
λ
(1)
ε τ

(0)

∫

�\B
λ
(1)
ε τ

(0)

1
(
1 + |ξ |)2N−μ

1

|x − ξ |μ
1

(
1 + |x |)N−μ+2 dxdξ

= O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−6
2

)
,

and analogously

J2 = J3 = J4 = O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−6
2

)
.

Using Hardy–Littlewood–Sobolev inequality, we obtain

J5 = O
(
(λ(1)

ε )
3N−2μ+2

2

) ∫

∂Bτ (x(1)
ε )

∫

�\Bτ (x(1)
ε )

1
(
1 + λ

(1)
ε |ξ − x (1)

ε |)2N−μ

× 1

|x − y|μ
ηε(x)〈x − x (1)

ε ), ν〉
(
1 + λ

(1)
ε |x − x (1)

ε |)N−μ+2 dξds

=O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−4
2

) ∫

∂B
λ
(1)
ε τ

(0)

∫

�\B
λ
(1)
ε τ

(0)

1
(
1+|ξ |)2N−μ

1

|x − ξ |μ
1

(
1+|x |)N−μ+2 〈x, ν〉dξds

= O
( ln λ

(1)
ε

(λ
(1)
ε )

3N−4
2

)
.

Similarly, we can also obtain

J6 = E7 = E8 = O
( ln λ

((1))
ε

(λ
(1)
ε )

3N−4
2

)
.

Moreover, we know
∫

RN
U0,1(z)φ0(z)dz = −

∫

RN
U 2
0,1(z)dz.

Combining (3.33), then we get

J9 = − 2ε
(
λ

(1)
ε

) N+2
2

( ∫

RN
U0,1(z)c0φ0dz + o(1)

)
.

= 2ε
(
λ

(1)
ε

) N+2
2

( ∫

RN
U 2
0,1(z)dz

)
c0 + o

( 1

(λ
(1)
ε )

N−2
2

)
.

The conclusion can be reached by the above estimates J1, J2, J3, J4, J5, J6, J7, J8, and
J9. ��
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