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This work is the third part of a program initiated in [12,11] 
aiming at the development of an intrinsic geometric well
posedness theory for Hamilton–Jacobi equations related to 
controlled gradient flow problems in metric spaces. In this 
paper, we finish our analysis in the context of Wasserstein 
gradient flows with underlying energy functional satisfying 
McCann’s condition. More prescisely, we establish that the 
value function for a linearly controlled gradient flow problem 
whose running cost is quadratic in the control variable 
and just continuous in the state variable yields a viscosity 
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solution to the Hamilton–Jacobi equation in terms of two 
operators introduced in our former works, acting as rigorous 
upper and lower bounds for the formal Hamiltonian at hand. 
The definition of these operators is directly inspired by the 
Evolution Variational Inequality formulation of gradient flows 
(EVI): one of the main innovations of this work is to introduce 
a controlled version of EVI, which turns out to be crucial in 
establishing regularity properties, energy and metric bounds 
along optimzing sequences in the controlled gradient flow 
problem that defines the candidate solution.
© 2026 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

Given an energy functional ℰ on the Wasserstein space 𝒫2(Rd) satisfying McCann’s 
curvature condition [21], we consider in this article the problem of controlling the cor
responding gradient flow over an infinite time horizon in such a way that an optimal 
compromise is found between the cost of controlling and the rewards that applying a 
control allows to collect. Our main contribution is to show that the value function of the 
control problem provides with viscosity solutions for the corresponding Hamilton–Jacobi 
equation according to the notion of solution we introduced in [11]. Since uniqueness of 
viscosity solutions has been established in our previous works [12,11], the existence result 
of this work constitutes the third and final step in completing the program of showing 
well posedness for this class of equations. In a nutshell, given an energy functional on 
the Wasserstein space ℰ : 𝒫2(Rd) → Rd, whose (formal) Wasserstein gradient we denote 
by gradW2 , the equation of interest is

f + ⟨gradW2ℰ , gradW2f⟩Tμ𝒫2(Rd) −
1
2∥gradW2f∥2

Tμ𝒫2(Rd) = h, (1.1)

http://creativecommons.org/licenses/by/4.0/
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where, for μ ∈ 𝒫2(Rd), ⟨ ·, ·⟩Tμ𝒫2(Rd) and ∥ · ∥Tμ𝒫2(Rd) denote the L2(μ) inner product 
and norm respectively. An energy functional ℰ satisfying McCann’s condition has the 
typical form

ℰ(μ) =
ˆ

U(μ) dℒd +
ˆ

V dμ +
ˆ

W ∗ μ dμ, (1.2)

where ℒd is the Lebesgue measure on Rd. In the above and in the rest of this article with 
a slight abuse of notation we shall make no distinction between an absolutely continuous 
probability measure μ and its density against the Lebesgue measure. The first term in the 
decomposition (1.2) is known as internal energy: notable examples include the Boltzmann 
entropy U(r) = r log r and Rényi entropies U(r) = 1 

α−1r
α. The second term is known as 

potential energy, while the third term is referred to as the interaction energy, with W
often being called the interaction potential. A formal calculation suggests [2, Sec. 3.3.2] 
that the Wasserstein gradient of ℰ at μ can be identified with the vector field gradW2ℰ(μ)
given by

gradW2ℰ(μ)(x) = U ′′(μ(x)) ∇μ(x) + ∇V (x) + ∇W ∗ μ(x).

In light of this, the Wasserstein gradient flow of ℰ started at μ is the curve (μt)t≥0, 
solution of the evolution equation

∂tμt −
1
2ΔP (μt) + ∇ · ((−∇V −∇W ∗ μt)μt) = 0, μ0 = μ,

where P (r) = rU ′(r)−U(r). The interpretation of non-linear PDEs in terms of Wasser
stein gradient flows is a milestone result that has motivated much of the recent progresses 
in the theory of gradient flows and optimal transport, we refer to the seminal papers 
[20,23] and to the monograph [3] for more information. Building on the above consid
erations and profiting from the formal Riemannian structure of 𝒫2(Rd) induced by the 
Wasserstein distance, it is natural to formally interpret (1.1) as the Hamilton–Jacobi 
equation characterising the value function of the controlled gradient flow problem

sup 
(μt,ut)t≥0

+∞ˆ

0 

e−λ−1t
(︂
− 1

2∥ut∥2
Tμt𝒫2(Rd) + λ−1h(μt)

)︂
dt

s.t. ∂tμt −
1
2ΔP (μt) + ∇ · ((−∇V −∇W ∗ μt + ut)μt) = 0,

(1.3)

where ut is a vector field acting as the control variable, ∥ut∥2
Tμt𝒫2(Rd) is the cost for 

steering the gradient flow and h is a reward function. In this paper we make this inter
pretation rigorous by showing that a mathematically sound formulation of the control 
problem above provides with viscosity solutions for (1.1). To do so, we rely on the notion 
of viscosity solution introduced in [12], whose formulation is in terms of rigorous upper 
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and lower bounds for the formal Hamiltonian appearing in (1.1). The definition of these 
operators is inspired by geodesic convexity properties of the functional ℰ , captured by the 
celebrated Evolution Variational Inequality (EVI) characterization of the corresponding 
gradient flow [3]. One of the contributions of this work is to introduce and profit from 
a new version of EVI, that we name controlled EVI (see Proposition 3.4 below) which 
is well suited to the study of controlled gradient flows. Special instances of the abstract 
equation (1.1) have been studied over the past two decades by Feng and coauthors, see 
[16--18] for a sample of the most relevant contributions. To be more precise, the equa
tions considered in these works correspond sometimes to an even more general version of 
(1.1) in which the underlying geometry is not necessarily the Wasserstein geometry. All 
uniqueness results we obtained [12,11] apply to this broader class; we leave it to future 
work the development of an abstract existence theory that applies at the same level of 
generality.

McKean–Vlasov control and controlled gradient flows. When the internal energy in 
(1.2) is given by the Boltzmann entropy, i.e. when U(r) = r log r, (1.3) can be cast as a 
mean field, or McKean–Vlasov, control problem. That is to say, as a stochastic control 
problem in which the controlled state process is a non-linear diffusion in the sense of 
McKean and the objective function may exhibit a non-linear dependence in the law of 
the controlled state. Mean field control is an autonomous and thriving research field; 
we refer the interested reader to the monographs [8,9] for more information and further 
references. To be slightly more precise, there is formal equivalence between (1.3) and

sup 
(αt)t≥0

E
[︂ +∞ˆ

0 

e−λt
(︁
− 1

2 |αt|2 + λ−1h(Xα
t )

)︁
dt
]︂

s.t. dXα
t = [−∇V (Xα

t ) −∇W ∗ Law(Xα
t ) + αt]dt +

√
2dBt, Xα

0 ∼ μ.

(1.4)

In the above, (Bt)t≥0 is a Brownian motion, the state dynamics (Xα
t )t≥0 is a stochas

tic process, and the control (αt)t≥0 is a stochastic process in feedback form. Roughly 
speaking, the equivalence between the two problems can be explained observing that 
the stochastic processes considered in (1.4) provide with probabilistic representations 
for admissible curves in (1.3). Motivated by applications and the connections with mean 
field game theory [7], the study of Hamilton–Jacobi equations stemming from McKean--
Vlasov control problems has been driving a large part of the recent research on infinite 
dimensional Hamilton–Jacobi equations (see for example [13,15,25]) and the results of 
our article contribute to this research line: we shall clarify below how our findings com
pare to the most recent results in the field.

Literature review. The two previous papers of this series provide with an extended 
overview of the different notions of solutions recently proposed to tackle Hamilton–Jacobi 
(henceforth HJ) equations on the space of probability measures and of the myriad of 
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techniques developed to prove existence and uniqueness of viscosity solutions. We refer 
the interested reader to the introductory sections of [12][11] for a compilation of references 
and detailed comparisons between the class of HJ equations studied here and other 
families of equations already considered in the literature. However, further progress has 
been made after our last work appeared and we shall now report on it. Some of the most 
recent results are concerned with equations for probability measures defined on compact 
spaces, a situation in which many of the main difficulties we have to deal with here do 
not appear. Three relevant contributions in this direction are [24], [5] and [10]. The first 
article studies McKean–Vlasov control problems on the torus, whereas [5] introduces 
and solves a stochastic version of the classical (deterministic) optimal transport problem 
in which the target measure evolves according to a stochastic process. The source of 
noise in the resulting HJ equation is then not in the dynamic of each agent, as it is the 
case in most works on the subject, but rather in the dynamics of the target measure. 
In [10] HJ equations for probability measures on the torus are solved and uniqueness is 
proved among suitable classes of semiconcave functions. In particular, this work does not 
appeal to viscosity solutions and relies on Fourier analysis to obtain finite-dimensional 
approximations of the target equation. The most recent contributions about classes of 
HJ equations that are more closely related to the one we consider here are [13], [25] 
and [15] all look at equations arising in the context of mean field control. The authors 
of [13] show well posedness by analyzing finite-dimensional projections of the equation 
associated with the N -agents approximation of the McKean–Vlasov control problem at 
hand. In doing so, they profit from a lifting of the Wasserstein space to a suitably defined 
space of square integrable random variables, which has the convenient property of being 
an Hilbert space. Deviating from this approach, [25] relies on Fourier representations of 
Sobolev norms on the space of probability measures and a convenient representation of 
the derivatives of Wasserstein Lipschitz functions to establish the comparison principle. 
The article [15] adopts yet another approach to the design of a proper intrinsic notion 
of viscosity solution based on Wasserstein subdifferentials. Finally, we mention the very 
recent work [15]. In there, the authors succeed in establishing well posedness for a class 
of semilinear PDEs on the space of probability measures on the torus, allowing for 
Hamiltonians that are not convex in the momentum variable and for the presence of a 
common noise. To do so, they exploit a weak metric previously introduced in [6] and first 
show a partial comparison principle for solutions that are Lipschitz with respect to the 
weak metric. Then, they show that under suitable growth and regularity assumptions 
on the coefficient, solutions with the desired Lipschitz properties actually do exist.

Our contribution. In [12], inspired by some heuristic geometric considerations about 
geodesically convex functionals, we defined rigorous upper and lower bounds for the 
formal Hamiltonian associated to (1.1) that do not require to manipulate any notion of 
derivative or subdifferential in the Wasserstein space. Then, we defined viscosity solutions 
in terms of these operators and showed a comparison principle. The subsequent paper [11] 
lays the foundations for the existence theory we develop in this work by showing that the 
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comparison principle of [12] implies a comparison principle for a new notion of viscosity 
solutions that makes use of a simpler and more tractable set of test functions. These 
are simple cylindrical test functions of the square Wasserstein distance, whereas the test 
functions in [11] contained Tataru’s distance [26] that is not smooth. When comparing the 
assumptions required for our theory to apply and those in the above mentioned works, one 
can observe that all these works deal exclusively with McKean–Vlasov control problem. 
Therefore, they are unable to treat situations in which the internal energy is different 
from the Boltzmann entropy, leaving out Rényi entropies. In this setting, our results 
appear to be genuinely new, at least to the best of our knowledge and understanding. If 
we remain in the realm of McKean–Vlasov control problems, the above mentioned works 
are generally more flexible concerning the structure of the Hamiltonian. For example, 
neither [13] nor [15] require the Lagrangian to be separable or the cost to be quadratic 
in the control variable. Furthermore, they encompass situations in which the diffusion 
coefficient in the controlled dynamics is not a constant matrix. In turn, stronger regularity 
assumptions are imposed on the coefficients in all the above mentioned works. More 
precisely, some form of Wasserstein Lipschitzianity on either the Hamiltonian or the 
cost functional is assumed there, whereas all we require here is that the running cost 
is bounded and continuous in some p-Wasserstein topology for p < 2. To conclude, we 
wish to point out that even though the solution theory we build in this work applies to 
controlled Wasserstein gradient flows only, the derivative-free approach to uniqueness of 
[12,11] applies to a more general class of equations, set on metric spaces that may well 
differ from the Wasserstein space. Some candidate equations for which our uniqueness 
results could in principle be applied have been described in the introduction of [12]. The 
question of existence, left open in this work, calls for further investigations.

Organization. The manuscript is organized as follows. In Section 2 we introduce the 
notion of viscosity solution we proposed in our earlier works, state our main hypothesis 
and define our candidate solution through an abstract controlled gradient flow problem. 
In Section 3 we focus on obtaining estimates for controlled gradient flows, in particular 
by establishing a controlled version of EVI. Sections 4 and 5 are devoted to establishing 
the subsolution and supersolution property.

2. Setting, assumptions, and main results

Frequently used notation. Given p ∈ [1, 2], by Hölder inequality it holds 𝒫2(Rd) ⊆
𝒫p(Rd), so that 𝒫2(Rd) is naturally endowed with two topologies: the W2-topology and 
the Wp-topology. Motivated by Lemma 4.2, we will sometimes refer to the former as 
strong topology and to the latter as weak topology. We thus write

C(𝒫2(Rd),Wp) :=
{︁
f : 𝒫2(Rd) → R : f is Wp-continuous

}︁
,

LSC(𝒫2(Rd),Wp) :=
{︁
f : 𝒫2(Rd) → R : f is Wp-lower semicontinuous

}︁
,
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USC(𝒫2(Rd),Wp) :=
{︁
f : 𝒫2(Rd) → R : f is Wp-upper semicontinuous

}︁
.

We also denote by Cu(𝒫2(Rd),Wp), Cl(𝒫2(Rd),Wp), LSCl(𝒫2(Rd),Wp), and 
USCu(𝒫2(Rd),Wp) the subsets of functions that admit a lower or upper bound. More
over, Cb(𝒫2(Rd),Wp) = Cu(𝒫2(Rd),Wp) ∩ Cl(𝒫2(Rd),Wp). When p = 2 we will 
omit the dependence on Wp in all the aforementioned notations, thus simply writing 
e.g. C(𝒫2(Rd)), LSC(𝒫2(Rd)), and USC(𝒫2(Rd)). The space of smooth real-valued 
functions with compact support is denoted by 𝒞∞

c ([0, T ] × Rd), while the space of ab
solutely continuous functions whose derivatives belong to L2([0, T ]) is denoted with 
AC2([0, T ],𝒫2(Rd)). Finally, if ℱ : X → (−∞,+∞] is a functional on some set X, then 
we denote by 𝒟(ℱ) := {x ∈ X : ℱ(x) < +∞} its domain.

We proceed in Section 2.1 with our setting and main assumptions. In Section 2.2 we 
introduce our candidate solution. In Section 2.3 we introduce our rigorous upper and 
lower Hamiltonian. Finally, in Section 2.4 we state our main results.

2.1. Setting and assumptions

In this section we recall all the relevant tools used in the article.
We start with the definition of Wasserstein distance and Wasserstein space. In the 

space of probability measures with finite second moment 𝒫2(Rd), we introduce the 
Kantorovich–Rubinstein--Wasserstein distance of order two W2, defined by

W 2
2 (μ, ν) = inf 

π∈Π(μ,ν)

ˆ
|x− y|2π(dxdy),

where Π(μ, ν) is the set of 2-plans with given marginals μ, ν. The space (𝒫2(Rd),W2) is 
called the Wasserstein space.

Throughout the whole manuscript we are interested in entropy functionals on the 
Wasserstein space ℰ : 𝒫2(Rd) → (−∞,+∞] of the following type:

ℰ(μ) :=
ˆ

U(ρ) dℒd + U ′(∞)μ⊥(Rd) +
ˆ

V (x) dμ(x) +
ˆ

W (x− y) dμ(x)dμ(y), (2.1)

where μ = ρℒd+μ⊥, μ⊥ ⊥ ℒd, and U ′(∞) := limr→∞ U ′(r). Note that if U has superlin
ear growth at infinity, as we will require in the assumptions below, see Assumptions 2.1, 
then the above definition of ℰ reduces to

ℰ(μ) =

⎧⎨⎩
ˆ

U(μ) dℒd +
ˆ

V dμ +
ˆ

W ∗ μ dμ if μ ≪ ℒd,

+∞ otherwise.

Note that, as stated in the introduction, with a slight abuse of notation we shall make 
no distinction between an absolutely continuous probability measure μ and its density 
against the Lebesgue measure.
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Moreover, the former is the lower semicontinuous relaxation (w.r.t. the narrow topol
ogy) of the latter, and it can be checked that under a superlinearity assumption ℰ is 
actually lower semicontinuous w.r.t. the weak L1 topology.

For the sake of brevity, let us introduce the following notation

𝒰(μ) :=
ˆ

U(ρ) dℒd + U ′(∞)μ⊥(Rd),

𝒱(μ) :=
ˆ

V (x) dμ(x),

𝒲(μ) :=
ˆ

W (x− y) dμ(x)dμ(y).

On the internal energy 𝒰 , potential energy 𝒱, and interaction energy 𝒲 we formulate 
the following assumptions. Recall that a function f : Rd → R is said κ-convex, with 
κ ∈ R, if

f((1 − t)x + ty) ≤ (1 − t)f(x) + tf(y) − κ

2 
t(1 − t)|x− y|2 , ∀x, y ∈ Rd, t ∈ (0, 1) .

Assumption 2.1 (McCann’s condition). 

(a) U : [0,+∞) → R is convex, differentiable with superlinear growth. It satisfies the 
doubling condition

∃C > 0 : U(z + w) ≤ C(1 + U(z) + U(w)), ∀z, w ≥ 0.

Moreover we assume that

s ↦→ sdU(s−d) is convex and non-increasing on (0,+∞)

and

U(0) = 0, lim 
s→0

U(s)/s−α > −∞, for some α >
d 

d + 2 .

(b) V : Rd → R is lower semicontinuous and κV -convex for some κV ∈ R.
(c) W : Rd → [0,∞) is an even continuously differentiable κW -convex function for some 

κW ∈ R and satisfies the doubling condition

∃C > 0 : W (x + y) ≤ C(1 + W (x) + W (y)), ∀x, y ∈ Rd.

Remark 2.2. The functional ℰ is lower semicontinuous w.r.t. Wp convergence, for any 
p ∈ [1, 2]. Indeed, the standing assumptions on U grant that 𝒰 is actually nar
rowly/weakly lower semicontinuous, as discussed in [3, Section 10.4.3]. Secondly, the 
Wp-lower semicontinuity of 𝒱 follows from [3, Example 9.3.1], since the κV -convexity of 
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V implies that the negative part of V has 2-growth (i.e. V (x) ≥ −A−B|x|2 for all x ∈ Rd

and for some A,B ∈ R), so that a fortiori V has p-growth for any p ∈ [1, 2]. Finally, 𝒲 is 
Wp-lower semicontinuous too, since the κW -convexity of W implies a p-growth condition 
on W−, for any p ∈ [1, 2], and this implies the desired lower semicontinuity property, as 
discussed in [3, Example 9.3.4].

We also introduce the information functional ℐ : 𝒫2(Rd) → [0,+∞] as

ℐ(π) :=
{︄
|∂ℰ|2(π) if π ∈ 𝒟(ℰ),

+∞ otherwise,

where |∂ℰ| denotes the local slope of ℰ , defined as

|∂ℰ|(π) := lim sup
μ→π 

(ℰ(π) − ℰ(μ))+

W2(π, μ) .

It is well known that, under Assumption 2.1, ℰ is geodesically κ-convex, for κ := κV +κW

(see e.g. [3, Section 9.3]). Let us also remark that all measures in 𝒟(ℐ) are regular in 
the sense of [3, Definition 6.2.2], since in 𝒫2(Rd), regularity boils down to absolute 
continuity w.r.t. the Lebesgue measure ℒd. For these reasons (see [3, Section 10.1.1]), a 
vector v ∈ L2(μ) belongs to the subdifferential of ℰ at μ ∈ 𝒟(ℐ) if and only if

ℰ(ν) − ℰ(μ) ≥
ˆ
⟨v(x), 𝒕νμ(x) − x⟩dμ(x) + κ

2 
W 2

2 (μ, ν), ∀ν ∈ 𝒟(ℰ), (2.2)

where 𝒕νμ denotes the optimal transport map that pushes μ onto ν (whose existence and 
uniqueness is ensured by [3, Theorem 6.2.4] when μ ≪ ℒd; this is satisfied as soon as 
μ ∈ 𝒟(ℰ)).

2.2. The candidate solution

Let us first of all introduce the notion of admissible curve.

Definition 2.3. We say that a pair (μt, ut)t≥0 ∈ AdmT , also written (μ·, u·) ∈ AdmT , if 
and only if:

• μ. ∈ AC2([0, T ],𝒫2(Rd)) for every T > 0, namely

∃ lim 
h→0

W2(μt+h, μt)
|h| =: |μ̇t|, for a.e. t ∈ [0, T ] and |μ̇t| ∈ L2(0, T ).

• u· ∈ H−1(μ.), where

H−1(μ.) = {(t, x) ↦→ ∇ψt(x) : ψ ∈ 𝒞∞
c ([0, T ] ×Rd)}L

2(dt⊗dμt)
,
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• (μ·, u·) solves

∂tμt −
1
2ΔP (μt) + ∇ · ((−∇V −∇W ∗ μt + ut)μt) = 0 , (2.3)

for (t, x) ∈ [0, T ] ×Rd, in the sense of distributions, where P (r) := rU ′(r) − U(r).

We say that a pair (μt, ut)t≥0 ∈ Adm∞ if its restriction to [0, T ] belongs to AdmT for 
all T and

∞ ˆ

0 

e−λ−1t∥ut∥2
L2(μt)dt < +∞ .

Note that according to its definition, the set Adm∞ depends on λ.

The set AdmT is nonempty because the constant pair (μ, 0) solves the equation (2.3)
for any μ ∈ 𝒫2(Rd). Moreover, by definition of H−1(μ·), if (μ·, u·) ∈ AdmT , then

T̂

0 

∥ut∥2
L2(μt)dt < +∞ . (2.4)

Remark 2.4. Recall that, by [3, Theorem 8.3.1], μ. ∈ AC2([0, T ],𝒫2(Rd)) if and only if 
there exists a Borel vector field (vt)t∈[0,T ] such that ∥vt∥L2(μt) ∈ L1(0, T ) and (μt, vt) is 
a distributional solution of the continuity equation ∂tμt + ∇ · (vtμt) = 0. In this case, 
∥vt∥L2(μt) = |μ̇t|2 for a.e. t ∈ [0, T ].

We define the candidate solution Φ : 𝒫2(Rd) → R as the value function of the control 
problem

Φ(μ) := sup 
(μ·,u·)∈Adm∞

μ0=μ

𝒜(μ·, u·),

where for (μ·, u·) ∈ Adm∞ with μ0 = μ,

𝒜(μ·, u·) :=
∞ ˆ

0 

e−λ−1t
(︂
− 1

2∥ut∥2
L2(μt) + λ−1h(μt)

)︂
dt.

(2.5)

For future convenience, let us also define for any 0 ≤ t ≤ T ≤ +∞ the restricted action

𝒜t,T (μ·, u·) :=
T̂

t 

e−λ−1s
(︂
− 1

2∥us∥2
L2(μs) + λ−1h(μs)

)︂
ds. (2.6)

When t = 0, for the sake of brevity we will write 𝒜T := 𝒜0,T .
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Remark 2.5. The reader could wonder whether the requirement u· ∈ H−1(μ·) on the ad
missible controls is consistent with (1.3) and (1.4), where the controls are not assumed to 
be in the L2-closure of gradients. The answer is affirmative, because of the regularization 
effect coming from ℰ . Indeed, ℰ contains by assumption an internal energy term 𝒰 . If 
ℰ consisted of only potential and interaction energies, i.e. ℰ = 𝒱 + 𝒲, then the control 
formulations (1.3) and (1.4) should be formulated differently in order to be consistent 
with Definition 2.3.

From a different (but tightly connected) point of view, the consistency between Def
inition 2.3 and the control problems (1.3)-(1.4) is a consequence of the superposition 
principle. Indeed, if Φ is defined as in (2.5) and we denote by Ψ the value function of the 
control problem obtained by dropping the requirement u· ∈ H−1(μ·), then on the one 
hand it trivially holds Φ ≤ Ψ. On the other hand, it can be shown that Ψ is a viscosity 
subsolution to f−λH†f = h, whereas Φ is a viscosity supersolution to f−λH‡f = h (ow
ing to Corollary 2.9). Hence, by the comparison principle established in [12] we conclude 
that Φ = Ψ.

2.3. The rigorous upper and lower Hamiltonian

We define now the set of Hamiltonians that rigorously upper and lower bound the 
formal Hamiltonian of (1.1)

Hformalf(μ) = ⟨−gradW2ℰ , gradW2f⟩Tμ𝒫2(Rd) + 1
2∥gradW2f∥2

Tμ𝒫2(Rd)

in terms of smooth cylindrical test functions. The definition is motivated in [11], where 
for viscosity solutions of the Hamilton–Jacobi equation in terms of these Hamiltonians 
a comparison principle is shown.

Let 𝒯 be the collection of functions φ defined as

𝒯 :=
{︁
φ ∈ 𝒞∞([0,∞)k;R) : k ∈ N, ∀ i = 1, . . . , k ∂iφ > 0 

}︁
, (2.7)

where 𝒞∞([0,∞)k;R) is the set of smooth functions mapping [0,∞)k into R. For 
μ1, . . . , μk ∈ 𝒫2(Rd), we write 𝝁 = (μ1, . . . , μk) and 𝝁 ∈ 𝒟(ℐ) if all elements in the vector 
are in 𝒟(ℐ). Moreover W2(·,𝝁) = (W2(·, μ1), . . . ,W2(·, μk)), ℰ(𝝁) = (ℰ(μ1), ..., ℰ(μk)), 
and 1 = (1, ..., 1). We shall also denote by · the Euclidean inner product.

In the following, we set κ := κV + κW the sum of the convexity constants defined in 
Assumption 2.1.

We next introduce the formal upper and lower bound in terms of smooth cylindrical 
test functions. The upper bounds are derived based on

Definition 2.6. For a > 0, φ ∈ 𝒯 , ρ ∈ 𝒟(ℐ), and 𝝁 = (μ1, . . . , μk) ∈ (𝒫2(Rd))k such that 
𝝁 ∈ 𝒟(ℐ), we define f† = f†

a,φ,ρ,𝝁 ∈ Cl(𝒫2(Rd)) and g† = g†a,φ,ρ,𝝁 ∈ USC(𝒫2(Rd)) for 
all π ∈ 𝒫2(Rd) as



12 G. Conforti et al. / Journal of Functional Analysis 290 (2026) 111389 

f†(π) := a

2 
W 2

2 (π, ρ) + φ

(︃
1
2W

2
2 (π,𝝁)

)︃
, (2.8)

g†(π) := a
[︂
ℰ(ρ) − ℰ(π) − κ

2 
W 2

2 (π, ρ)
]︂

+ a2

2 
W 2

2 (π, ρ) (2.9)

+
k∑︂

i=1 
∂iφ

(︃
1
2W

2
2 (π,𝝁)

)︃[︂
ℰ(μi) − ℰ(π) − κ

2 
W 2

2 (π, μi)
]︂

+ 1
2

(︄
k∑︂

i=1 
∂iφ

(︃
1
2W

2
2 (π,𝝁)

)︃
W2(π, μi)

)︄2

+ aW2(π, ρ)
(︄

k∑︂
i=1 

∂iφ

(︃
1
2W

2
2 (π,𝝁)

)︃
W2(π, μi)

)︄

and set H† ⊆ Cl(𝒫2(Rd)) × USC(𝒫2(Rd)) by

H† :=
{︁
(f†, g†) : ∀φ ∈ 𝒯 , a > 0, ρ ∈ 𝒟(ℐ), 𝝁 ∈ 𝒟(ℐ)

}︁
.

In the same way, for a > 0, φ ∈ 𝒯 , γ ∈ 𝒟(ℐ) and 𝝅 = (π1, . . . , πk) ∈ (𝒫2(Rd))k such 
that 𝝅 ∈ 𝒟(ℐ) we define f‡ = f‡

a,φ,γ,𝝅 ∈ Cu(𝒫2(Rd)) and g‡ = g‡a,φ,γ,𝝅 ∈ LSC(𝒫2(Rd))
for all μ ∈ 𝒫2(Rd) as

f‡(μ) := −a

2 
W 2

2 (μ, γ) − φ

(︃
1
2W

2
2 (μ,𝝅)

)︃
, (2.10)

g‡(μ) := a
[︂
ℰ(μ) − ℰ(γ) + κ

2 
W 2

2 (μ, γ)
]︂

+ a2

2 
W 2

2 (γ, μ) (2.11)

+
k∑︂

i=1 
∂iφ

(︃
1
2W

2
2 (μ,𝝅)

)︃[︂
ℰ(μ) − ℰ(πi) + κ

2 
W 2

2 (μ, πi)
]︂

− 1
2

(︄
k∑︂

i=1 
∂iφ

(︃
1
2W

2
2 (μ,𝝅)

)︃
W2(μ, πi)

)︄2

− aW2(μ, γ)
(︄

k∑︂
i=1 

∂iφ

(︃
1
2W

2
2 (μ,𝝅)

)︃
W2(μ, πi)

)︄

and set H‡ ⊆ Cu(𝒫2(Rd)) × LSC(𝒫2(Rd)) by

H‡ :=
{︁
(f‡, g‡) : ∀φ ∈ 𝒯 , a > 0, γ ∈ 𝒟(ℐ), 𝝅 ∈ 𝒟(ℐ)

}︁
.

As the definitions of g†, g‡ are particularly involved, to avoid cumbersome computa
tions we will often use the following alternative (more compact) notations:



G. Conforti et al. / Journal of Functional Analysis 290 (2026) 111389 13

g†(π) = a
(︂
ℰ(ρ) − ℰ(π) − κ

2 
W 2

2 (π, ρ)
)︂

+ ∇φ

(︃
1
2W

2
2 (π,𝝁)

)︃
·
(︂
ℰ(𝝁) − ℰ(π)1− κ

2 
W 2

2 (π,𝝁)
)︂

+ 1
2

(︃
aW2(π, ρ) + ∇φ(1

2W
2
2 (π,𝝁)) ·W2(π,𝝁)

)︃2

,

g‡(μ) = a
(︂
ℰ(μ) − ℰ(γ) + κ

2 
W 2

2 (μ, γ)
)︂

+ ∇φ

(︃
1
2W

2
2 (μ,𝝅)

)︃
·
(︂
ℰ(μ)1− ℰ(𝝅) + κ

2 
W 2

2 (μ,𝝅)
)︂

+ a2W 2
2 (γ, μ) − 1

2

(︃
aW2(γ, μ) + ∇φ

(︃
1
2W

2
2 (μ,𝝅)

)︃
·W2(μ,𝝅)

)︃2

.

2.4. Main results

We are now ready to make precise the notion of solution we are looking for. The 
notion of viscosity solution used in this article comes from the one given in [11], where 
it is used to prove uniqueness. We will state this definition for general Hamiltonians 
A†, ˆ︁A† ⊆ LSCl(𝒫2(Rd))×USC(𝒫2(Rd)) and A‡, ˆ︁A‡ ⊆ USCu(𝒫2(Rd))×LSC(𝒫2(Rd)).

Definition 2.7. Fix λ > 0, h† ∈ LSCl(𝒫2(Rd),Wp), h‡ ∈ USCu(𝒫2(Rd),Wp), for some 
p < 2. Consider the equations

f − λA†f = h†, (2.12)

f − λA‡f = h‡. (2.13)

We say that u is a (viscosity) subsolution of equation (2.12) if u is bounded, upper 
semicontinuous and if for all (f, g) ∈ A† there exists a sequence (πn)n∈N ⊆ 𝒫2(Rd) such 
that

lim 
n↑∞

u(πn) − f(πn) = sup
π

u(π) − f(π), (2.14)

lim sup
n↑∞ 

u(πn) − λg(πn) − h†(πn) ≤ 0. (2.15)

We say that v is a (viscosity) supersolution of equation (2.13) if v is bounded, lower 
semicontinuous and if for all (f, g) ∈ A‡ there exists a sequence (πn)n∈N ⊆ 𝒫2(Rd) such 
that

lim 
n↑∞

v(πn) − f(πn) = inf
π

v(π) − f(π), (2.16)

lim inf
n↑∞ 

v(πn) − λg(πn) − h‡(πn) ≥ 0. (2.17)
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If h† = h‡, we say that u is a (viscosity) solution of equations (2.12) and (2.13) if it is 
both a subsolution of (2.12) and a supersolution of (2.13).

We say that (2.12) and (2.13) satisfy the comparison principle if for every subsolution 
u to (2.12) and supersolution v to (2.13), we have sup𝒫2(Rd) u− v ≤ sup𝒫2(Rd) h

† − h‡.

Theorem 2.8. Under Assumption 2.1, let h ∈ Cb(𝒫2(Rd),Wp) for some p < 2. Let Φ∗

and Φ∗ be respectively the upper and the lower semicontinuous relaxation, w.r.t. the Wp
topology, of the value function Φ defined in (2.5). Then Φ∗ is a viscosity subsolution of 
the Hamilton–Jacobi equation (2.12) and Φ∗ a viscosity supersolution of (2.13) where 
h† = h‡ = h, A† = H†, and A‡ = H‡ as defined in Definition 2.6.

The proof of the above theorem is given in Sections 4 and 5.
Applying now the comparison principle stated in [11, Corollary 3.17] to Φ∗ and Φ∗, 

we obtain the following corollary.

Corollary 2.9. Under Assumption 2.1, let h ∈ Cb(𝒫2(Rd),Wp) for some p < 2. Then the 
value function Φ defined in (2.5) is the unique viscosity solution of the Hamilton–Jacobi 
equations (2.12) and (2.13), where h† = h‡ = h, A† = H†, and A‡ = H‡ as defined in 
Definition 2.6.

3. Preliminary results

In this section, we start out with establishing the dynamic programming principle in 
Section 3.1. We proceed with introducing a modified version of EVI in Section 3.2, we 
then establish a continuity property for the optimal transport map in Section 3.3, and 
close off in Section 3.4 with a technical lemma on smooth cylindrical test functions.

3.1. The dynamic programming principle

We first show that the value function Φ introduced in (2.5) complies with the Dynamic 
Programming Principle (DPP). The proof of the DPP given here is a generalization of 
the classical finite-dimensional proof that can be found for example in [4]. For other DPP 
proofs in the infinite-dimensional case, that can apply to some of the cases covered in 
our context, we refer to [14], [13]. Please note that, from now on, to ease the notation, 
we are setting λ = 1.

Proposition 3.1 (Dynamic Programming Principle). Assume that h : 𝒫2(Rd) → R is 
bounded. For all μ ∈ 𝒫2(Rd) and T > 0 we have:

Φ(μ) = sup 
(μ·,u·)∈AdmT

μ0=μ

T̂

0 

e−t
(︂
− 1

2∥ut∥2
L2(μt) + h(μt)

)︂
dt + e−TΦ(μT ). (DPP)
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Proof. Let us fix μ ∈ 𝒫2(Rd) and T > 0 and name w(μ) the right-hand side of (DPP). 
Recall that

Φ(μ) := sup 
(μ·,u·)∈Adm∞,

μ0=μ

∞ ˆ

0 

e−t
(︂
− 1

2∥ut∥2
L2(μt) + h(μt)

)︂
dt.

We first show that Φ(μ) ≤ w(μ). If w(μ) = +∞ there is nothing to prove. Otherwise, 
for all (μ·, u·) ∈ Adm∞ with μ0 = μ we have (recall (2.5), (2.6) for the notation)

𝒜(μ·, u·) = 𝒜T (μ·, u·) +
∞ ˆ

T

e−t
(︂
− 1

2∥ut∥2
L2(μt) + h(μt)

)︂
dt

= 𝒜T (μ·, u·) +
∞ ˆ

0 

e−s−T
(︂
− 1

2∥us+T ∥2
L2(μs+T ) + h(μs+T )

)︂
ds

= 𝒜T (μ·, u·) + e−T

∞ ˆ

0 

e−t
(︂
− 1

2∥ũt∥2
L2(μ̃t) + h(μ̃t)

)︂
dt,

where ũ(t) := u(t + T ) and μ̃(t) := μ(t + T ) are such that (μ̃·, ũ·) ∈ Adm∞, μ̃0 =
μ(0 + T ) = μT . Taking the supremum we obtain Φ(μ) ≤ w(μ).

Let us now prove the opposite inequality. If Φ(μ) = +∞ there is nothing to prove. 
Otherwise, for all (μ·, u·) ∈ AdmT with μ0 = μ and ε > 0, let us consider (μ̃·, ũ·) ∈
Adm∞, μ̃0 = μ(T ) such that

𝒜∞(μ̃., ũ.) ≥ Φ(μ(T )) − ε.

Define now

ū(t) =
{︄
u(t) if 0 ≤ t ≤ T,

ũ(t− T ) if t ≥ T,

and

μ̄(t) =
{︄
μ(t) if 0 ≤ t ≤ T,

μ̃(t− T ) if t ≥ T.

Then we have (μ̄·, ū·) ∈ Adm∞ with μ̄0 = μ, so that

Φ(μ) ≥ 𝒜∞(μ̄., ū.)

= 𝒜T (μ·, u·) +
∞ ˆ

T

e−t
(︂
− 1

2∥ũt−T ∥2
L2(μ̃t−T ) + h(μ̃t−T )

)︂
dt
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= 𝒜T (μ·, u·) + e−T

∞ ˆ

0 

e−s
(︂
− 1

2∥ũs∥2
L2(μ̃s) + h(μ̃s)

)︂
ds

≥ 𝒜T (μ·, u·) + e−T
(︁
Φ(μ(T )) − ε

)︁
.

By the arbitrariness of (μ·, u·) and ε, we obtain Φ(μ) ≥ w(μ). □
As an immediate consequence of the DPP, we can show the upper semicontinuity of 

the value function Φ along admissible curves.

Corollary 3.2. Let h : 𝒫2(Rd) → R be bounded and (μ., u.) ∈ Adm∞. Then |Φ| ≤ ∥h∥∞
and t ↦→ Φ(μt) is upper semicontinuous at t = 0.

In particular, if μ. is the gradient flow of ℰ starting at μ0, then

∀t ≥ 0 Φ(μt) ≤ Φ(μ0) + 2t∥h∥∞.

Proof. The boundedness of Φ is straightforward and does not actually rely on (DPP). 
Indeed, using the gradient flow starting from μ as a competitor in the definition of Φ(μ)
gives Φ(μ) ≥ −∥h∥∞. The upper bound is trivial.

As for the upper semicontinuity of t ↦→ Φ(μt), by (DPP) we have for all T > 0

e−TΦ(μT ) ≤ Φ(μ0) +
T̂

0 

e−t

(︃
1
2∥ut∥2

L2(μt) − h(μt)
)︃

dt

= Φ(μ0) +
∞ ˆ

0 

χ[0,T ](t)e−t

(︃
1
2∥ut∥2

L2(μt) − h(μt)
)︃

dt,

where χ[0,T ] is the indicator function of the interval [0, T ]. Observing that the integrand 
function converges pointwise to 0 as T → 0, by (2.4) we can use the limsup version of 
Fatou’s lemma to find

lim sup
T↓0 

Φ(μT ) ≤ Φ(μ0).

The final part of the statement follows noting that the control associated to a gradient 
flow trajectory is ut ≡ 0 for all t ≥ 0, so that plugging this information into (DPP) yields

Φ(μT ) ≤ (1 − e−T )Φ(μT ) + Φ(μ0) −
T̂

0 

e−th(μt)dt

≤ Φ(μ0) + (1 − e−T )Φ(μT ) + (1 − e−T )∥h∥∞
≤ Φ(μ0) + 2(1 − e−T )∥h∥∞ ≤ Φ(μ0) + 2T∥h∥∞

where in the last but one inequality we use the trivial upper bound Φ(μT ) ≤ ∥h∥∞. □
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3.2. A controlled EVI

Let us recall the definition of EVI gradient flow and collect all the properties we shall 
need in the sequel. Although the following discussion could be carried out in an abstract 
metric space (X, d), we choose (X, d) = (𝒫2(Rd),W2) as this will be our framework in 
the whole manuscript.

Definition 3.3. Given κ ∈ R, a curve (μt)t≥0 ⊆ 𝒫2(Rd) is an EVIκ-gradient flow of ℰ
provided it belongs to ACloc((0,+∞),𝒫2(Rd)) ∩ C([0,+∞),𝒫2(Rd)) and

d 
dtW

2
2 (μt, ν) + κ

2 
W 2

2 (μt, ν) + ℰ(μt) ≤ ℰ(ν), ∀ν ∈ 𝒫2(Rd), a.e. t > 0.

From [22, Theorem 3.5] we know that the following properties hold:

(i) Contraction. If (μt) is an EVIκ-gradient flow of ℰ starting from μ ∈ 𝒟(ℰ) and (νt)
is a second EVIκ-gradient flow of ℰ starting from ν ∈ 𝒟(ℰ), then

W2(μt, νt) ≤ e−κtW2(μ, ν), ∀t ≥ 0. (3.1)

This means that EVI-gradient flows are unique (provided they exist) and thus if 
there exists an EVI-gradient flow (μt) starting from μ, then a 1-parameter semi
group (St)t≥0 is unambiguously associated to it via St(μ) = μt.

(ii) Monotonicity. For any μ ∈ 𝒫2(Rd), the map

t ↦→ ℰ(Stμ) is non-increasing on [0,∞). (3.2)

(iii) Asymptotic expansion as t ↓ 0. If μ ∈ 𝒟(|∂ℰ|) and κ ≤ 0, then for every ν ∈ 𝒟(ℰ)
and t ≥ 0 it holds

e2κt

2 
W 2

2 (Stμ, ν) − 1
2W

2
2 (μ, ν) ≤ I2κ(t) (ℰ(ν) − ℰ(μ)) + t2

2 
|∂ℰ|2(μ), (3.3)

where I2κ(t) :=
´ t

0 e2κsds.

As regards the existence, from [3, Theorems 11.2.1 and 11.2.8] we know that under 
Assumption 2.1 ℰ introduced in (2.1) generates an EVIκ-gradient flow on 𝒫2(Rd), where 
κ := κV + κW .

After this premise, let us now focus our attention on the admissible curves AdmT , 
proving that they also satisfy an EVI-type inequality.

For the sake of simplicity, we introduce the following notational convention for 
(f†, g†) ∈ H† as in Definition 2.6

g†(π) = g†ℰ(π) + g†W2
(π)
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where

g†ℰ(π) := a
(︂
ℰ(ρ) − ℰ(π) − κ

2 
W 2

2 (π, ρ)
)︂

+ ∇φ
(︂1

2W
2
2 (π,𝝁)

)︂
·
(︂
ℰ(𝝁) − ℰ(π)1− κ

2 
W 2

2 (π,𝝁)
)︂
,

g†W2
(π) := 1

2

(︃
aW2(π, ρ) + ∇φ

(︂1
2W

2
2 (π,𝝁)

)︂
·W2(π,𝝁)

)︃2

.

Likewise, for (f‡, g‡) ∈ H‡ as in Definition 2.6, we write

g‡(μ) = g‡ℰ(μ) + g‡W2
(μ)

with

g‡ℰ(μ) := −a
(︂
ℰ(γ) − ℰ(μ) − κ

2 
W 2

2 (μ, γ)
)︂

−∇φ
(︂1

2W
2
2 (μ,𝝅)

)︂
·
(︂
ℰ(𝝅) − ℰ(μ)1− κ

2 
W 2

2 (μ,𝝅)
)︂
,

g‡W2
(μ) := a2W 2

2 (μ, γ) − 1
2

(︃
aW2(π, ρ) + ∇φ

(︂1
2W

2
2 (μ,𝝅)

)︂
·W2(μ,𝝅)

)︃2

.

Let us mention that ℰ may be negative, but only quadratically so. Indeed, we recall 
from [12, Lemma 4.1] that for any given ν ∈ 𝒫2(Rd), we can choose c1 ∈ (−κ,−κ + 1)
and c2 such that the functional

ℰ(μ) := ℰ(μ) + c1
2 
W 2

2 (μ, ν) + c2 (3.4)

has its infimum equal to 0. Thus let us fix ν ∈ 𝒫2(Rd) and c1, c2 as in (3.4) once for all.
We also introduce some notation about transportation maps that will be useful in 

the sequel. We denote by 𝒕νμ the optimal transport map that pushes μ onto ν. We also 
denote by 𝒕̃

ν
μ = 𝒕νμ − 𝒊𝒅. For 𝝁 = (μ1, . . . , μk) we write 𝒕̃

𝝁
π as short-hand notation for 

(𝒕̃μ1
π , . . . , 𝒕̃

μk

π ). Recall that, by [3, Theorem 6.2.4], 𝒕νμ exists whenever μ ≪ ℒd.
The following Proposition contains a new version of EVI, that we name controlled 

EVI. Due to the estimates that we can recover from it, this inequality turns out well 
suited to the study of controlled gradient flows. Further properties and comments on the 
controlled EVI condition, that strengthen the analogy with classical EVI, are postponed 
to the end of the section.

Proposition 3.4. Let (πt, ut) ∈ AdmT and f†, g† be as in Definition 2.6. Then we have

f†(πT ) − f†(π0) ≤
T̂

0 

g†ℰ(πt) − ⟨ut, a𝒕̃
ρ
πt

+ ∇φ

(︃
1
2W

2
2 (πt,𝝁)

)︃
· 𝒕̃𝝁πt

⟩L2(πt)dt. (3.5)
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Likewise, given (μt, ut) ∈ AdmT and f‡, g‡ be as in Definition 2.6, it holds

f‡(μT ) − f‡(μ0) ≥
T̂

0 

g‡ℰ(μt) + ⟨ut, a𝒕̃
γ
μt

+ ∇φ

(︃
1
2W

2
2 (μt,𝝅)

)︃
· 𝒕̃𝝅μt

⟩L2(μt)dt. (3.6)

Proof. First of all, note that 𝒕ρπt
, 𝒕μi

πt
exist for every i = 1, ..., k and a.e. t ∈ [0, T ], because 

πt ≪ ℒd for a.e. t ∈ [0, T ] by definition of admissible curve. It is indeed implicitly 
understood that πt ≪ ℒd in (2.3), where P (πt) = P ( dπt

dℒd ).
After this premise, observe that the W2-absolute continuity of πt on [0, T ] (by defini

tion of AdmT ) trivially implies that t ↦→ W 2
2 (πt, ρ) and t ↦→ W 2

2 (πt, μi) are absolutely 
continuous on [0, T ] as well, for all i = 1, . . . , k. Then, observe that by algebraic manip
ulations (2.3) can be rewritten as a continuity equation with

vt = −1
2∇U ′(πt) −∇V −∇W ∗ πt + ut, for a.e. t ∈ [0, T ], (3.7)

as drift. Therefore, by [19, Theorem 1.31]

d 
dt

(︃
1
2W

2
2 (πt, μi)

)︃
= −

ˆ
⟨vt, 𝒕̃

μi

πt
⟩ dπt

=
ˆ
⟨12∇U ′(πt) + ∇V + ∇W ∗ πt − ut, 𝒕̃

μi

πt
⟩ dπt

for a.e. t ∈ [0, T ] and for all i = 1, ..., k; moreover the same applies for ρ in place of μi. 
Since φ ∈ 𝒯 , we have that t ↦→ φ(1

2W
2
2 (πt, μi)) and t ↦→ φ(1

2W
2
2 (πt, ρ)) are absolutely 

continuous too for all i = 1, . . . , k, and by the chain rule we have

f†(πT ) − f†(π0)

=
k∑︂

i=1 

T̂

0 

∂iφ

(︃
1
2W

2
2 (πt,𝝁)

)︃
d 
dt

(︃
1
2W

2
2 (πt, μi)

)︃
dt + a

T̂

0 

d 
dt

(︃
1
2W

2
2 (πt, ρ)

)︃
dt

=
k∑︂

i=1 

T̂

0 

∂iφ

(︃
1
2W

2
2 (πt,𝝁)

)︃ˆ
⟨12∇U ′(πt) + ∇V + ∇W ∗ πt − ut, 𝒕̃

μi

πt
⟩ dπtdt

+ a

T̈

0 

⟨12∇U ′(πt) + ∇V + ∇W ∗ πt − ut, 𝒕̃
ρ
πt
⟩ dπtdt.

(3.8)

Let us now observe that πt ∈ 𝒟(ℐ) for a.e. t ∈ [0, T ]. Indeed, the fact that π· ∈
AC2([0, T ],𝒫2(Rd)) implies that vt ∈ L2(πt) for a.e. t ∈ [0, T ] by Remark 2.4, and (2.4)
gives ut ∈ L2(πt) for a.e. t ∈ [0, T ]. Therefore if we recall that P (r) = rU ′(r) − U(r) we 
deduce that
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wt := ut − vt = 1
2∇U ′(πt) + ∇V + ∇W ∗ πt

= 1
2
∇P (πt)

πt
+ ∇V + ∇W ∗ πt ∈ L2(πt), for a.e. t ∈ [0, T ]

too. Since L2(πt) ⊂ L1(πt), this yields

1
2∇P (πt) + πt∇V + πt(∇W ∗ πt) ∈ L1(Rd,ℒd).

Noting that ∇V and ∇W ∗ πt are locally bounded (since V and W are respectively 
κV - and κW -convex), we deduce that ∇P (πt) ∈ L1

loc(Rd). We are thus in position to 
apply [3, Theorem 10.4.13] (remarking that P here coincides with LF there), which 
precisely grants that πt ∈ 𝒟(ℐ) for a.e. t ∈ [0, T ]. Moreover, the same theorem ensures 
that wt belongs to the subdifferential of ℰ at πt (it is actually the element of minimal 
L2(πt)-norm). By (2.2), this means that

d 
dt

(︃
1
2W

2
2 (πt, ρ)

)︃
=
ˆ
⟨12∇U ′(πt) + ∇V + ∇W ∗ πt, 𝒕̃

ρ
πt
⟩ dπt

≤ ℰ(ρ) − ℰ(πt) −
κ

2 
W 2

2 (πt, ρ)
(3.9)

and analogous estimates hold for μ1, . . . μk in place of ρ. Being ∂iφ > 0 for all i = 1 . . . , k, 
we can plug the above inequalities into (3.8) providing us the desired conclusion. □

As a consequence of Proposition 3.4, we now obtain some quantitative estimates for 
controlled gradient flows that will be extensively used in the following.

Lemma 3.5. Let (μt, ut) ∈ AdmT , for some T > 0 fixed. Then for every α ∈ R we have 
that for a.e. t ∈ [0, T ] it holds

d 
dt

(︃
1
2e

αtW 2
2 (μt, ρ)

)︃
≤ eαt

(︃
ℰ(ρ) − ℰ(μt) + (α + 1 − κ)

2 
W 2

2 (μt, ρ) + 1
2∥ut∥2

L2(μt)

)︃
.

(3.10)
In particular, if α ≤ 3(κ− 1), there exists a non-negative constant

Mρ,ν := max
{︁
ℰ(ρ) + c1W

2
2 (ρ, ν) + c2, 0

}︁
(3.11)

such that:

(a) The a.e. derivative of t ↦→ 1
2e

αtW 2
2 (μt, ρ) can be controlled as:

d 
dt

(︃
1
2e

αtW 2
2 (μt, ρ)

)︃
≤ eαt

(︃
Mρ,ν + 1

2 ∥ut∥2
L2(μt)

)︃
.
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(b) The growth of the metric can be controlled, for all t ∈ [0, T ], as:

1
2e

αtW 2
2 (μt, ρ) ≤

1
2W

2
2 (μ0, ρ) + Mρ,ν

eαt − 1
α

+ 1
2

t ˆ

0 

eαs ∥us∥2
L2(μs) ds.

In particular,

1
2e

−α−T sup 
t∈[0,T ]

W 2
2 (μt, ρ) ≤

1
2W

2
2 (μ0, ρ) + Mρ,ν

eαT − 1
α

+ 1
2e

α+T

T̂

0 

∥us∥2
L2(μt) dt,

(3.12)

where α± := max{±α, 0} and α−1(eαT − 1) has to be understood as T if α = 0.

Proof. As (μt) ∈ AC2([0, T ],𝒫2(Rd)), the map t ↦→ W 2
2 (μt, ρ) is absolutely continuous 

and a fortiori so is t ↦→ 1
2e

αtW 2
2 (μt, ρ). This ensures the a.e. existence of its derivative. In 

order to bound it from above, using (3.9) in Proposition 3.4, applying Young’s inequality 
to estimate ⟨ut, 𝒕̃

ρ
μt
⟩L2(μt) and observing that ∥𝒕̃ρμt

∥L2(μt) = W2(μt, ρ) we find

d 
dt

(︃
1
2e

αtW 2
2 (μt, ρ)

)︃
≤ eαt

(︃
ℰ(ρ) − ℰ(μt) + (α + 1 − κ)

2 
W 2

2 (μt, ρ) + 1
2 ∥ut∥2

L2(μt)

)︃
= eαt

(︃
ℰ(ρ) − ℰ(μt) + c1

2 
W 2

2 (μt, ν) + c2 + (α + 1 − κ)
2 

W 2
2 (μt, ρ) + 1

2 ∥ut∥2
L2(μt)

)︃
,

where on the second line we used (3.4). Note also that the first inequality provides us 
with (3.10). To proceed further, using ℰ ≥ 0 and the triangular inequality combined with 
the elementary estimate 1

2 (a + b)2 ≤ a2 + b2 yields

d 
dt

(︃
1
2e

αtW 2
2 (μt, ρ)

)︃
≤ eαt

(︃
ℰ(ρ) + c1W

2
2 (ρ, ν) + c2 + α + 1 + 2c1 − κ

2 
W 2

2 (μt, ρ) + 1
2 ∥ut∥2

L2(μt)

)︃
. 

Now, recalling that c1 ∈ (−κ,−κ+1) and assuming α ≤ 3(κ−1), so that α+1+2c1−κ ≤
2(κ− 1) + 2c1 < 0, the above inequality finally rewrites as

d 
dt

(︃
1
2e

αtW 2
2 (μt, ρ)

)︃
≤ eαt

(︃
ℰ(ρ) + c1W

2
2 (ρ, ν) + c2 + 1

2 ∥ut∥2
L2(μt)

)︃
.
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Claim (a) then follows by using the definition of Mρ,ν of (3.11), while for claim (b) it is 
sufficient to integrate (a) on [0, T ]. □

As anticipated, we conclude the section with some more insights on the notion of 
controlled EVI introduced in Proposition 3.4. First of all, note that if we choose

f†(π) = 1
2W

2
2 (π, ρ) ,

then (3.5) reads as

1
2W

2
2 (πT , ρ) −

1
2W

2
2 (π0, ρ) ≤

T̂

0 

ℰ(ρ) − ℰ(πt) −
κ

2 
W 2

2 (πt, ρ) − ⟨ut, 𝒕̃
ρ
πt
⟩L2(πt)dt .

By standard algebraic manipulations, this implies

d 
dtW

2
2 (πt, ρ) + κ

2 
W 2

2 (πt, ρ) + ⟨ut, 𝒕̃
ρ
πt
⟩L2(πt) ≤ ℰ(ρ) − ℰ(πt) (3.13)

for a.e. t ∈ [0, T ], so that the resemblance with the celebrated EVI condition is immediate. 
Indeed, what makes (3.5) different from the original EVI condition is the control term 
⟨ut, 𝒕̃

ρ
πt
⟩L2(μt), whence the decision to call (3.5) controlled EVI.

Despite this difference, it is reasonable to expect that also controlled EVI flows enjoy 
suitably modified contractivity and monotonicity properties, akin to (3.1) and (3.2). This 
is readily verified if (πt, ut) ∈ AdmT satisfies (3.5) (and thus (3.13) as well) with ut = ∇ψ

for some ψ ∈ 𝒞∞
c (Rd). Indeed, in this simplified situation one can observe that

⟨∇ψ(x), y − x⟩ ≥ ψ(y) − ψ(x) − Λ
2 
|x− y|2 ,

where Λ ∈ R is any constant such that Hess(ψ) ≤ Λ𝒊𝒅. Integrating this inequality w.r.t. 
any optimal transport plan from πt to ρ yields

⟨∇ψ, 𝒕̃
ρ
πt
⟩L2(πt) ≥

ˆ

Rd

ψ dρ−
ˆ

Rd

ψ dπt −
Λ
2 
W 2

2 (πt, ρ)

and a final algebraic rearrangement

d 
dtW

2
2 (πt, ρ) + κ− Λ

2 
W 2

2 (πt, ρ) ≤ ℰ(ρ) −
ˆ

Rd

ψ dρ− ℰ(πt) +
ˆ

Rd

ψ dπt .

Hence, (πt)t∈[0,T ] is the EVIκ−Λ-gradient flow of ℰ̃(π) = ℰ(π) −
´
Rd ψ dπ. As such, ℰ̃ is 

non-increasing along it. Moreover, if (πt,∇ψ), (π′
t,∇ψ′) ∈ AdmT both satisfy (3.5), then
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W2(πt, π
′
t) ≤ e−(κ−Λ)tW2(π0, π

′
0), ∀t ∈ [0, T ] ,

where Λ ∈ R is any constant such that Hess(ψ) ≤ Λ 𝒊𝒅 and Hess(ψ′) ≤ Λ 𝒊𝒅.
However, a thorough analysis of the controlled EVI condition is beyond the scope of 

this manuscript.

3.3. Continuity of the transport map

In this section we state a result on the continuity of the transport map that will be 
used for the proof of the supersolution property.

Lemma 3.6. Let (μn)n∈N ⊆ 𝒫2(Rd) be weakly converging to some μ0 ∈ 𝒫2(Rd) and let 
γ ∈ 𝒫2(Rd) be such that γ ≪ ℒd. Assume moreover that W2(μn, γ) → W2(μ0, γ) as 
n → ∞. Then 𝒕̃

μn

γ = 𝒕μ
n

γ − 𝒊𝒅 converges strongly to 𝒕̃
μ0

γ = 𝒕μ
0

γ − 𝒊𝒅 in L2(γ).

Proof. From [27, Corollary 5.23] we have that 𝒕̃μ
n

γ converges to 𝒕̃
μ0

γ in probability, i.e. 
for all ε > 0 we have

lim 
n→∞

γ
(︁
|̃𝒕μ

n

γ − 𝒕̃
μ0

γ | ≥ ε
)︁

= 0.

Moreover, recalling that W2(μn, γ) = ∥𝒕̃μ
n

γ ∥L2(γ) and that W2(μn, γ) → W2(μ0, γ), we 
have

lim 
n→∞

∥𝒕̃μ
n

γ ∥L2(γ) = ∥𝒕̃μ
0

γ ∥L2(γ). (3.14)

The conclusion follows from the fact that convergence in probability plus convergence 
of the norms implies convergence in the strong L2-sense. Indeed, because of (3.14) we 

know that (𝒕̃μ
n

γ )n∈N is a bounded sequence in L2(γ) and therefore, up to extracting a 

subsequence, it converges weakly in L2(γ) to some ̃𝒕. We proceed to show that ̃𝒕 = 𝒕̃
μ0

γ , so 
that the choice of the subsequence plays no role. To this end, take any v ∈ L2 ∩L∞(Rd)
and, using the weak L2(γ)-convergence, note that

lim 
n→∞

ˆ
⟨𝒕̃μ

n

γ , v⟩ dγ =
ˆ
⟨𝒕̃, v⟩ dγ.

On the other hand, fix ε > 0. We have
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⃓⃓⃓ ˆ
⟨𝒕̃μ

n

γ − 𝒕̃
μ0

γ , v⟩dγ
⃓⃓⃓
≤ ∥v∥∞

ˆ
|̃𝒕μ

n

γ − 𝒕̃
μ0

γ |1{|𝒕̃μn

γ −𝒕̃μ
0

γ |≥ε}dγ + ε∥v∥∞

≤ ∥v∥∞

√︄ˆ
|̃𝒕μ

n

γ − 𝒕̃
μ0

γ |2 dγ
√︂
γ
(︁
|̃𝒕μ

n

γ − 𝒕̃
μ0

γ | ≥ ε
)︁

+ ε∥v∥∞

≤ ∥v∥∞

√︄
2
ˆ (︂

|̃𝒕μ
n

γ |2 + |̃𝒕μ
0

γ |2
)︂
dγ

√︂
γ
(︁
|̃𝒕μ

n

γ − 𝒕̃
μ0

γ | ≥ ε
)︁

+ ε∥v∥∞

≤ ∥v∥∞
√

2
(︃

sup 
n∈N

W2(μn, γ) + W2(μ0, γ)
)︃√︂

γ
(︁
|̃𝒕μ

n

γ − 𝒕̃
μ0

γ | ≥ ε
)︁

+ ε∥v∥∞.

Using convergence in probability and the fact that W2(μn, γ) → W2(μ0, γ) as n → ∞
we obtain from the above

lim sup
n→∞ 

⃓⃓⃓ ˆ
⟨𝒕̃μ

n

γ − 𝒕̃
μ0

γ , v⟩ dγ
⃓⃓⃓
≤ ε∥v∥∞.

Since the choice of ε is arbitrary we deduce that

lim 
n→∞

ˆ
⟨𝒕̃μ

n

γ , v⟩ dγ =
ˆ
⟨𝒕̃μ

0

γ , v⟩ dγ

and since the choice of v was arbitrary too, by a standard density argument we obtain 

𝒕̃ = 𝒕̃
μ0

γ . Therefore we can conclude that 𝒕̃μ
n

γ converges weakly in L2(γ) to 𝒕̃
μ0

γ . Since the 
L2(γ) norms also converge, see (3.14), and L2(γ) is a Hilbert space, this yields strong 
convergence in L2(γ). □
3.4. Inverse continuity of test functions

We finally present a technical lemma on smooth cylindrical test functions that will be 
used for the proof of both the subsolution and supersolution property.

Lemma 3.7. Let

f†(π) = a

2 
W 2

2 (π, ρ) + φ

(︃
1
2W

2
2 (π,𝝁)

)︃
with a > 0, φ ∈ 𝒯 as in (2.7) and ρ, μ1, . . . , μk ∈ 𝒫2(Rd). Suppose that πn → π0 weakly 
and f†(πn) → f†(π0). Then we have

W2(πn, ρ) → W2(π0, ρ), and W2(πn, μi) → W2(π0, μi)

for all i = 1, . . . , k.

Proof. By lower semicontinuity w.r.t. weak convergence we know that

W2(π0, ρ) ≤ lim inf
n→∞ 

W2(πn, ρ) and W2(π0, μi) ≤ lim inf
n→∞ 

W2(πn, μi) (3.15)
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for all i = 1, . . . , k and, together with the fact that φ is continuous and increasing in 
each coordinate, this implies that we can find a subsequence (nm)m∈N along which all 
the above liminf’s are in fact limits and

φ

(︃
1
2W

2
2 (π0,𝝁)

)︃
≤ φ

(︃
1
2 lim inf

m→∞ 
W 2

2 (πnm ,𝝁)
)︃

= lim 
m→∞

φ

(︃
1
2W

2
2 (πnm ,𝝁)

)︃
, (3.16)

where

lim inf
m→∞ 

W 2
2 (πnm ,𝝁) =

(︂
lim inf
m→∞ 

W 2
2 (πnm , μ1), . . . , lim inf

m→∞ 
W 2

2 (πnm , μk)
)︂
.

If we assume by contradiction that W2(π0, μi) < limm W2(πnm , μi) for some i, then by 
the fact that ∂iφ > 0, i.e. φ is coordinatewise strictly increasing, the inequality in (3.16)
must be strict. Recalling that W2(π0, ρ) ≤ limm W2(πnm , ρ) by (3.15), it is now sufficient 
to multiply it by a/2 and sum it with (3.16), thus obtaining

a

2 
W 2

2 (π0, ρ) + φ

(︃
1
2W

2
2 (π0,𝝁)

)︃
< lim 

m→∞
a

2 
W 2

2 (πnm , ρ) + φ

(︃
1
2W

2
2 (πnm ,𝝁)

)︃
,

namely

f†(π0) < lim 
m→∞

f†(πnm)

and this is a contradiction to f†(πn) → f†(π0). Hence we can conclude that 
lim supn W2(πn, μi) = limm W2(πnm , μi) ≤ W2(π0, μi) and thus W2(πn, μi) →
W2(π0, μi) for all i = 1, . . . , k. The proof of W2(πn, ρ) → W2(π0, ρ) follows an anal
ogous (but simpler) argument. □
4. The subsolution property

In this section we work towards the proof that Φ∗, the upper semicontinuous relaxation 
of Φ, is a viscosity subsolution for

f − λH†f = h (4.1)

for a bounded Wp-continuous function h, with p < 2. As before, without loss of generality, 
the proof will be carried out for the case λ = 1.

To indicate the strategy of the proof, note that the definition of viscosity subsolu
tions in Definition 2.7 can be simplified in the context where optimizers exist: Φ∗ is a 
subsolution for (4.1) if for any (f†, g†) ∈ H† there exists an optimizer π0 such that

Φ∗(π0) − f†(π0) = sup{Φ∗ − f†}, (4.2)

Φ∗(π0) − g†(π0) ≤ h(π0). (4.3)
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In the proof below, we will start with a maximizing sequence (πn
0 )n∈N for sup{Φ− f†}, 

namely

lim 
n→∞

Φ(πn
0 ) − f†(πn

0 ) = sup{Φ − f†} (4.4)

and we aim to show that this sequence has a limit π0 for which (4.2) and (4.3) hold. To 
establish the latter, we employ the classical strategy of following curves that are close to 
the optimal control for an infinitesimal amount of time.

As our test functions include the energy functional ℰ , this latter step forces us to 
control the behaviour of ℰ along our controlled curves. To do so, we replace the πn

0
by πn that are obtained from the almost optimally controlled curves started from our 
original points πn

0 . As the controlled curves to large extent follow the gradient flow, this 
gives a control on ℰ in the chosen πn.

In the following lemma, we start out by analyzing an almost optimally controlled 
curve (π·, u·) started from an almost optimizer of Φ − f†. We control the cost of the 
control on small time intervals and find a small time t0 for which we control also ℰ(πt0).

Afterwards, in Proposition 4.3, we show that starting from measures ever closer op
timizing Φ − f† with an almost optimally controlled curve, we can find a sequence πn

that can be shown to have a weak limit point π0. Finally in the proof of Proposition 4.4
we show that π0 satisfies (4.3).

Lemma 4.1. Fix 0 < ε < 1 and a time horizon T < T0, with T0 small enough. Let

f†(π) := a

2 
W 2

2 (π, ρ) + φ

(︃
1
2W

2
2 (π,𝝁)

)︃
be an admissible test function and (π·, u·) be an admissible curve such that

Φ(π0) − f†(π0) ≥ sup{Φ − f†} − ε (4.5)

Φ(π0) ≤ 𝒜T (π·, u·) + e−TΦ(πT ) + ε (4.6)

where 𝒜T is defined at (2.6).
Then there exist:

(i) t0 ∈ [0, T ],
(ii) a constant R > 0 depending on T0, κ, ∥h∥∞, ℰ(ρ), W2(ρ,𝝁), W2(ρ, ν), c1, and c2

(where ν, c1, and c2 have been fixed in (3.4)),
(iii) a constant M ≥ 0 depending on the same parameters of R and also on a, ℰ(𝝁) and

S := sup 
[0,+∞)k∩BR′

|∇φ|, where R′ := R(1 + W 2
2 (π0, ρ)),
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such that

aℰ(πt0) + 1 
2T

T̂

0 

(︂
e−t − 1

2

)︂
∥ut∥2

L2(πt) dt ≤ M
(︂
1 + W 2

2 (π0, ρ) + ε 
T

)︂
.

Proof. As a first step, we prove that the curve t ↦→ πt stays within a ball centred at ρ
whose radius can be controlled only in terms of structural constants (i.e. those listed at 
point (ii) of the statement) and on W2(π0, ρ). To this end, we start observing that by 
(4.6)

Φ(π0) ≤ −1
2

T̂

0 

e−t∥ut∥2
L2(πt)dt + e−T ∥h∥∞ + e−TΦ(πT ) + ε,

so that, if we recall that |Φ| ≤ ∥h∥∞ by Corollary 3.2, the previous inequality turns into

1
2e

−T

T̂

0 

∥ut∥2
L2(πt)dt ≤

1
2

T̂

0 

e−t∥ut∥2
L2(πt)dt ≤ 3∥h∥∞ + ε.

Plugging this information into (3.12) yields

1
2e

−α−T sup 
t∈[0,T ]

W 2
2 (πt, ρ) ≤

1
2W

2
2 (π0, ρ) + Mρ,ν

eαT − 1
α

+ e(α++1)T (3∥h∥∞ + ε),

leading to

1
2 sup 

t∈[0,T ]
W 2

2 (πt, ρ) ≤ R(1 + W 2
2 (π0, ρ)). (4.7)

For later purpose, let us note that by triangle inequality (and up to choosing a larger 
R which incorporates W2(ρ, μi)) we also have

1
2 sup 

t∈[0,T ]
W 2

2 (πt, μi) ≤ R(1 + W 2
2 (π0, ρ)), ∀i = 1, . . . , k. (4.8)

After this premise, let us stress that in what follows, M denotes a non-negative constant 
depending on T0, κ, ∥h∥∞, ℰ(ρ), ℰ(𝝁), W2(ρ,𝝁), W2(ρ, ν), S only, whose numerical value 
may change from line to line.
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On the one hand, let us start observing that

1 
T

(︁
f†(πT ) − f†(π0)

)︁ (4.5)
≥ 

1 
T

(︁
Φ(πT ) − Φ(π0) − ε

)︁
(4.6)
≥ − 1 

T
𝒜T (π·, u·) + 1 

T
(1 − e−T )Φ(πT ) − 2ε

T

≥ −M + 1 
2T

T̂

0 

e−t ∥ut∥2
L2(μt) dt− 2ε

T
.

(4.9)

On the other hand, applying Cauchy–Schwarz inequality to Proposition 3.4 we deduce 
that

1 
T

(︁
f†(πT ) − f†(π0)

)︁
≤ 1 

T

T̂

0 

g†ℰ(πt) dt + 1 
T

T̂

0 

aW2(πt, ρ) ∥ut∥L2(μt) dt

+ 1 
T

T̂

0 

|∇φ

(︃
1
2W

2
2 (πt,𝝁)

)︃
| ·W2(πt,𝝁) ∥ut∥L2(μt) dt,

where |∇φ(1
2W

2
2 (πt,𝝁))| ·W2(πt,𝝁) :=

∑︁k
i=1 |∂iφ(1

2W
2
2 (πt,𝝁))|W2(πt, μi). An applica

tion of Young’s inequality and of the triangle inequality together with (4.7) and (4.8)
then allows to bound the second and third terms on the right-hand side as

1 
T

T̂

0 

(︂
aW2(πt, ρ) + |∇φ

(︃
1
2W

2
2 (πt,𝝁)

)︃
| ·W2(πt,𝝁)

)︂
∥ut∥L2(πt) dt

≤ M
(︂
1 + 1 

T

T̂

0 

W 2
2 (πt, ρ)dt

)︂
+ 1 

4T

T̂

0 

∥ut∥2
L2(πt) dt.

(4.10)

For the first term, we argue as follows: first of all, by (3.4) we have

−ℰ(πt) ≤ −ℰ(πt) + M
(︁
1 + W 2

2 (πt, ρ)
)︁
≤ M

(︁
1 + W 2

2 (πt, ρ)
)︁

where in the second inequality we used the fact that ℰ ≥ 0, and this inequality, together 
with (4.8) and the fact that ∂iφ ≥ 0 for all i = 1, ..., k, implies

−∂iφ

(︃
1
2W

2
2 (πt,𝝁)

)︃
ℰ(πt) ≤ ∂iφ

(︃
1
2W

2
2 (πt,𝝁)

)︃(︂
M

(︁
1 + W 2

2 (πt, ρ)
)︁)︂

≤ M
(︁
1 + W 2

2 (πt, ρ)
)︁
.

Plugging this bound and the previous one into the very definition of g†ℰ (together with 
the triangle inequality or estimate (4.8)) gives
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1 
T

T̂

0 

g†ℰ(πt) dt ≤ − a 
T

T̂

0 

ℰ(πt) dt + M
(︂
1 + 1 

T

T̂

0 

W 2
2 (πt, ρ) dt

)︂
.

Let now t0 be a minimizer for ℰ(πt) over the time interval [0, T ] (we know that such 
a minimizer exists since t ↦→ ℰ(πt) is lower semicontinuous) and observe that this yields

1 
T

T̂

0 

g†ℰ(πt) dt ≤ −aℰ(πt0) + M
(︂
1 + 1 

T

T̂

0 

W 2
2 (πt, ρ) dt

)︂
,

so that by combining this estimate with (4.10) we establish

1 
T

(︁
f†(πT ) − f†(π0)

)︁
≤ −aℰ(πt0) + M

(︂
1 + 1 

T

T̂

0 

W 2
2 (πt, ρ) dt

)︂
+

1 
4T

T̂

0 

∥ut∥2
L2(πt) dt.

If we plug this bound into (4.9) and rearrange the terms, we get

aℰ(πt0) + 1 
2T

T̂

0 

(︂
e−t − 1

2

)︂
∥ut∥2

L2(μt) dt ≤ M
(︂
1 + 1 

T

T̂

0 

W 2
2 (πt, ρ) dt + ε 

T

)︂

and it is now sufficient to use (4.7) to obtain the desired result. □
In view of Proposition 4.3, let us also briefly recall for reader’s sake some compactness 

and lower semicontinuity properties in the Wasserstein space.

Lemma 4.2. Let (μn)n∈N be a bounded sequence in (𝒫2(Rd),W2). Then it is relatively 
compact in (𝒫p(Rd),Wp), for any 1 ≤ p < 2, and

W2(μ∞, ν) ≤ lim inf
k→∞ 

W2(μnk
, ν)

for any Wp-convergent subsequence (μnk
)k∈N (with limit point μ∞) and for any ν ∈

𝒫2(Rd).

Proof. First of all, (μn)n∈N ⊆ 𝒫2(Rd) is uniformly tight, since the second moments 
are uniformly bounded by W2-boundedness, and balls in Rd are relatively compact, so 
that we can apply [3, Remark 5.1.5]. As a consequence, (μn)n∈N is relatively compact 
w.r.t. narrow convergence, so that up to extracting a subsequence we may assume that 
(μn)n∈N is indeed narrowly convergent to some limit μ∞.
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Then, by tightness and Hölder inequality, we can deduce that the p-th moment of 
μn w.r.t. any fixed reference point, p < 2, converges to the p-th moment of μ∞. Hence, 
Wp(μn, μ∞) → 0 as n → ∞.

The final part of the statement follows from the fact that W2 is lower semicontinu
ous w.r.t. narrow convergence (see [1, Proposition 3.5], thus w.r.t. Wp-convergence as 
well. □

The next proposition is pivotal in the proof of the subsolution property for Φ∗, as there 
we build a sequence (πn)n≥1 of almost optimizers for Φ− f† with quantified controls on 
distance and energy such that for any sequence (π̃n

· , ũ
n
· ) of almost optimally controlled 

curves starting from πn we are able to uniformly bound the time-average of the L2-norm 
of the controls ũn

· .

Proposition 4.3. Let

f†(π) := a

2 
W 2

2 (π, ρ) + φ

(︃
1
2W

2
2 (π,𝝁)

)︃
be an admissible test function and fix 1 ≤ p < 2. Then there exists a sequence (πn)n≥1
converging to some π0 w.r.t. Wp such that:

(a) The sequence (πn)n≥1 is optimizing for sup{Φ − f†}:

Φ(πn) − f†(πn) ≥ sup
{︁
Φ − f†}︁+O(Tn)

with Tn = n−1.
(b) The limit point π0 is optimal for sup{Φ− f†} and sup{Φ∗ − f†}, where Φ∗ denotes 

the upper semicontinuous relaxation of Φ w.r.t. the Wp topology:

Φ∗(π0) − f†(π0) = sup{Φ∗ − f†} = sup{Φ − f†}.

(c) We have convergence of the metric:

lim 
n→∞

W2(πn, ρ) = W2(π0, ρ) and lim 
n→∞

W2(πn, μi) = W2(π0, μi),

for all i = 1, . . . , k.
(d) We have convergence of the value function:

lim 
n→∞

Φ(πn) = Φ∗(π0). (4.11)

(e) Let τn = n−1/2 and (π̃n
t , ũ

n
t ) be an admissible curve starting from πn which is Tn

optimal in (DPP) on the time interval [0, τn], that is

Φ(πn) ≤ 𝒜τn(π̃n
· , ũ

n
· ) + e−τnΦ(π̃n

τn) + Tn. (4.12)
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Then

sup 
n≥1

1 
τn

τnˆ

0 

∥ũn
t ∥

2
L2(π̃n

t ) dt < +∞. (4.13)

Furthermore, let (tn)n≥1 be a sequence such that 0 ≤ tn ≤ τn for all n. Then π̃n
tn

converges to π0 w.r.t. Wp and

lim 
n→∞

W2(π̃n
tn , ρ) = W2(π0, ρ), lim 

n→∞
W2(π̃n

tn , μi) = W2(π0, μi), (4.14)

for all i = 1, . . . , k.

Proof. Preliminary facts. For any n > 0, let (πn
t , u

n
t )t≥0 satisfy (4.5) and (4.6) for the 

choice ε = T = Tn := 1/n. That is to say,

Φ(πn
0 ) − f†(πn

0 ) ≥ sup{Φ − f†} − Tn, (4.15)

Φ(πn
0 ) ≤ 𝒜Tn

(πn
· , u

n
· ) + e−TnΦ(πn

Tn
) + Tn. (4.16)

By Corollary 3.2 |Φ| ≤ ∥h∥∞, so that (Φ(πn
0 ))n≥1 is a bounded sequence; by (4.15) this 

implies that (f†(πn
0 ))n≥1 is an upper bounded sequence. From this and the fact that φ is 

lower bounded (by continuity and the fact that ∂iφ > 00 for all i), we deduce the former 
of the following

sup 
n≥1

W2(πn
0 , ρ) < +∞, sup 

n≥1

T0ˆ

0 

∥un
t ∥

2
L2(μn

t ) dt < +∞, (4.17)

while the latter follows from Lemma 4.1 together with the former. Moreover, applying 
the same lemma with T = Tn we find that there exists a sequence tn ∈ [0, Tn] such that

sup 
n≥1

{︃
ℰ(πn

tn) + 1 
Tn

Tnˆ

0 

∥un
t ∥

2
L2(μn

t ) dt

}︃
< +∞. (4.18)

Consider now the sequence πn := πn
tn . From Lemma 3.5 (b) together with (4.17) we ob

tain that (πn)n≥1 is bounded in (𝒫2(Rd),W2), hence relatively compact in (𝒫p(Rd),Wp)
by Lemma 4.2. We can thus extract a (non-relabelled) Wp-converging subsequence whose 
limit we shall denote π0. We now proceed to show that (πn)n≥1 and π0 have the desired 
properties.

Proof of (a). First of all, applying Lemma 3.5 (b) to the curve (πn
· , u

n
· ) with T = Tn and 

ρ there equal to either ρ or μi here, and using (4.18) give

W 2
2 (πn, ρ) −W 2

2 (πn
0 , ρ) ≤ O(Tn) and W 2

2 (πn, μi) −W 2
2 (πn

0 , μi) ≤ O(Tn)
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for all i = 1, . . . , k, which implies

f†(πn) − f†(πn
0 ) ≤ O(Tn). (4.19)

Next, observe that

Φ(πn
tn)

(DPP)
≥ 𝒜tn,Tn

(πn
· , u

n
· ) + e−(Tn−tn)Φ(πn

Tn
)

(4.18)
≥ e−(Tn−tn)Φ(πn

Tn
) −O(Tn)

(4.16)
≥ etn

(︁
Φ(πn

0 ) −𝒜Tn
(πn

· , u
n
· )
)︁
−O(Tn)

≥ Φ(πn
0 ) −O(Tn) ,

(4.20)

where 𝒜tn,Tn
is defined as in (2.6) and in the last inequality we used etn = 1 + O(Tn). 

Thus, gathering (4.19) and (4.20) proves (a).

Proof of (b). Note that −f† is upper semicontinuous w.r.t. Wp convergence: this follows 
from the Wp-lower semicontinuity of W2(·, ρ), W2(·, μi) (see Lemma 4.2) and the fact 
that ∂iφ > 0, so that φ(𝒙) < φ(𝒚) whenever xi < yi for all i = 1, . . . , k. Leveraging this 
fact, we deduce that

(Φ∗ − f†)(π0) ≥ lim sup
n→∞ 

(Φ∗ − f†)(πn)

≥ lim sup
n→∞ 

(Φ − f†)(πn) ≥ lim inf
n→∞ 

(Φ − f†)(πn)

(a)
≥ sup{Φ − f†} = sup(Φ − f†)∗ = sup{Φ∗ − f†}.

whence the conclusion.

Proof of (d). As a byproduct of (b), all inequalities in the previous display are in fact 
equalities, whence the first of the following relations⎧⎪⎪⎪⎨⎪⎪⎪⎩

lim 
n→∞

(Φ − f†)(πn) = (Φ∗ − f†)(π0)

lim sup
n→∞ 

Φ(πn) ≤ Φ∗(π0)

lim sup
n→∞ 

−f†(πn) ≤ −f†(π0)

while the second and the third ones are trivial consequences of the Wp-upper semicon
tinuity of Φ∗ and −f†. Combining the three we obtain

lim sup
n→∞ 

Φ(πn) = Φ∗(π0) and lim sup
n→∞ 

−f†(πn) = −f†(π0)

and, up to extracting a non-relabelled subsequence (which does not affect the validity of 
(a)),
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lim 
n→∞

Φ(πn) = Φ∗(π0) and lim 
n→∞

−f†(πn) = −f†(π0),

so that (d) is proven too.

Proof of (c). It is a consequence of f†(μn) → f†(μ0) and Lemma 3.7.

Proof of (e). Let (π̃n
· , ũ

n
· ) be as in the statement. Because of (4.12) and item (a), we can 

apply Lemma 4.1 to such a curve with T = τn and ε = Tn = τ2
n. We thus obtain

1 
τn

τnˆ

0 

∥ũn
t ∥

2
L2(π̃n

t ) ≤ M
(︁
1 + τn + W2(πn, ρ)

)︁
.

The first part of the claim then directly follows from item (c). To prove the fact that π̃n
tn

converges to π0 w.r.t. Wp observe that by Hölder inequality Wp ≤ W2 for any p < 2, so 
that

Wp(π̃n
tn , π

0) ≤ Wp(πn, π0) + W2(π̃n
tn , π

n).

As by construction Wp(πn, π0) → 0, it is sufficient to show that the second term on 
the right-hand side above vanishes. To this aim, we apply Lemma 3.5 (b) to the curves 
(π̃n

· , ũ
n
· ) with the choices ρ = πn to obtain

W 2
2 (π̃n

tn , π
n) ≤ Mnτn +

τnˆ

0 

∥ũn
t ∥

2
L2(μn

t ) dt
(4.13)
≤ Mnτn + Mτn,

with Mn = max{ℰ(πn)+c1W
2
2 (πn, ν)+c2, 0} and c1, c2, ν as in (3.4). From the fact that 

(πn)n≥1 is a W2-bounded sequence and (by (4.18) and the very definition of ℰ) it is also 
bounded in energy, we deduce that supn≥1 Mn < +∞, whence the conclusion.

Finally, the first in (4.14) follows from

W2(π̃n
tn , ρ) ≤ W2(π̃n

tn , π
n) + W2(πn, ρ),

and the argument outlined in the previous paragraph, which ensures that W 2
2 (π̃n

tn , π
n) ≤

O(τn), and (c). The proof for the second in (4.14) is analogous. □
We are finally in the position to prove that Φ∗ is a viscosity subsolution to (4.1), as 

outlined at the beginning of the section.

Proposition 4.4. Under Assumption 2.1, let h ∈ Cb(𝒫2(Rd),Wp) for some p < 2. Then 
Φ∗, the upper semicontinuous relaxation w.r.t. the Wp-topology of the value function Φ, 
defined in (2.5), is a viscosity subsolution of the Hamilton–Jacobi equation (2.12) with 
h† = h and A† = H† as defined in Definition 2.6.
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Proof. Note that Φ∗ is bounded (since |Φ| ≤ ∥h∥∞, as observed in Corollary 3.2) and 
Wp-upper semicontinuous, hence W2-upper semicontinuous as well. Thus, according to 
Definition 2.7, we are left to prove that for any f†, g† as in Definition 2.6 there exists a 
sequence (πn)n∈N satisfying (2.14) and (2.15).

We claim that, given (π̃n
· , ũ

n
· ) and π0 as in Proposition 4.3 (e), the constant sequence 

πn = π0 is the desired one. Indeed, since by Proposition 4.3 (b)

Φ∗(π0) − f†(π0) = sup{Φ∗ − f†} ,

it actually suffices to show (2.15), namely

Φ∗(π0) − g†(π0) − h(π0) ≤ 0.

To this end, start observing that by construction and by virtue of Proposition 4.3 we 
have

𝒜τn(π̃n
· , ũ

n
· ) + e−τnΦ(π̃n

τn) − Φ(π̃n
0 ) ≥ O(τ2

n)

(Φ(π̃n
0 ) − f†(π̃n

0 )) − (Φ(π̃n
τn) − f†(π̃n

τn)) ≥ O(τ2
n)

where τn := n−1/2, so that multiplying the second inequality by e−τn and adding it to 
the first one yields

(e−τn − 1)Φ(π̃n
0 ) + 𝒜τn(π̃n

· , ũ
n
· ) + e−τn(f†(π̃n

τn) − f†(π̃n
0 )) ≥ O(τ2

n). (4.21)

By Proposition 3.4 and Cauchy–Schwarz inequality we have

f†(π̃n
τn) − f†(π̃n

0 ) ≤
τnˆ

0 

g†ℰ(π̃n
t ) dt

+
τnˆ

0 

∥ũt∥L2(π̃n
t )

(︂
aW2(π̃n

t , ρ) + ∇φ

(︃
1
2W

2
2 (π̃n

t ,𝝁)
)︃
·W2(π̃n

t ,𝝁)
)︂

dt,

so that if we apply Young’s inequality to the second integral on the right-hand side 
above, multiply by e−τn and then add 𝒜τn(π̃n

· , ũ
n
· ) to both sides, we obtain

𝒜τn(π̃n
· , ũ

n
· ) + e−τn

(︁
f†(π̃n

τn) − f†(π̃n
0 )
)︁

≤ e−τn

τnˆ

0 

g†(π̃n
t ) dt +

τnˆ

0 

1
2(e−τn − e−t) ∥ũt∥2

L2(π̃n
t ) dt +

τnˆ

0 

e−th(π̃n
t ) dt

≤
τnˆ

0 

g†(π̃n
t )dt +

τnˆ

0 

e−th(π̃n
t )dt .
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By plugging this into (4.21) and dividing by τn we thus deduce that

e−τn − 1
τn

Φ(π̃n
0 ) + 1 

τn

τnˆ

0 

g†(π̃n
t )dt + 1 

τn

τnˆ

0 

e−th(π̃n
t )dt ≥ O(τn). (4.22)

To pass to the limit as n → ∞ in the three terms on the left-hand side above, note that 
for the first and the third it holds

lim 
n→∞

e−τn − 1
τn

Φ(π̃n
0 ) = −Φ∗(π0) and lim sup

n→∞ 

1 
τn

τnˆ

0 

e−th(π̃n
t )dt ≤ h(π0)

thanks to Proposition 4.3 (d) and Proposition 4.3 (e), respectively. More precisely, the 
second claim above holds true because by a change of variable

1 
τn

τnˆ

0 

e−th(π̃n
t )dt =

1 ˆ

0 

e−τnsh(π̃n
τns)ds

and by Proposition 4.3 (e) Wp(π̃n
τns, π

0) → 0 as n → ∞, for every s ∈ [0, 1]. By Wp
continuity of h, this implies h(π̃n

τns) → h(π0) as n → ∞, for every s ∈ [0, 1], and by the 
fact that h is bounded we can use Fatou’s lemma to conclude as above.

As for the second and last term in (4.22), we argue as for the third one. Observe 
indeed that a change of variable yields

1 
τn

τnˆ

0 

g†(π̃n
t )dt =

1 ˆ

0 

g†(π̃n
τns)ds

and on the one hand (4.14), the fact that Wp(π̃n
τns, π

0) → 0 as n → ∞, for every s ∈ [0, 1], 
and the Wp-lower semicontinuity of ℰ (see Remark 2.2) together with ∂iφ > 0 imply

lim sup
n→∞ 

g†(π̃n
τns) ≤ g†(π0), ∀s ∈ [0, 1].

On the other hand, (3.12), (4.13), and Proposition 4.3 (b) imply that

sup 
n∈N,s∈[0,1]

W 2
2 (π̃n

τns, ρ) < +∞, max 
i=1,...,k

sup 
n∈N,s∈[0,1]

W 2
2 (π̃n

τns, μi) < +∞

and these bounds together with (3.4) yield

inf 
n∈N,s∈[0,1]

ℰ(π̃n
τns) > −∞,

whence
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sup 
n∈N,s∈[0,1]

g†(π̃n
τns) < +∞.

An application of Fatou’s lemma provides us with

lim sup
n→∞ 

1 ˆ

0 

g†(π̃n
τnt)dt ≤ g†(π0),

thus concluding the proof of the subsolution property. □
5. The supersolution property

In this section we work towards the proof that Φ∗ is a viscosity supersolution for

f − λH‡f = h (5.1)

for a bounded Wp-continuous function h, with p < 2. Again, we will work with λ = 1.
Our strategy, to large extent, will be similar to that of the proof of the subsolution 

property in Section 4. Following however the classical proof, one replaces working with 
an optimally controlled curve by one that is using a control that optimizes Young’s 
inequality as an equality for the specifically chosen test function.

As in the subsolution proof, we pick (f‡, g‡) and start with almost optimizers πn
0 , 

namely

Φ(πn
0 ) − f‡(πn

0 ) = inf{Φ − f‡} + ε. (5.2)

In contrast to the subsolution proof, we do not replace πn
0 by πn obtained by following 

optimally controlled curves, but rather extract πn from the gradient flow for ℰ started 
at πn

0 to obtain control on ℰ .
In Proposition 5.1, we show that starting from measures ever closer optimizing Φ−f‡

and evolving them using the gradient flow, we can find πn that can be shown to have a 
weak limit point π0. Finally in the proof of Proposition 5.2 we show that π0 satisfies

Φ∗(π0) − g‡(π0) ≥ h(π0).

Proposition 5.1. Let

f‡(μ) := −a

2 
W 2

2 (μ, γ) − φ

(︃
1
2W

2
2 (μ,𝝅)

)︃
be an admissible test function and fix 1 ≤ p < 2. Then there exists a sequence (μn)n≥1
converging to some μ0 w.r.t. Wp such that:
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(a) The sequence (μn)n≥1 is optimizing for inf{Φ − f‡}:

Φ(μn) − f‡(μn) ≤ inf
{︁
Φ − f‡}︁ + O (Tn) ,

where Tn = n−1. In particular,

lim 
n→∞

{Φ(μn) − f‡(μn)} = inf{Φ − f‡}. (5.3)

(b) The limit point μ0 is optimal for inf{Φ − f‡} and inf{Φ∗ − f‡}, where Φ∗ denotes 
the lower semicontinuous relaxation of Φ w.r.t. the Wp topology:

Φ∗(μ0) − f‡(μ0) = inf{Φ∗ − f‡} = inf{Φ − f‡}.

Moreover, μ0 ∈ 𝒟(ℰ).
(c) We have convergence of the metric:

lim 
n→∞

W2(μn, γ) = W2(μ0, γ) and lim 
n→∞

W2(μn, πi) = W2(μ0, πi),

for all i = 1, . . . , k.
(d) We have convergence of the value function:

lim 
n→∞

Φ(μn) = Φ∗(μ0).

(e) Let tn ≤ Tn, ψ ∈ 𝒞∞
c (Rd) and let (μn

· , u·) ∈ Adm∞ be the admissible curve associated 
to the control ut(x) := ∇ψ(x) and initial point μn. Then μn

tn converges to μ0 w.r.t. 
Wp as n → ∞ and

lim 
n→∞

W2(μn
tn , γ) = W2(μ0, γ) and lim 

n→∞
W2(μn

tn , πi) = W2(μ0, πi),

for all i = 1, ..., k.

Proof. Preliminary facts. For n ≥ 1, let μ0,n be such that

Φ(μ0,n) − f‡(μ0,n) ≤ inf{Φ − f‡} + Tn, (5.4)

where Tn := 1/n as in the statement. Since Φ and φ are lower bounded, namely Φ ≥
−∥h∥∞ and φ(x1, ..., xk) ≥ φ(0, ..., 0) thanks to the fact that ∂iφ > 0, we deduce that 
supn W2(μ0,n, γ) < +∞. By Lemma 4.2 this would be enough to infer the existence of a 
Wp-convergent subsequence and a Wp-limit. However, no information on the energy of 
μ0,n can be deduced from (5.4).

For this reason, we let each μ0,n evolve along the gradient flow (μ0,n
t )t≥0 of ℰ and set 

μn := μ0,n
Tn

. Applying Lemma 3.5 (b) with ρ = γ to (μ0,n
t )t≥0 yields
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sup 
n∈N

sup 
0≤t≤Tn

W2(μ0,n
t , γ) < +∞. (5.5)

The sequence (μn)n≥1 is thus bounded in (𝒫2(Rd),W2), so that by Lemma 4.2 we can 
find μ0 and a (non-relabelled) subsequence such that Wp(μn, μ0) → 0 as n → ∞.

Moreover, (μn)n≥1 is also bounded in energy (which will be useful for later purposes). 
To prove this, note that by construction we have

Φ(μ0,n) − Φ(μ0,n
Tn

) ≤ f‡(μ0,n) − f‡(μ0,n
Tn

) + Tn. (5.6)

As concerns the left-hand side, from Corollary 3.2 we know that

Φ(μ0,n) − Φ(μ0,n
Tn

) ≥ −2Tn∥h∥∞. (5.7)

On the other hand, by (5.5) there exists some constant 0 < M < +∞ (whose numerical 
value changes from the first to the second line) independent of n and t ∈ [0, Tn] such 
that

−g‡ℰ(μ0,n
t ) ≤ M − aℰ(μ0,n

t ) −∇φ

(︃
1
2W

2
2 (μ0,n

t ,𝝅)
)︃
· ℰ(μ0,n

t )1

≤ M − aℰ(μ0,n
Tn

) = M − aℰ(μn),

where in the second inequality we used the monotonicity (3.2) of ℰ along the gradient 
flow and again (5.5) together with ∂iφ > 0, (3.4) and the triangle inequality to bound 
the last term in the first line. From this control and Proposition 3.4 we deduce that the 
right-hand side of (5.6) can be controlled from above as

f‡(μ0,n) − f‡(μ0,n
Tn

) ≤
Tnˆ

0 

−g‡ℰ(μ0,n
t ) dt ≤ Tn(M − aℰ(μn)). (5.8)

Combining (5.7) and (5.8) with (5.6) we find

−2Tn∥h∥∞T−1
n ≤ M − aℰ(μn

Tn
),

whence the desired uniform bound

sup 
n∈N

ℰ(μn) < +∞. (5.9)

Now, let us show that the proposed sequence enjoys properties (a)-(e).

Proof of (a). Observe that the contraction property (3.1) for EVIκ-gradient flows gives

W 2
2 (μn, γ) ≤ W 2

2 (μ0,n
Tn

, γTn
) + 2W2(μ0,n

Tn
, γTn

)W2(γTn
, γ) + W 2

2 (γTn
, γ)

≤ e−2κTnW 2
2 (μ0,n, γ) + 2e−κTnW2(μ0,n, γ)W2(γTn

, γ) + W 2
2 (γTn

, γ),
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so that thanks to (5.5) and (3.3) with μ = ν = γ (which is possible, since γ ∈ 𝒟(ℐ) by 
assumption) we obtain W 2

2 (μn, γ)−W 2
2 (μ0,n, γ) ≤ O(Tn). Repeating the same argument 

for πi, i = 1, . . . , k, yields W 2
2 (μn, πi) −W 2

2 (μ0,n, πi) ≤ O(Tn) and combining all these 
bounds we get

f‡(μ0,n) − f‡(μn) ≤ O(Tn).

It is now sufficient to recall that from Corollary 3.2 it holds

Φ(μ0,n) − Φ(μn) ≥ −2Tn∥h∥∞

and thus if we further combine this bound with the previous one, we find

Φ(μn) − f‡(μn) ≤ Φ(μ0,n) − f‡(μ0,n) + O(Tn),

from which (a) follows.

Proof of (b). Arguing similarly to Proposition 4.3 (b), we observe that the Wp-upper 
semicontinuity of f‡ implies

(Φ∗ − f‡)(μ0) ≤ lim inf
n→∞ 

(Φ∗ − f‡)(μn)

≤ lim inf
n→∞ 

(Φ − f‡)(μn) ≤ lim sup
n→∞ 

(Φ − f‡)(μn)

(a)
≤ inf{Φ − f‡} = inf(Φ − f‡)∗ = inf{Φ∗ − f‡}.

The fact that μ0 ∈ 𝒟(ℰ) is a consequence of (5.9), the fact that Wp(μn, μ0) → 0 and the 
Wp-lower semicontinuity of ℰ , discussed in Remark 2.2.

Proof of (d). All the inequalities in the above display are in fact identities, whence the 
first of the following relations⎧⎪⎪⎪⎨⎪⎪⎪⎩

lim 
n→∞

(Φ − f‡)(μn) = (Φ − f†)(μ0) = (Φ∗ − f†)(μ0)

lim inf
n→∞ 

Φ(μn) ≥ Φ∗(μ0)

lim inf
n→∞ 

−f‡(μn) ≥ −f‡(μ0)

while the remaining ones are due to the Wp-lower semicontinuity of Φ∗ and −f‡. Com
bining the three, and up to extracting a non-relabelled subsequence, we obtain

lim 
n→∞

Φ(μn) = Φ(μ0) and lim 
n→∞

−f‡(μn) = −f‡(μ0)

and the first limit shows (d).

Proof of (c). It is a consequence of f‡(μn) → f‡(μ0) and Lemma 3.7.



40 G. Conforti et al. / Journal of Functional Analysis 290 (2026) 111389 

Proof of (e). First of all, let us stress that, given the control ut(x) := ∇ψ(x) and the 
initial condition μn, there exists a curve μn

· such that (μn
· , u·) ∈ Adm∞ and μ0 = μn: 

it is the EVI-gradient flow of ℰ(μ) +
´
ψ dμ. Its existence is ensured by [3, Theorems 

11.2.1 and 11.2.8], the standing assumptions on ℰ and the fact that ∇2ψ ≥ κ′Id for some 
κ′ ∈ R. Let us point out that [3, Theorem 11.2.8] also grants that (μn

· , u·) is admissible 
in the sense of Definition 2.3.

With this said, let us now prove the first part of the statement, namely the fact that 
Wp(μn

tn , μ
0) → 0. We observe that by Hölder inequality Wp ≤ W2 for any p < 2, so that

Wp(μn
tn , μ

0) ≤ W2(μn
tn , μ

n) + Wp(μn, μ0).

As by construction Wp(μn, μ0) → 0, we focus our attention on the first term on the 
right-hand side. By applying Lemma 3.5 (b) with ρ = μn, it can be estimated from 
above as

W 2
2 (μn

tn , μ
n) ≤ 2Mn

α
(1 − e−αtn) +

tnˆ

0 

e−α(tn−s)∥∇ψ∥2
L2(μn

s )ds

≤ (2Mn + ∥∇ψ∥∞)1 − e−αtn

α

with Mn = max{ℰ(μn) + c1W
2
2 (μn, ν) + c2, 0} and c1, c2, ν as in (3.4). Since (μn)n≥1 is 

bounded in distance and in energy by the discussion carried out at the beginning of the 
proof, we deduce that supn≥1 Mn < +∞ and thus W2(μn

tn , μ
n) → 0 as n → ∞. To prove 

the second part of the statement observe that

W2(μn
tn , γ) ≤ W2(μn

tn , μ
n) + W2(μn, γ).

By (c) we know that limn W2(μn, γ) = W2(μ0, γ) and we have already shown that 
limn W2(μn

tn , μ
n) = 0, so that passing to the limit in the above display yields 

lim supn W2(μn
tn , γ) ≤ W2(μ0, γ). By the lower semicontinuity of W2 w.r.t. Wp con

vergence (see Lemma 4.2) it also holds lim infn W2(μn
tn , γ) ≥ W2(μ0, γ), whence 

limn W2(μn
tn , γ) = W2(μ0, γ). The convergence of W2(μn

tn , πi) follows along the very 
same lines. □

We now have all the ingredients to prove that Φ∗ is a viscosity supersolution to (5.1), 
as anticipated at the beginning of the section.

Proposition 5.2. Under Assumption 2.1, let h ∈ Cb(𝒫2(Rd),Wp) for some p < 2. Then 
Φ∗, the lower semicontinuous relaxation w.r.t. the Wp-topology of the value function Φ, 
defined in (2.5) is a viscosity supersolution of the Hamilton–Jacobi equation (2.13) where 
h‡ = h and A‡ = H‡ as defined in Definition 2.6.
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Proof. As in the proof of Proposition 4.4, we first note that Φ∗ is bounded (since |Φ| ≤
∥h∥∞) and W2-lower semicontinuous as well. Thus, according to Definition 2.7, we are 
left to prove that for any f‡, g‡ as in Definition 2.6 there exists a sequence (πn)n∈N
satisfying (2.16) and (2.17).

We claim that, given (μn) and μ0 as in Proposition 5.1, the constant sequence πn = μ0

is the desired one. Since

Φ∗(μ0) − f‡(μ0) = inf{Φ∗ − f‡},

it suffices to show that

Φ∗(μ0) − g‡(μ0) − h(μ0) ≥ 0. (5.10)

To do so, we will first derive a preliminary bound valid for any ψ ∈ 𝒞∞
c (Rd):

Φ∗(μ0) − g‡ℰ(μ0) − h(μ0)

−
(︃
⟨∇ψ, a𝒕̃

γ
μ0 + ∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
· 𝒕̃𝝅μ0⟩L2(μ0) −

1
2∥∇ψ∥2

L2(μ0)

)︃
≥ 0. (5.11)

By choosing an appropriate sequence of ψm, together with an appropriate use of Cauchy--
Schwarz, this will yield (5.10).

Proof of (5.11). We fix ψ ∈ 𝒞∞
c (Rd) and follow a similar strategy as in the proof of 

Proposition 4.4, but now for admissible curves (μn
· , u·) ∈ Adm∞, constructed using the 

suboptimal control ut(x) := ∇ψ(x) and initial points μn. The existence of such curves 
has already been discussed in the proof of Proposition 5.1 (e).

From Proposition 5.1 (a) we directly obtain that

Φ(μn) − f‡(μn) ≤ inf{Φ − f‡} + O(Tn). (5.12)

Fix now a sequence (τn)n≥1 such that limn τn = 0, limn Tn/τn = 0. Then by (5.12) we 
have that

Φ(μn) − Φ(μn
τn) + f‡(μn

τn) − f‡(μn) ≤ O(Tn). (5.13)

By invoking the dynamic programming principle (DPP), we obtain

Φ(μn) ≥ 𝒜τn(μn
· ,∇ψ) + e−τnΦ(μn

τn),

while the controlled EVI inequality (Proposition 3.4) gives

f‡(μn
τn) − f‡(μn) ≥

τnˆ

0 

g‡ℰ(μn
t ) + ⟨∇ψ, a𝒕̃

γ
μn
t

+ ∇φ

(︃
1
2W

2
2 (μn

t ,𝝅)
)︃
· 𝒕̃𝝅μn

t
⟩L2(μn

t )dt.
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Plugging the last two bounds in (5.13) and dividing by τn we thus arrive at

1 
τn

𝒜τn(μn
· ,∇ψ) + e−τn − 1

τn
Φ(μn

τn) + 1 
τn

τnˆ

0 

g‡ℰ(μn
t ) dt

+ 1 
τn

τnˆ

0 

⟨∇ψ, a𝒕̃
γ
μn
t

+ ∇φ

(︃
1
2W

2
2 (μn

t ,𝝅)
)︃
· 𝒕̃𝝅μn

t
⟩L2(μn

t )dt ≤ O(Tn).

(5.14)

We now examine each term on the left-hand side separately.
First term. By a change of variable we note that

𝒜τn(μn
· ,∇ψ) =

1 ˆ

0 

e−τns

(︃
−1

2∥∇ψ∥2
L2(μn

τns) + h(μn
τns)

)︃
ds

and remark that the modulus of the integrand function is bounded by 1
2∥∇ψ∥2

∞ +∥h∥∞. 
Since h is Wp-continuous, by Proposition 5.1 (e) and the dominated convergence theorem 
we thus obtain

lim 
n→∞

1 
τn

𝒜τn(μn
· ,∇ψ) = h(μ0) − 1

2∥∇ψ∥2
L2(μ0). (5.15)

Second term. From the dynamic programming principle (DPP) and the fact that |∇ψ|
and h are bounded we have that

e−τnΦ(μn
τn) ≤ Φ(μn) + (1 − e−τn)

(︂1
2∥∇ψ∥2

∞ + ∥h∥∞
)︂

= Φ(μn) + O(τn)

and this inequality together with Proposition 5.1 (d) yields

lim inf
n→∞ 

e−τn − 1
τn

Φ(μn
τn) ≥ lim inf

n→∞ 
−Φ(μn) = −Φ∗(μ0). (5.16)

Third term. We argue as in the end of Proposition 4.4. On the one hand, by the Wp-lower 
semicontinuity of ℰ (see Remark 2.2) together with ∂iφ > 0, the fact that Wp(μn

τns, μ
0)

as n → ∞, for every s ∈ [0, 1], and Proposition 5.1 (c) we derive

lim inf
n→∞ 

g‡ℰ(μn
τns) ≥ g‡ℰ(μ0), ∀s ∈ [0, 1].

On the other hand, (3.12) and Proposition 5.1 (c) trivially imply that W 2
2 (μn

τns, γ) and 
W 2

2 (μn
τns, πi) are bounded uniformly in n ∈ N, s ∈ [0, 1], and i = 1, . . . , k. As a conse

quence, ℰ(μn
τns) is bounded from below uniformly in n ∈ N and s ∈ [0, 1], whence

inf 
n∈N,s∈[0,1]

g‡ℰ(μn
τns) > −∞.



G. Conforti et al. / Journal of Functional Analysis 290 (2026) 111389 43

A change of variable and Fatou’s lemma then give

lim inf
n→∞ 

1 
τn

τnˆ

0 

g‡ℰ(μn
t ) dt = lim inf

n→∞ 

1 ˆ

0 

g‡ℰ(μn
τns) ds ≥ g‡ℰ(μ0). (5.17)

Fourth term. Recall that for any η ∈ {γ, π1, . . . , πk}, 𝒕μ
n
t

η is the optimal transport map 
pushing η onto μn

t and

𝒕̃
η
μn
t
◦ 𝒕μ

n
t

η =
(︂
𝒕ημn

t
− 𝒊𝒅

)︂
◦ 𝒕μ

n
t

η = −𝒕̃
μn
t

η .

After a change of variable, the last term in (5.14) can thus be equivalently rewritten as

1 
τn

τnˆ

0 

⟨∇ψ, a𝒕̃
γ
μn
t

+ ∇φ

(︃
1
2W

2
2 (μn

t ,𝝅)
)︃
· 𝒕̃𝝅μn

t
⟩L2(μn

t )dt

= −
1 ˆ

0 

⟨∇ψ ◦ 𝒕μ
n
τns

γ , a𝒕̃
μn
τns

γ ⟩L2(γ)ds

−
k∑︂

i=1 

1 ˆ

0 

⟨∇ψ ◦ 𝒕μ
n
τns

πi , ∂iφ

(︃
1
2W

2
2 (μn

τns,𝝅)
)︃
𝒕̃
μn
τns

πi
⟩L2(πi)ds.

To obtain convergence as n → ∞ to the desired term (i.e. the second line in (5.11)) we 
apply the dominated convergence theorem. We first claim that

⟨∇ψ ◦ 𝒕μ
n
τns

η , 𝒕̃
μn
τns

η ⟩L2(η) → ⟨∇ψ ◦ 𝒕μ0

η , 𝒕̃
μ0

η ⟩L2(η) (5.18)

for all s ∈ [0, 1] and η ∈ {γ, π1, . . . , πk}. Indeed, we note that

|⟨∇ψ ◦ 𝒕
μn
τns

η , 𝒕̃
μn
τns

η ⟩L2(η) − ⟨∇ψ ◦ 𝒕μ0

η , 𝒕̃
μ0

η ⟩L2(η)|

≤ |⟨∇ψ ◦ 𝒕μ
n
τns

η , 𝒕̃
μn
τns

η ⟩L2(η) − ⟨∇ψ ◦ 𝒕μ
n
τns

η , 𝒕̃
μ0

η ⟩L2(η)|

+ |⟨∇ψ ◦ 𝒕μ
n
τns

η , 𝒕̃
μ0

η ⟩L2(η) − ⟨∇ψ ◦ 𝒕μ0

η , 𝒕̃
μ0

η ⟩L2(η)|

≤ ∥∇ψ∥∞∥𝒕μ
n
τns

η − 𝒕μ
0

η ∥2
L2(η) + ∥∇ψ ◦ 𝒕μ

n
τns

η −∇ψ ◦ 𝒕μ0

η ∥L2(η)∥𝒕̃
μn

0
η ∥L2(η).

Then, by Proposition 5.1 (e) and Lemma 3.6 the first term on the last line vanishes as 
n → ∞ and, up to extracting a subsequence, 𝒕μ

n
τns

η → 𝒕μ
0

η η-a.e. Since ∇ψ is continuous 
and bounded, by the dominated convergence theorem also the second term goes to 0, 
whence (5.18).

Moreover, by Proposition 5.1 (e) W2(μn
τns, η) is bounded uniformly in n ∈ N and 

s ∈ [0, 1], so that if we set
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R := max 
η∈{γ,π1,...,πk}

sup 
s∈[0,1]

sup 
n∈N

W2(μn
τns, η) < +∞,

we deduce that

|⟨∇ψ ◦ 𝒕μ
n
τns

γ , a𝒕̃
μn
τns

γ ⟩L2(γ)| ≤ a∥∇ψ∥∞W2(μn
τns, γ) ≤ a∥∇ψ∥∞R

and⃓⃓⃓⃓
⟨∇ψ ◦ 𝒕μ

n
τns

πi , ∂iφ

(︃
1
2W

2
2 (μn

τns,𝝅)
)︃
𝒕̃
μn
τns

πi
⟩L2(πi)

⃓⃓⃓⃓
≤ ∂iφ(R2/2)∥∇ψ∥∞W2(μn

τns, πi)

≤ ∂iφ(R2/2)∥∇ψ∥∞R.

We can thus apply the dominated convergence theorem and get

lim 
n→∞

1 
τn

τnˆ

0 

⟨∇ψ, a𝒕̃
γ
μn
t

+ ∇φ

(︃
1
2W

2
2 (μn

t ,𝝅)
)︃
· 𝒕̃𝝅μn

t
⟩L2(μn

t )dt

= −a⟨∇ψ ◦ 𝒕μ0

γ , 𝒕̃
μ0

γ ⟩L2(γ) −
k∑︂

i=1 
∂iφ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
⟨∇ψ ◦ 𝒕μ0

πi
, 𝒕̃

μ0

πi
⟩L2(πi)

= ⟨∇ψ, a𝒕̃
γ
μ0 + ∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
· 𝒕̃𝝅μ0⟩L2(μ0),

(5.19)

where in the last identity we used again the definition of transport map to come back to 
an integral w.r.t. μ0. To justify this change of variable, however, we first need to show 
that 𝒕̃γμ0 and 𝒕̃

𝝅
μ0 actually exist. But this is ensured by Proposition 5.1 (b) (which implies 

μ0 ≪ ℒd) and [3, Theorem 6.2.4].
If we now gather (5.15), (5.16), (5.17), and (5.19) we obtain

h(μ0) − 1
2∥∇ψ∥2

L2(μ0) − Φ∗(μ0) + g‡ℰ(μ0)+

+ ⟨∇ψ, a𝒕̃
γ
μ0 + ∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
· 𝒕̃𝝅μ0⟩L2(μ0) ≤ 0,

(5.20)

which, up to rearrangement of terms, is (5.11).

Proof of (5.10). Since μ0 ∈ 𝒟(ℰ), we can invoke [3, Proposition 8.5.2], which ensures 
that

𝒕̃
γ
μ0 , 𝒕̃

πi

μ0 ∈ {∇ψ : ψ ∈ 𝒞∞
c (Rd)}L

2(μ0)
, i = 1, ..., k.

We can thus choose ψm ∈ 𝒞∞
c (Rd) such that
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∇ψm → a𝒕̃
γ
μ0 + ∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
· 𝒕̃𝝅μ0 in L2(μ0)

and note once again that (5.20) holds true for all ψ ∈ 𝒞∞
c (Rd). Therefore, if we consider 

(5.20) with ψ = ψm and take the limit as m → ∞, we obtain

h(μ0) − Φ∗(μ0) + g‡ℰ(μ0) + 1
2

⃦⃦⃦⃦
a𝒕̃

γ
μ0 + ∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
· 𝒕̃𝝅μ0

⃦⃦⃦⃦2

L2(μ0)
≤ 0. (5.21)

To finish the proof, Cauchy–Schwarz inequality and the fact that ∥𝒕̃ημ0∥L2(μ0) = W2(μ0, η)
for η ∈ {γ, π1, . . . , πk} provide us with

1
2

⃦⃦⃦⃦
a𝒕̃

γ
μ0 + ∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
· 𝒕̃𝝅μ0

⃦⃦⃦⃦2

L2(μ0)

= a2

2 
W 2

2 (μ0, γ) + a⟨𝒕̃γμ0 ,∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
· 𝒕̃𝝅μ0⟩L2(μ0)

+ 1
2

⃓⃓⃓⃓
∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
· 𝒕̃𝝅μ0

⃓⃓⃓⃓2
L2(μ0)

≥ a2

2 
W 2

2 (μ0, γ) − aW2(μ0, γ)
(︃
∇φ

(︃
1
2W

2
2 (μ0,𝝅)

)︃
·W2(μ0,𝝅)

)︃
− 1

2

(︃
∇φ

(︂1
2W

2
2 (μ0,𝝅)

)︂
·W2(μ0,𝝅)

)︃2

= g‡W2
(μ0).

Plugging this bound into (5.21) gives the desired conclusion (5.10). □
Data availability

No data was used for the research described in the article.
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