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Abstract: We are concerned with the following coupled nonlinear Schrédinger system:

RA(Ix)
Ix

-Au+u+ J—@uz(s)ds +

x|

u = |uf?u + b|vP|ufP?u, x€R?

gx(xD)
|x[?

s
-Av + wv + I%vz(s)ds + v = |[v[?2v + blulP|v|P~%v, x € R?

x|

where w, b > 0, p > 1. By virtue of the variational approach, we show the existence of nontrivial ground-state
solutions depending on the parameters involved. Precisely, the aforementioned system admits a positive
ground-state solution if p > 3 and b > 0 large enough or if p € (2,3] and b > 0 small.

Keywords: Schrodinger systems, ground-states, Chern-Simons gauge fields, variational methods

MSC 2020: 35B09, 35]50, 81T10

1 Introduction

In this article, we consider the following coupled Schrédinger equations with the Chern-Simons gauge fields:

T h(s h2(|x
“dutu+ I%uz(s)ds * |§(||2|) u = [uf?2u + b|vPlufP~?u, x €R?
5 E)
rg(s 2()x
-Av + wv + J’%vz(s)ds + g|)((||2|) v = |[v[?72v + blulP|v|P~%v, x € R?
x|

where w > 0,b >0, p > 1, and
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h(s) = Iguz(r)dr, g(s) = Igvz(r)dr.
0 0

When b = 0, then System (1.1) is uncoupled and it reduces to two equations of the same type. In recent
years, a single nonlinear Schrodinger equation with the Chern-Simons gauge field as follows has received
much attention

iDo¢ + (D1D1 + DyDy)¢ = —f (@),
0pA1 — 0149 = ~Im(¢D,9),

004, — 824 = Im(¢D19), (1.2)
1
014; — 024 = ‘E|¢|2,

where i denotes the imaginary unit, 9o = %, 0y = Bixl’ 0y = aixz, (t,x, X2) € R*2, ¢ : R™*2 - C is the complex

scalar field, A, : R1*2 - R is the gauge field, and D, = -9, + iA, is the covariant derivative for 4 = 0, 1, 2. The
Chern-Simons-Schrodinger system consists of Schrédinger equations augmented by the gauge field, which was
first proposed and studied in [15,16]. The model was proposed to study vortex solutions, which carry both
electric and magnetic charges. This feature of the model is important for the study of the high-temperature
superconductor, fractional quantum Hall effect, and Aharovnov-Bohm scattering. For more details about
System (1.2), we refer the readers to [10,12,13]. System (1.2) is invariant under gauge transformation

¢ — pek, Ay = Ay - 9w,

for any arbitrary C* function y.
Byeon et al. [6] investigated the existence of standing wave solutions for System (1.2) with power-type
nonlinearity, that is, f(u) = A |ulP~2u with p > 2 and A > 0. By using the ansatz

¢(t) X) = u(lxl)eiwtx AO(t: X) = k(lxl)’

X X
Ayt x) = ﬁhqxn, Ay(t, x) = —ﬁ

h(Ix)).

Byeon et al. obtained the following nonlocal semilinear elliptic equation:

RA(Ix1)
IxP

—Au+ (0 + E)u+ I@u%s)ds +

x|

u=f(u), x€R? (1.3)

where ¢ is a constant and h(s) is defined earlier. Byeon et al. showed that the existence and nonexistence of
positive solutions for (1.3) were established depending on the range of p > 2 and A > 0. For the special case
p = 4, there exist solutions if A > 1. It seems hard to obtain the boundedness of Palais-Smale sequence when
p € (4, 6). They constructed a Nehari-Pohozaev manifold to obtain the boundedness of Palais-Smale sequence.
For p € (2, 4), Pomponio and Ruiz [22] proved the existence and nonexistence of positive solutions for (1.3)
under the different range of w. A series of existence and nonexistence results of solutions for (1.3) have been
researched in [7,14,17,19,20,23,30].

Problem (1.1) is a nonlocal problem due to the appearance of the term f;@uz(s)ds, which indicates that
(1.1 is not a pointwise identity. This causes some mathematical difficulties that make the study of such a
problem particularly interesting. System (1.1) is quite different from the following local scalar field system:

-Au+ u=ufa? + b |vf?ulf%u, in RY,

. 1.4)
-Av + w¥ = V2272 + b [uff|v[?~%y, in RV,

forw > 0,b € R, q € (2, 2"), which does not depend on the nonlocal term any more. For more results about the
existence, multiplicity, and concentration behavior of solutions of the single nonlinear Schrédinger equation,
one can refer to [9,29] and references therein. The coupled nonlinear Schrodinger System (1.4) has attracted
considerable attention in the past 15 years. Maia et al. [21] by using the variational methods and the ideas of



DE GRUYTER Ground states of coupled Schrédinger systems = 3

Rabinowitz [24] investigated the existence of positive ground-state solutions for System (1.4) depending on the
parameters b and w. For more progress in this aspect, we refer to [1-3,5, 18,26,27] and references therein.
The energy functional for System (1.1) I € C(E) is defined by

1 1 1
I v) = Z i, V| + 2B + B) - EF(M’ V),

where

x|

B(u) = JI IZI uz(s)ds

F(u,v) = J(uZP + v + 2buv|P)dx.
[RZ

Here E denotes the subspace of radially symmetric functions in H(R2) x H'(R?) with the norm

I VI = [(VuP + u? + [9vR + wv?)dx.
[RZ
The critical points of the functional I are weak solutions of (1.1), and elliptic regularity estimates imply that
these are classical solutions.

Motivated by [21], we try to study the existence of positive ground-state solutions for coupled Schrédinger
equations with the Chern-Simons gauge fields (1.1) with suitable conditions on w and b.

One of the main difficulties is the boundedness of Palais-Smale sequences if we try to use directly the
mountain pass theorem to obtain the critical points of I in E. For p > 3, it is standard to show that Palais-Smale
condition holds for I. For p € (2, 3), the functional I has the mountain-pass geometry. However, it seems hard
to prove the Palais-Smale condition holds for the functional I. Motivated by [6,25], by using a constrained
minimizer on Nehari-Pohozaev manifold, we circumvent this obstacle.

Another problem is the existence of positive ground-state for System (1.1), i.e., a minimal action solution
(u, v) with bothu > 0, v > 0 nontrivial. We point out that System (1.1) also possesses a trivial solution (0, 0) and
semi-trivial solutions of type (u, 0) and (0, v). A solution (u, v) of (1.1) is nontrivial ifu # 0 and v # 0. Here, we
overcome this obstacle by energy estimation.

We now state the main results of this article. The constants by, by, bs, by, and bs involved in the statement
depend on the ground-state of the single equation. We will give the corresponding expressions in Section 3.

Theorem 1.1. Assume that one of the following conditions holds
() p € (2,3] and b € (0, bs) sufficiently small,
(i) p € (3,3 + +/6) and b > max{b,, by},
(iii) p € [3 + /6, ) and b > max{bs, by}, then system (1.1) admits a positive vector ground-state.

Additionally, we prove also the following nonexistence result.

Theorem 1.2. There exists b > 0 sufficiently small and @ > 0 sufficiently large such that b € (0, b) and w > @,
then the system (1.1) has only trivial solution if p € (1, 2].

Compared with the case of p > 2, it seems that the case of p € (1, 2] becomes more complicated and we will
consider it in a forthcoming article. The rest of this article is organized as follows. In Section 2, we present
some notations and preliminary results and prove the nonexistence result Theorem 1.2. Then, we give the
proof of the existence of a positive ground-state in Theorem 1.1. The items (i) and (iii) are proved in Section 3,
and the item (i) is proved in Section 4.
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2 Preliminaries

To prove the main results, we use the following notations:
* E = HY(R? x H(R?) with norm

”(u’ V)”% = ”u”Z}(Rz) + ”v”i[rl(uﬂ)'
« L?(R?) x [2(R?) for p > 1 with the norm

G, Wligp = Nl + I1vIkp-

¢ u—loc R?) = Lloc R?) x Lloc R);
Lemma 2.1. [6] Suppose that a sequence {u,} converges weakly to a function u in H(R?) asn — «. Then, for each
o € HYR?), B(uy,), B'(un)p, and B'(u,)u, converge up to a subsequence to B(u), B'(w)g, and B'(u)u, respectively,
asn— o,
Lemma 2.2. [6] For u € HX(R?), the following inequality holds

1 1
2 2
2
5 (I

I Iulz I u*(s)ds| dx

Furthermore, the equality is attained by a continuum of functions

j|u|4dx <4
[RZ

Di|Vu|de

NCY s
[ul = 1o S BRI E O )
: 2
16711
— 4 2
I|ul| dx = Iqull dx = II IZ-[ ul(s)ds =

Lemma 2.3. If (u, v) is a solution of (1.1) then it satisfies the Pohozaev identity:

(XD , g4
W IR ]

(Il(u Vzp + 2blluvl). @D

2 2
lulf + wlv]p + 2]
[R

Proof. We adopt some ideas in [6]. Assume that (u,v) € E is a weak solution for Problem (1.1). Similar
h(s). 9 FHOR) R(Ix) g% (1xD) 00 (M 2 -
to [4] and [6], we know that _[ ——u*(s)ds, J v4(s)ds € L”(R?). Thus, the standard elliptic

Xl s Xl s S, X2 > Ix?

estimates [11] imply that u,v € GyY(R?) for some y > 0. Then, we obtain I (s)uz( )ds, m&vz(s)ds,

IxI s
R x]) g4xD
x> |xP

in (1.1) by x -Vu and integrating by parts on a ball Bz = {x € R?: |x| < R}, then

€ C(R?). Since u, v € HY(R?), we deduce that u, v € CA(R?). Then, multiplying the first equation

R
J'Au(Vu 0dx = o IqulZde,

By OBg
Iu(Vu Sx)dx = —_[ude + op(D),
By By
i 1
j|u|2p 2u(Vu - x)dx = -~ IuZde + op(D),
Bp b By
j j M) psyaslucvu - xoax + j A ') Vu - x)dx
Bpl|x|
= TRRUA(R) + 71 J’@Lﬂ(s)ds UXR)R? - 2 J’ hl(ll)z‘l)ude 0x(1).
R
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Thus, we deduce that

2 I Vupds, + [uldx - TRRUER) - J'Quz(s)ds WX(R)R? + zj" XD 2y
"BR K 2.2)
= —IHZPdX bIIv|P|u|P 2ux -Vudx.
BR By
In a similar way,
2
> IlVVlzdS + [wvidx - ng?®RWAR) - Ig ) osyds crR? + 2 Jn_%’l)((ll)z(l)v2 ,
aBR K 2.3)

= —jvzpdx bI|u|P|v|P 2yx -Vvdx

Bg By

can be obtained. Then, summing up (2.2) and (2.3), we obtain

R (XD, . &4xD)

v2[dx - W? + v¥P)dx - — | |uv|Pdx
5 =

I(uz + wvd)dx + ZI
[RZ

) FERNTT ) b
=7 J’@uZ(s)ds 2(R)R? + 11 j@v%s)ds VAR)R? + mh(R)UA(R)
R R

- RV - 5 [ (T + o,

0Br

Arguing as in [6, Proposition 2.3.], there exists a suitable sequence R, — o on which the right-hand side of the
aforementioned equation tends to zero. Passing to the limit, we obtain the identity. This completes the
proof. O

Proof of Theorem 1.2. Let (1, v) be a solution of (1.1). By Lemma 2.2, one can obtain

0= I(qulZ + 2+ [V + ovd)dx + 3(B(u) + B(V)) - I(uzP + V2 + 2B [uvlP)dx
R? R?

1 1
> I[uz +out-(1+ b)uzl’]dx + I[wvz +ovh-(1+ b)v21’]dx.
R 2 R’ 2

Denote
filt)y=t>+ 1t4 1+ b)t,
=2+ 2f3 = 2p(1 + byt = 2¢(1 + t2 - 2p(1 + b)),
There exists b > 0 small enough such that
1+ (p(1+ BYeto(p = Dia(p - 2) = 0
Then, we have
fit)20, teR, be(0,Db).

There exists a @ > 0 such that the function t » wt? + %t“ - (1 + b)t? is nonnegative and strictly increases as
w>0,be (0, 5). Hence, (u, v) must be identically (0, 0). This completes the proof. O
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3 Proof of (ii) and (iii) of Theorem 1.1

Consider the following problem:

RA(IxD)
Ix?

Th
-Au + wu + J‘%uz(s)ds + u=|uf’?u, xe€R2 (BD

x|

By [6], when p € (3, «), Problem (3.1) admits a positive ground-state solution u,,. To be more precise, define the
associated energy functional by:

1 1 1
= 2 [qvup + wdax + =Bw) - — [wdx.
I 2ﬂ!zq uf + ou)dx + B ng;u dx

Denote the ground-state level by:
E, = min{J, (1) : u € HARH\{0}, J/ (wu = 0},
Moreover,

E, = inf J (w),
UEN,

where

No = {u € H{RY\{0} : J'(|Vu|2 + wud)dx + 3B(u) = juzpdx .
[R2

R2
Define the Nehari manifold of Problem (1.1) by:
N = {(u, v) € E\{(0, 0)}I"(w, v), (u, v)) = O}.
The corresponding ground-state energy is described as:
¢y = inf I(u,v).

(W,vV)EN

Lemma 3.1. (Mountain-Pass geometry) Assume b > 0, then the functional I satisfies the following conditions:
(i) There exists a positive constant r > 0 such that I(u,v) > 0 for ||(u, v)||g = 1;
(ii) There exists (e, e;) € E with ||(ey, ey)||g > r such that I(ey, e;) < 0.

Proof. Since

2b [ Juvipdx < blul + V).
2

R

and by the Sobolev embedding theorem, there exists a positive constant C such that
1 1 1
1,v) = @ v + 5B + BY) - Fw,v); - 2 liw vl - cllw .
Hence, there exists r > 0 such that

inf I(u,v)>0.

lww)le=r

For any (u,v) € E\{(O, 0)} and t > 0,

~ t2 ) tG th
I(tu, tv) = Sl vl + 5 (Bw) + B(v)) - %F(u, v),
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which implies that I(tu, tv) - —o ast — +. This completes the proof. 0

That is, I satisfies the geometric conditions of the Mountain-Pass theorem. Define

¢ = inf max I(y(t)),
yerte[0,1]

whereT = {y € C([0,1], E) : I(y(0)) = 0 and I(y(1)) < 0}.

Lemma 3.2. For every (u,v) € E\{(O, 0)}, there exists a unique t,, > 0 such that t,,(u, v) € N. The maximum of
I(tu, tv) for t 2 0 is achieved at t = t,.

Proof. V(u,v) € E\{(O, 0)} and t > 0, let
t? , 8 %
80 = I, ) = @ Vs + 5B + BO) = 5 F@w )
By Lemma 3.1, we deduce that there exists f = £, > 0 such that
g(B) = maxg(n).
Moreover,

g'® =t VI + 3t°BW) + BW)) - t*'F(u, v)

3

1
= 21 T |, V)|}E + TR (B(u) + B(v)) - F(u,v)|.

As p > 3, thus g'(¢) is strictly decreasing, the point t = £, is the unique value of t > 0 at which &,,(u,v) € N.
This completes the proof. O

Lemma 3.3. ¢y = C.

Proof. Define

q = inf  maxI(tu, tv).
(u,v)EE\{(0,0)} t20

By Lemma 3.2, we can obtain ¢y = q. Since I(tu, tv) < 0 for any t large, it follows that ¢ < g. Since everyy € T

intersects NV, ¢ = ¢y. This completes the proof. O
Set
P p1 A p-1
- (p ~ D301 juyp . (p = D30T [uy|5p
1 pEw ) 2 pE1 )
3 p-1 3 p-1
e (p - )33 |uiz . (p - 13073 |yl
’ PE, C PE1

Lemma 3.4. Assume that one of the following conditions holds

() p € (3,3 + 6) and b > max{hi, by},

(i) p € [3+ V6, ) and b > max{bs, by}, then ¢y < min{Ey, E,)}, where E; is a ground-state energy of problem
(3.) with w = 1.
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Proof. Denote
a(u, v) = ||Vulfj + [|v|E,
b, v) = |ulff + wlvii,
c(u, v) = B(u) + B(v).
For fixed (u,v) € E\{(O, 0)}, we have

Cy < maxI(tu, tv)
t=0

t2 b t6 tZPF
< — + + — - —
max, - (a(u, v) + b(u, v)) 5 c(u,v) 2 w,v)

tZ b thF tG thF
< —_ - —_ -
< max; ) (a(u, v) + b(u, v)) 1p (w, v + max,- c(u,v) 1 (u, v)
3
b= 1[2(a(u, v) + b(u, v))P ],,11 L P s[ec(u, s |
T F 2p l F ‘

Assume w < 1, E; > E,. Choosing (uy, u;) such that

¢y < maxI(tuy, tuy) < E,,
t20

where u, is a positive ground-state solution of (3.1) with w = 1. Then,
¢y < max I(tuy, tuy)
t=0 ) N
22w P ’ Do 3‘ 6(2B ()5 ]

p-1
<
201 + b))l 2p (201 + b))l

2p

1

o301 Zp[ 1 ]P'l
< max{2r-1, 3p-
X{2p-1, 3p-3} > ||u1||2p1+b

1
b o,s,P~1 Zp[llﬁ
< max{2r-i, 3p- u - .
x{20, 3=l
Due to

31, pe3+46,w),

max{zﬁ, 3%} =1,
3r35, PEB3+E),

we deduce that

P p-1
(p - D321 w5
——————2F | pe[3+.6,),
oE, pel )
b > , , b1
(p - D3r-3||u
L R TN 1
PE,

In a similar fashion, if w = 1, it follows that
p-1

14
(p - D3p-1||u, |2
p ” w||2p 1) p € [3 + \/EJ 00),

PE;
p-1

3
- 1)3p-3|u, |
(p - D3p-3||uy|lzp  pe(.3+E).

PEs
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In conclusion, ¢y < min{Ey, E,} provided

b N maX{bb bZ} p € [3 + \/61 OO),
max{bs, by} p € (3,3 + 6).

This completes the proof. O

Proof of (ii) and (iii) of Theorem 1.1. We divide the proof in several steps.
Step 1. We show that the existence of ground-state solutions of Problem (1.1). By the Ekeland variational
principle [28], there exists a sequence {(u,, v,)} C E such that

I(uy, vy) » ¢, I'(Up,vy) » 0 in E".
By computing I(uy, v,) - %(I "(Un, V), (Un, V), it is easy to obtain that {(u,, v,)} is bounded in E. Then, there
exists (u, v) € E such that, up to a subsequence
(Up, vp) = (u,v) weaklyin E,
(U, Vo) = (U, v) strongly in I#(R?) x [2(R%) for p € (3, +),
(un, vp) = (u,v) ae.in R2

Then, I'(u, v) = 0 and I(u, v) < c.If (u, v) # (0, 0), it follows that (u, v) € N, I(u,v) 2 c. Then, I(u, v) = c. Now,
it remains to prove (u, v) # (0, 0). Assume by the contrary that (u, v) = (0, 0), then

1
¢ + 0n(D|(Un, vi)llE = I((Un, Vo)) = E(I/(un: Vi), (Un, Vi)

~- (B + BO)) + [% : %]P(u, v+ 0,1)
= 0n(1),

which is a contradiction. Thus, (u, v) is a ground-state solution of System (1.1).
Step 2. We show that u # 0 and v # 0. Without loss of generality, we assume that u =0 and v # 0.
Multiplying the first equation in (1.1) by (un, 0), we obtain

lim I(|Vun|2 + ud)dx = 0,
n-o 2

Multiplying the second equation in (1.1) by (0, vy),

[awvil + ovpax + 3B = [vZ2ax + 0,). (32

2

R R

Therefore, there exists t, such that

1 _
t_z_[(|v"n|2 + wvddx + 3B(v,) = t? 6J’v,%”dx. (3.3)
n [RZ

[RZ
Combining (3.2) and (3.3), it follows that ¢, — 1, as n — . Hence,

lim I'(uy, vy) = 1(0,v) 2 E,,
n—oo

which contradicts the fact that ¢y < E,. Similarly, if v =0 and u # 0, we can obtain I(up, v,) = I(u, 0), as
n — oo, which contradicts the fact that ¢y < E;.

Therefore, u # 0 and v # 0, (i, v) is a nontrivial ground-state solution of (1.1). In fact, since (|u|, |v|) € N
and ¢y = I(Jul, |v|]), we conclude that (Jul, |v|]) is a nonnegative solution of (1.1). Using the strong maximum
principle, we infer that |ul, |[v] > 0. Thus, (|ul, |v]) is a positive least energy solution of (1.1). This completes the
proof. O
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4 Proof of (i) of Theorem 1.1

Given (u,v) € E\{(O, 0)}, consider the path
Yun(®) = (Eu(t ), t(t -)), t=20,

where a > 1 such that ﬁ <a< ﬁ for p € (2,3) and a > 1 for p = 3. Then,

2(a-1) 6a-4 t2pa-2
(Nl + wlIvIE) + (B(u) + B(v)) - 2 F(u, v).

t2a ) ) t
IG(0) = - (IVullz + [IWVIR) +
By differentiating both sides with respect to t at 1, we obtain the following constraint:
2 2 2 2 pa-1
J@, v) = a(|[Vull + |[Wliz) + (a = D(|ull; + wl||v]) + Ba - 2)(BM) + B(v)) - TF(u, v).

Define a constraint manifold of Pohozaev-Nehari type
My = {(u, v) € E\{(0, 0}/ (u, v) = O},
The corresponding ground-state energy is described as:

¢ = inf I(u,v).
(u,v)EMy

By [6], when p € (2, 3], Problem (3.1) admits a positive ground-state solution ii,,. To be more precise, denote
the ground-state level by:

Ew = uier}\ﬁm]w(u)x
where
-1
My =fu € HRO\O} : [ (a [VuP + (@ - Dwwd)dx + (Ga - DB = Z— [uaxd,
R2 P
Define the set of ground-state solutions of (3.1) by:

S = fu € HRH\0} : J; (w) = 0,],(w) = E,}.

S, 1s nonempty.

Lemma 4.1. The set S, is compact in H}(R2). More precisely, any sequence {u,} C S, has subsequences {Ujn} C Sy
and u € S, such that uj, — u strongly in H\(R?) as n - .

Proof. For any {u,} C S,,
1 1 1
= EﬂL(qu,,F + wul)dx + EB(un) - Eﬂ'{[ufpdx

a-1

[vuneax + [2 eI

1 1 3a-2
=[E 2(pa - 1)] J’de [z Z(pa—l)]B(u")

1
2 [E - m I(qu,,F + wug)dx.

Therefore, {u,} is bounded in S,. There exists u € H}([Rz), such that, up to a subsequence, u, — u weakly in
HX(R?), strongly in LP(R?) for p € (2,3] as n - «. Moreover, due to u, € M, for any n, we can obtain

liminf ||un||51R?) > 0. 4.1
n—oo
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First, we prove thatu # 0. Indeed, ifu = 0, by Lemma 2.1, we obtain u,, - 0 strongly in H}([RZ), asn — o, which
contradicts (4.1). Thus, u # 0. Next, we show that u € S,,. Since u, satisfies Problem (3.1), we obtain that u is a
solution of Problem (3.1). By the semicontinuity of the norms,

E, < J,(w) < liminf J, (u,) = E,,.
n—oco
Therefore, u € S,, and u, — u strongly in H(R2), as n — . That is, S, is compact in H}(R?). O

Lemma 4.2. For given positive constants a, b, ¢, and d, a function f(t) = at?® + bt?@D + ¢tba-% — 4t?22 hgs
exactly one critical point on (0, +»), the maximum.

Proof. The proof is similar to [6]; we omit it here. O
Lemma 4.3. For any (u,v) € E\{(O, 0)}, there exists a unique ty,, > 0 such that y, (t,v) € My and
cp= inf  maxI(y, ().
(w,v)EE\{(0,0)} t>0 ’
Proof. The proof is standard, we omit it here. O

Lemma 4.4. Ifb > 0, then ¢, < E; + E,, where E; is a ground-state energy of Problem (3.1) with, w = 1.

Proof. Let iI; and il,, be a positive ground-state solution associated with the level E; and E,, respectively. Denote
f(©) = I(tT(t -), t%U,(t -)), that is,

2(a-1)

tZa N N t N N
f@= 7(||Vu1||§ + (IViZ,|i3) + (@l + wllTuli3)

6a-4 2pa-2

+ (B + B@) - ©

F(al) I-Iw)

According to Lemma 4.2, there exists unique ¢y > 0 such that (t{@(t, ), t§il.(to -)) € Mj. Hence,
o < I(t8i(to ), t8Tu(to -)) = I(toiTi(to ), 0) + 1(0, toll(ty -)) — 2btg” _[Iﬁ1(toX)ﬁw(toX)I”dX
[RZ

< I(toity(to -), 0) + I(0, toil,(to -))
= El + Ew.

This completes the proof. O
Lemma 4.5. liminf}_oc, > 0.

Proof. Suppose by contradiction the lemma does not hold. Then, there exists {bx} such that by — 0 and ¢, — 0,
as k — «. Moreover, there exists {(ux, vk)} € My, such that I(ux, v) — 0, as k — =, that is,

1 1 1
ox(D) = 2 I(|Vuk|2 +ui + [Vl + wv)dx + E(B(uk) + B(vy)) - EF(uk, Vi)
IRZ

1

2 [E - ﬁ]”(uk, Vil

We deduce that ||(ux, vi)|le = 0, as k — . Since {(ux, vi)} C Mp,,

(@ = D|(we vIE < Cllu, vOIIF -

Thus, we have ||(ux, vi)|lg 2 (“T_l)z;zlfz, which is a contradiction. This completes the proof. O
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Given 6 > 0, let
(S0)¥ = {u € H'(R)|u = T + I, Tl € S,, ||i||pw? < 6}

be the neighborhood of S, of radius é.

DE GRUYTER

Lemma 4.6. For any § > 0, there exists bs > 0 such that for any b € (0, bs), up to a subsequence, there exists

u}, v c¢ My satisfying
I(ug, v0) = &, I'(ug, vy) = 0,as n— o,

and {ul} c (8)% and {v?} C (S,)°.

(4.2)

Proof. We adopt some ideas in [8]. Suppose by contradiction the lemma does not hold. Then, for §, > 0, there
exists {by} C R* such that by —» 0, as k — », and for any {(ubk vbk)} C My, satisfying (4.2), there holds

{u>} c HR)\(SD® or {y*} € H(R2)\(S,)%. For any k, there exists n such that
T(ux, vk) = eyl < 1/k.
Let il = uy* and ¥ = vp*. By Lemma 4.4, we have
limsupl (i, ¥x) < limsupcy, < E; + E,.
k—o k—o
Since {(@tk, Vk)} C Mp,,

1. 1 - 1
0= 5 1@ Tl + 5 (B + BE) = 5 -F(@i, 5

| (@, Dic)| %,

[1 a
2 S —
2 2pa-1)

4.3

we deduce that {(ily, U;)} is bounded in E. Up to a subsequence, il — u and ¥ — v weakly in H'(R?), strongly in

L?(R?) for p € (2, 3], as k — . By Lemma 4.5, we have

Liminf mind]|@iliw?, Vil } > 0.

Note that by > 0 and

oul) = [V + @ + 3B(@) - [ @,
R? R?

there exists t; such that
1 - 1 . ~ 2+2pa-6a [ ~2
o IV + g [ @ + 3@ = 7% [,
k R? k RZ RZ

that is, t{itx(tx -) € N;. Similarly, there exists s; such that s{v(ty -) € N,.

Step 1. We claim that ¢ » 1 and sy » 1 as k > «. We only give the proof of tx — 1, as the second

convergence being similar. We consider two cases:

Case L u # 0. If limsup, _ .t > 1, then we can assume that ¢, > 1 for all k, we have

I|Vuk| [ ]{Juk

o) = ("% - 1) [ - [

RZ

> (8] ¢r2pa-6a 1)I~2p

which yields ¢ - 1 as k — . This is a contradiction. So limsup,_,,t < 1. Similarly, liminfy«t; = 1. Then,

limy oty = 1.
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Case II. u=0. If limsup,_ ,tx>1, then we can assume that & >1 for all k, we have
limsupy || Tkl w2 = 0, which contradicts (4.3). So limsup, .t <1. Similarly, liminfi.«f 2 1. Then,
limy oty = 1.

Step 2. Let it = tfil(ty ) and Uy = t20;(ty -), then ity ~ u and v — v weakly in H(R2), as k — . Next, we
show u € §;,v € S, and &ty - u, Uy — v in HY(R?), as k — . This will be a contradiction.

Since Iy € HX(R?), there exists Uy € Co(R?) and Vi € Co(R?) such that

jwak - UiPdx < &, jmk - ViPPdx < e.
R? R?

Therefore,
V(@ - T = [ M) - T0o)Pdx
[RZ
<2 [1V(tan(te0) - GGoRdx + 2 [ 19800 - UGodx
[RZ [RZ
=2 [ 168V @(60)) - Qo dx + 2 [ [9T0x) - Te)Pax
R2 R?
<46 [ U60) = GO0 + 2 168 = 1P [ UR00dx + (468 + D)
R® R®
=12¢
and

1T - @l = [ 16 (6e0) — TP
IRZ

<2 [ 18 (60) = VeGORdx + 2 [ () - VeCoPdx
R? R?

< 482 [ Vtin) = VieQoPdx + 2 168 = 1 [ VEGodx + (427 + 2)e
R? R?
=12¢.

It follows that ||ix = Uk||mr2 — 0 and ||Vx = Vk|lz'r2 — 0 as k = . So
(T, Vi) = I(T@, %) + 0k(1) 2 By + E,, + 0r(D).
Recalling that limsup, _.I(i, V) < E; + E,,, we obtain
limJy (@) = Ey,  limJ, @) = E,.
Arguing as in the proof of Lemma 4.1, we deduce that u # 0. Thanks to the lower semicontinuity of norms,

S < liininf J,(@) = Ei.

If J,(u) = Ej, it yields that &y — u strongly in H*(R?) and u € S;. If not, we have

lullgpwey < h}(‘lio?f Tkl ) -

It follows that u & M;. Then, there exists a unique ¢, € (0, 1) such that J(tfu(ty -)) = 0. Thus, we have

2a 2(a-1) 6a-4 2pa=2

N - 0 _ 0 _ 0 _ 2
Ji(tgu(ty ) < rlllj?o 7||Vuk||% ) llil5 + 5 B(@) - T”uk”ﬂe :

Since J, (t“@(t -)) has the maximum value at ¢ = 1 for all k, it follows that
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i 1 T 1 — 1 — 1 — 2 —
Ji(tgu(to ) < lim §||Vuk||% + E”uk“% + 5B - 5||uk||z§ = E,

which is a contradiction. That is,u € M; and J;(u) = E,, which yieldsu € S, and ux — u strongly in H}([RZ) as
k — . Finally, we can similarly prove v € S,, and v; — v strongly in H!(R?) as k — . By Step 1, we know that
i, — u and ¥ — v strongly in H}(R?), as k — o. This is a contradiction with the fact that iI; € H}([RZ)\(Sl)‘S0 or
Vx € H}([RZ)\(S(,,)‘SO. This completes the proof. ([l

Proof of (i) of Theorem 1.1. We divide the proof into several steps.

Step 1. M, is nonempty. For each (u, v) € E\{(0, 0)}, J(tu(t -), t(t -)) is of the form at?® + htXaD +
ctba4 — dt%e-2 which is positive for small ¢ and negative for large t. Thus, there exists f,, > 0 such that
J(Eau(E ), Eav(fe +)) = 0. Thus, M, is not empty.

Step 2. M, is bounded away from zero, i.e., (0, 0) & oM. For each (u, v) € My,

F(u,v) = pap— 1(aa(u, v) + (a = Dby, v) + Ba - 2)c(u, v)) 2 pap— 1(oz - D, v)|fz. (4.9)

By the Sobolev embedding theorem, there exists a constant C > 0 such that for any (u, v) € My, ||(u, v)||%p >
C||(u, v)|[%. Therefore, ||(u, v)||z = p > 0 and the conclusion holds.

Step 3. ¢, > 0. For each (u, v) € My, combining (4.4)

1 1 1
I(uw,v) = | V|E + Z(B@) + BO) - 5F(u, V)

= %H(u, VI + %(B(u) +B) - m(aa(u, v) + (@ = Db, v) + Ga - 2)c, v)
1 a 1 a - 3a -2

= [E - 72(1)“ oD a(u,v) + [2 72(1%1 ) ]b(u V) + [ 2(pa - 1)]C(u, %)
1

Z[E - Z(pa ]||(u VI

Then, taking into account Step 2 and pa — 1 > a, one can obtain ¢, > 0.
Step 4: If {(uy, vy)} is a minimizing sequence for I on M, then it is bounded. Let {(u,, v,)} C M} such that
I(uy, vp) — ¢p. As in Step 3, we obtain

a a(ity, vy) + | = 1 a-1
2Apa-1f |2 2pa -

Since the coefficients of a(up, vy), b(un, v) and c(u,, v,) are positive, then

)]b(un, V) + l1 Sa- 2 )]C(un: V).

1
I(un,Vn)_[z 9 2(pa - 1

1
I(uy, vp) 2 [_ 1 ]”(um Vn)”E,

2 Z(pa

it follows that {(uy,, v,)} is bounded in E. Thus, there exists (i, v) € E such that, up to a subsequence

(Un, vp) = (u,v) weaklyin E,
(Uy, vp) = (u,v) strongly in L2(R%) x L?(R?) for p € (2,3],
(tn, Vi) — (U, v) ae.in R2

Ifa(u, v) + b(u, v) = liminf,_..a(uy,, vp) + b(uy, vy,), then it follows (uy,, v,) — (u, v) strongly in E asn — o and
(u,v) # (0, 0), then ¢, is attained by (u, v).

If a(u,v) + b(u, v) < liminfy,..a(un, v,) + b(Uy, v), by Lemma 21 and J(um, v,) = 0, we deduce that
J(u,v) <0, then it follows that (u,v) € M; and (u, v) # (0, 0). Then, there exists a unique ¢y € (0,1) such
that J(t§u(to -), t{v(ty -)) = 0. Thus, we have
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& T I
Ta(una V) + b(uy, vp) + c(Un, V) - F(up, v)|.

I(t&fu(ty ), tfv(ty - li
(tou(to -) OV(O))<HI_{?O 2

Since J(t%uy(t -), t%y(t -)) has the maximum value at ¢t = 1 for all n, it follows that
|1 1 1 1
I(télu(to ), t(?V(to ) < lim [Ea(un: Vp) + Eb(un, Vp) + Ec(un: V) — EF(un: Vn)] = Cp,
n—oo

which is a contradiction.
Step 5. The minimizer (u, v) is a regular point of My, i.e., J'(u,v) # 0. To the contrary, suppose that
J'(u,v) = 0. For (ug, vy) = (t%u(tx), t*v(tx)), one has

(u v)-til(u Vt) i(u v)-il(u v)+t-d—21(u Vt)
] t Vt) — dt ty Vt)» dt] tVt) — dt ty Vt dtz ty Vt)-

. d .
Since ey J(ug, ve) = 0, it follows that

_ 12
2a%a(u, v) + 2(a - 1)%b(u, v) + 2(3a - 2)%c(u, v) - w}"(u, v) = 0.

Then, combining with J(u, v) = 0, we obtain
0 = (a® - a(pa - 1)a(u, v) + ((a - 1)> - (a - )(pa - D)b(u, v) + (Ba - 2)> - Ba - 2)(pa - 1))c(u, v).

The coefficients of a(u,v), b(u,v), and c(u,v) in the aforementioned identity are negative, which is a
contradiction.
Step 6. I'(u, v) = 0. Thanks to Lagrange multiplier rule, there exists 4 € R such that

I'(u,v) = WJ'(u, v). 4.5)
We claim g = 0. There holds

aa+(a—1)b+(3a—2)c—%;1d=0;
1 - 2aw)a + (1 - 2u(a - 1))b + 31 — u(6a — 4))c - 1 - u2pa - 2))d = 0;

2pa-2) -1
_M@Cpa-2n-1, o

Qu(a - 1) - Db + 2(u(6a - 4) - 1)c
The first equation holds since J(u, v) = 0. The second one follows by multiplying (4.5) by (u, v) and integrating.
The third one comes from Pohozaev equality. It follows that

0 = u((2a® - 2pa - 2)a)a(u, v) + 2(a - 1)? - 2(pa - D(a - 1)b(u, v)
+ (2Ba - 2)? - 2(pa - D(Ba - 2))c(u, v)).

All coefficients of a(u, v), b(u, v), c(u, v) in the aforementioned identity are negative. This implies that u = 0.

Step 7. Thanks to Lemma 4.6, the minimization {(uy, v,)} can be chosen in (51)° x (S,,)%, where § > 0 is
small such that 0 & (S;)® and 0 € (S,)?. Hence, u # 0 and v # 0, (i, v) is a nontrivial ground-state solution of
(1.1). In fact, since (|ul, |v|) € N and ¢, = I(|ul, |v|), we conclude that (|ul, [v]) is a nonnegative solution of (1.1).
Using the strong maximum principle, we infer that|ul, [v| > 0. Thus, (|ul, |v|) is a positive ground-state solution
of (1.1). This completes the proof. O

Acknowledgment: The authors would like to express their sincere gratitude to the anonymous referee for his/
her valuable suggestions and comments.

Funding information: J. ]. Zhang was partially supported by NSFC (No. 11871123). Almousa and Squassina are
supported by Princess Nourah bint Abdulrahman University Researchers Supporting Project number
(PNURSP-H(C2023/3), Princess Nourah bint Abdulrahman University, Saudi Arabia.



16

= Yahui Jiang et al. DE GRUYTER

Conflict of interest: The authors state no conflict of interest.

References

[
[2]

B3]

[4]

3]
(6]

71

(8l

[9]

(o]
ml

(2]
[13]
4]
(3]
(6]

7

(8]

(9]

[20]

[21]

[22]
[23]

[24]
[25]
[26]
[27]

[28]
[29]
[30]

A. Ambrosetti and E. Colorado, Bound and ground-states of coupled nonlinear Schrédinger equations, C.R. Math. 342 (2006), 453-458.
A. Ambrosetti and E. Colorado, Standing waves of some coupled nonlinear Schrédinger equations, ). London Math. Soc. 75

(2007), 67-82.

X.-M. An and J. Yang, Existence and asymptotic behavior of solitary waves for a weakly coupled Schrédinger system, Adv. Nonlinear Stud.
22 (2022), 159-183.

A. Azzollini and A. Pomponio, Positive energy static solutions for the Chern-Simons-Schrédinger system under a large-distance fall-off
requirement on the gauge potentials, Calc. Var. Partial Differ. Equ. 60 (2021), 1-30.

T. Bartsch and Z.-Q. Wang, Note on ground-states of nonlinear Schrédinger systems, ). Partial Differ. Equ. 19 (2006), 200-207.

J. Byeon, H. Huh, and . Seok, Standing waves of nonlinear Schridinger equations with the gauge field, ). Funct. Anal. 263 (2012),
1575-1608.

J. Byeon, H. Huh, and . Seok, On standing waves with a vortex point of order N for the nonlinear Chern-Simons-Schrédinger equations,
). Differ. Equ. 261 (2016), 1285-1316.

D. Cassani, H. Tavares, and J.-J. Zhang, Bose fluids and positive solutions to weakly coupled systems with critical growth in dimension two,
J. Differ. Equ. 269 (2020), 2328-2385.

X.-P. Chen and C.-L. Tang, Least energy sign-changing solutions for Schrédinger-Poisson systems with potential well, Adv. Nonlinear
Stud. 22 (2022), 390-415.

G.V. Dunne, Self-Dual Chern-Simons Theories, Springer, Berlin, 1995.

D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd edition, Grundlehren Math. Wiss., vol. 224,
Springer, Berlin, 1983.

C.R. Hagen, A new gauge theory without an elementary photon, Ann. Phys. 157 (1984), 342-359.

C.R. Hagen, Rotational anomalies without anyons, Phys. Rev. 31 (1985), 2135-2136.

H. Huh, Standing waves of the Schrédinger equation coupled with the Chern-Simons gauge field, ). Math. Phys. 53 (2012), 063702.

R. Jackiw and S.-Y. Pi, Classical and quantal nonrelativistic Chern-Simons theory, Phys. Rev. D. 42 (1990), 3500-3513.

R. Jackiw and S.-Y. Pi, Soliton solutions to the guaged nonlinear Schrédinger equations on the plane, Phys. Rev. Lett. 64 (1990),
2969-2972.

C. Ji and F. Fang, Standing waves for the Chern-Simons-Schrédinger equation with critical exponential growth, ). Math. Anal. Appl. 450
(2017), 578-591.

T.-C. Lin and J.-C. Wei, Ground state of N coupled nonlinear Schrédinger equations in R", n < 3, Comm. Math. Phys. 255 (2005),
629-653.

Z.-F. Liu and C.-L. Tang, Sign-changing Solutions for the Chern-Simons-Schrédinger Equation with Concave-convex Nonlinearities, Qual.
Theory Dyn. Syst. 3 (2022), 88.

Z.-S. Liu, Z. Ouyang, and J.-J. Zhang, Existence and multiplicity of sign-changing standing waves for a gauged nonlinear Schrédinger
equation in R2, Nonlinearity 32 (2019), 3082-3111.

L.A. Maia, E. Montefusco, and B. Pellacci, Positive solutions for a weakly coupled nonlinear Schrédinger system, ). Differ. Equ. 229
(2006), 743-767

A. Pomponio and D. Ruiz, A variational analysis of a gauged nonlinear Schrédinger equation, J. Eur. Math. Soc. 17 (2015), 1463-1486.
A. Pomponio and D. Ruiz, Boundary concentration of a gauged nonlinear Schrédinger equation on large balls, Calc. Var. Partial Differ.
Equ. 53 (2015), 289-316.

P.H. Rabinowitz, On a class of nonlinear Schrédinger equations, Z. Angew. Math. Phys. 43 (1992), 270-291.

D. Ruiz, The Schridinger-Poisson equation under the effect of a nonlinear local term, ). Funct. Anal. 237 (2006), 655-674.

B. Sirakov, Least energy solitary waves for a system of nonlinear Schrédinger equations in R", Comm. Math. Phys. 271 (2007), 199-221.
J. Wang, X. Wang, and S. Wei, Existence of normalized solutions for the coupled elliptic system with quadratic nonlinearity, Adv. Nonlinear
Stud. 22 (2022), 203-227.

M. Willem, Minimax Theorems, Birkhduser, Boston, 1996.

Z.-Y. Xu and ).-F. Yang, Multiple solutions to multi-critical Schrodinger equations, Adv. Nonlinear Stud. 22 (2022), 273-288.

J. Zhang, W. Zhang, and X. Xie, Infinitely many solutions for a gauged nonlinear Schrodinger equation, Appl. Math. Lett. 88

(2019), 21-27.



	1 Introduction
	2 Preliminaries
	3 Proof of (ii) and (iii) of Theorem 1.1
	4 Proof of (i) of Theorem 1.1
	Acknowledgment
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


