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solution to the Hamilton—Jacobi equation in terms of two
operators introduced in our former works, acting as rigorous
upper and lower bounds for the formal Hamiltonian at hand.
The definition of these operators is directly inspired by the
Evolution Variational Inequality formulation of gradient flows
(EVI): one of the main innovations of this work is to introduce
a controlled version of EVI, which turns out to be crucial in
establishing regularity properties, energy and metric bounds
along optimzing sequences in the controlled gradient flow
problem that defines the candidate solution.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

Given an energy functional £ on the Wasserstein space Po(R?) satisfying McCann’s
curvature condition [21], we consider in this article the problem of controlling the cor-
responding gradient flow over an infinite time horizon in such a way that an optimal
compromise is found between the cost of controlling and the rewards that applying a
control allows to collect. Our main contribution is to show that the value function of the
control problem provides with viscosity solutions for the corresponding Hamilton—Jacobi
equation according to the notion of solution we introduced in [11]. Since uniqueness of
viscosity solutions has been established in our previous works [12,11], the existence result
of this work constitutes the third and final step in completing the program of showing
well posedness for this class of equations. In a nutshell, given an energy functional on
the Wasserstein space £ : Po(R?) — R? whose (formal) Wasserstein gradient we denote
by grasz, the equation of interest is

1
f+ (grad™¢, gradW2f>T,ﬂ>2(Rd) - ngradWZfH?PN'Pﬂ]Rd) = h, (1.1)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

G. Conforti et al. / Journal of Functional Analysis 290 (2026) 1113589 3

where, for u € Po(R9), (-, 1, Paey and || - [|I1, p, @) denote the L?(u) inner product
and norm respectively. An energy functional £ satisfying McCann’s condition has the
typical form

Elp) :/U(u)d£d+/Vdu+/W*udu, (1.2)

where £% is the Lebesgue measure on R%. In the above and in the rest of this article with
a slight abuse of notation we shall make no distinction between an absolutely continuous
probability measure p and its density against the Lebesgue measure. The first term in the
decomposition (1.2) is known as internal energy: notable examples include the Boltzmann

entropy U(r) = rlogr and Rényi entropies U(r) = -

77%. The second term is known as
potential energy, while the third term is referred to as the interaction energy, with W
often being called the interaction potential. A formal calculation suggests [2, Sec. 3.3.2]
that the Wasserstein gradient of £ at 4 can be identified with the vector field grad"2& ()

given by
grad™2€(u)(x) = U” (u(x)) Viu(ar) + YV (@) + VW * ().

In light of this, the Wasserstein gradient flow of & started at p is the curve (ut)i>o,
solution of the evolution equation

1
Oppue — §AP(Mt) + V- ((=VV = VW p)pg) =0, o = p,

where P(r) = rU’(r) — U(r). The interpretation of non-linear PDEs in terms of Wasser-
stein gradient flows is a milestone result that has motivated much of the recent progresses
in the theory of gradient flows and optimal transport, we refer to the seminal papers
[20,23] and to the monograph [3] for more information. Building on the above consid-
erations and profiting from the formal Riemannian structure of P»(R%) induced by the
Wasserstein distance, it is natural to formally interpret (1.1) as the Hamilton—Jacobi
equation characterising the value function of the controlled gradient flow problem

+oo
BE -
sup /e MU= Sl ey + AT ) )t

(pesut)e>0

(1.3)

1
s.t. Oppy — §AP(Nt) + V- ((=VV = VW 5 py +ug)pe) = 0,

where u; is a vector field acting as the control variable, ||ut||?thP2(Rd) is the cost for
steering the gradient flow and h is a reward function. In this paper we make this inter-
pretation rigorous by showing that a mathematically sound formulation of the control
problem above provides with viscosity solutions for (1.1). To do so, we rely on the notion
of viscosity solution introduced in [12], whose formulation is in terms of rigorous upper
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and lower bounds for the formal Hamiltonian appearing in (1.1). The definition of these
operators is inspired by geodesic convexity properties of the functional £, captured by the
celebrated Evolution Variational Inequality (EVI) characterization of the corresponding
gradient flow [3]. One of the contributions of this work is to introduce and profit from
a new version of EVI, that we name controlled EVI (see Proposition 3.4 below) which
is well suited to the study of controlled gradient flows. Special instances of the abstract
equation (1.1) have been studied over the past two decades by Feng and coauthors, see
[16-18] for a sample of the most relevant contributions. To be more precise, the equa-
tions considered in these works correspond sometimes to an even more general version of
(1.1) in which the underlying geometry is not necessarily the Wasserstein geometry. All
uniqueness results we obtained [12,11] apply to this broader class; we leave it to future
work the development of an abstract existence theory that applies at the same level of
generality.

McKean—Vlasov control and controlled gradient flows. When the internal energy in
(1.2) is given by the Boltzmann entropy, i.e. when U(r) = rlogr, (1.3) can be cast as a
mean field, or McKean—Vlasov, control problem. That is to say, as a stochastic control
problem in which the controlled state process is a non-linear diffusion in the sense of
McKean and the objective function may exhibit a non-linear dependence in the law of
the controlled state. Mean field control is an autonomous and thriving research field;
we refer the interested reader to the monographs [8,9] for more information and further
references. To be slightly more precise, there is formal equivalence between (1.3) and

“+ o0
1
sup E[ / e M( - §|at|2 +A7MR(X))) dt]

(at)i>0

(1.4)
st dX = [-VV(X?) — VIV « Law(X?) 4+ o]dt + V2d B,  X& ~ p.

In the above, (By);>0 is a Brownian motion, the state dynamics (X7);>0 is a stochas-
tic process, and the control (a;);>0 is a stochastic process in feedback form. Roughly
speaking, the equivalence between the two problems can be explained observing that
the stochastic processes considered in (1.4) provide with probabilistic representations
for admissible curves in (1.3). Motivated by applications and the connections with mean
field game theory [7], the study of Hamilton—Jacobi equations stemming from McKean—
Vlasov control problems has been driving a large part of the recent research on infinite
dimensional Hamilton-Jacobi equations (see for example [13,15,25]) and the results of
our article contribute to this research line: we shall clarify below how our findings com-
pare to the most recent results in the field.

Literature review. The two previous papers of this series provide with an extended
overview of the different notions of solutions recently proposed to tackle Hamilton—Jacobi
(henceforth HJ) equations on the space of probability measures and of the myriad of
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techniques developed to prove existence and uniqueness of viscosity solutions. We refer
the interested reader to the introductory sections of [12][11] for a compilation of references
and detailed comparisons between the class of HJ equations studied here and other
families of equations already considered in the literature. However, further progress has
been made after our last work appeared and we shall now report on it. Some of the most
recent results are concerned with equations for probability measures defined on compact
spaces, a situation in which many of the main difficulties we have to deal with here do
not appear. Three relevant contributions in this direction are [24], [5] and [10]. The first
article studies McKean—Vlasov control problems on the torus, whereas [5] introduces
and solves a stochastic version of the classical (deterministic) optimal transport problem
in which the target measure evolves according to a stochastic process. The source of
noise in the resulting HJ equation is then not in the dynamic of each agent, as it is the
case in most works on the subject, but rather in the dynamics of the target measure.
In [10] HJ equations for probability measures on the torus are solved and uniqueness is
proved among suitable classes of semiconcave functions. In particular, this work does not
appeal to viscosity solutions and relies on Fourier analysis to obtain finite-dimensional
approximations of the target equation. The most recent contributions about classes of
HJ equations that are more closely related to the one we consider here are [13], [25]
and [15] all look at equations arising in the context of mean field control. The authors
of [13] show well posedness by analyzing finite-dimensional projections of the equation
associated with the N-agents approximation of the McKean—Vlasov control problem at
hand. In doing so, they profit from a lifting of the Wasserstein space to a suitably defined
space of square integrable random variables, which has the convenient property of being
an Hilbert space. Deviating from this approach, [25] relies on Fourier representations of
Sobolev norms on the space of probability measures and a convenient representation of
the derivatives of Wasserstein Lipschitz functions to establish the comparison principle.
The article [15] adopts yet another approach to the design of a proper intrinsic notion
of viscosity solution based on Wasserstein subdifferentials. Finally, we mention the very
recent work [15]. In there, the authors succeed in establishing well posedness for a class
of semilinear PDEs on the space of probability measures on the torus, allowing for
Hamiltonians that are not convex in the momentum variable and for the presence of a
common noise. To do so, they exploit a weak metric previously introduced in [6] and first
show a partial comparison principle for solutions that are Lipschitz with respect to the
weak metric. Then, they show that under suitable growth and regularity assumptions
on the coefficient, solutions with the desired Lipschitz properties actually do exist.

Our contribution. In [12], inspired by some heuristic geometric considerations about
geodesically convex functionals, we defined rigorous upper and lower bounds for the
formal Hamiltonian associated to (1.1) that do not require to manipulate any notion of
derivative or subdifferential in the Wasserstein space. Then, we defined viscosity solutions
in terms of these operators and showed a comparison principle. The subsequent paper [11]
lays the foundations for the existence theory we develop in this work by showing that the
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comparison principle of [12] implies a comparison principle for a new notion of viscosity
solutions that makes use of a simpler and more tractable set of test functions. These
are simple cylindrical test functions of the square Wasserstein distance, whereas the test
functions in [11] contained Tataru’s distance [26] that is not smooth. When comparing the
assumptions required for our theory to apply and those in the above mentioned works, one
can observe that all these works deal exclusively with McKean—Vlasov control problem.
Therefore, they are unable to treat situations in which the internal energy is different
from the Boltzmann entropy, leaving out Rényi entropies. In this setting, our results
appear to be genuinely new, at least to the best of our knowledge and understanding. If
we remain in the realm of McKean—Vlasov control problems, the above mentioned works
are generally more flexible concerning the structure of the Hamiltonian. For example,
neither [13] nor [15] require the Lagrangian to be separable or the cost to be quadratic
in the control variable. Furthermore, they encompass situations in which the diffusion
coefficient in the controlled dynamics is not a constant matrix. In turn, stronger regularity
assumptions are imposed on the coefficients in all the above mentioned works. More
precisely, some form of Wasserstein Lipschitzianity on either the Hamiltonian or the
cost functional is assumed there, whereas all we require here is that the running cost
is bounded and continuous in some p-Wasserstein topology for p < 2. To conclude, we
wish to point out that even though the solution theory we build in this work applies to
controlled Wasserstein gradient flows only, the derivative-free approach to uniqueness of
[12,11] applies to a more general class of equations, set on metric spaces that may well
differ from the Wasserstein space. Some candidate equations for which our uniqueness
results could in principle be applied have been described in the introduction of [12]. The
question of existence, left open in this work, calls for further investigations.

Organization. The manuscript is organized as follows. In Section 2 we introduce the
notion of viscosity solution we proposed in our earlier works, state our main hypothesis
and define our candidate solution through an abstract controlled gradient flow problem.
In Section 3 we focus on obtaining estimates for controlled gradient flows, in particular
by establishing a controlled version of EVI. Sections 4 and 5 are devoted to establishing
the subsolution and supersolution property.

2. Setting, assumptions, and main results

Frequently used notation. Given p € [1,2], by Holder inequality it holds Py(R%) C
Pp(Rd), so that Py(R?) is naturally endowed with two topologies: the Wa-topology and
the W,-topology. Motivated by Lemma 4.2, we will sometimes refer to the former as
strong topology and to the latter as weak topology. We thus write

C(P2(RY), W,) := {f : P2(RY) - R : f is W-continuous} ,
LSC(Py(RY), W,) = {f :Py(RY) = R : fis W,-lower semicontinuous} ,
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USC(P2(RY), W) := {f: Py(RY) — R : f is W,-upper semicontinuous} .

We also denote by Cu(P2(R%),W,), Ci(P2(R?),W,), LSC,(P2(R%),W,), and
USC,(P2(R%),W,) the subsets of functions that admit a lower or upper bound. More-
over, Cp(Pa(RY),W,) = Cu(P2(RY),W,) N Ci(Pa(R?),W,). When p = 2 we will
omit the dependence on W), in all the aforementioned notations, thus simply writing
e.g. C(P2(R%)), LSC(Py(R%)), and USC(Py(R?)). The space of smooth real-valued
functions with compact support is denoted by C°([0,T] x R?), while the space of ab-
solutely continuous functions whose derivatives belong to L?([0,T]) is denoted with
AC?([0,T), P2(R%)). Finally, if F : X — (—o00, +00] is a functional on some set X, then
we denote by D(F) :={x € X : F(z) < +oo} its domain.

We proceed in Section 2.1 with our setting and main assumptions. In Section 2.2 we
introduce our candidate solution. In Section 2.3 we introduce our rigorous upper and
lower Hamiltonian. Finally, in Section 2.4 we state our main results.

2.1. Setting and assumptions

In this section we recall all the relevant tools used in the article.

We start with the definition of Wasserstein distance and Wasserstein space. In the
space of probability measures with finite second moment P2(R?), we introduce the
Kantorovich-Rubinstein—Wasserstein distance of order two W5, defined by

W3 (n,v) = Leint V)/Ix — y|*m(dzdy),

where II(u, v) is the set of 2-plans with given marginals y, v. The space (Po(R%), Wa) is
called the Wasserstein space.

Throughout the whole manuscript we are interested in entropy functionals on the
Wasserstein space € : Pa(R?) — (—o00, +o0] of the following type:

£(n) = [U(p) AL+ U'eoht (&) + [ Vi) duw) + [ Wiz =) du(o)duty). 2:1)

where p = pLé4+pt, pt L L4, and U'(00) := lim,_,o U’(r). Note that if U has superlin-
ear growth at infinity, as we will require in the assumptions below, see Assumptions 2.1,
then the above definition of £ reduces to

E(p) = /U(N)d£d+/Vdu+/W*udu if p < L2,

+o00 otherwise.

Note that, as stated in the introduction, with a slight abuse of notation we shall make
no distinction between an absolutely continuous probability measure p and its density
against the Lebesgue measure.
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Moreover, the former is the lower semicontinuous relaxation (w.r.t. the narrow topol-
ogy) of the latter, and it can be checked that under a superlinearity assumption & is
actually lower semicontinuous w.r.t. the weak L' topology.

For the sake of brevity, let us introduce the following notation

() 1= [ Ulp)de? + U (ool (&),
Vi) = [ Vi) duto)
W) = [ W= ) du(o)duty).

On the internal energy U, potential energy V), and interaction energy W we formulate
the following assumptions. Recall that a function f : R? — R is said k-conver, with
Kk € R, if

F(A =tz +ty) < (A=) f(x) +1f(y) - gt(l ~te—yf,  VeyeRLte(0,1).
Assumption 2.1 (McCann’s condition).

(a) U :[0,+00) — R is convex, differentiable with superlinear growth. It satisfies the
doubling condition

AC>0: Ukz4+w)<CA+U(z)+U(w)), Vz,w>D0.
Moreover we assume that

s+ sU(s7%) is convex and non-increasing on (0, +00)
and

d
_ : —« o
U(0) =0, ll_r)r(ljU(s)/s > —00, forsomea>d+2.
(b) V:R? — R is lower semicontinuous and ky-convex for some sy € R.
(c) W :R% — [0,00) is an even continuously differentiable sy -convex function for some
kw € R and satisfies the doubling condition

3C>0: W4y <CA+W(x)+W(y), Vr,ycR

Remark 2.2. The functional £ is lower semicontinuous w.r.t. W, convergence, for any
p € [1,2]. Indeed, the standing assumptions on U grant that U is actually nar-
rowly/weakly lower semicontinuous, as discussed in [3, Section 10.4.3]. Secondly, the
W-lower semicontinuity of V follows from [3, Example 9.3.1], since the ky-convexity of
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V implies that the negative part of V has 2-growth (i.e. V(z) > —A— B|z|? for all x € R4
and for some A, B € R), so that a fortiori V has p-growth for any p € [1, 2]. Finally, W is
Wp-lower semicontinuous too, since the ry-convexity of W implies a p-growth condition
on W~ for any p € [1,2], and this implies the desired lower semicontinuity property, as
discussed in [3, Example 9.3.4].

We also introduce the information functional Z : Py (R%) — [0, +-00] as

400 otherwise,

2m) ifw
I(x) = {|ae|<> treD(E),

where |0| denotes the local slope of £, defined as

) — +
|0&|(7) == lir:;s}:p %

It is well known that, under Assumption 2.1, £ is geodesically k-convex, for k := Ky +Krw
(see e.g. [3, Section 9.3]). Let us also remark that all measures in D(Z) are regular in
the sense of [3, Definition 6.2.2], since in Pa(R?), regularity boils down to absolute
continuity w.r.t. the Lebesgue measure £%. For these reasons (see [3, Section 10.1.1]), a
vector v € L?(u) belongs to the subdifferential of £ at u € D(Z) if and only if

E0) - 200 2 [ (o) tife) = D)duta) + §WEr). WeEDE),  (22)

where ¢, denotes the optimal transport map that pushes y onto v (whose existence and
uniqueness is ensured by [3, Theorem 6.2.4] when p < £%; this is satisfied as soon as
€ D(E)).

2.2. The candidate solution

Let us first of all introduce the notion of admissible curve.

Definition 2.3. We say that a pair (pu,ut)t>0 € Admry, also written (u.,u.) € Admrp, if
and only if:

o p. € AC2([0,T], P2(R%)) for every T > 0, namely

W-
3 g D2Weth i) o e b e [0,7] and L] € L2(0,T).
h—0 |h|
o u. € H1(u.), where

H™(p) = {(t,2) = V() : ¢ € C2([0,T] x ]Rd)}LQ(d@dm) 7
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o (p.,u.) solves
1
for (t,x) € [0,7] x RY, in the sense of distributions, where P(r) := rU’(r) — U(r).

We say that a pair (g, ut)i>0 € Adme if its restriction to [0,T] belongs to Admy for
all T" and

oo

/67A71t||ut||2L2(Mt)dt < +00.
0

Note that according to its definition, the set Adm,, depends on A.

The set Admy is nonempty because the constant pair (u, 0) solves the equation (2.3)
for any p € P2(R?). Moreover, by definition of H~1(y.), if (u.,u.) € Admz, then

/ ||ut||2L2(m)dt < +00. (24)
0

Remark 2.4. Recall that, by [3, Theorem 8.3.1], u. € AC?([0,T], P2(R%)) if and only if
there exists a Borel vector field (vy)epo,7] such that |[ve]|r2(,,) € L*(0,T) and (ue, ve) is
a distributional solution of the continuity equation Oips + V - (vipy) = 0. In this case,
vl L2(up) = lfae|? for a.e. ¢ € [0,T).

We define the candidate solution ® : Po(R%) — R as the value function of the control
problem

P(p):=  sup  Alp,u),
(p.,u.)EAdmM
tio=p
where for (p.,u.) € Admy with pg = p, (2.5)
Ty 1 .
Al = /e A Sl + A ) )
0

For future convenience, let us also define for any 0 < t < T < 400 the restricted action

T
1 )
Avr (i) /e (= glualZogu) + A () ) ds (2.6)
t

When t = 0, for the sake of brevity we will write Ap := Ao 7.
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Remark 2.5. The reader could wonder whether the requirement u. € H~*(p.) on the ad-
missible controls is consistent with (1.3) and (1.4), where the controls are not assumed to
be in the L2-closure of gradients. The answer is affirmative, because of the regularization
effect coming from £. Indeed, £ contains by assumption an internal energy term . If
& consisted of only potential and interaction energies, i.e. £ =)V + W, then the control
formulations (1.3) and (1.4) should be formulated differently in order to be consistent
with Definition 2.3.

From a different (but tightly connected) point of view, the consistency between Def-
inition 2.3 and the control problems (1.3)-(1.4) is a consequence of the superposition
principle. Indeed, if ® is defined as in (2.5) and we denote by ¥ the value function of the
control problem obtained by dropping the requirement u. € H~1(y.), then on the one
hand it trivially holds ® < W. On the other hand, it can be shown that ¥ is a viscosity
subsolution to f —AH; f = h, whereas ® is a viscosity supersolution to f—AH; f = h (ow-
ing to Corollary 2.9). Hence, by the comparison principle established in [12] we conclude
that & = .

2.3. The rigorous upper and lower Hamiltonian

We define now the set of Hamiltonians that rigorously upper and lower bound the
formal Hamiltonian of (1.1)

1
Hformalf(u) = <_gradW257gradW2f>T“732(Rd) + EngadW2f||%‘H’Pz(Rd)

in terms of smooth cylindrical test functions. The definition is motivated in [11], where
for viscosity solutions of the Hamilton—Jacobi equation in terms of these Hamiltonians
a comparison principle is shown.

Let 7 be the collection of functions ¢ defined as

T :={peC>([0,00);R) : kEN,Vi=1,....,k 0 >0}, (2.7)

where C*°([0,00)¥;R) is the set of smooth functions mapping [0,00)¥ into R. For
Py i € Po(RY), we write o = (p1, . . ., ) and p € D(Z) if all elements in the vector
are in D(Z). Moreover Wa(-, ;) = (Wa(-, p1),. .., Wals, ux)), E() = (E(ua)y -, E(uk)),
and 1 = (1,...,1). We shall also denote by - the Euclidean inner product.

In the following, we set k := Ky + Ky the sum of the convexity constants defined in
Assumption 2.1.

We next introduce the formal upper and lower bound in terms of smooth cylindrical
test functions. The upper bounds are derived based on

Definition 2.6. For a >0, ¢ € T, p € D(Z), and p = (i1, ..., pux) € (P2(R%))* such that
pu € D(I), we define f = fI € C(P2(R%)) and ¢ € USC(P2(RY)) for
all T € Po(RY) as

-
;PP ga,ga,p,u
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1 a2 Lo
fim) = SWa(mp) + o GWilmm) ), (2.8)
1 K 12 a? 2
g'(m) = a [E(p) = E(m) = SWE(m.p)| + W3 (m.p) (2.9)

+ > e (Swatem) [0 — ) SW3r )

+ % (é dip (%Wg(ﬂ,ﬂ)> W2(7Taui)>2
+ aWa(r.p) (Z o (2 Wz(mm))

and set Hi C Cj(P2(R9)) x USC(P2(RY)) b
Hy = {(f1,9") : Vo €T, a>0,peDI), peDI))}.
In the same way, for a > 0, ¢ € T, v € D(Z) and 7 = (m1,...,7) € (Pa(R?))* such

that = € D(Z) we define f* = f} € Cy(P2(R%)) and gt = gf , . € LSC(P2(R?))
for all u € Po(R?) as

Py,

P = =5 Whn) ¢ (W3 ) (210
KR (l2
g () = a |E(u) — E0) + SWE ()| + SWE () (2.11)

+Z&<p< W3 (u, )) () = E(m) + 5 W ()

_Z (Zaz<p< W3 (p, )) WQ(Mvﬂ-i)>2
— aWa(p, ) (Z 3z<p< W3 (p, )) W2(“’7”)>

and set Hy C C,,(P2(R%)) x LSC(P2(R%)) by
Hy = {(f* :VoeT,a>0,ve€DI), ®mecDI)}.

As the definitions of ¢', ¢* are particularly involved, to avoid cumbersome computa-
tions we will often use the following alternative (more compact) notations:
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g'(m) = a(&(p) = E(m) = SWE(m.p))

+ V(3 0r)) - () - £ = 5 W )

2
i (an,p) VoW r. ) - War, u)) ,
g () = a(f(u) &M+ gW§(u,v))

(W3 ) - (001 - £0m) + 5 W3 m)

- aWE(y, ) — - <aWz(%u) + Ve (%‘W(um)) 'W2(M>7")>2 :

2
2.4. Main results

We are now ready to make precise the notion of solution we are looking for. The
notion of viscosity solution used in this article comes from the one given in [11], where
it is used to prove uniqueness. We will state this definition for general Hamiltonians
A, Ay C© LSC(Py(R%)) x USC(P2(R?)) and Ay, Ay C USC, (P2(RY)) x LSC(Py(RY)).

Definition 2.7. Fix A > 0, hf € LSC)(P2(RY), W,,), ht € USC,(P2(R%), W,,), for some
p < 2. Consider the equations

f=2Af =1, (2.12)
f—MAyf = bt (2.13)
We say that w is a (viscosity) subsolution of equation (2.12) if w is bounded, upper

semicontinuous and if for all (f,g) € Ay there exists a sequence (m,)neny € P2(R?) such
that

Jim u(mn) = f(mn) = supu(m) — f(7), (2.14)
listup u(mn) — Ag(mp) — Al (m,) <0. (2.15)

We say that v is a (viscosity) supersolution of equation (2.13) if v is bounded, lower
semicontinuous and if for all (f,g) € A; there exists a sequence (7, )neny C P2(RY) such
that

Jim v(mn) — f(mn) = nfo(r) — f(7), (2.16)
lim inf v(7,) — Ag(m,) — h¥(m,) > 0. (2.17)

ntoo
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If hf = h¥, we say that u is a (viscosity) solution of equations (2.12) and (2.13) if it is
both a subsolution of (2.12) and a supersolution of (2.13).

We say that (2.12) and (2.13) satisfy the comparison principle if for every subsolution
u to (2.12) and supersolution v to (2.13), we have supp, ga)u — v < supp, ga) bt — ht.

Theorem 2.8. Under Assumption 2.1, let h € Cy(P2(R%),W,) for some p < 2. Let ®*
and ®, be respectively the upper and the lower semicontinuous relazation, w.r.t. the Wp-
topology, of the value function ® defined in (2.5). Then ®* is a viscosity subsolution of
the Hamilton—Jacobi equation (2.12) and ®. a viscosity supersolution of (2.13) where
ht = ht =h, Ai = Hi, and Ay = Hy as defined in Definition 2.6.

The proof of the above theorem is given in Sections 4 and 5
Applying now the comparison principle stated in [11, Corollary 3.17] to ®* and .,
we obtain the following corollary.

Corollary 2.9. Under Assumption 2.1, let h € Cy(P2(R?),W,,) for some p < 2. Then the
value function ® defined in (2.5) is the unique viscosity solution of the Hamilton—Jacobi
equations (2.12) and (2.13), where h' = ht = h, A; = Hy, and Ay = Hy as defined in
Definition 2.6.

3. Preliminary results

In this section, we start out with establishing the dynamic programming principle in
Section 3.1. We proceed with introducing a modified version of EVI in Section 3.2, we
then establish a continuity property for the optimal transport map in Section 3.3, and
close off in Section 3.4 with a technical lemma on smooth cylindrical test functions.

3.1. The dynamic programming principle

We first show that the value function ® introduced in (2.5) complies with the Dynamic
Programming Principle (DPP). The proof of the DPP given here is a generalization of
the classical finite-dimensional proof that can be found for example in [4]. For other DPP
proofs in the infinite-dimensional case, that can apply to some of the cases covered in
our context, we refer to [14], [13]. Please note that, from now on, to ease the notation,
we are setting A = 1.

Proposition 3.1 (Dynamic Programming Principle). Assume that h : Po(R?) — R is
bounded. For all i € Po(R?) and T > 0 we have:

T

1 _
)= sup [ (= Jlulag, + hu0)de+ e TR (DPP)

(p.,u.)€Adme
HO=H 0
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Proof. Let us fix p € P2(R%) and T' > 0 and name w(y) the right-hand side of (DPP).
Recall that

(oo}
_ 1
b= swp [t Sl + hw) )t
(psu.)€EAdm o,
Ho=p 0

We first show that ®(u) < w(u). If w(p) = +oo there is nothing to prove. Otherwise,
for all (u.,u.) € Adms with po = p we have (recall (2.5), (2.6) for the notation)

1
A w) = ArGuw) + [ e (= Slluliag,) + hlu))dt

|
[

e 1
= Ar(uu) + [ e ( = Slusrrlag, 0 + hltsrr) )ds
o0
-T —t |- ~
:AT(M.,U.)+€ (& (— §||utHL2(ﬁt) +h(/1,t))dt,
0

where 4(t) := u(t + T) and f(t) := u(t + T) are such that (f.,4.) € Adme,fip =
1(04+T) = pr. Taking the supremum we obtain ®(p) < w(p).

Let us now prove the opposite inequality. If ®(u) = 400 there is nothing to prove.
Otherwise, for all (p.,u.) € Admy with po = p and € > 0, let us consider (f.,%.) €
Adm, fig = p(T') such that

Define now
B u(t) if0<t<T,
u(t) =
at—T) ift>T,
and
. 1(t) fo<t<T,
a(t) =4 .
pit—=T) ift>T.

Then we have (fi.,u.) € Admy, with fig = p, so that

P(p) > Ao (-, 1)

(o}

- L. _
= Ar(p.,u.) —I—/e t( — §||“t7T||%2(ﬁth) +h(ut,T))dt
T
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— Ap( T/e ||u5||L2(M)+h( ))d
0
> Ar(p.,u.) T(@ )

By the arbitrariness of (u.,u.) and €, we obtain ®(u) > w(p). O

As an immediate consequence of the DPP, we can show the upper semicontinuity of
the value function ® along admissible curves.

Corollary 3.2. Let h : Po(RY) — R be bounded and (p.,u.) € Adma,. Then |®| < ||h|oo
and t — D(uy) is upper semicontinuous at t = 0.
In particular, if p. is the gradient flow of £ starting at pg, then

VE> 0 (ue) < D(po) + 2t[|Afloo-

Proof. The boundedness of ® is straightforward and does not actually rely on (DPP).
Indeed, using the gradient flow starting from p as a competitor in the definition of ®(u)
gives ®(u) > —||h||co. The upper bound is trivial.

As for the upper semicontinuity of ¢t — ®(u;), by (DPP) we have for all T > 0

_ (1
i) < 0G0+ [ e (Gl — 1)) a

(1
=00 + [ v (Gl - 1) d

St~ T

where x[o,7] is the indicator function of the interval [0, 7]. Observing that the integrand
function converges pointwise to 0 as T — 0, by (2.4) we can use the limsup version of
Fatou’s lemma to find

limsup ®(pr) < ®(po)-
T10

The final part of the statement follows noting that the control associated to a gradient
flow trajectory is u; = 0 for all ¢ > 0, so that plugging this information into (DPP) yields

B(pr) < (1— e )D(pur) + D (o) / -

0
< (o) + (1 — e M)@(pr) + (1= e 7)|lhllo
< (o) +2(1 — e )| hlloc < @(po) + 2T ||

where in the last but one inequality we use the trivial upper bound ®(ur) < ||h|leo. O
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3.2. A controlled EVI

Let us recall the definition of EVI gradient flow and collect all the properties we shall
need in the sequel. Although the following discussion could be carried out in an abstract
metric space (X,d), we choose (X,d) = (Pa(R%), W3) as this will be our framework in
the whole manuscript.

Definition 3.3. Given x € R, a curve (j);>0 C P2(R?) is an EVI,-gradient flow of £
provided it belongs to ACiee((0, +00), P2(R%)) N C([0, +00), Po(R%)) and

d
W3 () + gwg(ut,u) FE(w) < EW),  YvePo(RY), ae. t > 0.

From [22, Theorem 3.5] we know that the following properties hold:

(i) Contraction. If (1) is an EVI,-gradient flow of &£ starting from p € D(€) and (1)

is a second EVI,-gradient flow of £ starting from v € D(E), then
Wo (s, v) < e " Wa(u,v), vt > 0. (3.1)

This means that EVI-gradient flows are unique (provided they exist) and thus if
there exists an EVI-gradient flow (u;) starting from g, then a 1-parameter semi-
group (S¢):>0 is unambiguously associated to it via S;(u) = pu.

(ii) Monotonicity. For any p € P2(R?), the map

t +— E(S¢p) s non-increasing on [0, 00). (3.2)
(iif) Asymptotic expansion as t ] 0. If u € D(]0€]) and x < 0, then for every v € D(E)
and t > 0 it holds

62/115

2

2
WESuv) — SWE(nv) € Lon(t) () — EGu) + S 108 W). (33
where I, (t) := fot e?"sds.

As regards the existence, from [3, Theorems 11.2.1 and 11.2.8] we know that under
Assumption 2.1 € introduced in (2.1) generates an EVI,-gradient flow on Py(R%), where
K:=Ky +Kw-

After this premise, let us now focus our attention on the admissible curves Admr,
proving that they also satisfy an EVI-type inequality.

For the sake of simplicity, we introduce the following notational convention for
(fT,g") € H; as in Definition 2.6

g'(m) = gt (7) + gly, (7)
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where

+Vo(5WE 0 w) - (Ew) — £~ S W3, ),

1

iy, (7) = ! (aWz(7r p) +Vs0(§ ,u)) Wy(m ,u))z.

Likewise, for (f*, g*) € Hy as in Definition 2.6, we write

gt (1) = gt (1) + giy, (1)

with
gh(n) = —a(E() = Ew) = SWE(n.7))

Ve (GWE ) - (E(m) ~ EGu)1 ~ S W (),

i, (1) := @® W5 (1, 7) — % (aWz(m p) + V@(%Wf(u, Tr)) - Wa(p, Tr))2 :

Let us mention that £ may be negative, but only quadratically so. Indeed, we recall
from [12, Lemma 4.1] that for any given v € P2(R%), we can choose ¢; € (—k, —k + 1)
and ¢y such that the functional

Eln) = E(w) + FWE (pv) + s (3.4)

has its infimum equal to 0. Thus let us fix v € P2(R?) and ¢y, ¢z as in (3.4) once for all.

We also introduce some notation about transportation maps that will be useful in
the sequel. We denote by ¢}, the optimal transport map that pushes p onto v. We also
denote by &, =t/ — id. For p = (1, ..., ) we write £ as short-hand notation for
(&, ..., %), Recall that, by [3, Theorem 6.2.4], t!, exists whenever p < L%,

The following Proposition contains a new version of EVI, that we name controlled
EVI. Due to the estimates that we can recover from it, this inequality turns out well
suited to the study of controlled gradient flows. Further properties and comments on the
controlled EVI condition, that strengthen the analogy with classical EVI, are postponed
to the end of the section.

Proposition 3.4. Let (74,u;) € Admy and f1,g" be as in Definition 2.6. Then we have

T

1 -
fT(mr) = fi(mo) < /g — (uy, atl, +VLP<§W22(TQ,[I,)> A ) 2 dt. (3.5)
0
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Likewise, given (g, us) € Admy and f*, g* be as in Definition 2.6, it holds

T
FHar) = 00) = [ ) + Gt + V(G200 m) ) B bt (0
0

Proof. First of all, note that £ , ¢4 exist for every i = 1,...,k and a.e. t € [0, 77, because

7 < L4 for ae. t € [0,7) by deﬁnition of admissible curve. It is indeed implicitly
understood that m; < £% in (2.3), where P(m;) = P(SZ;).

After this premise, observe that the Wa-absolute continuity of m; on [0, 7] (by defini-
tion of Admr) trivially implies that ¢ — W3 (7, p) and t — W3 (m;, ;) are absolutely

continuous on [0, T] as well, for all i = 1,..., k. Then, observe that by algebraic manip-

ulations (2.3) can be rewritten as a continuity equation with

1
v = —§VU'(7rt) —VV = VW x 7 + uy, for a.e. t € [0, 7], (3.7)

as drift. Therefore, by [19, Theorem 1.31]
= (5WErem) = - [ ta
a 2\t Hi) ) = vt ) AT
1
= /<§VU’(7rt)—|—VV+VW*7rt ug, B dmy

for a.e. t € [0,T] and for all ¢ = 1, ..., k; moreover the same applies for p in place of p;.
Since ¢ € T, we have that t — p(3WZ(m, p;)) and t — p(3WE(m, p)) are absolutely
continuous too for all ¢ = 1,...,k, and by the chain rule we have

&-cp(%WZz(ﬂt, ))di <1W2 (wt,m)> dt+a0/Tjt< W3 (m, )) dt

T
1_1‘0/
T
a 1, 1, » (3.8)
= Z/ach §W2 (Wt,[t) /<§VU ('ﬂ't) +VV+VW*TQ —’U,t,tﬂ,t>d7'('tdt
i=17

1 -
+ a/ <§VU,(7Tt) +VV + VW s — ug, to, ) dmydt.

Let us now observe that m; € D(Z) for a.e. t € [0,T]. Indeed, the fact that =. €
AC?([0,T), P2(R%)) implies that v; € L?(m;) for a.e. t € [0, T] by Remark 2.4, and (2.4)
gives u; € L%(m;) for a.e. t € [0,T]. Therefore if we recall that P(r) = rU’(r) — U(r) we
deduce that
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1
W = U — Vg = §VU/(7Tt) + VV-F VW * Tt

_ 1VP(m)

5~ T VV 4+ VW x 7, € L*(m,), for a.e. t € [0, 7]
t

too. Since L?(m;) C L*(m¢), this yields

1
5 VP(m) + mVV 4+ m(VW xm) € LY (R, £4).

Noting that VV and VW x 7, are locally bounded (since V and W are respectively
ky- and Ky -convex), we deduce that VP(m;) € LL _(RY). We are thus in position to
apply [3, Theorem 10.4.13] (remarking that P here coincides with Lz there), which
precisely grants that m € D(Z) for a.e. t € [0,T]. Moreover, the same theorem ensures
that w; belongs to the subdifferential of £ at m; (it is actually the element of minimal
L?(m;)-norm). By (2.2), this means that

d /1 1 ~
— [ =WE(nms,p) ) = /(—VU’(Wt) +VV + VW s 7, 0 ) dmy

< E(p) — E(m) = SWE (71, )

and analogous estimates hold for 1, ... ux in place of p. Being 0;¢0 > O foralli =1... k,
we can plug the above inequalities into (3.8) providing us the desired conclusion. O

As a consequence of Proposition 3.4, we now obtain some quantitative estimates for
controlled gradient flows that will be extensively used in the following.

Lemma 3.5. Let (pt,us) € Admy, for some T > 0 fized. Then for every a € R we have
that for a.e. t € [0,T] it holds

d /1, o a+l—-k 1
& (5o M3 )) < e (£~ £0u) + LW G )+ L el )
dt \ 2 2 2
(3.10)
In particular, if « < 3(k — 1), there exists a non-negative constant
M, :=max {&(p) + aaW2(p,v) + ca, 0} (3.11)

such that:

(a) The a.e. derivative of t — 2e*'W3(u¢, p) can be controlled as:

d 1 atyrr2 at 1 2
a(&e szt,p))“ My + 3 el 22 ) -
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(b) The growth of the metric can be controlled, for all t € [0,T], as:

t

1 atyrr2 1 2 e —1 1 as 2
5€ Wi (e, p) < GWa (ko, p) + Mpy———+ 5 [ € |luslLa,,) ds.
0
In particular,
1 .- 1 eoT — 1
e T sup W3, p) < W3 (o, p) + M, ———
2 t€[0,T] 2

(3.12)

T
1 atT 2
T5e /”uSHL?(;Lt)dtv
0

where a® := max{+a,0} and a~(e*T — 1) has to be understood as T if o = 0.

Proof. As () € AC?([0,T],P2(R%)), the map t — W2 (uy, p) is absolutely continuous
and a fortiori so is ¢ — %eo‘tWQZ(pt, p). This ensures the a.e. existence of its derivative. In
order to bound it from above, using (3.9) in Proposition 3.4, applying Young’s inequality

to estimate <ut’z5t>L2(ﬂt) and observing that Hizt 22 (us) = Walpe, p) we find

d 1 at 2
at (26 Wy (Nt,P)>

o at+l—«k 1
<e™ (S(p) —E(ue) + %Wg(ﬂtap) + 5 ||Ut|iz(m)>
(a+1—k)

1 2
5 W3 (e, p) + B ||“t|L2(m)> ’

- c
= ot (&)~ Bl + S pe) 4o+
where on the second line we used (3.4). Note also that the first inequality provides us
with (3.10). To proceed further, using £ > 0 and the triangular inequality combined with
the elementary estimate % (a4 b)? < a? + b? yields

d 1 at 2
T <§€ W3 (an))

a+1+2c —k 1 2
#Wg(ﬂtvp) + ) ||Ut||L2(,“)> :

< et () + a3 (o) + o+
Now, recalling that ¢; € (=&, —k+1) and assuming o < 3(k—1), so that a+1+2¢; —k <
2(k — 1) + 2¢1 < 0, the above inequality finally rewrites as

d

1 1
T <§€atW22(/~Lt7P)) <e <5(P) +aWs(p,v) + e+ 3 ||Ut||2L2(m)> :
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Claim (a) then follows by using the definition of M, , of (3.11), while for claim (b) it is
sufficient to integrate (a) on [0,7]. O

As anticipated, we conclude the section with some more insights on the notion of
controlled EVI introduced in Proposition 3.4. First of all, note that if we choose

1
fT(ﬂ—) = §W22(7T7p) ’
then (3.5) reads as

T

1 1 K
S Wi (e p) = 5 WE(ro,p) < [ £00) = Elm) = FWEme,p) = Cwnsl, bn(rpit.
0

By standard algebraic manipulations, this implies

%Wf(ﬂt,p) + gWQQ(T‘-t’ P) + <ut7ifrt>L2(7Ft) < 5(p) - g(ﬂ-t> (3'13)
for a.e. t € [0, 7], so that the resemblance with the celebrated EVI condition is immediate.
Indeed, what makes (3.5) different from the original EVI condition is the control term
(ue,to.) 12(4s), Whence the decision to call (3.5) controlled EVI.

Despite this difference, it is reasonable to expect that also controlled EVI flows enjoy
suitably modified contractivity and monotonicity properties, akin to (3.1) and (3.2). This
is readily verified if (7, u¢) € Admy satisfies (3.5) (and thus (3.13) as well) with u; = Vi
for some ¢ € C2°(R?). Indeed, in this simplified situation one can observe that

(Vo(a),y—2) > Yly) — 9(a) — ale .

where A € R is any constant such that Hess(v) < Aid. Integrating this inequality w.r.t.
any optimal transport plan from m; to p yields

- A
(Vo8 iriry = [wdo = [wdm— W)
R4 R4

and a final algebraic rearrangement

d k—A
CWR ) + 5 W ) < E(0) - /wdp —E(m) + /wdm .
Rd Rd

Hence, (7¢)¢ejo,7] is the EVI,_5-gradient flow of E(m) = E(n) — Jga ¥ dm. As such, £ is
non-increasing along it. Moreover, if (7, Vo), (7}, Vi') € Admy both satisfy (3.5), then
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Wo(m, ) < e =Nty (mg, mh), Yt €[0,T],

where A € R is any constant such that Hess(v)) < A 4d and Hess(¢') < A id.
However, a thorough analysis of the controlled EVI condition is beyond the scope of
this manuscript.

3.8. Continuity of the transport map

In this section we state a result on the continuity of the transport map that will be
used for the proof of the supersolution property.

Lemma 3.6. Let (u"),en C Pa(R?) be weakly converging to some pu® € Po(R%) and let
v € Pa(RY) be such that v < L. Assume moreover that Wo(u™,v) — Wa(u®,v) as

~u" n . ~u0 . .
n — oo. Then tf: =t —id converges strongly to tﬁ = t‘v‘o —id in L*(7).

™ .0
Proof. From [27, Corollary 5.23] we have that tz converges to ts in probability, i.e.
for all € > 0 we have

lim *y(|if:n - i50| >e)=0.

n—roo

Moreover, recalling that Wa(u™,v) = ||if:”||L2(,Y) and that Wa(u™,v) — Wa(u®,7), we
have

on .0
Tim (8" 220y = I 2. (3.14)

The conclusion follows from the fact that convergence in probability plus convergence
of the norms implies convergence in the strong L2-sense. Indeed, because of (3.14) we
know that (if:n)neN is a bounded sequence in L?(v) and therefore, up to extracting a
subsequence, it converges weakly in L2(v) to some t. We proceed to show that t = i;{ SO
that the choice of the subsequence plays no role. To this end, take any v € L? N L>(R9)
and, using the weak L?(v)-convergence, note that

n—oo

lim (i:n,w dy = /(i,v) dy.

On the other hand, fix € > 0. We have
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O a0
@& -8 o] <ol [ =810y + el

~mn ~110 ~pn ~1,0
< ||v|oo\//|t;‘ ~ B Ry (B2 €) + el

~pn ~p 0 ~pn ~10
< ||v|oo\/z [ (R4 E)an (812 2) + ol

~um "‘l/o
< ol V2 (sp Wali ) + Wl 2) ) V(8 — 22 )+ <l
ne

Using convergence in probability and the fact that Wa(u™,v) — Wa(u®,7) as n — oo
we obtain from the above

_n )
1imsup’/<t: ftf: , ) d’y’ < |9 co-

n—oo
Since the choice of ¢ is arbitrary we deduce that

0

lim (ign,v) dy = /(ig ,0) dry

n—00

and since the choice of v was arbitrary too, by a standard density argument we obtain

~ ~° -y 0

t= tﬁ: . Therefore we can conclude that t: converges weakly in L?(7) to tl; . Since the
L?(y) norms also converge, see (3.14), and L?(v) is a Hilbert space, this yields strong
convergence in L2(y). O

3.4. Inverse continuity of test functions

We finally present a technical lemma on smooth cylindrical test functions that will be
used for the proof of both the subsolution and supersolution property.

Lemma 3.7. Let
a 1
i) = §Whmp) + ¢ (W3 )

with a >0, ¢ € T as in (2.7) and p, pi1, . .., px € P2(RY). Suppose that 7 — 7° weakly
and f1(7") — f1(7°). Then we have

Wa(n", p) = Wa(x?, p), and — Wa(x", pi) = Wa(n®, ;)
foralli=1,... k.
Proof. By lower semicontinuity w.r.t. weak convergence we know that

Wo(n°, p) < lirginf Wa (7™, p) and Wa(m®, ;) < lirr_1>inf Wa(m™, ;) (3.15)
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for all ¢ = 1,...,k and, together with the fact that ¢ is continuous and increasing in
each coordinate, this implies that we can find a subsequence (n,,)men along which all
the above liminf’s are in fact limits and

1 1. n . 1 n
¢<§W§(w0,u)> < w(ilgr{rggofo(ﬂ ’"yu)) = lim ¢<§W§(W ”‘,u)>, (3.16)

m—o0

where

lim inf W (7", u) = (lim inf W2 (7", p1),.. ., liminf WZ(x"m, ,uk))
m—0o0 m—00 m—0o0

If we assume by contradiction that Wo (7", ;) < lim,, Wa(7™ u;) for some i, then by

the fact that 9;¢ > 0, i.e. @ is coordinatewise strictly increasing, the inequality in (3.16)

must be strict. Recalling that Wa (7%, p) < lim,,, Wa (7™, p) by (3.15), it is now sufficient

to multiply it by a/2 and sum it with (3.16), thus obtaining

a 1 .a n 1 .
§W§(ﬂ°7p)+w<§W§(wovu)> < lim W3 (x ”L,p)+¢(5W§(W "’,u)>,

m—oco 2

namely

fi(@%) < lim fH(zx")
m—r oo
and this is a contradiction to ff(7”) — f7(x°). Hence we can conclude that
limsup,, Wo (", ;) = limy, Wa(r™, u;) < Wa(n% u;) and thus Wo(m™, p) —

Wo (70, ;) for all i = 1,..., k. The proof of Wa(r™,p) — Wa(n, p) follows an anal-
ogous (but simpler) argument. 0O

4. The subsolution property

In this section we work towards the proof that ®*, the upper semicontinuous relaxation
of @, is a viscosity subsolution for

F—MH.f=h (4.1)

for a bounded Wp-continuous function h, with p < 2. As before, without loss of generality,
the proof will be carried out for the case A = 1.

To indicate the strategy of the proof, note that the definition of viscosity subsolu-
tions in Definition 2.7 can be simplified in the context where optimizers exist: ®* is a
subsolution for (4.1) if for any (fT,g") € Hy there exists an optimizer 7° such that

®*(n%) — fH(n") = sup{®* — [T}, (4.2)
®* (%) — g"(x°) < h(x"). (4.3)
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In the proof below, we will start with a maximizing sequence (7%}),en for sup{® — f1},
namely

lim &(ng) — fT(ng) = sup{® — T} (4.4)
n—oo
and we aim to show that this sequence has a limit 7° for which (4.2) and (4.3) hold. To
establish the latter, we employ the classical strategy of following curves that are close to
the optimal control for an infinitesimal amount of time.

As our test functions include the energy functional &, this latter step forces us to
control the behaviour of £ along our controlled curves. To do so, we replace the 7§
by #™ that are obtained from the almost optimally controlled curves started from our
original points 7. As the controlled curves to large extent follow the gradient flow, this
gives a control on &£ in the chosen 7.

In the following lemma, we start out by analyzing an almost optimally controlled
curve (m.,u.) started from an almost optimizer of ® — fT. We control the cost of the
control on small time intervals and find a small time ¢y for which we control also &(m,).

Afterwards, in Proposition 4.3, we show that starting from measures ever closer op-
timizing ® — £ with an almost optimally controlled curve, we can find a sequence 7"
that can be shown to have a weak limit point 7°. Finally in the proof of Proposition 4.4
we show that 70 satisfies (4.3).

Lemma 4.1. Fiz 0 < ¢ < 1 and a time horizon T < Ty, with Ty small enough. Let

a 1
i) = §W )+ (W3 )
be an admissible test function and (w.,u.) be an admissible curve such that

®(mo) — f1(mo) = sup{® — fT} —¢ (4.5)
(7o) < Ap(m,u) + e T®(np) + ¢ (4.6)

where Ar is defined at (2.6).
Then there exist:

(’L) to € [O,T],
(71) a constant R > 0 depending on Ty, &, ||h|l, E(p), Walp, i), Wa(p,v), c1, and c3
(where v, c1, and co have been fized in (3.4)),
(7ii) a constant M > 0 depending on the same parameters of R and also on a,E(w) and

S:=  sup |V, where R' == R(1 + W3 (mo, p)),
[0,+oo)kﬁBR/
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such that

T
1 €
7Tt0 ﬁ/ |UtHL2 )dtSM(1+W22(7T07p)+f)
0

Proof. As a first step, we prove that the curve ¢t — m; stays within a ball centred at p
whose radius can be controlled only in terms of structural constants (i.e. those listed at
point (ii) of the statement) and on Wa(mo, p). To this end, we start observing that by
(4.6)

T
1 _ _ _
(I)(Tf'o) < —5/6 t|\ut||2L2(m)dt+e T||h||oo+€ T(I)(TFT)—F&‘,
0

so that, if we recall that |®| < ||h||s by Corollary 3.2, the previous inequality turns into

T

1 _ 1 _
3¢ T/||Ut||%2(m)dt < 5/6 Nl e mydt < 3]l +e.
0 0

Plugging this information into (3.12) yields

1 - 1 T -1
—e T sup Wi(m,p) < §W22(7r0,p) +M,, + e +Jrl)T(3||h||oo +e),
te[0,T]
leading to
1
5 Sup W3 (me, p) < R(1+ W5 (70, p))- (4.7)
te[0,T]

For later purpose, let us note that by triangle inequality (and up to choosing a larger
R which incorporates Wa(p, ;) we also have

1
5 Sup W2 (ﬂ'tvlul) <R(1+W2 (71-07 ))7 Vi = 17"'7k' (48)
2 tefo,1)

After this premise, let us stress that in what follows, M denotes a non-negative constant
depending on Ty, &, ||h|| ., E(p), E(), Wa(p, 1), Wa(p,v), S only, whose numerical value
may change from line to line.
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On the one hand, let us start observing that

1 (4.5) 1
f(fT(WT)—fT(WO)) > T(q’(WT)—‘I’(WO)—@
(4.6) 1 1 2e
P— —(1—eT - =
> TAT(T('.,’LL.) + T(l e ) (mr) T (4.9)
1 r 2
—t 2 £
> oMt o [ g dt - o
0

On the other hand, applying Cauchy—Schwarz inequality to Proposition 3.4 we deduce
that

T
1

T

1 1

T(fT(WT) — fi(mo)) < T/gi:(ﬂt)dt‘*‘ T/awz(ﬂtvp) el 2,0, dE
0 0

T
1 1
b [ 190 (G0 ) - Watr ) ],
0

where [Vo(3W3 (m, w))| - Wa(m, p) == Zle |0;0(3 W3 (my, w))|[Wa(my, ). An applica-
tion of Young’s inequality and of the triangle inequality together with (4.7) and (4.8)
then allows to bound the second and third terms on the right-hand side as

T

1 1
/ aWa(me, p) + Ve <§W22(7Tt,lt)> |'W2(7Ttaﬂ)> el 2,
0

: (4.10)
1
1+T/W Tty P dt 4T/||utHL2(m
0

For the first term, we argue as follows: first of all, by (3.4) we have
—E(mi) < —E(me) + M(1+ W5 (e, p)) < M(1+ W5 (s, p))

where in the second inequality we used the fact that £ > 0, and this inequality, together
with (4.8) and the fact that 0,0 > 0 for all ¢ = 1, ..., k, implies

o (3R i) )(m) < dup W30 ) (V14 WE e )
< M1+ W, p).

Plugging this bound and the previous one into the very definition of gJ; (together with
the triangle inequality or estimate (4.8)) gives
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T

1
/g} t)
0

Let now to be a minimizer for £(m;) over the time interval [0, 7] (we know that such

W(m, p) dt).

HIQ

T
/ . dt+M(1+
0

Nl =
o\%

a minimizer exists since ¢ — £(m;) is lower semicontinuous) and observe that this yields

T T
1 - 1
f/g}(m)dté —ag(ﬂto)-l-M 1+ /W T, p) dt
0 0

so that by combining this estimate with (4.10) we establish

1

T () = 1)) < —aBlm) + M (1+ 3 [ Wam,p) )+

ot

1 2
iT / el 72, -
0

If we plug this bound into (4.9) and rearrange the terms, we get

2T

N

T T
1 1
7Tto _/ ||utHL2#)dt<M 1+—/W ﬂ-tpdt—’—T)
0 0

and it is now sufficient to use (4.7) to obtain the desired result. O

In view of Proposition 4.3, let us also briefly recall for reader’s sake some compactness
and lower semicontinuity properties in the Wasserstein space.

Lemma 4.2. Let (i1,)nen be a bounded sequence in (P2(R%), Wa). Then it is relatively
compact in (Pp(R%), W,,), for any 1 <p <2, and

Wa(phoo, v) < liminf Wa(pin,,, V)
k—o0

for any W-convergent subsequence (fin,)reN (with limit point ps) and for any v €
Py(RY).

Proof. First of all, (in)nen € P2(R?) is uniformly tight, since the second moments
are uniformly bounded by Wa-boundedness, and balls in R¢ are relatively compact, so
that we can apply [3, Remark 5.1.5]. As a consequence, (fi,)neN is relatively compact
w.r.t. narrow convergence, so that up to extracting a subsequence we may assume that
(tn)nen is indeed narrowly convergent to some limit fioo.



30 G. Conforti et al. / Journal of Functional Analysis 290 (2026) 111589

Then, by tightness and Hoélder inequality, we can deduce that the p-th moment of
n w.r.t. any fixed reference point, p < 2, converges to the p-th moment of p.,. Hence,
Wy (i, foo) — 0 as n — 00.

The final part of the statement follows from the fact that W5 is lower semicontinu-
ous w.r.t. narrow convergence (see [1, Proposition 3.5], thus w.r.t. Wy-convergence as
well. O

The next proposition is pivotal in the proof of the subsolution property for ®*, as there
we build a sequence (7"),,>; of almost optimizers for ® — fT with quantified controls on
distance and energy such that for any sequence (7™, 4") of almost optimally controlled
curves starting from 7™ we are able to uniformly bound the time-average of the L?-norm
of the controls a”.

Proposition 4.3. Let

fi(r) = ngz(W,p) +o (%Wf(mu)>

be an admissible test function and fiz 1 < p < 2. Then there exists a sequence (7")p>1
converging to some 7° w.r.t. W, such that:

(a) The sequence (7™)n>1 is optimizing for sup{® — fT}:
(7™ — fi(a™) > sup{® — fT} +O(T,)

with T,, = n~!.
(b) The limit point 7° is optimal for sup{® — fT} and sup{®* — fT}, where ®* denotes
the upper semicontinuous relazation of ® w.r.t. the W, topology:
o*(x%) — fT(n") = sup{®* — fT} = sup{® — fT}.

(¢c) We have convergence of the metric:

lim Wy (", p) = Wa (7, p) and lim Wy (r", i) = Wo (%, i),

n—oo n—oo

foralli=1,... k.
(d) We have convergence of the value function:

lim &(x") = <I>*(7r0). (4.11)

n—oo

(e) Let 7, = n~'2 and (7}, 4}) be an admissible curve starting from 7" which is T),-
optimal in (DPP) on the time interval [0, 7,], that is

Q(n") < A; (7)) e T O(RD ) + Ty (4.12)
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Then

1 ~n
sup — [ ||ay ||iz(7~i_;n,) dt < +o0. (4.13)
n>1Tn i
0

Furthermore, let (t,)n>1 be a sequence such that 0 < t, < 7, for all n. Then Ty
converges to ™0 w.r.t. W, and

Jim. Wa(7f, p) = Wa(x®, p), Jim. Wa (77 i) = Wa(n®, i), (4.14)
foralli=1,... k.

Proof. Preliminary facts. For any n > 0, let (7}, u});>0 satisfy (4.5) and (4.6) for the
choice ¢ =T =T, := 1/n. That is to say,

O(rg) — fH(nf) = sup{® — T} =T, (4.15)
O(my) < Ar, (7 ul") e () + T (4.16)

By Corollary 3.2 |®| < ||h]|co, so that (P(7{))n>1 is a bounded sequence; by (4.15) this
implies that (fT(7{))n>1 is an upper bounded sequence. From this and the fact that ¢ is
lower bounded (by continuity and the fact that 9;¢ > 00 for all i), we deduce the former
of the following

To
sup Wa (g, p) < 400, sup/ ”“ﬂﬁ'ﬂ(w) dt < 400, (4.17)
n>1 n>1 :

0
while the latter follows from Lemma 4.1 together with the former. Moreover, applying
the same lemma with 7' = T,, we find that there exists a sequence ¢,, € [0,T},] such that

Ty
- 1
sup {5(7@) t 7 / ||U?||iz(u?) dt} < +oo0. (4.18)
0

n>1

Consider now the sequence 7" := ;' . From Lemma 3.5 (b) together with (4.17) we ob-
tain that (7™),>1 is bounded in (P2 (R?), W3), hence relatively compact in (P,(R%), W)
by Lemma 4.2. We can thus extract a (non-relabelled) W,-converging subsequence whose
limit we shall denote 7°. We now proceed to show that (7™),>1 and 7° have the desired
properties.

Proof of (a). First of all, applying Lemma 3.5 (b) to the curve (7™, u") with T' = T,, and
p there equal to either p or p; here, and using (4.18) give

W3 (", p) = Wi (ng,p) <O(T,)  and  W3(x", ps) — Wi (ng, wi) < O(T)
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for all i = 1,...,k, which implies
F1@™) = f1(xg) < O(T). (4.19)
Next, observe that

(DPP)
() = A (7 ul) + e T Te(rg )

n

(4.18)
2 6_(Tn—tn)q)(ﬂ':%n) — O(Tn) (4 20)

(4.16)
>

o' (®(nf) — Ar, (") — O(T,)
> () — O(T,),

where A; 7, is defined as in (2.6) and in the last inequality we used e» =1+ O(T},).
Thus, gathering (4.19) and (4.20) proves (a).

Proof of (b). Note that — fT is upper semicontinuous w.r.t. W, convergence: this follows
from the W,-lower semicontinuity of Wa(:, p), Wa(-, it;) (see Lemma 4.2) and the fact
that 9;¢0 > 0, so that p(x) < p(y) whenever z; < y; for all i = 1,... k. Leveraging this
fact, we deduce that

(@ — f1)(#°) > limsup(®* — f1)(x")

n—o0

> limsup(® — f7)(x") > liminf(® — f1)(z")

n—00 n—00

()
> sup{® — fT} = sup(P — fT)* = sup{®* — fT}.
whence the conclusion.

Proof of (d). As a byproduct of (b), all inequalities in the previous display are in fact
equalities, whence the first of the following relations

Tim (@ — f1)(x") = (@ - f1)(x")
lim sup ®(7") < &*(7°)
limsup —f1 (") < —fT(x°)

while the second and the third ones are trivial consequences of the Wy-upper semicon-
tinuity of ®* and —ff. Combining the three we obtain

lim sup ®(7") = ®*(7°) and limsup — f1(7") = —fT(x)

n— oo n—oo

and, up to extracting a non-relabelled subsequence (which does not affect the validity of

(a)),
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lim ®(7") = ®*(7)  and lim —fT(7") = —fT(x°),

n—oo n—oo

so that (d) is proven too.
Proof of (c). It is a consequence of fT(u™) — fT(u°) and Lemma 3.7.

Proof of (e). Let (7™, 4") be as in the statement. Because of (4.12) and item (a), we can
apply Lemma 4.1 to such a curve with T'= 7,, and ¢ = T}, = 72. We thus obtain

. :
7__/Hut ||i2(7~r;}) < M(1+ 7, + Wa(n", p)).
0

The first part of the claim then directly follows from item (c). To prove the fact that 7"
converges to ¥ w.r.t. W, observe that by Hélder inequality W, < W for any p < 2, so
that

Wp(ﬁ'li,ﬂ'o) < Wp(ﬂ'n,ﬂ'o) + Wy (7, 7™).

As by construction W,(n", %) — 0, it is sufficient to show that the second term on
the right-hand side above vanishes. To this aim, we apply Lemma 3.5 (b) to the curves
(7™, @™) with the choices p = 7™ to obtain

i (4.13)
W3 (7L, 7") < Myt + / ”a?”?ﬂ(u?) dt < My7, + My,
0

with M,, = max{€(n")+c1W3(n",v)+c2,0} and ¢y, c2, v as in (3.4). From the fact that
(7™)n>1 is a Wa-bounded sequence and (by (4.18) and the very definition of ) it is also
bounded in energy, we deduce that sup,,~; M, < 400, whence the conclusion.

Finally, the first in (4.14) follows from

Wa(7y , p) < Wa(mp ,m") + Wa(r", p),

and the argument outlined in the previous paragraph, which ensures that W;(ﬁ{;, ™) <
O(7y), and (c). The proof for the second in (4.14) is analogous. O

We are finally in the position to prove that ®* is a viscosity subsolution to (4.1), as
outlined at the beginning of the section.

Proposition 4.4. Under Assumption 2.1, let h € Cy(P2(RY),W,) for some p < 2. Then
®*, the upper semicontinuous relazation w.r.t. the Wy-topology of the value function @,
defined in (2.5), is a viscosity subsolution of the Hamilton—Jacobi equation (2.12) with
ht = h and A; = Hy as defined in Definition 2.6.
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Proof. Note that ®* is bounded (since |®| < ||A||o0, as observed in Corollary 3.2) and
Wp-upper semicontinuous, hence Ws-upper semicontinuous as well. Thus, according to
Definition 2.7, we are left to prove that for any fT, gt as in Definition 2.6 there exists a
sequence (7, )nen satisfying (2.14) and (2.15).

We claim that, given (7™, 4") and 7° as in Proposition 4.3 (e), the constant sequence
7, = w0 is the desired one. Indeed, since by Proposition 4.3 (b)

(") = f1(x) = sup{@” — [T},
it actually suffices to show (2.15), namely
®*(r°) — g (7") = h(=") < 0.

To this end, start observing that by construction and by virtue of Proposition 4.3 we
have

n

A, (R0 4 e B ) — B(7D) > O
(®(75) — f1(7G) — (®(72) — fT(72)) = O

where 7, := n~'/2, so that multiplying the second inequality by e~ and adding it to

the first one yields
(€7 = DO(RE) + A, (77, a0) + e (f1(7]) — [1(7D)) = O(7). (4.21)

By Proposition 3.4 and Cauchy—Schwarz inequality we have

fiGn) - @) < / gk (7r)

0
7 ~ ~n 1 2(=n ~n
+ ||ut||L2(7”r?) (aWQ(Trt ap) + VSD §W2 (7rt 7/»") : WZ(’”t 7/1’)) dta
0

so that if we apply Young’s inequality to the second integral on the right-hand side
above, multiply by e”™ and then add A, (7™, @") to both sides, we obtain

Ar, (7@ + e~ (f1(77 ) — f1(7G)
S e ™ /gT(ﬁ';l) dt +/ (6_7—" — e_t) ||ﬂt||iz(ﬁ_;n) dt + /e_th(/ﬁ'zl) de
0 0 0

DN =

< /gT(ﬁZ‘)dt—i—/e_th(frf)dt.
0

0
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By plugging this into (4.21) and dividing by 7,, we thus deduce that

Tn

SR YO i/gf(frf)dw i/e’th(frf)dt > O(1n). (4.22)
T’I’L
0

0

To pass to the limit as n — oo in the three terms on the left-hand side above, note that
for the first and the third it holds

1 17
lim eiq)(ﬁ'g) = —o*(79) and limsup — [ e *h(7")dt < h(7)
n—00 Tn n—oo Tn
0

thanks to Proposition 4.3 (d) and Proposition 4.3 (e), respectively. More precisely, the
second claim above holds true because by a change of variable

Tn 1
1
—/efth( /eTshﬁ' ds
Tn

0 0

and by Proposition 4.3 (e¢) W,(72 ,,7%) — 0 as n — oo, for every s € [0,1]. By W,-
continuity of h, this implies h(72 ) — h(n°) as n — oo, for every s € [0,1], and by the
fact that h is bounded we can use Fatou’s lemma to conclude as above.

As for the second and last term in (4.22), we argue as for the third one. Observe

indeed that a change of variable yields

1

e }
L / of (7p)dt = / o (7
Tn

0

0

and on the one hand (4.14), the fact that W,(7" ., 7%) — 0 asn — oo, for every s € [0, 1],
and the W)-lower semicontinuity of £ (see Remark 2.2) together with ;¢ > 0 imply

TS’

limsup g' (77 ,) < ¢'(x%),  Vse€[0,1].

n—oo

On the other hand, (3.12), (4.13), and Proposition 4.3 (b) imply that

sup  W3(72 ,,p) < +oo, max - sup W37 i) < +00
neN,sel0,1] i=1,....k neN,s€[0,1]

and these bounds together with (3.4) yield

inf &7 ) > —o0
neN,s€[0,1] ( T"S) ’

whence
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s gl(0.,) < +oo.
neN,s€[0,1]

An application of Fatou’s lemma provides us with

1
lim sup / 9" (@7 )dt < g' (o),

n—oo
0
thus concluding the proof of the subsolution property. 0O
5. The supersolution property

In this section we work towards the proof that ®, is a viscosity supersolution for
f=AH:f=h (5.1)

for a bounded Wj-continuous function h, with p < 2. Again, we will work with A = 1.
Our strategy, to large extent, will be similar to that of the proof of the subsolution
property in Section 4. Following however the classical proof, one replaces working with
an optimally controlled curve by one that is using a control that optimizes Young’s
inequality as an equality for the specifically chosen test function.
As in the subsolution proof, we pick (f*,g*) and start with almost optimizers 7{,
namely

(nf) — fH(al) = inf{® — f}} +e. (5.2)

In contrast to the subsolution proof, we do not replace wf’ by 7™ obtained by following
optimally controlled curves, but rather extract 7™ from the gradient flow for £ started
at 7§ to obtain control on £.

In Proposition 5.1, we show that starting from measures ever closer optimizing ® — f*
and evolving them using the gradient flow, we can find 7™ that can be shown to have a
weak limit point 7°. Finally in the proof of Proposition 5.2 we show that 7% satisfies

o, (x%) — g} (n°) > h(n").
Proposition 5.1. Let
1 a9 I
Frp) = =5Wa (k) — o 5Wslu,m)

be an admissible test function and fit 1 < p < 2. Then there exists a sequence (")n>1
converging to some p° w.r.t. W, such that:
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(a) The sequence (u™)n>1 is optimizing for inf{® — f+}:

O(p") — fH(u") <inf{& — f} +O(Ty),

where T,, = n~t. In particular,

lim {®(u") — FH(u")} = {0 — fF}. (5.3)

n—oo
(b) The limit point p° is optimal for inf{® — f*} and inf{®, — f*}, where ®. denotes
the lower semicontinuous relazation of ® w.r.t. the W, topology:
O, (u°) = fH(p°) = nf{ P, — fH} = inf{® — 1.

Moreover, u° € D(E).
(¢) We have convergence of the metric:

Jim Wa(u",7) = Wao(u®,y)  and lim Wy (u", m;) = Wa(u®, mi),

n—o0

foralli=1,... k.
(d) We have convergence of the value function:

lim ®(u") = @. (1)

n—oo

(e) Lett, < T,, ¢ € CP(R?) and let (u",u.) € Admy, be the admissible curve associated
to the control uy(x) := V() and initial point u™. Then . converges to p° w.r.t.
Wy as n — oo and

lim Wo(pp ) = Wa(u®y)  and  lim Wa(uy  m) = Wa(u®, mi),
foralli=1,... k.

Proof. Preliminary facts. For n > 1, let u%" be such that

O(p0") — fH(pO") < inf{® — f1Y + 1T, (5.4)

where T, := 1/n as in the statement. Since ® and ¢ are lower bounded, namely & >
—|Ih]leo and p(z1,...,25) > (0, ...,0) thanks to the fact that d; > 0, we deduce that
sup,, Wa(u®™,v) < 4+00. By Lemma 4.2 this would be enough to infer the existence of a
W-convergent subsequence and a W)-limit. However, no information on the energy of
u%™ can be deduced from (5.4).

For this reason, we let each u%" evolve along the gradient flow (M?’n)tzo of £ and set
ut = u%:. Applying Lemma 3.5 (b) with p = to (u{"");>0 yields
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sup sup Wa(pd™, ) < +oo. (5.5)
neN 0<t<T,

The sequence (u")p>1 is thus bounded in (P2(R%), W), so that by Lemma 4.2 we can
find u° and a (non-relabelled) subsequence such that W, (u™, u°) — 0 as n — oc.

Moreover, (1™)n>1 is also bounded in energy (which will be useful for later purposes).
To prove this, note that by construction we have

D(u0") — ®(up") < fH) — fHug™) + T (5.6)
As concerns the left-hand side, from Corollary 3.2 we know that
S(uO") = B(ug)") = =27 bl - (5.7)

On the other hand, by (5.5) there exists some constant 0 < M < +oo (whose numerical
value changes from the first to the second line) independent of n and ¢ € [0,7},] such
that

n n 1 n n
") < M = 0" - Vo GWEG"m)) - £t
< M —a(pg") = M — a€(p™),

where in the second inequality we used the monotonicity (3.2) of £ along the gradient
flow and again (5.5) together with d;¢ > 0, (3.4) and the triangle inequality to bound
the last term in the first line. From this control and Proposition 3.4 we deduce that the
right-hand side of (5.6) can be controlled from above as

Tn

FHEO™) — P < / “gh (U0 dt < T (M — af (™). (5.8)
0

Combining (5.7) and (5.8) with (5.6) we find
2T, ||hl|oo Tyt < M — a€ (),
whence the desired uniform bound

sup £(u") < +o0. (5.9)
neN

Now, let us show that the proposed sequence enjoys properties (a)-(e).

Proof of (a). Observe that the contraction property (3.1) for EVI,-gradient flows gives

W3 (p",v) < WE(up™, yr,) + 2Wa (g™, vz, )Wa (v, , ) + Wiy, 7)
< e T W2 (0" ) + 2T Wo (U0 V) Wa(yr,, v) + WE(yT,, 7).
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so that thanks to (5.5) and (3.3) with g = v = « (which is possible, since v € D(Z) by
assumption) we obtain W3 (u",~y) — W3 (u® ", v) < O(T,). Repeating the same argument
for m;, i = 1,...,k, yields W3 (u", m;) — Wi(u®", m;) < O(T,,) and combining all these
bounds we get

FHE™) = fHu") < O(Th).
It is now sufficient to recall that from Corollary 3.2 it holds
O(u") = B(u") = —2T0 || Al

and thus if we further combine this bound with the previous one, we find

d(pm) — fHum) < (") — FH(uO™) + O(T,),

from which (a) follows.
Proof of (b). Arguing similarly to Proposition 4.3 (b), we observe that the Wp-upper
semicontinuity of f* implies
(@, — £4)(u°) < liminf(@, — £)(u")
n—oo

< liminf(® — f*)(u") < limsup(® — f*)(u")

n—00 n—o0
@ . .
< inf{® — f¥} = inf(® — f¥), = inf{®, — f*}.
The fact that u° € D(£) is a consequence of (5.9), the fact that W, (u™, u°) — 0 and the

Wp-lower semicontinuity of £, discussed in Remark 2.2.

Proof of (d). All the inequalities in the above display are in fact identities, whence the
first of the following relations

Jim (¢ — ™) = (@ — FH(°) = (®u — 1))
lim inf & (") > .. (1°)
liminf — /¥ (") = = f*(1°)

while the remaining ones are due to the Wy-lower semicontinuity of ®, and —f . Com-
bining the three, and up to extracting a non-relabelled subsequence, we obtain

lim ®(u") = () and  lim —fHu") = —fH(u°)

n—oo n—oo

and the first limit shows (d).

Proof of (c). It is a consequence of f*(u™) — f#(u°) and Lemma 3.7.
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Proof of (e). First of all, let us stress that, given the control u;(z) := Vi(x) and the
initial condition u”, there exists a curve u™ such that (p™,u.) € Adme, and pg = p™:
it is the EVI-gradient flow of £(u) + [+ du. Its existence is ensured by [3, Theorems
11.2.1 and 11.2.8], the standing assumptions on € and the fact that V21 > x'Id for some
k" € R. Let us point out that [3, Theorem 11.2.8] also grants that (u”,w.) is admissible
in the sense of Definition 2.3.

With this said, let us now prove the first part of the statement, namely the fact that
Wy (pg , 1u°) — 0. We observe that by Holder inequality W, < W, for any p < 2, so that

W (uy , 1%) < Waui, 1™) + Wy (u™, 1°).

As by construction W,(u", u°) — 0, we focus our attention on the first term on the
right-hand side. By applying Lemma 3.5 (b) with p = ™, it can be estimated from

above as
2M, k;
W3, i) < = (1= ) + / e TV a iy ds
0
1 — e @tn
< (2My, + VY| o)

with M,, = max{&(u™) + et W3(p™,v) + c2,0} and ¢1, co, v as in (3.4). Since (u")p>1 is
bounded in distance and in energy by the discussion carried out at the beginning of the
proof, we deduce that sup,,»; M, < +oc and thus Wa(uy ,u") — 0 as n — oo. To prove
the second part of the statement observe that

Walpt ,v) < Walpg , u™) + Wa(u", 7).

By (c) we know that lim, Wa(u",v) = Wa(u’,7) and we have already shown that
lim,, Wa(ui ,u") = 0, so that passing to the limit in the above display yields
lim sup,, Wa (. ,y) < Wa(u®,v). By the lower semicontinuity of Wy w.r.t. W, con-
vergence (see Lemma 4.2) it also holds liminf, Wa(uf ,v) > Wa(u°,7), whence
lim,, Wa(uy ,v) = Wa(u®,7). The convergence of Wa(uj ,m;) follows along the very
same lines. O

We now have all the ingredients to prove that @, is a viscosity supersolution to (5.1),
as anticipated at the beginning of the section.

Proposition 5.2. Under Assumption 2.1, let h € Cy(P2(R%), W,,) for some p < 2. Then
D, the lower semicontinuous relazation w.r.t. the Wy-topology of the value function @,
defined in (2.5) is a viscosity supersolution of the Hamilton—Jacobi equation (2.13) where
h* = h and Ay = Hy as defined in Definition 2.6.
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Proof. As in the proof of Proposition 4.4, we first note that ®, is bounded (since |®| <
|h]lco) and Wa-lower semicontinuous as well. Thus, according to Definition 2.7, we are
left to prove that for any f*, g* as in Definition 2.6 there exists a sequence (7,)neN
satisfying (2.16) and (2.17).

We claim that, given (™) and u° as in Proposition 5.1, the constant sequence 7,, = p°

is the desired one. Since
©. (%) = fH(u°) = int{ D, — f*},
it suffices to show that
O, (1) — g*(1%) — h(u) > 0. (5.10)

To do so, we will first derive a preliminary bound valid for any ¢ € C°(R9):

~ 1 ~ 1
— ((Vw,atZo + Vo <§W22(u0,7r)) o) L2(u0) — §||V1/’||%2<u°>) >0. (5.11)
By choosing an appropriate sequence of ,,,, together with an appropriate use of Cauchy—
Schwarz, this will yield (5.10).

Proof of (5.11). We fix ¢ € C>°(R%) and follow a similar strategy as in the proof of
Proposition 4.4, but now for admissible curves (", u.) € Adme, constructed using the
suboptimal control u:(z) := V4 (z) and initial points ™. The existence of such curves
has already been discussed in the proof of Proposition 5.1 (e).

From Proposition 5.1 (a) we directly obtain that

(") — fHu") < int{@ — f1} + O(T,). (5.12)

Fix now a sequence (7,,)p>1 such that lim, 7, = 0, lim,, T,,/7,, = 0. Then by (5.12) we
have that

O(u") = @(up) + fHur,) — FHu") < O(Ty). (5.13)
By invoking the dynamic programming principle (DPP), we obtain
D) > Ay, (1, V) + e B4l ),

while the controlled EVT inequality (Proposition 3.4) gives

Tn

' ~ 1 <
P = P 2 [ ) + (Tl + Ve GWRGEm) ) Tt
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Plugging the last two bounds in (5.13) and dividing by 7,, we thus arrive at

Tn

1 e ™ —1 1
A V) + )+ [ gk ar

Tn Tn n
0

1 Tn ) 1 .
+— /<w,m1¢ + Ve (2W22(u?,7r)> ) 2 (upydt < O(T).
0
(5.14)

We now examine each term on the left-hand side separately.

First term. By a change of variable we note that

1
—TnS 1 n
A, 50) = [ (< 5IV 0+ 12,) )
0

and remark that the modulus of the integrand function is bounded by %||V[|% + [[A] -
Since h is W)-continuous, by Proposition 5.1 (e) and the dominated convergence theorem
we thus obtain

1 ., 1
lim — A, (0", Vip) = h(p°) — 5||V¢||2L2(H0)- (5.15)

n—00 Tp

Second term. From the dynamic programming principle (DPP) and the fact that |V
and h are bounded we have that

e R(ur ) < B+ (1 — e ) (SIVEIZ + ) = 2(4") + O(r,)

and this inequality together with Proposition 5.1 (d) yields

e —1
. S liminf — ny _ _ 0 - )
lim inf ——— ®(pu7,) = liminf —P(u") = —@. (1) (5.16)
Third term. We argue as in the end of Proposition 4.4. On the one hand, by the W-lower
semicontinuity of £ (see Remark 2.2) together with ;¢ > 0, the fact that W, (u? ., u°)
as n — oo, for every s € [0, 1], and Proposition 5.1 (¢) we derive

lglrgggfgﬁ(uﬁns) > i),  ¥se[0,1].

On the other hand, (3.12) and Proposition 5.1 (c) trivially imply that W3(u? ,~) and
W3(u ,m;) are bounded uniformly in n € N, s € [0,1], and ¢ = 1,..., k. As a conse-
quence, &(u? ) is bounded from below uniformly in n € N and s € [0, 1], whence

inf P ) > —oc.
neNl,Isle[o,l] 9e(hr, s) o
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A change of variable and Fatou’s lemma then give

Tn 1
1
timint - [ gF () dt = limint [ g (s, ) ds = g} (1), (5.17)
0
Fourth term. Recall that for any n € {v,m1,..., 7}, t%‘? is the optimal transport map

pushing 7 onto u3 and

rU I ; pi gt
Loty = (t, —id)oty =—1.°.

After a change of variable, the last term in (5.14) can thus be equivalently rewritten as
L[ ai + T (w20 m)) T et
T Vst + Vo | GWo s m) | ) L2y
0

(Vi o 8™ B ™) 1o ds

O\H

P
1 .
72/ wot”’"s Dy (2W22(ufns,7r)) tZ;“)Lz(m)ds.
0

=1

To obtain convergence as n — oo to the desired term (i.e. the second line in (5.11)) we
apply the dominated convergence theorem. We first claim that

<v¢ OtuT”S tHTWS>L2(’r]) — <V¢ © tn » by > L2(n) (518)

for all s € [0,1] and 0 € {v,71,...,7}. Indeed, we note that

(Vo tums’tgmgﬁz(n) —(Vio té; ’~n0>L2(n)|
< (Vo ty ™ B) oy — (Vb oty i”0>m<n)|
+ (Vi ot B gy — (Vb o 8 ,tn el
< IV loolith™ = 8 B + IV 0 7 = Vb 088" [ 12 B0 [ 2.

Then, by Proposition 5.1 (e) and Lemma 3.6 the first term on the last line vanishes as

n — oo and, up to extracting a subsequence, tg?,,s — tgo n-a.e. Since V1 is continuous
and bounded, by the dominated convergence theorem also the second term goes to 0,
whence (5.18).

Moreover, by Proposition 5.1 (e) Wa(ul ,,1) is bounded uniformly in n € N and
s € [0,1], so that if we set
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R:= max sup sup Wa(u? ,n) < +oo,
n€{y,m1,..,mk} 5€[0,1] nEN

we deduce that
(Vi o thmme at“*“) 2y < all VY[l Walpr, 5,7) < al VY[R
and
n 1 n
(V00 5 0 (IR0 ) | )12 <

< 9ip(R?/2)| Vil R

0ip(R?[2) |1V | oo Wa (k7,5 i)

We can thus apply the dominated convergence theorem and get

T

1 Lypz(m i
lim _/<V¢,at + Vo <§W22(Mt’ﬂ-)) .tﬂ?>L2(l‘7)dt

n—00 Ty

||
(]~
&
AN
7N\
N | =
S
=
=)
:l

<Vwotv ’ v0>L2('v) T )) <V1/1°t77 U, >L2(7r)

} 1 e
= (V1 atlo + Vo <§W22(/1,0, 7T)> . tu°>L2(M0)’
(5.19)

where in the last identity we used again the definition of transport map to come back to
an integral w.r.t. u%. To justify this change of variable, however, we first need to show
that i;o and 'E:Zo actually exist. But this is ensured by Proposition 5.1 (b) (which implies
p® < £%) and [3, Theorem 6.2.4].

If we now gather (5.15), (5.16), (5.17), and (5.19) we obtain

1
h(r®) = S IV o) — (%) + 92 (1) +
. L - (5.20)
<V¢7 at 10 + V‘)O (/’6 71') ' tp,0>L2(,u,0) <0,

which, up to rearrangement of terms, is (5.11).

Proof of (5.10). Since u® € D(E), we can invoke [3, Proposition 8.5.2], which ensures
that

~ L2 (u®
Do i e (Vo weCo®DL ) i=1 Lk

We can thus choose b, € C>°(R%) such that
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- 1 3 .
Vipy, — atlo + Ve <§W22(u0,1r)> ~t::0 in L2(u°)
and note once again that (5.20) holds true for all 1 € C2°(R?). Therefore, if we consider
(5.20) with ¢ = 1, and take the limit as m — oo, we obtain
2

<0.  (5.21)
L2(j1o)

- 1 P
at,o + Vi <§W22(N077T)> "o

h(p®) = @ (1®) + gi(u°) + %

To finish the proof, Cauchy—Schwarz inequality and the fact that H.EZO | L2(u0y = Wa(u®,n)
for n € {~,m1,...,m} provide us with

2

2

~ 1 .
atZo + Vo <§W22(u0,7r)) ~t::o

L2(u0)

a? ~ 1
= LW 0,) + Bl T (5300, m) ) - Tz

2

1 1 .
+ 5 ’VSD (§W22(:u077r)> . tuo
a? 2 0 1 2,0 0
5 Ws (to,7y) — aWa(p”,7) [ Ve W (n°,m) ) - Wa(u®, )

L2(po)

Y

-5 (ve(zwioe.m) ~Wz<uﬂ,w>)2

9w, (1°)-
Plugging this bound into (5.21) gives the desired conclusion (5.10). O
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