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ARTICLE INFO ABSTRACT
MSC: With the reform of interest rate benchmarks, interbank offered rates (IBORs) like LIBOR have
35Q91 been replaced by risk-free rates (RFRs), such as the Secured Overnight Financing Rate (SOFR)
60H30 in the U.S. and the Euro Short-Term Rate (€STR) in Europe. These rates exhibit characteristics
Zig;g like jumps and spikes which correspond to specific market events, driven by regulatory and

liquidity constraints. To capture these characteristics, this paper considers a general short-rate
91G60 . - L . - - - A
X i model that incorporates discontinuities at fixed times with random sizes. Within this framework,
eywords:

we introduce a PDE-based approach for pricing interest rate derivatives and establish, under
L L suitable assumptions, a Feynman-Ka¢ representation for the solution. For affine models, we

Stochastic discontinuities ) ) i ) A

Interest rate derivatives derive (quasi) closed-form solutions, while for the general case, we develop numerical methods

PDE approach to solve the resulting PDEs.

Overnight interest rate

Affine models
Green’s function
Finite-difference method

1. Introduction

In recent years, the global financial system has undergone a significant transformation in the way interest rates are benchmarked.
The discontinuation of the London Interbank Offered Rate (LIBOR), culminating in the LIBOR funeral — as termed in [1] — with the
publication of the last LIBOR settings' at the end of June 2023, has led to the widespread adoption of alternative overnight rates,
known as Risk-Free Rates (RFRs). Examples are the Secured Overnight Financing Rate (SOFR) in the United States of America, the
Euro Short-Term Rate (€STR) in Europe; the Sterling Overnight Index Average (SONIA) in the United Kingdom, the Tokyo Overnight
Average Rate (TONA) in Japan, and the Swiss Average Rate Overnight (SARON) in Switzerland. For a description and an analysis from
the economic point of view of the first three risk-free rates, see, e.g., [1].

The transition from LIBOR and other IBORs to risk-free rates (RFRs) was driven by structural weaknesses and credibility issues
that became evident after the 2008 global financial crisis, when repeated LIBOR manipulations were discovered. The central issue
was that the publication of LIBOR rates, which were intended to measure the unsecured short-term interbank borrowing cost, was
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simona.sanfelici@unipr.it (S. Sanfelici).
1 See the FCA announcement on future cessation and loss of representativeness of the LIBOR benchmarks, available at https://www.fca.org.uk/publication/
documents/future-cessation-loss-representativeness-libor-benchmarks.pdf, and the Decisions on US dollar LIBOR, available at https://www.fca.org.uk/publication/
feedback/fs23-2.pdf.
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based on banks’ self-reported estimates rather than actual market transactions. This survey-based fixing mechanism made the rate
vulnerable to manipulation, which occurred both for profit-driven purposes related to derivative positions and, during the 2008
financial crisis, to conceal banks’ liquidity and credit risk conditions. The LIBOR scandal revealed not only misconduct by individual
institutions, but also a fundamental flaw in the design of the benchmark itself, which undermined its reliability as a reference rate
for financial markets. In response, regulatory authorities initiated a comprehensive reform? of benchmark interest rates, aiming to
restore market integrity and financial stability. Risk-free rates were introduced as a more robust alternative because they are based
on observable, high-volume overnight transactions and entail virtually zero credit risk. Their transaction-based nature makes them
more transparent and far less susceptible to manipulation.

The shift toward overnight RFRs as the primary observable in financial markets has significant implications for the modeling of
interest rate dynamics. Traditional term structure models, which relied on longer-maturity instruments, must now be recalibrated to
incorporate the properties of these short-maturity rates. As a result, there has been a renewed interest in short-rate models, adapted
to the new framework dictated by the post-LIBOR era.

A first approach to modeling term rates based on RFRs was introduced in [2], who propose the generalized Forward Market Model
(FMM) as an extension of the classical Libor Market Model, allowing for the joint modeling of forward-looking and backward-looking
rates within a single, unified framework. The FMM has subsequently been developed in several contributions, including [3,4]. Other
authors have instead developed extensions of classical short-rate models to the RFR setting; see, among others, [5-8]. Additional
references can be found in [9,10].

A key feature in the dynamics of RFRs is the presence of jumps or spikes, particularly around central bank announcements and
regulatory constraints. In the context of SONIA and SOFR, [11] develop jump-diffusion models that differentiate between expected
and unexpected jumps, while [12] model spikes occurring both at predictable and inaccessible times, with specific applications to
SOFR-linked derivatives. However, the analysis by [13] shows that such discontinuities often occur at deterministic dates, especially
those aligned with central bank policy meetings or structural market features. Jumps driven by monetary policy decisions were first
incorporated into interest rate modeling by [14], and later by [15], who coined the term stochastic discontinuities to describe jumps of
random magnitude occurring at predetermined times. In the context of RFR modeling, several contributions have proposed tractable
frameworks that incorporate such features. Notably, [8,10,16-19] focus primarily on the overnight benchmarks SOFR and SONIA,
and introduce a variety of modeling approaches, ranging from reduced-form models to affine term structure models and Markov
chain approximations. More recently, [20] extend this line of research to the euro area by proposing an affine short-rate model
for the joint evolution of EURIBOR and €STR. Moreover, [21] present a novel tree approach to pricing derivatives linked to new
RFR benchmarks in a discrete-time setting, inspired by the analogy with the pricing of Asian options. A more general continuous-
time HJM-based framework is developed in [9,22], where stochastic discontinuities are modeled through affine semimartingales.
As an example, the authors extend the classical Hull-White model by introducing jumps at deterministic dates with independent
random sizes. They derive the characteristic function of the resulting process and use martingale methods to price interest rate
derivatives, including zero-coupon bonds and caplets (see also [23]). Finally, [24] propose an extension of the CIR model with
stochastic discontinuities, which, under suitable assumptions, allows for both upward and downward jumps, while preserving the
affine structure.

In this paper, we focus on this class of models, that is, short-rate models that incorporate stochastic discontinuities. Our first
contribution is to propose an alternative pricing methodology for derivatives, widely used in short-rate frameworks: the partial
differential equation (PDE) approach. One key advantage of this method is its independence from the specific functional form of
the short-rate dynamics. This allows us to consider a general class of models, encompassing not only affine processes but also more
general structures. As in [9], we assume that the numéraire evolves continuously between roll-over dates and exhibits jumps at
roll-over times. Consequently, our framework features two sources of discontinuity: one stemming from the short-rate process itself
and another from the numéraire. We show that, under suitable assumptions, the price of a European-style derivative can be obtained
by solving a PDE between jump times and piecing the solutions at jump times using boundary conditions dictated by no-arbitrage
arguments. Furthermore, we provide a rigorous analysis of existence, uniqueness, and regularity of the solution to the associated
Cauchy problem. Classical PDE results are not directly applicable here due to the unboundedness of the potential term and the
exponential growth of the terminal condition. Nevertheless, we succeed in proving a Feynman-Kac representation formula for the
solution. We then apply this PDE-based framework to the affine setting. Under general assumptions, we derive a closed-form solution
for the price of a zero-coupon bond (ZCB). Additionally, we obtain a closed-form expression for the price of a European call option
on a ZCB in a Vasicek model with stochastic discontinuities, assuming normally distributed jumps.

Our analysis shows that even within the affine class, closed-form pricing formulas may not always be attainable and, when
available, may involve cumbersome computations. As a further contribution, we therefore propose a numerical approach for solving
the PDE. Two different numerical methods are investigated and compared against the available analytical formulas. The first, a semi-
analytic method, yields highly accurate results but entails greater computational cost and limited applicability, as it requires the
explicit knowledge of the Green’s function. The second, a finite-difference scheme, while slightly less accurate than the semi-analytic
approach, still provides a very high level of precision. Moreover, it stands out for its remarkable flexibility and computational
efficiency, making it well-suited for practical applications. In summary, this work highlights the potential of the PDE approach in
handling more general interest rate models and derivative contracts. Its flexibility and robustness make it a valuable tool, particularly
when closed-form solutions are unavailable or difficult to derive.

2 See, e.g., the document Reforming Major Interest Rate Benchmarks, Financial Stability Board, July 2014, available at https://www.fsb.org/2014/07/r 140722/,
and the subsequent Progress report, December 2019, available at https://www.fsb.org/2019/12/reforming-major-interest-rate-benchmarks-progress-report-2/.
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The paper is organized as follows. In Section 2, we present the short-rate model incorporating stochastic discontinuities. Section 3
derives the PDE formulation for pricing general interest rate derivatives. Section 4 investigates the well-posedness of the PDE and
the regularity of its solution, and proves that, under suitable assumptions, it admits a Feynman—Kac representation. In Section 5, we
apply the framework to affine models and obtain closed-form solutions in specific cases. Section 6 presents the numerical methods
for pricing interest rate derivatives also when analytical solutions are not available. Finally, Section 7 concludes the paper.

2. The model
Let (2, F,F, Q) be a complete probability space, with filtration F := (F,),», satisfying the usual assumptions. We assume that the
probability space is rich enough to support a real standard Brownian motion W = (W,),», and a pure-jump process J = (J,);5( given

by

Jii= ) Gl o)D) t>0, 2.1

™=

i

where, for a fixed M € N, 0 < 5; < -+ < 53, < 400 are given deterministic jump times and ¢;,...,&,, are real random variables
(see below for the financial meaning of these quantities), which are assumed to be independent of W and 7 -measurable, for each
i=1,....,M.

For any given ¢ > 0 and x € R, we consider the stochastic differential equation (SDE)

dps = u(s,py)ds +o(s, p)dW, +dJg, s>t,
(2.2)

pr=X.

The drift and volatility coefficients y : [0, +c00) X R —» R and o : [0,+00) X R = R*, are such that a path-wise unique strong solution
to (2.2) exists, for any given initial condition. Whenever needed, we will use the notation p'* to denote the solution to (2.2) starting
at time ¢ > 0 from x € R, i.e., p;'x = x. We observe that if random variables ¢, ..., &,, are independent, then it can be shown that p is
a Markov process. This is because the solution to SDE (2.2) can be obtained by piecing together the solutions of the corresponding
SDE without jumps, with the appropriate initial conditions, between jump times of process J.

Remark 2.1. We do not assume a priori any specific conditions on the coefficients of SDE (2.2) because, on the one hand, this will
not have an influence on the general results that we will prove in Section 3, and, on the other hand, because from Section 4 onward
we will discuss specific models, arising from particular choices of these coefficients.

Process p models the evolution of the Risk Free Rate (RFR for short). We associate to it the money market account S, acting
as numéraire, which is obtained by investing in the overnight rate. For its modeling, we adopt the approach of [9], where the
authors propose a highly general framework that bridges two perspectives: on one side, the classical interest rate model, where
the numéraire represents the continuous-time limit of a roll-over strategy; and on the other side, a more realistic approach, where
the numéraire is piecewise constant with jumps at roll-over dates (see [9] for details). To this end, given the set of roll-over dates
T :={t,....tx}, With 0 < #; < -+ <ty < 400, the numéraire is defined as:

' ‘ N
SIO 1= exp </ Pu n(du)) = exp {/ p,du+ Z Prnl[r,,,+oo)(t)} , 120, (2.3)
0 0 n=1

where measure 7 is defined® as n(A) := f [ du+ Z,,N= 1 8, (A), for A € B(R").
Throughout this paper we work under the following standing assumption on the market model.

Assumption 2.2.

1. There exists a market for zero coupon bonds (ZCB for short) with maturity 7, for any 7 > 0.
2. Probability measure Q is a risk-neutral measure, that is, for any fixed maturity 7 > 0 the ZCB price process (P(t,T))e[0.1

P@.T)
0

satisfies the condition P(T,T) = 1, and is such that the discounted price process ( > is a Q-martingale.
1€[0,T)

t

Point 2 of the above assumption implies that we work under a martingale modeling approach, which is customary in short-rate
models. That is, we directly specify the dynamics of the short rate under a risk-neutral measure. Assuming the existence of such a
measure entails that our model is arbitrage-free, thus all ZCB and interest-rate derivatives must be consistently priced within our
setting.

We conclude this section with some comments on the model for the short-rate dynamics that we introduced in (2.2).

In this model, which extends the framework introduced in Section 4.3 of [9], the RFR may jump at fixed times s, ..., sy, which
we collect in the set S := {s,..., s} of expected jump dates. At these times, the RFR has jumps of magnitude &, i =1,..., M. Note

3 As usual, §, denotes the Dirac probability measure concentrated at r € R*.
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that, although in our model we consider a finite number of dates where jumps in the RFR or the numéraire may occur, our results
can be extended to the case in which both S and 7 are countable sets. The choice to focus on a finite number of jump and roll-over
dates is justified by two reasons. First, since we aim to price derivatives with a finite payoff horizon, only a finite number of dates
are relevant for the pricing procedure. Second, from a calibration perspective, relevant dates are typically known at most 12 months
in advance, making it unnecessary to consider a model with a long-term horizon.

This model is sufficiently general to encompass, as special cases, affine models such as the Vasicek and Cox-Ingersoll-Ross (CIR)
models, as well as log-normal models like the Black-Karasinski model and the class of CEV models [25,26]. Moreover, this model
effectively captures both the spikes and jumps typically observed in the dynamics of the RFR. Specifically, low volatility on jump
dates results in distinct jumps, while strong mean reversion may give rise to sharp spikes.

In general, the observed trajectories of the RFR (see, e.g., Figure 1 in [13]) suggest that spikes in the rate can be reasonably
modeled using a continuous distribution for their size &;. In contrast, jumps typically take values that are integer multiples of a
fixed quantity (such as a basis point), which makes a discrete random variable a more suitable choice to model their size. Indeed, in
Section 6.1, where we simulate short-rate trajectories under the assumption that the RFR follows a Hull-White process with jumps,
we model the jump component using either a Gaussian or a two-point discrete distribution.

3. Pricing of derivatives: a PDE formulation

In this section we show that, under appropriate assumptions, the price of a European derivative contract written on the spot
interest rate p, with maturity T > 0 and terminal payoff H(p;) can be expressed as a function of time and of the RFR, which solves
an appropriate PDE. Conversely, in Section 4 we also prove a Feynman-Kac representation formula under suitable assumptions.

Throughout the rest of the paper we assume the following.

Assumption 3.1.

1. The random variables &, ...,&,,, describing the jump sizes of the RFR, are independent, with distribution Q,...,Qy,
respectively. In addition, they are independent of the Brownian motion W.
2. Forany i=1,..., M, ¢ is F; -measurable.

3. SDE (2.2) admits a unique strong solution p"*, for any given initial condition (¢,x) € [0, T] xR, and p.* has support R, for all
ueT].
4. The contract function H : R — R is measurable and such that

T
Ele™fo #1991 H(pp)]| < +00.
As we observed in Section 2, Assumption 3.1 entails that the RFR process p is Markovian.

Remark 3.2. The results of this Section remain valid under the following weaker version of point 3 in Assumption 3.1 (cf. [27,
Chapter 5]).

3a. SDE (2.2) admits a unique strong solution p"*, for any given initial condition (z, x) € [0, T] x A4, and p};* has support A, for all
u € (1,T], where A C R is a closed interval with non-empty interior.

We choose to focus on the case in which the state space of process p is the whole real line, i.e., A = R, for simplicity and also for
another main reason. In Section 4 we study the well-posedness of a family of partial differential equations (PDEs), related to the
pricing function of the derivative, on the domain [z, 7]XR, where [z,, 7) C [0,T) is a given interval (see Eq. (4.1)). As we will discuss
later in that Section, to establish existence and uniqueness of a classical solution to the PDE we cannot rely on standard results,
because of the presence of a potential coefficient, which is unbounded in R. Indeed, classical results require that this coefficient is
bounded from below, an assumption that in our setting would be verified if the above interval A were also bounded from below.
This would be the case, e.g., of A = [0, +o0) (implying a non-negative RFR), which could be analyzed with standard results, instead.
For the sake of completeness, we will briefly comment whenever needed what changes if we substitute point 3 with point 3a in
Assumption 3.1.

Since we are working in an arbitrage-free setting, the price process V = (V,),jo.r) of the derivative contract is given by the usual
risk-neutral valuation formula

v, =E[e-/rTM<dS>H(pT) F,], 1e[0.7T].

Exploiting the Markovianity of process p, we can write

Vi=f(tp) = E[e- K019 (py)

Pr] , tel0,T],
where the pricing function f : [0,T] xR — R is defined as

ft,%) = E[e‘frT s "(dS)H(ptT’x)] , te[0,T], xeR. 3.1)
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Let us introduce the set R := (SuUT)N[0,T] of relevant dates, i.e., jump times r; < r, < --- < rg before maturity 7, where K is
the cardinality of set R. More precisely, setting r, := 0, we have that

ri i=min{t € (r,_,T]:t€SUT}, kef{l,...,K}.

Note that K < M + N, where M is the number of expected jump dates of the RFR p and N is the number of roll-over dates of
the numéraire S°. Strict inequality may hold even if all these dates are before maturity T, since there may be common jump times
between processes p and S°. Moreover, it may also happen that rg = T.

Remark 3.3. Note that we do not expect the pricing function f(z, x) to be left-continuous with respect to . This is precisely due
to the stochastic discontinuities at the relevant dates. However, it has left-hand limits (still with respect to ), as the price process
V is cadlag. This is also clearly seen in the explicit formula for bond prices given in [9, Proposition 4.6], in the case of a Gaussian
distribution of jumps at expected jump dates.

In the following we use the notation f(¢7,x) := limy, f(s, x), for any (z,x) € [0,T] X R. Let us introduce the operator £, defined
for any ¢ € C2((0,T) X R) as

Lo(t,x) 1= 0,¢(t, x) + pu(t, x)0,@(t, x) + %62(1, x)0% p(t,x), (t,x) € (0,T)XR. (3.2)
We also introduce the integer-value random measure m® given by
M
m®(dsdz) := ) &, - (dsdz), (3.3)
m=1
with compensator
M
uS(dsdz) = Z 3, (ds) Q,,(dz). (3.4
m=1

Theorem 3.4. Suppose that f € C([0,T]\ R x R)n CH2((0,T) \ R x R) and that, for any x € R, the map t — f(t, x) is right-continuous.
Assume, moreover, that f is such that the process M/ := (M,f )refo.T] iven by

t t
M/ = /0 (s, )0 f (s, py) AW, + /0 Lics\r /R [/ (s, py- +2) = £(57, py-)] [m® — ¥ 1(dsdz)

t
+ / Licsnr /]R [P £ (s, py- +2) = £(s7, pg-)] [m® — ¥ 1(dsdz)
0

is a local martingale. Then, under Assumption 3.1, f satisfies the backward PDEs

Lfux)—xfu,x)=0, u,x)€lrg,T)xR,

(3.5)
f(T,x)=H(x), xR,
and, forall k € {1,...,K},
Lfu,x)—xfu,x)=0, U, x) € [r_1, ) X R,
fOg,x)=e"" frg,x), xeR r,eT\sS,
I (3.6)
e = | frx+2) Qo (d2), xER, r, €S\T,
R
fox) = / e f(r x +2) Qpiyz), xER, rLESNT,
R
where, for each k € {1, ..., K} such that r; € S, m(k) is the unique index in {1, ..., M} for which rj = s,,).
Proof. Fix (1,x) € [0,T) xR and consider the RFR starting at (7, x), i.e., p"* = (pf;")ue[,ﬂ. Let us define the process
u u N
R;’x = / p's’x n(ds) = / pi’x ds + Z ”;;Xl{t<t,5u] , u€eltT]. (3.7)
! ! i=1

We observe that, for any u € [1,T],

N
u
Lx _ 1, 1,
R = / Py ds + Z ”t,-xl{t<ti<u} ,
! i=1

whence, for any n=1,..., N such that ¢, € [1,T],

n

1, n—1
tx _ 1,x X | tX _ phx 1
R, —/ oy ds+2p[[ +ptn_Rr;+/’r,,'
i=
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In the following, to unburden the notation, we will avoid specifying the dependence on the initial condition of processes p and
R, unless necessary.

Applying the Itd’s product formula (see, e.g., [28, Theorem 14.1.1]) to the process e s nds) flu,p) =eRufup,), ueltTl,
we have that

e Rafup) = 1.0+ / e R df(s.p) + / 7 p-)d(e7R) + / dle™®, £(.p)l; - (3.8
t t

t
The first integral can be computed observing that if (¢,u] does not contain any relevant date, then

u

f.p) = ft.)+ / Lf(s,py)ds + / o(5.,)0, f (5. p;) AW, ;
t t

if instead (r,u] N R # @, then, denoting by # and L, respectively, the first and the last indices in {1, ..., K} such that r, € (z,u], we
have that

L
FWp) = [+ 1fCpp,) = FEON+ Y U ppr) = Care D+ 1 Wep) = f(papp))

k=t+1

=S+ S enpr,) = SUpp )N+ 1 g p) = f(1X)]

L
+ Y {100 = 072N+ 0F 00 = Cuct T} + 1 W p) = S )]

k=C+1

L
= [(6.3)+ YU apr) = [ p7)]

k=t

L
U070, = FEON+ Y 5 07) = FThcs by D+ W) = F( )] 3.9

k=¢+1

Note that if u = r;, then the last summand disappears. Since in the last line the left-continuous version (with respect to time) of f
is used, the usual It6’s formula can be applied to each term. Indeed, we can directly apply it to the last summand, and (to deal with
the preceding two) we can define, for any k = ¢, ..., L — 1, the auxiliary functions

[y, (,y)€ltry) xR, f(z,p), (,y) € [rp, i) X R,
8,(1.y) = _ & (7.y) = ~
Sy, t=ry,yER, S ¥ T=rn yER,

and the family of stochastic processes X, each solving, for any given (), y) € [t,T) X R, the SDE

dX; = b(s, X,)ds +o(s, X, )dW,, s € (7, T],
X, =v.

1,X 1,x
Note that p, = X**, for all s € [t,r,), and (by the Markov property) p, = p.. "% = X" forall s € [resriqr)s kK =¢,..., L — 1.
Moreover,
1,x
- I Fe—1:P7, _
flpp) = f6x) = 8o X7 = gp(t.%) . SO pp ) = F (it pr ) = &k Xy ) = @iy o )

for any k = ¢, ..., L — 1. In addition, each of the functions g,,...,g;_; is continuous in its domain and of class C'?2 in the interior.
Therefore, by Itd’s formula,

L
07000 = FEXN+ Y, L0550 = f it by DN+ L1 p) = [y,

k=t+1
L e
k=1Pr)_
=[g/(r, XE¥) = 80, )] + Z (8. X, ) = @iy Py D1+ L e p) = f (e )]
k=£+1

re re
:/ Lgy(s, X )ds +/ o(s, X%)0,8,(s, X0¥) AW
i i

- Tt k-1 Tt rkflsp:::_l rk—lsﬂ::;_l
+ ) Lg(s, X, yds + o(s, X, )0, (s, X, Ydw,
k=£+1 Tk Tk

+/ £f(s,ps)ds+/ o(s,p,)0, f(s,pg) AW,
r I‘L

L
=/ £f(s,ps)dS+/ 6(s, p5)0y f (s, p) AW .
1 1

Hence, substituting this result in (3.9), we get

u u L
Sl p,) = f(t.%) +/ Lf(s, py)ds +/ 0(8,p5)0, S (s, p5) AW, + Z[f(’k’/’rk) = fGris o)l
t t

k=t
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= ran+ [ ereppas+ [ oaw,
t t
+ Z Lien\slf(s,p) = f(s,p)] + 2 1,eslf (s, p- + Apy) — F(s™, p-)],

1<s<u 1<s<u

where we used the fact that p- = p,, forany s € 7\ S.
Therefore,

u u u
/ e R df(s,p,) = / e R Lf(s,py)ds + / e R 6(s, py)a, £ (s, p,) AW,
t t t

+ 2 Lens€ T G0) = 16701+ Y Lies €IS G pg- + 4p) = [(7. 0]

1<s<u 1<s<u

To compute the second integral in (3.8), we observe that
u
e R = 1 —/ e_RJpS ds + Z ISET [e_RJ - e_RJ_] s
t t<s<u

and hence

/ f(s™,pe)d(e™Rs) =_/ e Rsp fs,p,)ds + Z Ler f(s7,p-) [ —e7Rom ] .

1<s<u

(3.10)

(3.11)

(3.12)

(3.13)

To compute the third integral in (3.8), we proceed as follows. Denote X, = e« and Y, = f(u, p,), u € [t,T]. Then, using [29,

Theorem 4.52], we deduce from (3.10) and (3.12) that

/ud[e_R',f(~,p,)]s =/ud[X,Y]s =/u d(XE,Y) + Y AXAY, = ) AXAY,,
t t t

t<s<u t<s<u

since the continuous martingale part* X¢ of X is zero. From (3.12) we have that, for any s € (¢, u],

AX; =1 [e_RS - e_RS’] s
while, from (3.10), we obtain
AY; = Lien\slf (s, p0) = f(57, p)] + LiesLf (s, p- + Apg) — f(s7, pg-)].

Therefore we get

ud RofCp) = AX,AY,
[ e, fCp)l = )

1<s<u

= Y Lens [ =B £ 00 = 7001+ Y, Liesar [e78 =] [£(s,p,- +4p) = (57 0-)] -

1<s<u 1<s<u
Summing (3.11), (3.13), and (3.14) we get from (3.8) that
e R fu, p,) = f(t.x) +/ e R Lf (s, py) = Py f (5. ps)] ds +/ e R 0(s, p,)0, f (5, ps) AW,
t t
+ Z Lege R [f(s, Py +4pg) — f(S_,Psf)] + Z 1sg7—\s€_R" [f(s,ps) — F(s™,p5)]

1<s<u 1<s<u

+ Y Ler f6Tpe) [ e R+ D Aeng [ e R (s p0) = £(57L 0]
1<s<u t<s<u

+ Y Liesor 78 =R [£(s 0= +4p) = f(s7,p-)] -
1<s<u

(3.14)

(3.15)

Writing the set S as the disjoint union of the sets S\ 7 and Sn 7, and the set 7 as the disjoint union of the sets 7\ S and

SN T, after some simplifications we get that the terms in the last three lines of (3.15) sum up to

D L™ [e7 £, 0 — (5720,

1<s<u

+/ lseS\T/Re_R“ [£(s.p- +2) = £(s7, py-)] m®(ds dz)
t

u
+ / Lcsare ™™ [e7*9 f(s, p- +2) = £ (57, py-)| m®(ds dz),
t

4 Cf. [29, Proposition 4.27].
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where m® is the random measure introduced in (3.3). Compensating the last two terms above with the random measure y° given
in (3.4), and substituting the result in Eq. (3.15), we get
u

R fup,) = f(t.x) + / R am/

t

+/ RILS (5,00 = pof (s p )l ds + D Lierys €™ [ f(s.0) = £(s7. )]
t

1<s<u

+ / ISeS\T/Re_RV [f(s,ps_ +z)—f(s_,ps_)] w5 (ds dz)
t

+ / 1csnr / e R [e_(”f”)f(s,ps_ +2z)— f(s_,ps_)] w5 (dsdz). (3.16)
' R

By [29, 4.34(b)], the stochastic integral with respect to M/ is a local martingale; also the discounted price process e~®u f(u, p,),
u € [t,T], is a martingale (hence also a local martingale). Therefore, the finite variation terms appearing in the last three lines
of (3.16) need to vanish. This, coupled with the assumption that p, has full support for any s € [¢,T], and by the arbitrariness of
(t,x) € [0,T), gives us PDEs (3.5) and (3.6), together with the terminal condition f(T,x) = H(x), which is due to the definition of
f, and the left-limit conditions, which arise from the fact that the last three terms in (3.16) must be equal to zero. []

Remark 3.5. If rp = T, then PDE (3.5) is not to be considered. Indeed, in that case we have f(rg,x) = f(T,x) = H(x), and we
proceed to solve the recursive system of PDEs (3.6) beginning with the one on the domain [rg_;,rg) X R, with left limit condition

e “H(x), xeR, rgeT\S,

flrex) = /RH(xH)Qm(K)(dz), xe€R, rg €S\ 7,
/ eI H(x +2)Qpiy(dz), xER, rgeSNT.
R

We conclude this section pointing out that if 3a in Remark 3.2 is assumed, instead of point 3 of Assumption 3.1, then the pricing
function f in (3.1) is defined in [0, 7] X A, and the PDEs in (3.5) and (3.6) are to be solved, respectively, in the domains [rg,T]X A,
and [ry_.r ] X A, k € {1,...,K}, where A C R is the state space of the RFR p and is a closed interval with non-empty interior.

4. Existence, uniqueness and regularity results

In the previous section, we showed that the price of a European-style derivative can be computed by solving a family of PDEs
of the form

Lft,x)—xf(t,x)=0, (t,x)€ [1,7)XR,
f(z,x)=¢(x), x€R,

4.1)

where L is the parabolic operator introduced in (3.2), [z, 7) C [0,T) is a given interval, and ¢ : R — R is a given measurable function.
In this section, we rigorously analyze the well-posedness of this Cauchy problem and establish a Feynman-Kac representation for
its solution. Note that, for the reasons anticipated in Remark 3.2, which we will also further detail below, we will not study the
above PDE in domains of the type [z,, 7] X A, where A is as in 3a in Remark 3.2.

The existence, uniqueness and regularity results for the solution to the Cauchy problem for linear parabolic differential equations
in unbounded domains are well understood when the coefficients are bounded, see for instance [30,31], where the problem is studied
with analytical methods, and [32] for a probabilistic approach. In financial problems, the coefficients and the final condition, and
hence the solution, typically satisfy polynomial growth conditions, such as f(z,x) = O(1 +|x|") for some exponent » > 0. In this case,
the asymptotic behavior of the solution is determined by the final condition and by the behavior at infinity of the coefficients of
the differential operator.

In the case of a uniformly parabolic operator of the form (3.2), the solution behavior will typically depend on the size of the PDE’s
coefficients. If x —» +oo, then the solution may decay faster, as the potential term x (7, x) in (4.1) “pushes” the solution toward zero.
Conversely, a negative potential (i.e. as x — —oo0) might allow for growth or even cause blow-up in some cases. Usual assumptions
are (locally) Lipschitz continuous coefficients, polynomial growth for the final condition and potential coefficient bounded from
below, see [33-35] and the references therein.

The cited literature shows that, even if the terminal payoff H at T in (3.5) has polynomial growth, the solution f(z,x) on [rg,T)
may nevertheless exhibit exponential growth. Consequently, the terminal condition at rg in (3.6), associated with the PDE in the
preceding interval [rg_;,rg) and depending on the solution on [rg,T), may fail to have polynomial growth, and this phenomenon
may propagate backward. Moreover, the coefficient of the potential term is unbounded, so the cited results do not, in principle,
apply.

Lemma 4.2 below guarantees that, on each interval between two jumps, the solution of (4.1) exhibits exponential growth even
when the terminal condition itself has exponential growth and the potential term is xf(z, x). To the best of our knowledge, this
result has not been established elsewhere.

We make the following assumptions:
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Assumption 4.1.

1. u(t,x) = a®) + p(t)x, where a, f : [1y, 7] — R, are Lipschitz continuous functions on [z, 7];

2. o(t,x) is strictly positive, bounded and Lipschitz continuous on [z, 7] X R, with o2(1,x) > Ag > 0;

3. the final condition ¢ is a continuous function and satisfies the exponential growth condition |¢(x)| < Cexp(¢|x|), for some
positive constants C, ¢.

The following lemma holds true

Lemma 4.2. Under Assumption 4.1, the PDE (4.1) admits a unique solution f € C'?([zy,7) X R) in the class of functions such that
f@. x) < K exp(k|x|), for some constants K,k > 0.

Proof. Defining the auxiliary function v(z, x) = (¢, x)e®*, where c(r) is a C!([y, 7]) function, and plugging it into the PDE, we get
the transformed equation

(1, %)

2
o o-(t,x)
d,u(t, x) + ) )

0% v(t,x) + (a() + p(t)x — c(t)o>(t, %)) ,v(t, x) + (cz(t)— — (@) + @) + )x — c(t)a(t)> o(t,x) = 0.
We can choose c¢(¢) such that
O+ cpt)+1=0, t€](ry,7]. (4.2)

Note that the solution to the ODE (4.2) is bounded and Lipschitz continuous, for any given terminal condition c(z) = ¢,.” In particular,
we set ¢, =0, so that v(r,-) = f(r,-). The transformed PDE reads as

2 2
d,u(t,x) + %aﬁx u(t, x) + () + BOx — c(Ho*(t, X)) 0, v(t, x) — <c(t)oc(t) - cz(z)@> o(t,x) =0, (4.3)

with final condition v(z,x) = ¢(x), where the potential term coefficient is now bounded from below and also locally Lipschitz
continuous, as it is a combination of Lipschitz functions. Therefore, we can apply Theorem 10.6 in [33] which ensures the existence
and uniqueness of the solution v € C'?([z,, 7) x R), satisfying the growth condition |v(t, x)| < Ke“"', for some positive constants K,
k. Substituting into f(t, x) = v(t, x)e~*X, we get the desired result. []

The next theorem provides us with a Feynman-Kac representation formula for the solution f of PDE (4.1). To the best of our
knowledge, this formula is not available in the literature, where PDEs of the following form are considered

Lf(Et,x)—cx)f(t,x)=0, (¢ x)e[0,T)xR,
ST, x)=¢x), x€R,

with the potential coefficient ¢ bounded from below (see, e.g., [33,36,371). In our case, c(x) = x, thus this coefficient is unbounded
in R, which prevents us from applying standard results. However, under the setting established by Assumption 4.1, we are able to
perform a probability measure change, which allows us to recover the Feynman-Kac¢ representation formula.

Theorem 4.3. Under Assumption 4.1, the solution to Eq. (4.1) is given by
ft,x)=E [¢(x;~X)e— A Xi-“ds] for (t,x) € [75, 7] X R,

where X"~ satisfies the equation

dX, = (a(s) + B(5)X,) ds + o(s, X )dW,, for s € (t,7]

X, =x.

Proof. By the Feynman-Kac representation of the solution to the transformed PDE (4.3) satisfied by v we have

v(t,x)=E [qﬁ()?;,)()e— A F(-s.)?ﬁ'x)ds] ,

5 The solution to (4.2) is

c(t) = LG (cT +/ e/ N""‘“ds) . tE€ [, T].
1
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where process X solves the SDE

{ dX, = (a(s) + B(s)X, — 62(s, X, )e(s)) ds + (s, X,)dW,, for s € (1, 7] )

>
X, =x.

and I'(t,x) = a(t)c(t)— %az(t, x)c*(?). Note that B, = W, — [* o(u, X, )e(u) du is a standard Brownian motion under Q*, whose density
with respect to Q is

1% = exp{/ o(u, X!)e(u) dW, — %/[ GZ(M,XL’X)CZ(u)du} .

Indeed, since ¢ is bounded by Assumption 4.1. 2, and ¢ is bounded by construction (see the proof of Lemma 4.2), Novikov’s
condition is satisfied. Therefore the density dQ*/dQ is a true martingale and Girsanov’s theorem applies. The Q*-dynamics of X are

dX, = (a(s) + ﬂ(s)XS) ds +o(s, X,)dB,, for s e (t,1]

X, =x,
i.e., the law of X under Q* coincides with the law of X under Q. Then, we get

ot x) = B [p(Xeme i TX0es] - g [zﬁ()?i'*)e-ﬁ’ T(sX5ds %}

— g®* [ HX)e™ [T a()e(s)ds—[7 o(s. X5 )e(s) st] -E [ HX)e™ [7 a(s)e(s)ds—[;F a(s,Xg"‘)c(s)dm] )
T T
Using the Ito’s product formula we have that
a(s)e(s)ds + o(s, X¥)e(s) AW, = d(X ¥ e(s)) + X' ds,

whence

/ a(s)e(s)ds +/ o (s, X¥)e(s) dW, = X% e(r) —xe(t) +/ X¥ds.
' ' —— '
=0

Therefore,
01, %) = B [ a0 i o XD | - [ xtxge kX dsee0]
and hence

0 = D0 = E [poxine 5] O

It is worth emphasizing that thanks to the probabilistic representation of solutions to the family of PDEs. (4.1), we are able to
connect the results of this section to the existence and uniqueness of a pricing function for interest-rate derivatives, with suitably
integrable payoffs, as seen in Section 3. Indeed, to find the pricing function of an interest rate derivative with contract function H,
satisfying Assumption 3.1. 4 and Assumption 4.1. 3, we can solve a sequence of PDEs of the form (4.1) according to the following
scheme:

+ Solve PDE (4.1) with ¢ = H and [z, ) = [rg, T), where ry € R is the last relevant date (see Section 3), to get the solution fX;
+ Solve PDE (4.1) on [z, 7) = [rx_;.rk) and with

e K (), ifre eT\S,
b(x) = /fK(rK’X +2) Qpk)(d2), ifry €S\T,
R
/e_(x+z)fk(rK,x+Z) Oniydz), ifrgesnT,
R

to get the solution fX-1.

* Proceed backwards in this way solving PDE (4.1) in each interval [z, 7) = [ri_;.r), k € {1,...,K — 1} and with ¢ similar as
above (use f* and r* whenever fX and rX appear), to determine the sequence of solutions fX-2, ..., 0.

- Piece together solutions f°, ..., fX in each interval [0,r)), ..., [rx_1,7k), [rk,T], to get the pricing function f for contingent
claim H, which verifies the risk-neutral valuation formula (3.1).
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We conclude this section with a remark. In the proof of Lemma 4.2 and Theorem 4.3, we choose, for simplicity, ¢, = 0. Clearly,
the choice of a different terminal condition for the ODE satisfied by ¢ yields a different transformation of the original function f,
which however satisfies the same PDE written above for v, where the only thing changing is the actual expression of the function
c. In particular, this provides us with several equivalent ways of transforming the original function f. For example, in the Vasicek

model where «, f and ¢ are assumed to be constant, it is convenient to choose ¢, = _/li so that ¢ is constant, and consider the
transformed function v(z, x) = f(1, x)e~*/#. Therefore, the transformed PDE becomes
2 2 2 {
0,0(t,x) + -0, 00t x) + <a(t) +Bx + %) d,0(t, x) + (2"? + %) u(t,x) = 0. (4.5)

Eq. (4.5) will be exploited in Appendix B.2.
5. Affine models

In this section we apply our results to the case of an affine term structure, where the dynamics of the RFR are described by the
following equation

dp, = (@) + p)p,) i + \/y(t) + 6(D)p, AW, +dJ,, GD

where a, 8,7,6 : Rt —» R, with y(¢), () > 0 for all ¢, are assumed to be sufficiently regular to guarantee the existence and uniqueness
of a strong solution between jump times, as well as the non-negativity of the diffusion coefficient.

We remark that the conditions outlined in the previous section are sufficient, but not necessary, to guarantee the existence
of a strong solution. For example, the CIR process does not satisfy the Lipschitz continuity condition for the diffusion coefficient.
Nevertheless, it admits a well-defined strong solution between jump times, provided that the Feller condition is satisfied. In the CIR
model, the process is typically used to model quantities that are required to remain non-negative, such as interest rates and volatility.
The Feller condition ensures that the process remains strictly positive, but it does not guarantee that it stays bounded away from zero.
Therefore, if jumps are allowed to take even slightly negative values, it may happen (with a probability that is possibly very small)
that, following a jump, the interest rate process may fall below zero. In such a case, the initial condition of the subsequent stochastic
differential equation becomes ill-posed, as the square-root diffusion term is not defined for negative values. This implies that, in
the CIR model, or more generally, in affine models with square-root diffusion terms, introducing stochastic discontinuities requires
restricting jumps to non-negative values in order to preserve the well-posedness of the process. It is clear that this assumption is not
particularly realistic. In general, one can introduce additional mechanisms, such as reflecting barriers or absorbing boundaries, to
prevent the process from becoming negative. In this case, the model remains feasible even in the presence of negative jumps, but
it no longer belongs to the class of affine processes. Very recently [24] proposed an extension of the CIR model that incorporates
stochastic discontinuities, which preserves affinity and non-negativity while allowing upward and downward jumps: in their model,
the distribution of jump sizes depends explicitly on the pre-jump state of the process, satisfies some suitable conditions, and jumps
sizes may exhibit autocorrelation. To keep the analysis simple and to maintain the independence of jumps, the results presented in
this section implicitly assume that, whenever the function §(¢) is not identically zero, the jump sizes are non-negative.

Affine term structures with stochastic discontinuities have been studied by [9,38]. In particular, in [9] the authors compute the
conditional characteristic function and employ it to derive closed-form expressions for the prices of derivatives, such as ZCBs and
forward-looking caplets within an extended Hull-White model with Gaussian-sized jumps. A similar methodology is adopted in [39],
under the assumption that jump sizes follow a discrete distribution governed by a modified Skellam law.

As an alternative, we illustrate how the classical approach, based on solutions of PDEs (see for instance [40], Chap. 21), can
be adapted to this framework and exploited to find solutions in closed-form. The proofs of all results presented in this section are
gathered in Appendix A. For the sake of simplicity, we assume that SN 7 = . System (3.6) then can be rewritten as:

0, f(t,x) + (a(t) + p(1)x) 0, f(t,x) + % (y(t) + 6(t)x) 0)2cxf(t, x)= f@t,x)x, (t,x) € [r_;,r)XR,

F(T.x) = H(x), x€R, (5.2)
fr,x) =7 f(ry, %), r, €T, x€R,
F77. %) = ELf (r. x + &), re=s,€S,xeR.

It is worth recalling that if 3a in Remark 3.2 is assumed, instead of point 3 of Assumption 3.1, then the PDEs in the above system
and PDE (3.5) are to be solved in the domains [r;_;,r ] X A, k € {1,...,K}, and [rg,T], where A C R is the state space of the RFR
p and is assumed to be a closed interval with non-empty interior.

5.1. Price of a zero-coupon bond

Let Pp denote the pricing function of a ZCB maturing at time 7' (also called T-bond), i.e., Py(t,x) is the price at time ¢ of a
T-bond, given that p, = x. We recall that this function is defined by (3.1), since any T-bond can be seen as a contingent claim
written on the RFR p with contract function H(x) = 1. Given the affine term structure, the price of a ZCB is expected to exhibit
an exponential-affine dependence on the short-rate. This is formally established in the following proposition, where we assume for
simplicity that max(ty, sp) < T =: tyy =1 Spryq-
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Proposition 5.1. The pricing function Py of a ZCB maturing at T is given by
Pr(1,x) = exp(—a(t,T) — xb(t,T)), (5.3

where the deterministic functions a and b are determined as follows:

N
@) b1, T)= z b,,(t)l[,m,’1+ @, where b, denotes the solution, on the interval [t,,t,,,), of the Riccati equation
n=0
b () + p()b, (1) — %5(1)173(1) +1=0 (5.4)

with terminal condition b,(t,, ) = b,y (t,.) + 1 for n=0,...,N — 1, and final value by (ty,,) = b(T,T) = 0;
@i

T M
1 s
a(t,T) = [ [a(u)b(u, )= Sr@b’, T)] du — ; logE [e S ,.T)] Lo, (- (5.5)

Note that the coefficient b = —0, P / Pr which represents the duration (sensitivity) of the ZCB with respect to the instantaneous
short-rate, is not affected by jumps in the dynamics of the interest rate, but possibly only by discontinuities in the numéraire.

The following result establishes a relationship between the pricing function of a ZCB in the current framework (with stochastic
discontinuities and jumps in the numéraire) and its counterpart in the continuous (no-jump) setting. The proof is omitted since it
is based on standard computation.

Corollary 5.2. Let Pf(t,x) = exp(—A(2, T) — xB(t,T)) be the pricing function of a ZCB® maturing at time T, assuming absence of jumps in
both the dynamics of the short-rate and in the numéraire. Let a(1,T), b(t,T) be the functions defined in (5.3). Then, the following relations
hold:

N
@) b, T)= B(t,T)+ Z B, (01, @), where B, (1) denotes the solution, on the interval [0,1,), of the Riccati equation
n=1
1
B/(t) + [ﬂ(t) - 6(t)bn(t)] B, - 55(1)3,2,(1) =0 (5.6)
with terminal condition B, (t,) = 1, where b, (1) = B(t,T) + Z,’:f:nﬂ B () forn=1,...,N -1, by(@) = B(t,T);
N N-1 N
i) at,T) = AG,T) + 2 A, (D1, (0 + Z Z Cu(D)lyg (1) = Z log E[e~5"/ D11y, (1), where
n=1 n=1 I=n+1 j=1

,Vl
A1) = / [ = @B ) B, - 37 B2w)] du,
t

In
C,®= —/ y(u)B, (u)B;(u) du.

Remark 5.3. The terms log E[e™%/*¢/7)] depend solely on the distribution of & ;> and can be explicitly computed once this distribution
is specified. In Section 6.1, we evaluate these expressions in the two cases where ¢; follows either a normal distribution or a discrete
distribution with two possible outcomes.

As an example we consider the Vasicek model. In (5.2), let a(t) = a, f(t) = f, y(f) = 6> and §(t) = 0, with a € R, § € R™,0 € R*.
In this case, the model reduces to a Vasicek short-rate model with discontinuities. From standard results (see for instance [40],
Proposition 22.3) we derive

efT-0 — | a o2 [P
B(t,T)= ———, A, T)==[BT -t)—- (T -t)] - — | =B (T —t)— B(T —t) + (T —1)| .
@T) 7 ()ﬂ[()()]2ﬁ22()()()

Eq. (5.6) in Corollary 5.2 (i) becomes B! (t)+ B, (t) = 0, which, together with the terminal condition B,(r;) = 1 yields B, (1) = e/!»=".
So we obtain
N

Z eﬂ(’n—!)l[o’ r,,)(t)~

n=1

AT _
b(t,T) = % +

Applying Corollary 5.2 (ii), we find a(z, T) as follows:

) N
at,T) = AG,T)+ <a + %) > Bt t,)lg,,(0)
n=1

6 Cf. [40, Proposition 22.2].
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2

N
BT+1,-20) _ ofT—1,)  o2Bu=0) _
[0} (& [ €
_ 2 + 1 t
) g( 25 > 10,1,)(®)

3

N-

N M

Bt +t =20 _ op(t—t,)

. o s

P> <—ﬁ> Lo.1,)(0 = X og ELe™" T 11jg , ().
j=1

n=1 l=n+1

5.2. Price of a call option in the extended Vasicek model with gaussian jumps

In this section, we derive the price of a call option under the assumption that the short-rate follows Vasicek-type dynamics with
stochastic discontinuities, and normally distributed jump sizes, in order to compare it with the numerical approximations presented
in the following sections. For simplicity, we consider the case of constant coefficients; however, the result can be readily extended
to accommodate time-dependent coefficients (Hull-White model). Additionally, we note that a similar approach can be applied to
determine the price of a forward-looking caplet, which was calculated using a different method in [9].

Let f (1, p,) denote the price at time ¢ of a call option on a ZCB with bond maturity S, option expiration date 7" < S, and strike
price K. The payoff at time T is given by

H(pp) = (Ps(T, pp) — K)*.

A closed-form expression for f(z, x) is provided in the next proposition, whose proof can be found in Appendix A.2. Note that for the
purposes of our calculation, it makes sense to consider the subintervals determined by the jump times or roll-over dates only up to
time T'. Any jumps occurring between T and S are implicitly incorporated into Pg. Therefore we set, as in the previous subsections,

T
Proposition 5.4. Assume each jump size &; is normally distributed with mean m; and variance yf foralj=1,....M. Forallt <T, the
pricing function f of a call option on a ZCB maturing at S, with option expiration date T < S, and strike price K, is
f(t.x) = Pg(t, x)®(d, (1, x)) — K Pp(t, )®(d, (1, X)), (5.7)
where @ denotes the cumulative distribution function of the standard Gaussian distribution,
Py(t, (t
i) = —tog [ T5EXD ) L %W 0 = dyt ) - 0,0, (5.8)
o.(t) Pr(t,x)K 2

and o, is given by

M
2 .
o) = b(T,S) ‘z’—ﬁ (PT=0 — 1) + Yy T, H®. (5.9)
j=1

Remark 5.5. If the jumps are not normally distributed, obtaining a closed-form expression for the option price becomes challenging,
as the RFR no longer follows a normal distribution once a non-normal jump is introduced. In such cases, numerical approximation
becomes essential for computing the price.

6. Numerical results

In this section, we test our theoretical results in several numerical simulations. The aim is twofold: firstly, we propose a semi-
analytic method and a finite difference method to solve the pricing PDE and test their accuracy for claims with closed-form solution;
in doing so, as a second outcome, the usefulness, ease of use, and versatility of the PDE approach and of the numerical approximation
methods will be highlighted in comparison to the use of closed-form formulas.

The numerical results are obtained mainly for the Vasicek model with stochastic discontinuities, because in this case some
closed-form formulas are available and we derived the Green’s function explicitly. However, we emphasize the potentiality of the
PDE approach in more general cases, namely for more general contingent claims and interest rate models.

Also in this section, for the sake of simplicity, we assume SN 7 = §, that is, there are no common jump times between the RFR
and the numéraire.

6.1. Distribution of the risk-free rate jumps

We considered two different distributions of the risk-free rate jumps: (i) Gaussian N (m;, ij) and (ii) a discrete distribution where
¢&; = m; with probability p; and &; = —m; with probability 1 - p;.

Fig. 1 shows two possible trajectories of the Hull-White spot interest rates with stochastic discontinuities, showing that our
model allows reproducing the main stylized facts of the overnight rates. The first panel is obtained by setting 5(¢) = 0, o(t) = \/y(t) =
0.2—0.1/(1 +exp(=2000(t — 0.4))), a(t) = 0.0075/(1 + exp(—2000(t — 0.4))), A(t) = —0.3 —99.7/(1 + exp(—2000(t — 0.4))) in (5.1); the jumps
&; are normally distributed with m ;= 0.05 and y; =0.1 and occur at s ;=0.3,0.5,0.6,0.8,0.9. The second panel is obtained by setting

o) = 0.05 + 0.05/(1 + exp(=2000(t — 0.4))), a(t) = 0.1 — 0.0925/(1 + exp(—=2000(t — 0.4))), f(t) = —0.3 — 99.7/(1 + exp(=2000(t — 0.4)))
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Fig. 1. Hull-White spot interest rates with stochastic discontinuities at s ; =0.3,0.5,0.6,0.8,0.9.

and considering discretely distributed jumps with m ;= 0.04 and p ;=09 occurring at s ;=03,05,0.6,0.8,0.9. In both cases, due to
the values of the SDE coefficients, the first jump produces a spike (small diffusive component and very high mean reversion speed)
while the following jumps correspond to structural changes of the spot rates to a new level (slower mean reversion).

We compute the term

logE [e_gf bls; 'T)]
in the closed-form formula (5.5). We get the following

2

an
@) —m;b(s;, T)+ ?’bz(sj,T) for Gaussian jumps;
mjb(sj,T)

(ii) log(e™ P+ et (1 = p ;) for discrete jumps.

6.2. Semi-analytic method

We now describe the semi-analytic approach. We have proved in Section 3 that the price of any contingent claim at any time 7 and
for any interest rate x can be obtained by solving a set of linear backward parabolic PDEs on each period [r;,r; ], for k =0,1,...,K,
with rg,; = T. Furthermore, applying Theorem 4.3 in each interval [r;, 7, ), the solution to each of these PDEs uniquely exists and
can be expressed by a Feynman-Ka¢ formula

ft.%) =E g

Tk+1

1x )e*/f“] p’;xm] =/]RG(1, et X )g(&) dg, 6.1)

where g(&) = f (e © is the terminal condition and G is the so-called fundamental solution or Green’s function associated to the
parabolic operator

Lf(t,x)—xf(t,x).

For the reader’s convenience, the analytic expression of the Green’s function for the Vasicek model is provided in Appendix B.1.
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Based on these considerations, we can build our semi-analytic method that, starting from maturity 7, proceeds backward and
computes the contingent claim price at the beginning of each period [r;,r,,;) by Eq. (6.1), using as final condition at r

H(), forr, =T,
g = f(r/;rl"f) = /R frip1:€+2) Qm(k+1)(d2)’ for rey1 €S, (6.2)
e f e, forry,, €7.

In the following box, we summarize the steps of our algorithm.

Algorithm 1 Semi-analytic algorithm

Starting from the payoff condition in 7, compute the solution in [rg,T) X R using (6.1).
fork=K,K-1,...2,1 do
Compute the jump condition (6.2) at {r } xR;
Compute the solution at {r,_;} X R using (6.1).
end for
The desired contingent claim value is the solution at r, = 0.

In principle, this algorithm can be implemented to mimic the analytical procedure: for instance, in the Matlab language, by
creating a function handle that stores an association to the Green’s function, one can pass it to a quadrature procedure that
numerically integrates the function using global adaptive quadrature with default error tolerances. However, such a procedure
suffers from the curse of dimensionality (and, as a consequence, of the computational times) as the number of jumps increases
because of the recursive call to the Green’s function.

A possible way to reduce the computational complexity of the semi-analytic procedure is to localize the problem to a bounded
domain [4, A] and compute formula (6.1) by means of the trapezoidal rule on grid values of the spot rates. In Appendix B.2 we
detail a strategy for choosing {4, A}, which can be useful also in the finite difference approach. The theoretical properties of the
parabolic operator ensure that the errors introduced by the domain truncation tend to zero as A — —co, A — 400 and do not affect
the results in an inner region of observation,” say [Xn, Xmax)- AS an example, we consider the extended Vasicek model, where the
PDE between jumps is

0, f(t, %) + (a + fx) 0, f(t, %) + %o‘z 0% f(t,x) = f(t,x)x =0. 6.3)

Fig. 2 shows the price at t = 0 of a ZCB expiring at T = 1, with a = 0.075, # = —0.3, ¢ = 0.1, when one jump &, ~ N'(0.09,0.25)
in the interest rate occurs at time ¢ = 0.5. In the first panel, the blue line represents the semi-analytical solution while the red
line represents the ZCB price as given by formula (5.3); the second and third panels show the relative error between the two. It
is evident that the error is relevant (and nevertheless small) only at the truncation points A = —4,X = 4, due to the truncation of
the integral in (6.1) and in the jump condition. Moreover, it is very small (less than 10~11) in the inner region of interest rates
[-0.5,0.5]. Nevertheless, the main drawback of the semi-analytical method is that it requires knowledge of the Green’s function,
which is not always available.

6.3. Finite difference method

To illustrate the finite difference approach, without being reductive, we again consider the extended Vasicek model. In order
to numerically solve the backward PDE (6.3) in the unbounded domain [r,_;,r,) X R, we first localize it to a bounded domain
[Fee170) X [A4, Z]. This leads us to define some artificial boundary conditions at x = A and x = A. For instance, we may impose on
the boundary the final condition value on each time interval, that is, f(t, A) = f (G A) and f(1, Z) = f(ry, K), or any other kind of
Neumann boundary condition.

Another critical point to consider is the computation of the final condition in the presence of a jump on the RFR at time r;, € S.
Computing the integral term at a point x requires the knowledge of f(r;,-) on the whole support of Q,,,. Here the issue is more
delicate, because the integral affects the numerical solution on the entire domain and not only at the artificial boundary, due to the
non-local nature of this final condition. We proceed as follows.

(i) In the case of an absolutely continuous jump distribution, we decompose the integral as

[l 0= /Rf(rk,x +2) Qi) (dz) = /R F(ris x + 2)@pp(2) dz

+o00

A A
= / F s @iy (& — x) A& +./A S s O @iy (€ — x) dE + ; S )Py (& — x) d&,

where ¢, is the probability density function associated to Q,,,. The integral over the computational domain [4, A] is computed
using the trapezoidal rule from the nodal values of the numerical solution at r;, while the two generalized integrals are neglected,

7 The interval [x,,Xmq] in the numerical examples below is chosen to highlight the solution behavior. It corresponds to the region where we want to
achieve small approximation errors. Nevertheless, in some figures, such as Fig. 3, we consider an even larger spatial domain in order to illustrate the behavior
of the pricing function more clearly.
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Fig. 2. ZCB price at t = 0 and relative error (on the whole localized domain [A4, X] and zoomed on the observation region [-0.5,0.5]) of the
semi-analytic method in the Vasicek model, when one jump on the interest rate occurs at time ¢ = 0.5, with Gaussian distribution N'(0.09,0.25).
Parameter values: « = 0.075, f=-03,6=0.1, T = 1.

taking into account the fast decaying tail behavior of the probability density ¢, of the jumps. Obviously, the choice of 4, A should
also ensure that, for the points x within the region of observation [xp;y, Xmax], the support of the density function @, — x) is
mostly contained within [A, Al. A possible choice for A and A is discussed in Appendix B.2 for the Vasicek model.

(ii) In the case of discrete distribution of spot rates, the discretization step Ax in the finite difference scheme should be chosen
such that m; = ¢;Ax for some integer c;, j = 1,..., M. This is possible if we assume, for instance, that the jumps on the spot rate are
multiples of a fixed amount as a consequence of central banks decisions. The computation of the final condition at node x; in the

presence of a discrete-distributed jump on the RFR at time r, € S is performed by setting
f(r;,xi) = f(ry, xj+ck)pj + f(rk’xi—ck)(l - p/)'

When either x;,, or x,_,, falls outside the computational domain, we take the value at the boundary.
All this said, the discretization of (6.3) by #-method in time and centered finite differences in space over the domain [r;_;,r;) X

(A, A) reads as follows

ZAEE ZR RS GOt AR A v -2l +v!

i 1 —1 i i+1
44 26% SR P O ) Ml B N A 2,
At 2 Ax2 2 Ax?
Sy vio—vi . . ©H
+0(a + ﬂxi)% +(1-0)(a+ ﬂxi)% —ox, VT — (1 - o)X,V =0,

fori=1,2...,N=1,j=M,—1,M, —2,...,1,0 and At, = (r, — r,_,)/M,, Ax = (A — A)/N. We note that, since this linear algebraic
system of equations is solved backward in time, the choice 6 = 1 yields the explicit Euler method, while 6 = 0 yields the implicit Euler
method and 6 = 1/2 yields the Crank—Nicolson method. ~

We come back to the issue of the artificial boundary conditions imposed at the ends A4, A of the short-rate interval. Following [41]
(p. 123), since our aim is to develop a numerical method that can accommodate different contingent claim valuation problems, we
do not impose Neumann or Dirichlet boundary conditions. Instead, we enforce the PDE itself as a boundary condition and employ
non-centered finite difference approximations for all the derivatives located at x, = A and xy = A. This leads to the addition of the
following equations

Jj+1 J Jj+1 J+1 J+1 J J J
A TN Mt/ M N ot
Aty 2 Ax? 2 Ax2
Jj+1 Jj+1 J Jj
1 _Vo 1~ %0 j+1 j
+0(a+ﬁx0)A—x +(1- 9)(a+ﬁxO)A—x —6‘x0V0 —-(1- 9)x0VO =0,
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Fig. 3. ZCB price. Parameter values: « = 0.075, = -0.3, 0 =0.1, T =1, y = a/b.

and
Jj+1 J Jj+1 Jj+l1 Jj+1 J J J
Vv —Vs + L1520 Vv =2Vl Vs " 102(1 —0) Va2Vt Vs
Aty 2 Ax? 2 Ax?
JHL i+l Jj j

14 . .
e Nl —6)(a+ﬂxN)% —oxy VT = =0xyV] =0.

We observe that the present scheme discretizes both the drift and volatility terms using first-order one-sided finite difference
operators. Nevertheless, higher-order discretizations, such as second-order difference schemes, may also be considered.®

F0(a + fxy)

6.4. Zero-coupon bond

In this section, we validate our PDE formulation for pricing ZCBs and analyze the impact of stochastic discontinuities on their
valuation. We focus on the Vasicek model, as it offers closed-form solutions and an analytical expression for the Green’s function,

making it well-suited for theoretical and numerical comparison. Fig. 3 shows the effect of jumps on the ZCB price in the following
scenarios:

* CASE 1: classical Vasicek model (Parameter values: « = 0.075, § = -0.3, 6 = 0.1, T = 1);
CASE 2: Vasicek model + one jump on the numéraire occurring at time ¢ = 0.8;
CASE 3: Vasicek model + one Gaussian jump N (m, y%) on the interest rate at time ¢ = 0.5, with m = 0.09 and y = 0.5;

CASE 4: Vasicek model + one jump on the numéraire at time ¢ = 0.8 + one Gaussian jump N'(m, y?) on the interest rate at
time ¢t = 0.5, with m = 0.09 and y = 0.5;

We observe that, while the effect of the jumps on the numéraire is evident, the jump in the RFR results in only a minor
discontinuity in the ZCB price in CASE 3, becoming more pronounced in CASE 4.

Suppose that we are interested in pricing ZCBs when the spot rate ranges within the interval [-0.5, 1]. The finite difference
approximation to the closed-form formula (5.3) is obtained by the Crank-Nicolson scheme with Ax = 0.005 and 47 = 0.002. The
computational domain selected by the procedure described in Appendix B.2 is [-1.6,2.065] in CASE 1 and CASE 2 and a bit larger,
namely [—5.1204,5.6196] in CASE 3 and CASE 4.

8 In Section 4, we proved that the solution may exhibit exponential growth. Obviously, alternative boundary conditions could be imposed, such as, for
instance, assuming a linear dependence of the solution on the short-rate. By enlarging the computational domain, boundary approximation errors do not affect
the numerical solution in the inner region of interest.
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CASE 2: Absolute error CASE 3: Absolute error

O N ~ O

Fig. 4. Absolute error between the exact and numerical solutions over the entire localized spatial domain for Cases 2 and 3. Parameter values:
a=0.075 =-03,06=01,T=1.

Exact and numerical solution Absolute error

Fig. 5. ZCB Gaussian CASE 2. Parameter values: a = 0.075, f =-03, 6 =0.1, T = 1.

To illustrate the effect of the imposed boundary conditions and their impact on the quality of the numerical solution in the inner
region [—0.5, 1], we plot in Fig. 4 the absolute error between the exact and numerical solutions over the entire localized spatial
domain for Cases 2 and 3. As previously stated, the errors at the boundary are rapidly damped and do not affect the quality of the
approximate solution in the inner region.

In all cases, the correctness of the PDE formulation and the precision of the discretization scheme (up to an overall order of 106
or 1077 in the observation region [—-0.5,1]) are evident in Figs. 5, 6, and 7, where the exact and numerical solutions are plotted
together with their absolute and relative errors. We observe that the exact and numerical solutions are visually indistinguishable to
the human eye.

Table 1 shows the maximum (in time) average absolute error

— J
Abs. Err. := max mean |V — Pp(t;, x;)|
j=0,...,M; -1 X€[-05.1]
k=0....K

and relative error w.r.t. the exact solution in (5.3) of the finite difference approximation and of the semi-analytic solution for the
ZCB in the inner region [-0.5, 1] of observation in CASE 2 and CASE 4 with Gaussian jump distribution, for different choices of the
discretization step Ax (and 4t = 0.002). The error reduction in the finite difference approximation shows second-order convergence
(in space) of the numerical method to the closed-form solution, while it is evident that the errors in the semi-analytic method are
very small and remain relatively stable, with only slight variations attributable to floating-point arithmetic computations. Results
for CASE 3 are analogous to CASE 4 and thus not reported.

Similar results are obtained in the presence of a discrete jump distribution for the spot interest rate. We replicate scenarios similar
to Cases 3 and 4, featuring a discretely distributed jump in the RFR, as outlined in Section 6.1. Fig. 8 shows the finite difference
approximation to the closed-form formula (5.3) in the computational domain [—1.60,2.065] with Ax = 0.005 and 4¢ = 0.002 for CASE
4.

Table 2 shows the maximum (in time) average absolute and relative error of the finite difference approximation and of the
semi-analytic solution for the ZCB in the inner region [-0.5, 1] in CASE 4 with discrete jump distribution. The same comments on
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Exact and numerical solution Absolute error

Fig. 6. ZCB Gaussian CASE 3. Parameter values: « = 0.075, § =—-0.3, 6 =0.1, T = 1.
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Fig. 7. ZCB Gaussian CASE 4. Parameter values: a = 0.075, f =-03, 6 =0.1, T = 1.

Table 1

ZCB in CASE 2 and CASE 4 with Gaussian jump distribution. Average absolute and relative error of the finite difference approximation and of
the semi-analytic solution for the ZCB in the inner region [-0.5,1].

CASE 2 CASE 4

Finite Diff. Method Semi-analytic method Finite Diff. Method Semi-analytic method
Ax Abs. Err. Rel. Err. Abs. Err. Rel. Err. Abs. Err. Rel. Err. Abs. Err. Rel. Err.
le-2 3.45e-6 4.02e—6 9.70e-15 1.16e-14 4.25e—6 4.08e—6 1.19e-13 1.56e-13
5e-3 8.59¢e-7 9.78e-7 7.34e-15 1.03e-14 1.07e-6 9.93e-7 9.62e-14 1.22e-13
2.5e-3 2.06e-7 2.15e-7 7.80e-15 1.06e—-14 2.63e-7 2.22e-7 1.17e-13 1.47e-13
1.25e-3 4.57e—8 3.71e-8 8.24e-15 1.12e-14 6.98e-8 5.68e—8 1.29e-13 1.62e-13

the convergence of the numerical method and on the error stability of the semi-analytic method hold. These numerical results testify
to the validity of our PDE-based model for pricing a ZCB.

We conclude this section with a test assessing the performance of our numerical procedure as the number of jumps K increases,
which has important implications for use in future calibration. We consider separately the cases in which only the number of jumps
in the numéraire increases and those in which only the number of jumps in the interest rate increases, in order to highlight the
different behaviors in terms of computational speed and accuracy. The results are reported in Table 3. We observe that, in CASE 3
with discrete jumps, both the discretization errors and the CPU time remain very stable as K increases. In CASE 3 with Gaussian
jumps, the errors slightly deteriorate due to the approximate evaluation of the jump condition at each time level #;. Different
considerations apply to CASE 2. In this case, the deterioration in the quality of the approximation is due to the jump condition,
which shifts the ZCB price to a higher level at each jump time 7;. Second-order convergence is still maintained; however, achieving
higher accuracy in the region of observation [-0.5, 1] requires a reduction in 4x. This is due to the scaling condition associated with
jumps in the numéraire: the scaling factor e can be large on the left-hand side of the computational domain [—1.6,2.065], thereby
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Fig. 8. ZCB CASE 4 with discrete jumps. Parameter values: a = 0.075, f =-0.3, 6 =0.1, T =1, m=0.09, p=0.7.

Table 2

ZCB in CASE 4 with discrete jump distribution. Average absolute and relative error of
the Finite Difference approximation and of the Semi-analytic solution for the ZCB in
the inner region [-0.5, 1].

CASE 4

Finite Diff. Method Semi-analytic method
Ax Abs. Err. Rel. Err. Abs. Err. Rel. Err.
le-2 3.27e-06 4.02e-06 9.84e-15 1.15e-14
5e-3 8.14e—07 9.75e—07 7.46e—15 1.02e-14
2.5e-3 1.95e-07 2.12e-07 7.94e-15 1.05e-14
1.25e-3 4.35e-08 3.83e-08 8.38e-15 1.11e-13

Table 3
ZCB for increasing number of jumps K. Absolute and relative error at r = 0 and CPU time (in seconds) for the finite difference approximation in
the inner region [—0.5, 1]. Discretization steps: 4x = 0.005 and 4t = 0.002.

CASE 3 Gaussian CASE 3 Discrete CASE 2
K Abs. Err. % Err. CPU Abs. Err. % Err. CPU Abs. Err. % Err. CPU
1 7.49e-8 8.89¢-8 2.16 5.83e-8 6.28e—-8 0.09 8.59e-7 9.78e-7 0.11
2 1.02e-7 1.33e-7 2.86 5.99e-8 6.75e—8 0.19 3.5%-6 3.71e-6 0.12
3 1.30e-7 1.78e-7 2.95 6.17e-8 7.36e—8 0.22 9.47e-6 7.95e—6 0.17
4 1.86e-7 2.48e-7 3.83 6.26e—8 7.96e-8 0.28 1.88e-5 1.19e-5 0.17

amplifying any approximation errors affecting the numerical solution at t]’.“. This effect would be reduced if we were interested only
in computing ZCB prices for positive spot rates. Indeed, in this case the absolute error for four jumps remains as low as 9.9 - 1077,

6.5. Call option on Pp(t,x)

The derivation of the closed-form price of a call option on a ZCB under the assumption that the short-rate follows Vasicek-type
dynamics with Gaussian stochastic discontinuities is detailed in Proposition 5.4. From this point on, we focus our attention on the
accuracy of the numerical approximation method, as the semi-analytic method yields results with an accuracy of the order of le—10
or even smaller. Therefore, the semi-analytic method perfectly replicates the closed-form solution, when available, and can serve as
a valid and easier to implement substitute for the closed-form price when the Green’s function associated with the PDE in (3.5) is
available.

We simulate the same scenarios as in Section 6.4, with the same parameter values. The strike price is K = 0.5, while the maturity
of the ZCB is at .S = 1.5. Again, the finite difference approximation to the closed-form formula (5.7) is obtained by the Crank-Nicolson
scheme in the same computational domain as in Section 6.4, with Ax = 0.005 and 4t = 0.002. The correctness of the PDE formulation
and the precision of the discretization scheme are evident in Figs. 9, 10 and 11, where the exact and numerical solutions are plotted
together with their absolute and relative errors.

The corresponding maximum (in time) average absolute and relative errors of the finite difference approximation in the inner
region [-0.5, 1] for decreasing Ax and 4t = 0.002 are shown in Table 4. In all the examined cases, the numerical method converges
to the exact price of the option.
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Exact and numerical solution Absolute error

Fig. 9. Call option, CASE 2. Parameter values: « =0.075, f=-03,0c=0.1, K=05,T=1, S=15.

Exact and numerical solution Absolute error

Fig. 10. Call option, CASE 3 with Gaussian jump. Parameter values: « = 0.075, # = —-0.3, 6 =0.1, m=0.09, y =0.5, K=05,T =1, S = 1.5.

Exact and numerical solution Absolute error

Fig. 11. Call option, CASE 4 with Gaussian jump. Parameter values: « = 0.075, # =—-0.3, 6 =0.1, m=0.09, y =0.5, K=05,T =1, S = 1.5.

Finally, the case of a Call option on ZCB with discrete jumps is considered. The parameter values are the same as those mentioned
above. In this case, the price of the derivative is no longer available in closed-form. Therefore, we assume the semi-analytic solution
as a benchmark to validate the finite difference one. The convergence of the finite difference approximation is evident in Table 5,
where the average absolute and relative errors computed in the inner region [—0.5, 1] with respect to the semi-analytic solution at
t =0 are shown.
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Table 4
Call option on ZCB with Gaussian jumps. Average absolute and relative error of the finite difference approximation in the inner region [-0.5, 1].
CASE 1 CASE 2 CASE 3 CASE 4
Ax Abs. Err. Rel. Err. Abs. Err. Rel. Err. Abs. Err. Rel. Err. Abs. Err. Rel. Err.
le-2 9.11e-7 2.68e—6 5.40e-6 1.45e-5 9.46e—7 2.41e-6 8.54e—6 1.27e-5
5e-3 2.26e-7 6.56e—7 1.36e-6 3.62e-6 2.29e-7 5.17e-7 2.15e-6 3.16e-6
2.5e-3 5.37e-8 1.49e-7 3.38e-7 9.03e-7 5.88e-8 1.33e-7 5.42e-7 7.90e-7
1.25e-3 1.10e-8 2.29e-8 8.28e—-8 2.19e-7 1.54e-8 3.04e-8 1.37e-7 1.97e-7
Table 5

Call option on ZCB with discrete jumps in Cases 3 and 4. Average absolute and relative
error of the finite difference approximation in the inner region [-0.5,1].

CASE 3 CASE 4
Ax Abs. Err. Rel. Err. Abs. Err. Rel. Err.
le-2 8.77e-07 2.74e-06 5.04e-06 1.47e-05
5e-3 2.18e-07 6.72e-07 1.27e-06 3.68e—06
2.5e-3 5.19e-08 1.54e-07 3.16e-07 9.18e-07
1.25e-3 1.08e-08 2.54e-08 7.75e-08 2.23e-07

7. Conclusions

This paper develops a PDE approach for pricing interest rate derivatives in the presence of stochastic discontinuities. Within
an arbitrage-free framework, we consider a general short-rate model for RFRs that incorporates discontinuities at fixed dates with
random sizes, as well as a numéraire exhibiting discontinuities at roll-over dates. First, we show that under suitable assumptions, the
price of a European-style derivative can be represented as a function of time and the current RFR, which solves an associated PDE. We
also establish a Feynman-Kac representation for the solution. Next, we specialize the framework to the affine term structure case and
derive a closed-form solution for the price of a ZCB. For more general derivatives, such as options on ZCBs, closed-form solutions
are available only under additional assumptions, e.g., in the Hull-White model with Gaussian jumps. As an alternative, we propose
two numerical methods for solving the PDE: (i) a semi-analytic method based on the explicit construction of the Green’s function,
and (ii) a finite difference scheme. We validate both approaches by comparing the numerical results to closed-form solutions in
the Vasicek model with stochastic discontinuities, when available, and then we provide an example of their effectiveness in a case
with unknown solution. Our findings highlight the flexibility and effectiveness of the PDE framework, especially in situations where
closed-form formulas are either unavailable or cumbersome to derive. This approach proves particularly promising for pricing more
complex contingent claims and for applications in more general short-rate models. Future research will focus on calibrating the
model to market data and extending the methodology to richer term structure models and multi-factor settings.
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Appendix A. Proofs of Section 5

A.1. Proof of Proposition 5.1

K
We write Pp(t,x) = Z exp(—a; (1) — ka(t))l(,e[,kv,kH)) or equivalently
k=0
K K
at.T) = Z ak(t)l(le[rwkﬂ)) b, T) = Z bk(l)lhe[’ksrkﬂ)}'
k=0 k=0

Next, by applying the standard procedure for affine term structure models (see, for instance, [40], Chapter 22), we show that Eq.
(5.2) holds if and only if the following system is satisfied on each interval [r;,r,, ), subject to the appropriate terminal conditions.

{ b)) + ()b (1) = 28620 +1=0

. . (A1)
a, (1) = —ab, () + SyOB (D).
The boundary conditions can be rewritten as follows. At time 7', the terminal condition P (T, x) = 1 implies
T, T)=0
{ a(T, T) = O (A2)
At the intermediate times, if r, € 7, the condition Pr(r;, x) = e™ Pp(ry, x) yields
{ Bk_l(rg) =b(ry) + 1 (A3)
a1 (r;) = ag(ry).
For r, € S, ry = s; for some j € {1,..., M}, the boundary condition
Pr(r,x) = E[e—ak(rk)—(x+§j)13k(rk)] - e—ak(rk)+log]E[5_5j5k(rk)J-xi)k(rk)
implies
b )= b (r
o oy
a1 (ry) = ay(ry) — log E[e™=/ %Y%),

The first equation in system (A.4) implies that b is continuous at r, € S, therefore it must have the form b(t,T) =
qu\’: 0 0a®1ieqy, 1, 1)) The second equation in system (A.3) implies that a is continuous at r, € 7. Exploiting a backward inductive
argument, we observe that on the interval [rg,T),

T . | .
at,T) = ag(t) = / (a(u)bKH(u) - Eyz(u)biﬂ(u)) du.
t

We next move to the interval [rg_;,rg). If ri =1y,

fN . .
a(t,T) aK,l(t)=aK(zN)+/ <a(u)bK,l(u)—%yz(u)bi_l(u))du

T R -
/ (a(u)bK_l(u) - 53’ (M)bK_l(u)> du +/
t '

N

K

(@by—1@) = 372 @hy-1@) ) du

r 1
- / <a(u)b(u, T) - 3 Wb T)) du.
t
If rg = sy, with a similar argument we obtain
_ —Ergbspr T) : L a2
a(t,T) = —logE[e™sM%¥m-)] <a(u)b(u, T) - Ey (w)b*(u, T)) du.
t

A recursive argument yields the claim. []
A.2. Proof of Proposition 5.4

The results in the classical (no-jump) case suggest that on each subinterval [r,_,, r;) the solution should take the form (5.7), since
under the assumption that jumps are normally distributed, the short-rate has a normal distribution as well. To verify that (5.2) is
satisfied, we begin by computing the necessary derivatives and substituting them into the PDE. For clarity and brevity, we suppress
the dependence on x and ¢ when it is unambiguous.

0, f = (0,Pg)®(d;) — E(@,PT)¢(d2) + Pg®@'(d|)(0,d,) — I?PTQ'(dz)(d,dz), (A.5)
0.f = (0,Pg)®(d,) — K3, Pr)®(dy) + Ps®'(d,)(@,d,) — KPr@® (d,)(0,ds), (A.6)
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9ydy = 0,d, = o,(0), (A7)
0.Ps 0P -

o.d, = axdzzl[ Ps 0 T] _ bT) = b, S) (A8)
O PS PT O

0% d = 0% dy =0, (A.9)

P f = (0% P)®@(d)) — K(* Pr)®(dy) +2 [(aXPS)d)’(dl)(axdl) — K0, Pp)@' (dy)(0,d,) (A.10)

+

Pgd(dy) (9,d;)” — RPp@" (dy) (0,d5)” .

Substituting (A.5), (A.6) and (A.10) into the first equation of system (5.2), and using the fact that this equation holds for P, and
Pg, we obtain the following equation

Pg@'(d,)(0,d;) — l/<\PT¢>’(d2)(0,a’2) + (a + px) [PSID'(dl)(dxdl) - ]?PTd)’(dz)(()Xdz)] (A.11)

_ 2 .
+ o2 [(aXPS)d)’(dl)(axdl) - K(dXPT)tb’(dz)(axdz)] + "7 [Pstb”(dl) (0,d,)* = RPpo0" (dy) (axdz)z] =0

Note that
2 4 o
&'(d)) = e &' (d,) = e 2 e 2 ol = @/ (d))em 2 TN
2r 2z
o
@' (d,) = —d, @' (d,) @' (dy) = —(d; — 6,)®' (d})e” 2 T,
o2 P e_%”‘d‘ =B
In addition, —76 +o,d, =log| — implies Prk
P-K ~ _% d > @' (d.
T Pg = KPpe~ 7 toei =KPT:D’EdT;'
Therefore
Pg®'(d))(0,d)) — K Pr@'(d,)(0,d,) = @' (d, )Pgo,(1)
Ped' (d))(0,d,) — KPr®' (dy)(3,dy) =0
o b(t,T) — b(t, S))?
(0XPS)47'(d1 )(0,d;) — K(BXPT)(D'(dZ)(BXdZ) = P_@D’(dﬂ%
c
2 & 2 b(t,T) — b(t, S))*
Ps@"'(d)) (0,d,)" — KPr@d"(dy) (0,d,)" = —Pﬂb’(dﬂ%
.
Eq. (A.11) becomes
— 2 2 _ 2
‘D'(dl)PsUé(l)+02Ps‘1"(d1)(b(t’ S$)-b@,T))~ G—PSzD’(dl)(b(t’ T) = b, S)” _ ’
o, 2 O'C(I)
which is satisfied if o, solves the differential equation
2 (b1, T) = b(t, S))*
o+ Tl 2 S (A.12)
¢ 2 o.(1)
on each subinterval (r,_;,ry), subject to the appropriate boundary condition at r; .
Since b(t, S) — b(t,T) = #T-D(T, S), Eq. (A.12) simplifies to
26, (ol (t) = —6*bX(T, )T,
which leads to
2
o2(t) = 62(rp) + ‘z’—ﬂ PAT, S) (2PT=D — 2T-r0)) (A.13)

The terminal condition f(T,x) = H(x) implies d,(T, x) = dy(T, x) = o0 if Pg(T,x) > I?, and d,(T, x) = dy(T, x) = —0 if Pg(T, x) < E,
hence o.(T) = 0. Therefore, on the interval [rg,rg,;) = [rg,T), we have

2
O —
a2(t) = bA(T, S)ﬁ (e2PT=D —1).
Let us now consider a generic interval [r,_,r). If r, € T, the terminal condition in (5.2) implies
Pg(r)®(dy (X)) — K Pp(r)@(dy(r, %)) = €7 | Ps(r)@(d; (ry., %)) — I?PT(rk)cb(dz(rk,x))] . (A.14)

The boundary conditions for the ZCB price Py, (r;) = e~ Pg,r(r,) implies that (A.14) is satisfied if d;,(r;",x) = d, ,(r, x). It also
implies that Pg(r}) /PT(r;) = Pg(r)/ Pr(ry), therefore it must be o (ry) = 0.(r), o, is continuous at r, € 7, and, consequently,

Tk 2
— (2 T—, T—
Gg(t) = af(rk) + 0'2b2(1 N S)/ CZﬂ(T 0 du = og(rk) + — b2(1 N S) (Czﬂ( _ ezﬂ( rk)) .
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To find o.(ry), when r; =s; € S, we use the terminal condition in (5.2), that implies

P (57, 0)@(dy (57, %)) = E [Pg(s;, x + &)P(dy (s, x + )] (A.15)

Pr(s, )@(dy(s7, %)) = E [Pr(s;, x + &)P(dy (s, x + &))] - (A.16)
Because of (A.4), that is the terminal conditions on Py /5> (A.15) and (A.16) become

E [e—ﬁf”“/v““)] ®(d,(s7,x) =E [e‘ﬁf”“‘f Sd(dy(s;,x + é,-))] (A-17)

E [e—@’](s/ ’T)] D(dy(s7. %) = E [e—@’“/ Db(dy(s,,x + & j))] . (A.18)

Since ¢; has a Gaussian distribution with mean m; and variance y}, we have

252 212
R [e_g]b(sj,s)] _ e—m/b(sj,S)-%—yl b%(s;.8)/2 _ e—m/b(s/,s>+yjb (sj,S)/2. (A.19)

To calculate the right-hand side of (A.17), we write &; = m; +y;Z where Z ~ N(0,1) so that

E [e_éib(s/*S)d)(d] (s, % + 5,))] — bR [e—wbws)%(d] (5% + g))] . (A.20)
Therefore (A.17) is equivalent to
D(dy (57, ) =TS g [e’yl’b(sf’S)Z(D(dl(s xEm ij))] . (A.21)
Moreover,
b(s;, T) = b(s;, S) ST (T, S)

di(s;, x+&)=d(s;, %)+ L =dy(s;.x) - &=D;-%,Z

o.(s;) o.(s;)

where we set
TP (T, S)

oc(s)

1;?T0N(T, S)

Y. =

D} =dy(s;,x) - s i

o.(s5)

Denoting by ¢, ;> the density function of NV (x, 6?) and applying Fubini-Tonelli, the expectation in the right-hand side of (A.21) can
be calculated as

oo D!-3;z
E [e 5097 0 (5;,x+ &) = / TS g 1 (2) / " ) dydz

pl-y
+eo =
= / ®0,1(») / T e 2g 1 (2) dzdy. (A.22)

For simplicity, denote 7 = y;b(s;, T) and observe that e 7/ 2’7Z<p0’1(z) = ¢_;,1(2). Then, we can write the right-hand side of (A.21)
as

1_y
o - __Dj-v i
/ (PO,I(J’)/ "o i(dzdy=Q( Z < 5 :@(Z,Z+YSD}>,
—00 —oo j

where Z ~ N'(=7,1), Y ~ N'(0, 1). Because they are independent, E/-Z~ +Y ~ N (=27, Z} + 1), hence

1 ~
Dj+2jy

= .
‘/Zj+1

Eq. (A.21) is therefore equivalent to

Q(5z+v<p))=0

] ~
Dj+ %7
2
,/Zj+1

1
D!+ Xy;b(s;, )

/52
27 +1

By applying the same procedure, from Eq. (A.18) we obtain

D(d; (sj_, x)) =@

B

that is,

dy(s;,x) =

2
D2+ Xy,b(s;, T)

/52
27 +1

dy(s7,x) =

B

153



A. Calvia et al. Mathematics and Computers in Simulation 249 (2026) 129-156

A(T=sj)
LT L pt
oc(s)) J J

O'E(Sj) + Zj(}/jb(sj, S) - ?/jb(sj, T))

/52
27 +1

Since (v;b(s;. S) — 7;b(s;. T)) = ;" TV B(T, S) = 6,(s;) Z; we have that

where D/z. = dy(s;,x) — o.(s,). It follows that

6C(SJ._) = dl(s;, x) — dz(sj_,x) =

0.(s)) + 0,(s)) 2>
o.(s7) = - O’C(Sj) ng +1

J
[52
Zj +1
and, as a consequence
oL (s7) =0, (s))(Z7 + 1) =07 (s)) + yl.zezﬁ(T_S/)bz(T, S).
A recursive application of this equality yields

2
2 2 o 20(T— 2 28(T-s;
o, ()= b*(T,S) ﬁ(e/” EE L S Rl B O

s; GS,I<S/ <T

Appendix B. Mathematical and numerical insights

B.1. Green’s function of the pricing PDE in the Vasicek model

We prove that the fundamental solution over R associated with the PDE (6.3) in the Vasicek model is given by
G, 5:9)Cy (. 5:£) ( (& = ut, s:))
exp | — >
V2z2(,s) 2231, 9)

G(t,s,x,&) = > =G(s—t;x,§), s>, (B.1)

where

2 2
32t,5) = —‘z’—ﬂ(l —XPEY (%) = xePOD - %(1 — Py 4 ;—ﬁz(e—”ﬁ‘-’) +efeD 2y,

Ci(t,5:&) = exp <—

2 2
Cﬂt,s;é):exp((zgﬁ+%>(s—t)—%—%—%).

This expression can be derived by following the procedure proposed in [42], which is based on the algebraic theory of Lie groups.’

6262060 _ 4E2e~POD _ 452e~PG=D _ 4qpe—PGD
443 ’

Proof. With cumbersome calculations of derivatives, we can verify that G(t, s; x, £) is solution to the backward Kolmogorov equation
in (6.3) for each (&,1)

0,G(t, 5:x.8) + (a + px)0,G(t, 5:x,§) + %aZaﬁxG(t, 5:%,8) = x G(t,5:x,) = 0. (B.2)
and of the forward adjoint equation for each (x, s), with s > 1,
= 0,G(t,5:x,8) = (a + p&)0;G(t, 5:x.8) + %azagfc(z, $1%,8) = (B + Gt 5:x,6) = 0. (B.3)
Moreover, for each compactly supported smooth function ¢ € CP ), with the usual change of variable y = %, it holds
, S
that
i ® Cy(t,5;8)C, (1, 5,8) — u(t, s;x))°
[ Gusropeu - [ AEEENED e, (—(‘5 1, 5: ) ) $(&)de.
—e0 —o  \2x2(@,5) 2251, 9)
® Ci(t, 5 9)Cy(t,53y) _ P ® 2
- / GOSN 5 45,5+ uitt, 5020 ) dy = —= [ 1,5, 9™ dy =t T, 5:0),
—oo V2rXZ(t,s) V2rz J -

having defined

@, 53x,9) i= {C1(t, 5 9)Ca(t, 5 P EE, ) + u(t, 53.x)) }

9 In [43] an expression of the fundamental solution is obtained using Hermite polynomials and their properties.
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so that

mef(tsy,x)/ 2dy <I(t,s;x)< Lmaxf(tsy,x) e 2dy
27 YER \V2r Y

Moreover, for (s — ) — 0, the following limits hold
2(t,5) >0 ut,s3x) > x Ci(t, ;G s39) = 1 fs;x,y) = x.

Hence

(Ylll)n I(t,s5x) = ¢p(x) = / d(£)6,(&) d&
and we can conclude that the limit of G(z, s; x, &) for (s —t) — 0, in distributional sense, is §,(¢). [

B.2. Localization of the computational domain

In this section, we focus on a possible strategy for localizing the PDE system (3.5)—(3.6) to a suitable bounded computational
domain, assuming that we know the Green’s function associated with the PDE. The basic idea is as follows: we fix a region of
observation [xpin, Xmax] and expand it to a wider domain [4, A] such that:

1. for points x within the region of observation and for any terminal condition g, the integral in Eq. (6.1) is accurately
approximated by an integral over [A, A]

i
f(I,X)=/RG(I,rk+1;x,§)g(§)d§%/_ G(t,rig1:x,9)g(8) dé; (B4
A

2. in the presence of a jump on the RFR at r; € S, for points x € [Xpin, Xmax)> the support of Q,,, is mostly contained within
[A, A] and hence

i
f(";’x) = /R frx+2) Qm(k)(dz) = /Rf("k,x + Z)(ﬂm(k)(z) dz »~ A f(rkvg)qam(k)(f —-x)d¢. (B.5)

Although a heuristic approach is generally possible, in the specific case of the Vasicek model, we have developed a systematic
strategy to determine A and A.
The first task, outlined in Eq. (B.4), can be addressed by applying the following lemma.

Lemma B.1. The Green’s function (B.1) related to the Vasicek PDE (6.3) satisfies

2
fx <”—+3>(T—t)
/G(I,T;x,é)e 7 odE=e ¥ ! )
R

Proof. From (6.1)
f(t,X)=/G(t,rk+1;x,§)f(r;+1,~f)d5~
R
Considering the change of variable v(t, x) = f(z, x)e~/P we get

v(t, x)e/? = / G(t.ryyy3x. 1y, . E)e/P dg,
R

T—t

2
= - S48 )a-n
from which it follows that G(#,T;x,&)e # is the fundamental solution of Eq. (4.5). Then w(t, x) = v(f, x)e <2ﬂ2 ’ > satisfies

d,w(t x)+"—262 w(t x)+<a+ﬂx+"—2>a w(t,x)=0
t ’ 2 Uxx ’ ﬂ X ’ =%

. e -(et)a-n - o
whose fundamental solution G(t, T; x,&)e 7 e \%* 7 is known from Kolmogorov theorem to be a transition probability density
function. Hence

x| SS42)(T-n)
/G(t,T;x,é)eﬂ e (Zﬂz ﬂ) é=1. O
R

We can therefore use a root finding algorithm and compute M such that

Xmax+M §—x ( St )(T 1)
/ G(t,T;x,&e P dé ~e\?
X,

min—M

holds for every x € [xi,. Xmax]> at @ desired accuracy.
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Then, to achieve the second task (B.5), in the case of normally distributed jumps on the short-rate with density ¢,,,), we search
for M such that

xmax+1\_l
/ P —x)dé~ 1, Vx € [Xpmins Xmax >

Xmin—M

at a desired accuracy, concluding that 4 = x,,,, + max{M, M} and A = x,;, — max{M, M}.

max

Remark B.2. In the case of discretely distributed jumps, it is sufficient to enlarge the region of observation to cover the interval
[Xmin = 3, Xpax + 3m; ], which is likely already contained within the computational domain [4, A] determined by condition (B.4).
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