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ABSTRACT: In the thin wall approximation, we study a class of asymptotically AdS black
holes which contain a spherically symmetric vacuum bubble with a different (positive or
negative) cosmological constant. Collapsing, expanding, and static bubble solutions are
considered. Among these, expanding bubbles with positive cosmological constant can provide
a way to apply the AdS/CFT correspondence to describe the physics of an expanding universe.
We systematically study the causal structure of the solutions as a function of the cosmological
constant, the mass of the black hole, and the tension of the bubble. We then compute
the holographic entanglement entropy for a class of boundary subregions using extremal
codimension-two surfaces as a probe. For collapsing bubbles, we find examples in which the
entanglement entropy also explores the geometry inside the black hole bifurcation surface.
As a complementary way to probe the interior of the bubble, we investigate almost-null
radial geodesics related to the bulk-cone singularities of boundary two-point correlators.
While the bulk-cone singularities for collapsing and expanding bubbles are consistent with
thermalization at late time, static bubbles violate thermalization and exhibit properties
similar to those of scar states.
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1 Introduction

One of the most remarkable insights in theoretical physics over the past decades is the
holographic principle, which relates gravitational quantities in a bulk geometry to the
observables of a quantum system living on its boundary [1, 2]. The idea that the gravitational
degrees of freedom scale with the area rather than the volume of the spacetime was first hinted
by the Bekenstein-Hawking formula [3, 4]. Later, a better quantitative understanding of the
holographic principle has been achieved with the advent of the Anti-de Sitter/Conformal
Field Theory (AdS/CFT) correspondence [5-7]. In this work, we will investigate two entries
of the AdS/CFT dictionary: the entanglement entropy of a state in a bipartite system, and
the singularities of the two-point functions of CFT operators.

Motivated by the precious insights obtained within the AdS/CFT duality, many efforts
have been made to extend the holographic principle to other settings. An interesting case
is undoubtedly de Sitter (dS) spacetime (e.g., see the reviews [8-10]), since it describes
with good approximation the early and late inflationary stages of evolution of our universe.
While the area of cosmological horizons admits a thermodynamic interpretation similar to
the Bekenstein-Hawking entropy of black holes [11], identifying a precise holographic dual
for dS spacetime has proven far more challenging. Nevertheless, the physical importance of
this problem has stimulated several lines of research, and recent years have seen a revival of
attempts to extend holography to dS spacetime, e.g., see [12-25].

In this context, an interesting setup is provided by geometries in which an inflating
interior spacetime is glued to an exterior asymptotically AdS region, equipped with a timelike
boundary where the AdS/CFT dictionary can be applied. Such configurations can be realized
by coupling gravity to a scalar field theory whose potential admits two minima, characterized
by different values of an order parameter and the cosmological constant, separated by a
domain wall. In the analytically-tractable thin wall approximation, the thickness of the
domain wall is neglected [26-31], so that the order parameter is discontinuous and the domain
wall dynamics can be studied using the Israel junction conditions [32]. We will refer to this
class of gravitational backgrounds as bubble geometries. An alternative framework, free of
discontinuities in the order parameter, is provided by the so-called centaur geometries [33-36].
These were introduced in two bulk dimensions, but are forbidden in higher dimensions by
the null energy condition [37].! In the present work, we focus on bubble geometries, which
can be consistently defined in spacetime dimensions greater than two. Related theoretical
frameworks have also been explored in [39-45].

We will analyze (d + 1)-dimensional bubble geometries invariant under time reversal of
the bulk coordinate time ¢t — —t, constructed by gluing a spherically symmetric bubble of
vacuum with an external AdS-Schwarzschild black hole along a domain wall with negligible
thickness.? The geometry is characterized by three parameters (), x,m) proportional to the
cosmological constant of the interior spacetime, the tension of the domain wall, and the

"Nonetheless, certain generalizations to higher-dimensions that evade these obstructions have been proposed
in ref. [38].

2Here and in the following, we refer to dS and AdS spacetimes in d + 1 dimensions, such that the dual
boundary CFT is d-dimensional.



mass of the black hole, respectively.® The null energy condition forces x > 0. Denoting the
trajectory of the domain wall with R(7), where R is a radial coordinate and 7 the proper
time (as measured by an observer living on top of the domain wall), we refer to the possible
bubble solutions with ¢t > 0 as follows:

e A collapsing bubble is a solution with R < 0, whose radius collapses to zero in a finite
proper time.

e An expanding bubble is a solution with R > 0, whose radius increases for an infinite
proper time.

e A static bubble is a solution such that the shell radius R(7) is constant. This situation,
when it exists, corresponds to a fine-tuned value of the mass parameter m that separates
the expanding from the collapsing solutions.

While for a collapsing bubble the interior is a finite spacetime region, for expanding and
static ones the interior contains an infinite spacetime volume. In particular, for expanding
bubbles with A > 0, the geometry provides a way to embed an infinite universe in accelerated
expansion inside an asymptotically AdS spacetime.

In gravitational physics, it is particularly interesting to study geometric probes that enter
the region behind a black hole horizon [46, 47], to clarify how the interior degrees of freedom
are encoded by the quantum theory located at the AdS boundary. Since both expanding
and collapsing bubbles may lie entirely inside the black hole bifurcation surface, it is not
obvious how a boundary observer can discriminate between such different bulk geometries. A
useful probe in this context is the entanglement entropy of a boundary subregion, which is
holographically dual to the area of the Hubeny-Rangamani-Takayanagi (HRT) surface [48, 49],
namely the extremal codimension-two bulk surface with minimal area which is homologus
to the given boundary subregion. This prescription has been extensively applied to explore
critical points, strongly-coupled systems, thermalization, wormholes, quantum information
and much more, e.g., see [50-53]. A common prejudice is that the HRT surfaces does not
probe the geometry beyond the bifurcation surface. We will provide explicit counterexamples
showing that, for collapsing bubbles, the interior can indeed be probed by an HRT surface,
even when the domain wall lies inside the bifurcation surface. By contrast, we will present
evidence that this does not occur for expanding bubbles.

Other probes are therefore desirable for a boundary observer aiming to explore the interior
of an expanding bubble. A powerful tool is provided by the singularity structure of the two
point functions of boundary operators (O(z)O(y)). For a free theory, these singularities arise
when (z — y)? = 0, i.e., when the insertion points are null-separated. In holographic theories,
a new class of singularities arises due to null geodesics extending into the bulk and connecting
the two boundary points [54-62]. Such singularities also occur when z and y are connected
by the infinite-energy limit of a spacelike geodesic [56]. We will refer to such trajectory as
an almost-null geodesic. This behaves similarly to a null geodesic, with the addition of a

3The precise relations between the parameters (), s,m) and the above physical quantities are given in
egs. (2.4), (2.14), and (2.7), respectively.



possible bounce off the black hole singularity (for d > 3) and off the dS infinity. We will
collectively denote these classes of singularities as bulk-cone singularities.

The main novelties of this work are summarized as follows:

o We systematically explore the causal structure of Lorentzian bubble solutions across
the parameter space (A, k,m), considering both expanding and collapsing bubbles with
both signs of A\. The A > 0 case was already studied in ref. [29], while the Euclidean
version was examined in [30].

e We compute the holographic entanglement entropy at vanishing boundary time in
(2 + 1)-dimensional bubble geometries. In certain regimes, there are several competing
extremal surfaces among which we have to pick the minimal one. For the collapsing
bubble, we find regimes where the HRT surface enters the region behind the black hole
bifurcation surface and probes the interior of the bubble.

e We study bulk-cone singularities in (3 + 1)-dimensional bubble geometries, the lowest-
dimensional case where a spacelike almost-null geodesic is pushed away from a black
hole singularity. A qualitative sketch of the bulk-cone singularities in bubble geometries
was briefly discussed in some special cases in ref. [29]. In this paper, we perform a more
detailed and quantitative study. Specifically, we consider a radial (almost-)null geodesic
that leaves the AdS boundary at time t;,, propagates in the bulk, and then comes back
to the AdS boundary at time tg,. We classify the functional dependence tgy (tiy) for all
the possible bubble geometries, identifying the characteristic features that distinguish
their causal structure.

The paper is organized as follows. We introduce general features of the bubble solutions
in section 2, providing the equations of motion of the domain wall. We then discuss the
phase diagram of the causal structure of the geometries. This analysis allows us to determine
the Penrose diagram of the bubble geometries in each region of the parameter space. In
section 3 we compute the holographic entanglement entropy of a boundary arc at vanishing
boundary time in a three-dimensional bubble geometry. Section 4 contains the analysis
of the bulk-cone singularities in four-dimensional bubble geometries. The main results are
summarized in section 5, where future directions are also outlined. Technical details are
deferred to appendices.

2 Theoretical setting and parameter space

In this section, we introduce the geometric setup that describes a spherically symmetric and
time-reversal invariant bubble of (A)dS spacetime contained within an exterior black hole
(BH) solution in asymptotically AdS spacetime. The two regions of spacetime are separated
by a shell, carrying non-trivial energy, whose trajectory is determined by imposing Israel
junction conditions [32]. Throughout this work, we will only consider the case of a shell
represented by a thin domain wall with negligible thickness. In other words, the width of
the domain wall is much smaller than the AdS curvature scale; other than the discontinuity
at the domain wall, the geometry is smooth.



The dynamics of the false vacuum bubble was initially studied in refs. [26-28] for an
exterior geometry given by a BH in asymptotically flat spacetime, as possible models to
describe the universe in a laboratory. The case of a geometry composed by a dS bubble
inside an asymptotically AdS BH was studied in ref. [29]. In this paper we will study a larger
region of parameter space, including a bubble with arbitrary cosmological constant in the
interior. Euclidean solutions were previously studied in ref. [30], while ref. [31] investigated
their relation with conformal defects.

For simplicity, we will only restrict to spherically symmetric solutions (see ref. [63] for an
analysis of the stability of the spherically symmetric solution in the case of a flat exterior).
One can study more general setups that allow for transitions between AdS and dS vacua,
for instance by considering a scalar field theory with non-trivial potential. Nonetheless, the
assumptions that we listed above are convenient because they allow for an analytic treatment
of various problems, as investigated in, e.g., refs. [43—45, 64].

We introduce in section 2.1 the metric and the causal properties of the geometry. We
determine the shape of the domain wall by imposing Israel junction conditions. This problem
can be recast into the classical motion of a particle in an effective potential, see section 2.2.
Different choices of the parameters of the geometry lead to different solutions for the bubble,
as described in section 2.3. The causal structure of the bubble geometry is presented in
section 2.4 for an expanding solution, and in section 2.5 for a collapsing one. One configuration
of particular interest — mainly due to the possibility to perform analytic investigations —
is the static bubble, in which case the radius of the domain wall is time-independent. We
focus on this latter case in section 2.6.

2.1 Interior and exterior geometries

Let us consider a (d + 1)-dimensional spacetime composed by an interior and an exterior
parts, glued together on the surface of a thin domain wall. Denoting with ¢, 0 the region
inside (outside) the shell and assuming spherical symmetry, the infinitesimal line element
takes the form

dr?

fi,O(r)

where g; , denotes the metric, f; o(r) the blackening factor, and dﬂzfl the line element of

dszo = (gi,O)quwéfodeo = —fio(T) dtio + + 7'2ng71 , (2.1)

a unit (d — 1)-dimensional sphere, which we choose to characterize the spatial sections of
the geometry. From now on, we will refer to eq. (2.1) as the metric of the bubble geometry,
such that it is implicitly understood that the interior and exterior parts are joined together
through a domain wall with world-volume line element

dstypple = —dT° + R*(1)dQ5_, (2.2)

where 7 is a proper time parameter, and R(7) the size of the shell. We stress that the radial
coordinate r is continuous across all the geometry, while the time coordinate is generally
discontinuous when crossing the domain wall.

The metric (2.1) is a general spherically symmetric ansatz for the solutions of the vacuum
Einstein’s equations; from now on, we will specialize to the case where the interior geometry



is an empty (A)dS background, characterized by the blackening factor
filr)=1-Xr?, (2.3)

where A > 0 corresponds to dS, and A < 0 to AdS spacetime (in global coordinates). The
quantity A is related to the cosmological constant A as follows
d(d—1)

A= 5

A, (2.4)

and to the (A)dS radius L via the identity
1
L=——. (2.5)
A
Next, we assume that the exterior geometry is a BH in asymptotically AdSs,1 spacetime.

This is parametrized by the following blackening factor
m

folr)=r®+1~ rd—2" (2:6)
where m is called mass parameter, and we set the AdS radius in the exterior region to 1. The
asymptotic mass M of the BH is proportional to the mass parameter m via
(d—1)Qq-1
=l gy,

167Gy

where Q4_1 denotes the dimensionless volume of the spherical geometry along the (d — 1)

M = (2.7)

orthogonal directions. The mass parameter m can be recast in terms of the horizon radius
rp, defined by the condition f,(r,) = 0, by means of the relation

m = ri—? (r,% + 1) . (2.8)

In the remainder of the paper, we will mostly focus on the three- and four-dimensional cases
(in these conventions, d = 2 and d = 3). To compare the above general formulae with the
results previously obtained in ref. [64], we stress that in d = 2 the blackening factor becomes

fo(T)\d=2:7“2+1—m:r2—u, (2.9)
where we introduced another parameter p such that
w=m-—1. (2.10)

This is sometimes referred to as the mass parameter of the three-dimensional Banados-
Teitelboim-Zanelli (BTZ) black hole [65]. In this case, the horizon radius is related to p
as follows:

rh= /I (2.11)

In the remainder of this work, we will restrict to m > 1 in d = 2, such that the geometry
admits a black hole horizon.

A convenient tool to describe the causal structure of bubble geometries consists in using
Eddington-Finkelstein (EF) (or null) coordinates

Vio = tio + T;‘,o(r) > Uj,o = tio — r;k,o(’r) ) (2'12)

where (1) is the tortoise coordinate. We refer to appendix A.1 for more details on the
tortoise coordinate.



2.2 Junction conditions and effective potential

The domain wall carries a non-vanishing energy density. The extrinsic curvature K, is
discontinuous when crossing the domain wall, and the difference between the two sides is
quantified by the energy momentum tensor localized on the shell. For spherically symmetric
geometries, it is customary to introduce the quantities (e.g., see sections 3.7-3.9 of ref. [66])
Bio=(K§) R(r), (2.13)
%,0
where R(7) is the shell’s radius (from now on, we will omit the explicit dependence on the
proper time 7), and Kg is a particular component of the extrinsic curvature along an angular
direction 6 of the transverse (d — 1)-dimensional sphere. The jump between the values of
Bi and B, is governed by the Israel junction conditions [32]

Bi—Bo=rR, (2.14)

which in our case are characterized by the quantities

= £\/R2+ f; — _8Gno
Bi = £/ R? + fi(R), Bo = £\ R?+ fo(R), R=——7 (2.15)

In the latter set of equations, R = dR/dr denotes the derivative with respect to the proper
time, o is the domain wall’s tension, and Gy the Newton’s constant.? The sign of Bio is
positive if either the radial coordinate r increases as the domain wall is approached from
the interior, or if r increases as one moves away from the domain wall in the exterior. If
both 3;, have the same sign, r is monotonic near the wall. If 3;, have different signs, r
is locally extremized at the location of the wall.

For later convenience, we re-express the curvature parameters ;, 8, as follows:

fl(R) - fo(R) + K2R2

fi(R) — fo(R) — K?R?
26R ’ '

2kR

Bi = Bo = (2.16)

By plugging eq. (2.16) inside (2.14), we find that the dynamics of the domain wall is governed
by the following equations of motion

R? +Vg(R) =0, (2.17a)

(fi(R) ~ Jo(R) — K2 B2

Vef‘f(R) = fO(R) - 412 R2

(2.17D)

The differential equations (2.17a) describe the dynamics of a point particle in the effective
potential (2.17b). In the geometry (2.1) with blackening factors (2.3) and (2.6), the latter
potential can be recast into the form [30]

B C

2
%H(R):—AR +1_W_W’

(2.18)

4With an abuse of notation, we will often refer to k itself as the domain wall’s tension. The differential
equations (2.14) with parameters (2.15) assume that the energy-momentum tensor is normalized as T% =
—oh%§(n) + regular terms, where i = 0 identifies the location of the domain wall.



where we introduced the convenient quantities
A+ K2 —1)2 44\

B=m-—+—~ = —. 2.19

ype 7 me—— (2.19)

Similarly, we can plug the blackening factors (2.3) and (2.6) inside the extrinsic curvature

A=

parameters (2.16) to get

2 2
K°—1—)\ m 1 2 +1+ A m 1

= R4+ — —— = R4+ — —.
bi o t ok g P 2 t ok RIT

The values of 3;, in the above identity determine which overall signs to pick in the defining

(2.20)

relations (2.15). The signs of 3;, play an important role to distinguish the various configura-
tions of bubble solutions that we analyze in subsection 2.3.5 Following ref. [26], to identify
the above signs, it is useful to solve eq. (2.17a) in terms of the mass parameter m, i.e.,

m=(1+X—-r*)R 4+ 2xR"1\/14+ R? — AR2. (2.21)

In the following, let us denote by Ry the initial size of the bubble at 7 = 0, when R = 0.6
We denote with m = m4(Ry) the functional relation between Ry and the mass of the
bubble, determined by

m+(Ro) = (1+ X — k?)RE £+ 2xRI1 /1 — ARZ. (2.22)
Plugging eq. (2.22) inside (2.20), we then find

,BZ(R()) = i\/ 1-— /\R2 y ,BO(R()) = —HR() + \/ 1-— /\Ra (2.23)

Therefore, the two allowed values of the mass my(Rp) in eq. (2.22) correspond to the two
different signs of the curvature parameter (;(Rp), respectively.

An important property of the collapsing bubbles follows. By definition, a collapsing
bubble is characterized by R < 0 for bulk time ¢ > 0, and the radius of the bubble collapses to
zero in a finite proper time 7 = 79. Equation (2.20) tells us that when R — 0, then 5; > 0. As
we increase R (and decrease 7), the only way for 3; to change sign would be that the domain
wall crosses an event horizon. This cannot happen in the case of a global AdS interior, since
it does not admit any horizon. On the contrary, an empty dS interior admits a cosmological
horizon, which the bubble may cross. For the sake of the argument, let us assume that the
bubble crosses the cosmological horizon. Since the shell’s trajectory is timelike, the bubble
would eventually meet past timelike infinity Z~ (located at R — oo) in the dS region. On
the other hand, in the case of time-reversal symmetric solutions, the bubble must satisfy
R — 0 also when 7 — —7y. In other words, the bubble is confined inside the dS static patch.
This fact is in contradiction with the bubble approaching Z=. We thus conclude that, for
time-reversal symmetric collapsing bubbles, the identity £;(R(7)) > 0 holds for any 7, and in
particular §;(Rp) > 0. As a direct consequence, for time-reversal symmetric collapsing bubbles
we must choose the + sign in eq. (2.23), which corresponds to the solution m (Ry). Instead,
time-reversal symmetric expanding bubbles can in principle admit both signs for S;(Ry).

5 Additional details on the relation between the various solutions and the signs of B; , are discussed in
appendices A.2 and A.3.

SNotice that the horizontal middle line in the Penrose diagram of any bubble geometry lies at constant
t = 0, where ¢ is the bulk time. In particular, on this line we also have 7 = 0 (7 proper time on the domain
wall) and te = 0, where t is the time on the right AdS boundary.



2.3 Parameter space

We discuss the qualitative behavior of the solutions to the differential equation (2.17a), as
determined by the effective potential (2.18), for various choices of the parameters defining
the geometry. While this investigation was carried out in Euclidean signature in ref. [30],
here we perform a classification of the parameter space in Lorentzian signature. We mostly
present the results for general dimension d, focusing on d = 2,3 only when explicitly stated.
Moreover, we restrict in our analysis to bubble geometries invariant under the time reversal
symmetry ¢ — —t.

In order to classify the main features of the solutions, it is useful to look at the sign
of some of the quantities in eq. (2.19). Since C > 0, the effective potential (2.17b) is an
increasing function of the radial coordinate for small enough r. We distinguish two cases
according to the sign of A as follows:

e When A > 0, the effective potential Vg is a decreasing function of the radial coordinate
for large enough r. Therefore, Vg must have at least a local maximum. As proven
in appendix A of ref. [30], in this case there are no local minima of the potential,
because V/;(R) computed at the extremal point R = R, (for which V/;(R.) = 0) is
always strictly negative.” This implies that the maximum is unique, and there are now
three sub-cases. (1) If V(R) > 0 at the maximum, then the equations of motion (2.18)
admit two solutions, one expanding and one contracting at positive time, each of them
separately invariant under time reversal. (2) If V(R) < 0 at the maximum, then the
equations of motion do not admit any solution invariant under time reversal. (3) In
the fine-tuned case where V(R) = 0 at the location of the maximum, the only solution
invariant under time reversal is a static bubble with constant R = R, = Ry (where Ry
was defined below eq. (2.21)).

e When A < 0, the effective potential Vg is an increasing function of the radial coordinate
for large enough r. In this case, the equation Vog(R) = 0 admits a single solution
R = Ry.® Since V/3(Ro) > 0 (see also appendix B of ref. [30]), then in this regime the
expanding solution does not exist, while we will show that for any value of the mass
parameter m, there exists one collapsing bubble.

The above discussion showed that the sign of A plays a relevant role to classify the
solutions to the equations of motion. The quantity A vanishes in correspondence of the
cosmological constants

M=—(k+132,  d=—-(k—1)>% (2.24)

The curves in eq. (2.24), in addition with the line A = 0, are depicted in figure 1, where
they determine the boundaries of the various regions of the phase diagram. We find that
A < 0 for Ay < A < Ao, which corresponds to region D. Instead, we find that A > 0 in
two cases: either A\ > Ay (regions A, B,C), or A < A\ (region F). In particular, the interior

"Here, we use the notation V' = dV/dR.
8The existence of a single solution Rg can be proven by plugging the value of B obtained from the identity
Vest(Ro) = 0 inside the expression for Vg (R).



Figure 1. Phase diagram of the bubble solutions as a function of (x, A).

geometry is dS spacetime in region A (A > 0), while it is empty AdS in regions B (C),
characterized by A2 < A < 0and K < 1 (k > 1).

The expanding bubbles in regions A, B, C' satisfy the useful property 5,(Rp) < 0, which
can be proven as follows. The radial coordinate of an expanding bubble reaches R — oco. In
this limit, the first term in eq. (2.20) dominates. Since in regions A, B, C, the cosmological
constant satifies A > Ay > —k? — 1, we get B,(R — 00) & %R < 0. This result implies
that the domain wall must hit the left boundary of the AdS BH spacetime (see configurations
A, B, C in figure 2, that we will describe in subsection 2.4). For the sake of the argument,
let us assume that the bubble originated inside the white hole horizon at a certain time £.
If this was true, then the bubble would have fallen inside the BH horizon at time —¢ due
to the time reversal symmetry, but this is not the case. Therefore, we conclude that the
bubble did not originate inside the white hole horizon. Since the shell’s trajectory is timelike,
the bubble always remains behind the BH bifurcation surface without entering the region
connected to the right AdS black hole boundary, and we have 3,(Rp) < 0. This argument
was originally used to characterize region A in ref. [29].

For a fixed value of the mass parameter m, one can have several possible solutions for the
bubble geometry: collapsing, expanding, static (for a fine-tuned value of the mass parameter
M = Mgtatic), OF NO time-reversal solutions at all. Let us describe the main features of the

various regions in figure 1:

e In regions A, C' and E there exist two distinct time reversal-symmetric solutions (the
expanding and the collapsing one) only when m < mggatic. While in region E' the static
and the expanding bubbles both lie outside the BH horizon, in regions A and C' they
are located inside the BH horizon. In region A, the interior geometry is a portion of dS
spacetime (which is finite for the collapsing bubble, and infinite for the expanding one).
In region C and F, the interior of both bubble solutions is a portion of the global AdS
spacetime which contains the center of AdS.

e In region B, both the expanding and collapsing bubbles exist for arbitrary values of m.
The collapsing solution includes the center of AdS. The expanding bubble resembles a
thermofield double state (TFD), because it includes two disconnected AdS boundaries.
There is no static bubble in this region of parameters.

,10,



e In region D, there is a single collapsing bubble — which includes the center of AdS
spacetime in its interior — for any value of m. There are neither expanding, nor static
bubbles in this regime. As argued in ref. [31], the physics of the bubble geometry in
this region is described by the insertion of a quench operator in a conformal field theory.
We will further discuss this relation in section 2.3.1.

For convenience, a summary of the various possibilities is collected in table 5, see the summary
of results in section 5. The limits of small and large mass in the parameter space are discussed
in appendix A.2. Finally, let us mention that at fixed m and A — 0T, the expanding bubble
becomes infinitely large. When A = 0, at large R we find that Vg approaches a constant
value. In other words, in this limit the expanding solution is not allowed anymore.

2.3.1 Relation between parameter space and conformal interfaces

Interestingly, the curves in eq. (2.24) have an interpretation in the context of conformal
interfaces. Let us consider the — apparently unrelated — setting composed by two regions of
empty AdSs spacetime, joined together through the worldsheet of a two-dimensional domain
wall with negligible thickness [67]. This bottom-up model is conjectured to be holographically
dual to a two-dimensional conformal interface separating two CF'Ts. In this framework, one
can show that the dual geometry describes a well-defined ground state of an interface CF'T
if the string tension lies within the range [68, 69]

Ko <k <y, m_z‘l—\/—/\, =14+ VN, (2.25)

which are precisely the curves A = A;2 defined in eq. (2.24). The lower bound on the
tension forbids the nucleation of Coleman-De Luccia bubbles [70, 71]. The upper bound is
the critical value above which the world-volume metric of the domain wall has a positive
curvature [68, 72, 73]. The same inequalities also arise in other contexts, i.e., from BPS bounds
in supergravity [74], in the computation of the boundary entropy [31, 75], in the study of the
transmission of energy across a conformal interface [76-86], or in the study of the vacuum
energy of d-dimensional interface CFTs [87]. The bounds (2.25) can also be interpreted
in terms of the boundary entropy log g, since this quantity is related to the transmission
coefficient in the case of a geometry with a single brane. In particular, the window of tensions
corresponds to an excursion in log g from —oo and 400, see eq. (3.15) of ref. [31].

For the purpose of studying bubble geometries, it is interesting to observe that the
conditions (2.25) are satisfied in the region denoted with D in figure 1, where the only allowed
solution (for any value of the mass parameter m) is a collapsing bubble. In this region, the
physics of the bubble geometry can be understood in terms of a boundary theory where
two conformal field theories CFT; (which corresponds to the bubble interior) and CFTq
(which corresponds to the exterior) are glued across a conformal interface with negligible
thickness [31]. The dual boundary state of CFTy is created via the action of a quench operator
(associated with the specific choice of the interface) on the vacuum [¢1) of CFTy, together
with an evolution in Euclidean time which regulates the UV divergences in the energy of the
state. Schematically, the state of CFTy at ¢ = 0 can be built as follows

|tho) = ellignoe_EHz Qe aHi|y) (2.26)
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(a) region A

r=o r=0

(b) region B
r=0 r=oc

(¢) region C
r=0 r=o

(d) region E

Figure 2. Penrose diagrams for expanding bubbles in the regions of parameter space where they exist.

where Q is the operator which performs the quench, Hp 2 are the Hamiltonians of CFT o,
and € is a regulator that makes the energy of |¢3) — as a state of CFTy — finite.” Following
the notation introduced by the authors of [31], we will refer to the ¢ = 0 state in eq. (2.26)

as a Holo-ween quench.

2.4 Causal structure of expanding bubbles

We draw in figure 2 the Penrose diagram of the bubble geometries, starting from the case of
expanding solutions. The causal structure depends on the region of the parameter space in
figure 1, as determined by the choice of parameters (A, k) and by the sign of the curvature
parameters [3;(Ry) and S,(Ry) (see appendix A.3 for more details).

°In the limit ¢ — 0 with fixed A and &, the black hole’s mass scales as m oc 1/¢, see ref. [31] for details).
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We summarize the main features of the Penrose diagram case by case:

e In region A, the interior geometry is an infinite portion of the dS spacetime. In the
thin wall approximation, a curious feature of the expanding bubble is that a portion
of an AdS boundary (on the left side of the Penrose diagram) is attached to the dS
timelike infinities Z*, that appear as the shell attains an infinite size. It is not clear
whether this pathological feature might be an artifact of the thin wall approximation
or if it is also present in a full solution of the scalar-gravity system [29, 88].

e In region B, the geometry admits two distinct AdS boundaries: one on the left, and
the other on the right side of the Penrose diagram. This case is similar to an eternal
AdS black hole, but here with the inclusion of a false bubble of vacuum (characterized
by a cosmological constant with —1 < A\ < 0) that reaches the left boundary. The
bubble geometry describes a vacuum instability mediated by a Coleman-de Luccia
(CdL) instanton [70].

e In region C, two distinct AdS boundaries bifurcate from the intersection of the shell
with the asymptotic AdS boundary of the BH background. Similarly to region A, it
is not clear if this counterintuitive feature is also present in the full solution of the
scalar-gravity system.

e In region F, there is a single AdS boundary on the right side of the Penrose diagram.
This case is similar to an AdS spacetime with fixed cosmological constant that includes
a false CdL bubble of vacuum with A = —1. In terms of the boundary theory, the CdL
bubble corresponds to a Fubini instanton of the boundary CFT [71].

The structure of the Penrose diagram of the expanding bubble is special for A = 0: when
0 < k < 1, the expanding bubble is characterized by S;(Rp) < 0; when x > 1, we have
Bi(Ro) > 0 (see appendix A.3). In both cases, one of the AdS timelike boundaries is attached
to the null infinity of the flat space, as depicted in the Penrose diagrams sketched in figure 3.
We believe that this is an artifact of the thin wall approximation, too.

2.5 Causal structure of collapsing bubbles

In contrast to the expanding bubble investigated in subsection 2.4, the Penrose diagram of a
collapsing bubble is qualitatively independent of the sign of A. There exist three different
structures, which depend on the shape of the causal wedge of the AdS boundary, see figure 4.
In case I, the center of the bubble is causally connected with the right AdS boundary. In
case I, the center of the bubble is casually disconnected from the AdS boundary. However,
the bubble is located outside the BH horizon, therefore part of the interior geometry is still
causally connected with the AdS boundary. In case III, all the interior of the bubble is
causally disconnected from the right AdS boundary.

Let us now scan the parameter space of the collapsing bubble, that we depict in figures 5
and 6 for d = 2 and d = 3, respectively. Case III is characterized by the constraint 5,(Rg) < 0,
while cases I and II by the condition 5,(Rg) > 0. To discriminate between the latter two
cases, we numerically compute the radial coordinate » = r; of the intersection between the
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(b) between region A and C

Figure 3. Penrose diagrams of an expanding bubble for an interior geometry with A = 0.

(a) case I

(c) case IIT

Figure 4. Penrose diagrams for collapsing bubbles. We show in blue the trajectory of the domain
wall, both in the interior geometry (left panel) and in the exterior AdS black hole (right panel). The
interior background can be either a portion of empty AdS, dS or flat spacetime.

bubble trajectory and an outgoing light ray which starts from the center of the bubble at
t = 0. The inequality r; > r; identifies case I, while r; < rj, corresponds to case II. The
parameter space of a collapsing bubble presents a curious behavior in correspondence of the
Hawking-Page transition (e.g., see ref. [89]). In our conventions (see subsection 2.1), the
transition occurs when the horizon radius satisfies r;, = 1 (corresponding to m = 2) in any
dimension. When m = 2, the region corresponding to case I is almost excluded (except for
a tiny region), see the bottom-left panel of figures 5 and 6.
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Figure 5. Numerical scan in parameter space of the collapsing bubble for d = 2, in the (x, \) plane
and for different values of m = 1.1 (top-left), m = 1.5 (top-right), m = 2 (bottom-left) and m = 100
(bottom-right). In the gray region, there is no time-reversal symmetric bubble. The classification I, IT
and III refers to the shape of the causal wedge, see figure 4.

At the threshold of the black hole mass, which is at m = 1ind = 2 and at m = 0
in d > 3, the condition 5,(Rp) > 0 always holds for the collapsing bubble. This fact can
be proven as follows:

e For d > 3, the limit m — 0 implies Ry — 0, see eq. (2.22). Then, it is enough to
notice that collapsing bubbles necessarily have ;(Rp) > 0. This selects the solution
Bo(Ro) = —kRo + /1 — AR2 in eq. (2.23). In the limit Ry — 0, we get 8,(Ro) — 1.

e For d =2 and m =1 (equivalently, u = 0), we find, by solving eq. (2.22):

1

Bo= A ere

The value of Ry with the + sign in the denominator of eq. (2.27) always corresponds to

(2.27)

the collapsing solution, because it is smaller than the root with the — sign. We can then
use eq. (2.23) to check that the relation /,(Rp) > 0 holds for the collapsing solution.

Finally, we show that when A < —x2, the collapsing bubble is located outside the BH
bifurcation surface. Combining eqgs. (2.8) and (2.20), we find

1—712(A+ K?)
267}, '

Bo(rn) = (2.28)

,15,



2AA 2AA
1 1
% No solution p I’\IIIO solution
0 - 1 0 o !
3 ! 3 |
-1 1
_2 -2
2AA 2AA
1 1
:\I‘Ic| sowten No solution
0 K i 0 K I
1 2 3 | 1 2 3 Il
-1 1
_2 2

Figure 6. Numerical scan in parameter space of the collapsing bubble for d = 3, in the (x, \) plane
and for different values of m = 0.1 (top-left), m = 0.625 (top-right), m = 2 (bottom-left) and m = 500
(bottom-right). In the gray region, there is no time-reversal symmetric bubble. The classification I, IT
and IIT refers to the shape of the causal wedge, see figure 4.

The above expression vanishes for 7, = (A 4+ x2)~%/2. When X\ < —&2, this solution is
imaginary and therefore must be discarded, implying that (,(ry) does not vanish for any
real value of 7,. When A < —x? — 1, we have 3,(r;) > 0.1 Combining this fact with the
above observation that ,(Rg) > 0, we conclude by continuity that collapsing bubbles are
initially located outside the BH horizon for A < —k2. This is consistent with the numerical
study reported in figures 5 and 6.

2.6 Static bubbles

As anticipated in subsection 2.3, the static bubble configuration only exists in regions A, C
and F of the parameter space illustrated in figure 1. In regions A, C the domain wall is located
inside the BH horizon, while in region F it sits outside the BH horizon. As representative
examples, we depict the Penrose diagram for a static bubble with an interior AdS geometry
(referring to region C') in figure 7, and with a dS interior (case A) in figure 8.

Next, let us determine the mass parameter mgiatic of the BH solution and the fixed
radius Rgtatic of the shell as functions of the cosmological constant A and of the domain
wall’s tension . Imposing the definition of static bubble R = 0 inside the equations of
motion (2.17a) leads to the equivalent condition Veg(Rstatic) = 0. Moreover, in order to be a

10The identity A = —x? — 1 corresponds the blue curve in figure 31.

,16,



(a) (b)

Figure 7. Penrose diagram of the bubble geometry in the static bubble setting with (a) AdS interior
and (b) external black hole background.

(a) (b)
Figure 8. Penrose diagram of the bubble geometry in the static bubble setting with (a) dS interior

and (b) external black hole background.

static solution, we require that the bubble is an extremum of the potential (V/;(Rstatic) = 0).
Combining the above constraints, we get

Ver(R) =0 = ((1+A+5%)2 = 45?) R = 452 R24D —om(14 A= k) R+ m? =0, (2.292)
(R =0= (14 A+52)? = 452) B+ (d=2)m(1+ A= k) R+ (1—d)m? =0.  (2.29D)

By subtracting eq. (2.29a) from (2.29b), we get the simpler identity
dm (1 + - /@2> R + 42 R¥41) —dm? = 0. (2.30)

There is no closed form solution to the previous set of equations for unspecified d. We will
present explicit results for d = 2,3

e d = 2. The mass of the three-dimensional static bubble reads [64]

2 _12 AN — 2 -1
=z, = YA )ZAA (WHAZD (2.31)

By plugging the expression (2.31) inside eq. (2.30), we determine the constant radius

of the shell
d=2

static . (232)
VmiaEe (L4 A = 12) + 26

m

Rd=2

static —
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Figure 9. Mass of the static bubble in d = 2 (left panel) and in d = 3 (right panel) as a function of
(k, A) in regions A, C, E of the phase diagram in figure 1. The static bubble does not exist in regions
B and D. For d = 2, the mass diverges just at the boundary between regions (A, B). For d = 3, the
mass diverges at the boundaries between regions (A, B), (C, D) and (D, E).

e d = 3. In four spacetime dimensions, egs. (2.29b) and (2.30) become
(14 X+ £2)% = 46%) RS+ m(1+ X = k) R® — 2m* =0, (2.33a)
4k2R* 4 3m (14 A — #%) RS = 3m? = 0. (2.33b)

The second identity admits two possible solutions for Rgiatic, but one of them needs to
be discarded because it is always negative. The only allowed root is given by

4m
I A =R+ VIRT O D2+ 282(TA - 9)
Plugging eq. (2.34) inside (2.33b), we obtain the mass of the AdS black hole for a static

(Rd:3 )3

static

(2.34)

shell
_ 128k3 1
dt_g = o ) (235>
static 3\/5 9 2 3
VL4 X — K2+ M(r,\) (=3 — B+ 352 + M(x, A))
where we introduced the short-hand notation
M(r, A) = /951 + 9N+ 1)2 + 262(TA — 9) . (2.36)

We plot the mass of the static bubble as a function of the domain wall’s tension x and the
cosmological constant A in figure 9.
It is interesting to consider a few limiting cases, in particular:

e The mass and the radius of the static bubble diverge for A — 0 and 0 < k < 1,
corresponding to the segment separating regions A and B of the phase diagram in
figure 1, approached from above. In this limit, using eqs. (2.32) and (2.34) and the

1d yalid for large m, we get

Rstatic ~ 1
rh (1 —k2)L/d”

In the special case where k — 1, we further find that Rgtatic > 7r,. This latter case was

approximation 7, ~ m

(2.37)

investigated in section 2.3 of ref. [29].
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e At the boundary between regions C, D described by the curve A\ = Ao defined in
eq. (2.24) with k > 1 we find that

d=2 K
Mgtatic = h—1 3 (238)

which is finite and positive for x > 1. On the contrary, m&.3. diverges. For both
d=2,3 we find
Ruors
lim —2 5 oo, (2.39)
A— Ao Th

e On the curve A = \; defined in eq. (2.24), delimiting regions D, F we obtain

__ K
mgt:m?ic = P (2.40)

d=3

which corresponds to a negative value of jisgatic.'' On the contrary, md=2_ diverges in

this limit. The radius Rgiatic is divergent both in d = 2 and in d = 3.

It is worth observing that the mass of the static bubble is never divergent when the
interior geometry is empty dS space. The reason is that when A > 0, the black hole horizon
rp, is bounded by the dS radius Lgg as follows [29],

rn < Lag = (2.41)

1
\/X )

thus implying that the mass is bounded from above, too.

3 Entanglement entropy

Having described the properties of a generic bubble solution in section 2, our next goal is
to employ the AdS/CFT correspondence to compute physical properties that correspond to
geometric objects probing the (A)dS interior of the shell. In this section, we compute the
holographic entanglement entropy (EE) of a boundary subregion using the HRT formula [49]

Sp = Jjé; , (3.1)
where Ag is the area of the extremal codimension-two hypersurface with minimal area
anchored at the boundary subregion R and homologous to it.

Non-minimal extremal surfaces also play an important role in the holographic duality, for
instance in the Python’s lunch conjecture [90], see also [91-97]. This conjecture states that if a
geometry admits a local minimal surface that is not globally minimal, then it is exponentially
hard to reconstruct information on the spacetime region between the local minimal and the
global minimal solution. This hardness is quantitatively measured by the restricted complezity
Cr, a concept originally introduced to compute the difficulty of decoding the information on
the BH’s interior contained within the Hawking radiation [98-100]. Reference [90] conjectured
that the complexity to reconstruct a spacetime region is geometrically encoded by the Python’s

'L A negative value of y is allowed in region E because the horizon is cut out from the gluing to the interior
geometry.
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lunch, i.e., a bulge inside a wormhole connecting different asymptotic regions. The bulge is
identified through a maziminimaz procedure as follows (see, e.g., ref. [93]). Let us consider a
smooth path zx(s) that interpolates between the global and the local minima surfaces on
a given spatial slice ¥, where s is a continuous parameter.'> We first define

-Abulge,Z = min max A($Z(S)) (32)
zxn(s) S

where A(p) is the area of the minimal surface p = xx(s), which is homologous to the

boundary region. The bulge surface, whose area we denote by Apyige, is then defined by

a maximization of Apyge s over the choice of the spatial slice ¥. In turn, the holographic

restricted complexity is given by

Cr x exp <;'AlnﬂngAm> , (3.3)
where Ay is the area of the external (false minimum) extremal surface.

Let us now consider possible extremal, but non-minimal, surfaces associated with the
full AdS boundary S9!'. The vanishing surface at » = 0 may not be the only extremal
solution satisfying the homology condition (see also the discussion in [43] for a similar setting).
Examples in which the bulge surface (and local minimal surfaces) break the time reversal
symmetry are studied, e.g., in ref. [101]. On top of that, it has been explicitly shown that
bulge surfaces on time-reflection symmetric slices can spontaneously break the spherical
symmetry [93], as we discuss below. Let us consider extremal surfaces at t = 0 with spherical
symmetry. If the bubble is initially on the left side of the Penrose diagram, the bulk slice
at t = 0 includes the BH bifurcation surface, which is a locally minimal surface. In this
situation, a Python’s lunch is realized. If the bubble does not contain a full dS static patch,
a bulge surface is given by the intersection between the bulk slice ¢ = 0 and the domain
wall, since the radius of the transverse sphere grows from the BH horizon to the domain
wall and decreases from the domain wall to the center of the (A)dS bubble. If the bubble
contains a full dS static patch, the surface of the bubble cannot be a bulge surface, since
the radius of the transverse sphere is monotonic nearby the domain wall. The cosmological
bifurcation surface also cannot be a bulge surface, because it is an extremal surface which
locally maximizes the area functional. In this case, either the spherical symmetry or the
assumption that the surface lies at ¢ = 0 must fail.

At fixed G, when Apuge > Aext (in our case, Aey; is the area of the horizon), the
restricted complexity Cr is exponentially large in the difference of the areas. In particular,
due to eq. (2.39), we find that this scenario is realized for the static bubble at the boundary
between region C' and D.

In the remainder of this section we specialize to d = 2, where the exterior geometry is
a BTZ black hole and the HRT surface reduces to a geodesic. We will consider extremal
surfaces associated with a segment. We stress that, while collapsing bubbles initially located
outside the BH do not present a Python’s lunch associated with the whole AdS boundary
at t = 0, this is not necessarily true in the case of a generic subregion. Indeed, we will

12 Alternative definitions of the bulge in terms of level set functions are given, e.g., in refs. [90, 97].
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observe below that a Python’s lunch may take place for such bubble solutions depending
on the size of the boundary subregion.

This section is organized as follows. We explore the construction of geodesics at constant
time in the interior and exterior parts of the geometry in section 3.1. We then discuss the
conditions for gluing geodesics across the domain wall of a bubble geometry in section 3.2. In
section 3.3 we determine the full solution, obtained by gluing the two parts of the geodesic.
We present the solution with minimal length (the holographic EE) in section 3.4.

3.1 Spacelike geodesics at t =0

We consider a one-dimensional boundary subregion R given by an arc with opening angle
Af € [0, 27] at constant boundary time ¢, = 0. In this subsection, we investigate the (possibly
multiple) extremal surfaces that are homologous to this boundary region, among which the
HRT surface is the spacelike geodesic with minimal length. The total geodesic solution in the
full bubble geometry can either lie in the BTZ part of spacetime only, or cross the domain
wall, thus exploring the interior of the bubble as well.

First of all, we can prove that the globally minimal HRT surface attached at ¢, = 0 on
the boundary lies entirely on the ¢ = 0 slice in the bulk, which we denote by ¥g. In general,
not all the extremal surfaces which are attached at the boundary slice t;, = 0 lie on Y, see
the discussion in ref. [101]. The hypersurface ¥y has vanishing extrinsic curvature tensor
K = 0, therefore it is a totally geodesic surface [49]. This means that minimal surfaces
on Yo are also extremal surfaces in the whole spacetime. For the sake of the argument,
let us assume that a globally minimal codimension-two surface A that lies outside of the
hypersurface ¥ exists. Using the methods described in ref. [102], one can shoot out from A
a codimension-one null hypersurface A/ along one of the null directions, which will intersect
Yo in a codimension-two surface B, defined as B = N NYy. Following [102], if the null energy
condition holds, then the area of B is smaller than the area of A. Therefore, we found that
A must have a bigger area than the minimal surface on Xy (which is also an extremal surface
in the full spacetime, as we argued above).

In light of this argument, we can restrict our analysis to extremal surfaces that lie on Xg.
Due to the compactness of the boundary subregion, there exist pairs of spacelike geodesics
~v1 and 2 anchored at the edges of a given subregion Af, whose associated holographic EE
is denoted with S(A#) and S(2m — Af), respectively. In the full Kruskal extension of the
BTZ black hole (without any bubble), because of the BH horizon, only the geodesic ~v; is
homologous to Af. On the other hand, the disconnected curve given by the union of 5 and
the geodesic wrapping the BH horizon also satisfies the same homology condition [48, 103-105].
The disconnected curve is shorter for a critical opening angle Af.; > 7 of the boundary
subregion [106, 107].

With the exception of expanding bubbles in region B of the parameter space (see figure 1),
in the bubble geometry (2.1) the situation differs in that both ~; and 72 are homologous
to the boundary subregion Af. Consequently, we have that

S(A) = S(21 — D). (3.4)

Thus, it is not restrictive to focus on boundary subregions with Af € [0, «].
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The action functional for a geodesic at constant bulk time reads

2

lio= / (f.rl’(or) +r29;?0> dp = /E(r, 0" dp, (3.5)

where p is a spacelike affine parameter running along the geodesic trajectory (r(p),0(p)), and

the prime denotes a derivative with respect to such a parameter. The action /; , in eq. (3.5)
coincides with the length of the geodesic in the case of a proper length parametrization, as
we will choose in eq. (3.7) below. Since the above Lagrangian £ does not depend on 6; ,(p)
due to spherical symmetry, there is a conserved momentum

_19L
~ 200,

Jio =r20;,. (3.6)

Since we are considering a spacelike geodesic, choosing £ = 1 we can identify the affine

parameter with the length of the curve. This normalization requirement allows to solve for

/

i, as a function of the conserved momentum:
I’

2t 6 s

L= 2=1 = rj, =+
fio(r) T 12 r

In the above solution, the + signs describe different branches of the geodesic. Note that

r

(3.7)

s

along the slice t;, = 0 the (cosmological or BH) horizon, when it exists, reduces to the
bifurcation point. Consequently, f; () > 0 at any point along the geodesic. For consistency
of the above solution, we then need to take r > j; ,. We denote by r. = j;, the value of
the r-coordinate at the turning point, where ' = 0.

It is useful to paramereterize the geodesic by the function 6; ,(r). A geodesic solution,
which extremizes the functional (3.5), satisfies the following equations of motion

d@i,o(’l") 0/‘7 ji,o
I
ar "o 7“\/(7“2 - jz?,o) Jio(r)

where in the last step we plugged in the identities (3.6) and (3.7).

; (3.8)

In particular, in the exterior geometry, the differential equation (3.8) with blackening
factor (2.9) is solved by

: 2 2 7 2
1 JofT%—T + /12 — 52
0?(7") =+—log ( 0 h 0) + ©o , (3.9)

" ry/132 =il

where ¢, is an integration constant. For different values of j, compared to the horizon radius
rp, of a BTZ black hole, various configurations of the geodesics — attached to the right
boundary of the fully extended BTZ background — can exist. If j, > 7, the solution in
eq. (3.9) stays outside the BH bifurcation surface. If j, < rp, the HRT geodesic enters the
BH horizon without coming back to the right boundary of the BTZ black hole. However,
in the presence of a bubble, geodesics with j, < rj, might come back to the right boundary
of the BTZ black hole.
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In the interior geometry, by plugging the blackening factor (2.3) inside eq. (3.8), we
find the solution

0F (r) = +arctan M + oF (3.10)
: ) T '
where gozi are integration constants.

The length of the geodesic can be found by evaluating the action functional (3.5) on-shell
as follows:

(3.11)

Ly — / ﬁ _ / " dr.
ri,o \/(7"2 — ji%o) fi,o(r)

We will use this general formula to compute the length of the HRT geodesic in bubble
geometries. To this aim, we will need to first compute the length of an extremal trajectory
in each side of the geometry separately, and then minimize the sum of lengths across the
full geometry.

3.2 Joining geodesics

To find a global geodesic in the full bubble geometry (2.1), we need to glue the geodesics
determined in each region of the spacetime across the domain wall. We denote by :ci‘ o(p)
the coordinates of the geodesic trajectory in the internal and external regions of spacetime,
respectively. The tangent vector to the geodesic is

dzt

W = (t; (D), 7}.0(P), 0} o (D)) - (3.12)

We denote by X{fo(T) the trajectory of the domain wall at constant 6, with 7 a proper time.
The tangent directions to the domain wall are given by

ax* . . 1
po_ %o _ (5 no_ b
Mo =~ (E7O(T),R(T),O) , mi, (0,0, R(T)) : (3.13)

As discussed in ref. [108], spacelike geodesics need to satisfy a refraction law at the location
of the domain wall

H nw H y
dx; dzt dz; dzt

(gi)uudip”? = (gO)NV%nO ; (gi)“”Tgm? = (gO>HVTpmo ; (3.14)

which in the background (2.1) give

2 1 S5 2 1 s ) / /
_flntz + *RT = _foToto + TRT s 91 = 90 . (315)
1 o

Note that the first identity in eq. (3.15) is solved by a fixed-time geodesic at ¢t = 0, because
the condition R = 0 holds. From the second identity in eq. (3.15), we find the constraint
Ji = jo- Equivalent conditions have been found in refs. [51, 109] for different setups, and

a similar refraction law was determined in the case of codimension-one extremal spacelike

surfaces in ref. [64].
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3.3 Geodesics in the bubble geometry

Let us denote by Ry the radius of the bubble at the initial time ¢ = 0 and by j = j; = j, the
conserved momentum along the full geodesic. The quantity j is not, in general, a monotonic
function of the opening angle Af of the boundary subregion to which the geodesic is attached.
For a given A#, we should find the value of j which corresponds to the geodesic with minimum
length. Nonetheless, we can parameterize the full family of geodesics sitting at ¢ = 0 by the
real positive quantity j. For j > Ry, the geodesic is completely outside the bubble, while for
0 < j < Ry, the geodesic is composed by an interior and an exterior part, joined at r = Ry.
There are four cases of interest for a complete classification of the geodesic solutions:

e The geodesic is completely outside the bubble. In this case, j > Ry > r, and we can
choose the boundary condition 6 (5) = 0 in eq. (3.9), which fixes ¢F = 0. The geodesic

length is
2

. 4R, _
lext(]) = 10g (262> + O(Rc 1) y (316)
Jo—=ry
where R, is a UV cutoff, and here we performed a series expansion for R. — oo. By
imposing in eq. (3.9) that the subregion opening angle at the boundary is A, we find

a relation between this latter quantity and the conserved momentum:

1 ' 2
Al(j) = — log (] + Th) = — arctanh (Th> . (3.17)
Th J—Th Th J
The total geodesic length thus reads
2R, Al
lext (A0) = 2]og ( < sinh (7"”2 )) , (3.18)
h

where we plugged the relation (3.17) inside eq. (3.16).

By means of eq. (3.17), we can derive a condition under which a fully external geodesic

does not exist for A ~ 7. Namely, by defining Af(j = R) = 7 and inverting eq. (3.17),
we get

R =7, coth <72Trh> . (3.19)

When Ry > R, a fully external HRT surface does not exist nearby Af ~ 7. When
Ry < R, a candidate external HRT surface always exists, but it is not guaranteed to
have minimal length. The identification of the geodesic solutions with minimal length
will be performed in subsection 3.4.

e The geodesic enters a bubble that is outside the BH bifurcation surface. In this case we
have 0 < j < Ry, and part of the geodesic is inside the bubble. Since by construction
Ry > rp, we can have either j > 7, or 7 < r,. The solution for the geodesic in the
internal region is given by eq. (3.10) with goii =0, so that Gii(r = j) = 0. The geodesic
length (3.11) in such region reads

—
L(j) = \%arcsin ( W) . (3.20)
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The exterior part of the geodesic is parametrized by eq. (3.9). In this case, the additional
ingredient is that we need to glue the trajectory outside the bubble with the part inside
the shell. In order for the full geodesic to be continuous across the domain wall, we
impose 0 (Ry) = 6 (Ry), which fixes the integration constants in eq. (3.9) to

R — 52 ——log \/Ro_rh+7"h\/Ro_] (3.21)
) .

cpozarctan< =77 oo
A= AR) ) Roy/172 = 3]

The length of the external part thus reads

Re ,
lo(7) =2 dr = 2log ,
Ro \/(r2—j2)(r2—r% \/RQ—] —I—\/Ro—rh

where R, is the UV cutoff. Combining egs. (3.9) and (3.21), we obtain the opening
angle of the boundary subregion as a function of the conserved momentum j:

(3.22)

. R§ — j? 2 Ro(j +rn)
Af(j) = 2 arctan < O) — log (3.23)
72(1 = ARj) J\/ R — 12 +rp/R3 — 52
Summing egs. (3.20) and (3.22), we get the total length of the geodesic
Loub (J 1 A (R3 — 52 2R,
b ;(]) = Tarcsin ( (R_Oz”;\)> + log (3.24)
A J VR~ 2+ /R — 1

The geodesic enters a bubble that is inside the BH bifurcation surface, with p;(Rgy) > 0.
In this case we have 0 < j < rp < Rp, where the constraint j < rj guarantees that the
external part of the geodesic penetrates beyond the BH bifurcation surface. Notice that
these inequalities exclude the following cases: (1) expanding bubbles in region A of
figure 1 that contain the cosmological bifurcation surface, and (2) expanding bubbles
in region B that contain a left AdS boundary. The former setting will be considered in
the next bullet point.

For clarity, we sketch the geodesic with j = 0 in the left panel of figure 10. Let us scan
the diagram from left to right. The part of the geodesic solution inside the bubble is
still given by eq. (3.10) with gozi = 0, as in the previous case. Correspondingly, the
length of this part is given by eq. (3.20). However, contrary to the previous case, the
geodesic crosses the bubble before reaching the BH bifurcation surface. The portion of
the geodesic trajectory located between the domain wall and the BH bifurcation surface
(identified by the red curve in figure 10(a)) is described by the branch 6 (r) of eq. (3.9),
with boundary condition given by the continuity requirement 6, (Ro) = 0, (Ro). This
constraint gives

(3.25)

R2 — 2 9 j\/R%—r,Ql—i-rh\/R%—j?
AG(7) = 2 arctan 0 J 1+ 2o d
) ( 2)) T Ro (rn — j)
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(a) (b)

Figure 10. Sketch of the geodesic with j = 0 and Af = 7 for a bubble inside the BH bifurcation
surface with 5;(Ro) > 0 (left) and B;(Ry) < 0 (right). The black circumference represents the
bifurcation surface r = ry,, the purple circumference the domain wall r = Ry, and the light blue one

the cosmological bifurcation surface r = 1/+/A. The branches + (—) of the external solution 6,(r) are
shown in blue (red), while the branches + (—) of the internal solution 6;(r) are displayed in green
(yellow). The solutions in the lower half of the plot are obtained from the ones in the upper half by
0F,(r) = =07, ().

The region of the Penrose diagram external to the BH bifurcation surface is described
by the same solution 8 (r) used in the previous bullet points, joined continuously with
0, (r) at the BH bifurcation surface. The total length of the trajectory in the exterior
region is given by

Rc RO r
lo(j) =2 ( + ) dr. (3.26)
J /Th /rh \/(rQ —32) (r2 = 12)

Therefore, summing the contributions (3.20) and (3.26), we get the length of the full
geodesic:

() _ 1o AE =G

_ I
> T—7n ) %

(3.27)

2R,
N

The geodesic enters a bubble that is inside the BH bifurcation surface, with 5;(Ry) < 0.
This case is realized by expanding bubbles in region A of figure 1 that contain a full
dS static patch. We do not consider in this work expanding bubbles in region B that
include a left AdS boundary.

Let us scan the Penrose diagram from left to right following the representative depiction
in figure 10(b) for the case j = 0. Starting from the turning point at r = 0, the
interior part of the geodesic trajectory differs from the previous case in that it crosses a
cosmological bifurcation surface before reaching the domain wall. Instead, the external
portion of the geodesic is the same as in the previous bullet point.

More precisely, the most internal part of the trajectory (green curve in figure 10(b)) is
given by the branch 6 (r) with ¢ = 0, whereas the branch 6; (r) with ¢; = 7 extends
in the right static patch and reaches the domain wall (yellow curve in figure 10(b)).
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The latter trajectory then glues with the external part of the geodesic (red curve in
figure 10(b)) under the continuity condition 6, (Ry) = 6, (Ro). Finally, this is glued
with the blue trajectory 67 (r), that extends from the BH bifurcation surface until the
boundary subregion. This fixes

2 _ 92 9 j\/RE — 1} +rpy/ RS — 42
AfO(j) =2 (W—&I‘Ct&ﬂ( ROJ)) + —log 0 _h 0 .

72(1 = AR}) Th Ro (1, — )

(3.28)
The length outside the bubble is the same as in the previous case, whereas the length
inside the bubble now reads

. 1/vVX 1/vVX r
Li(j) =2 (/RU +/0 ) N GEIDIEYTE) dr. (3.29)

Summing all the contributions, we get the total geodesic length

bub(j) 1 A (R§ —4%)

= — | m—arcsin

2 VA 1—j2)

+log 3.30)

2R, :
VR -2\ JRZ—2 |

Surprisingly, there are choices of parameters for which geodesics exploring the interior of a
bubble beyond the BH bifurcation surface are shorter than geodesics anchored at the same
subregion, but fully located outside the BH. However, we have numerically checked that this
phenomenon never happens for static or expanding bubbles, but only for contracting ones.

3.4 Geodesics with minimal length

According to the HRT prescription, the entanglement entropy S(A6) of a spatial subregion
in a two-dimensional field theory is dual to the length of the shortest geodesic homologous to
the subregion itself. The existence of several candidate HRT surfaces for a given Af makes
the computation non-trivial.'> In appendix B, we describe in detail the strategy to find the
shortest geodesic, and provide numerical results for S(Af). We also discuss the occurrence
of Python’s lunches for certain boundary subregions. In this subsection, we focus on the
case of opening angle Af = 7, which despite being simpler, is fundamental to discriminate
among different behaviors of S(A#).

As a general property, we have that Af(j = 0) = m. The corresponding geodesic is
given by the constant trajectory 6(r) = £m/2, which enters the bubble, turning around
r = 0. Depending on the choice of parameters (x, A\, m) and for a given j, there can exist
two more candidates for the minimal HRT surface subject to the condition A#(j) = m. The
first candidate is an internal geodesic characterized by 0 < j = jr; < Ro. The second
candidate is a geodesic fully located outside the BH horizon, characterized by j = jr, > Ro.

13Reference [43] discussed a similar problem, with the following differences with our setting. There, the
interior geometry was given by a FRW universe with the same (negative) cosmological constant as the AdS
exterior, and the energy-momentum tensor contained extra contributions due to dust and radiation. Moreover,
surface of the bubble was not a proper domain wall, but rather a shell of non-relativistic matter with negligible
thickness and vanishing pressure.
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Both of them, only one, or none of these geodesics can exist, depending on the value of
(K, A,m), see appendix B.

From here on, we denote by [ both the length of the geodesic exploring the interior of the
bubble I, and the length of the fully external geodesic lext. When the bubble is outside
the BH bifurcation surface, we recognize three qualitatively different regimes:

e (Case a. The fully external geodesic with j = jr, exists, and it is the minimal HRT
surface. Consequently, the globally minimal HRT surface never enters the bubble for
any value of A#, even if the bubble is outside the BH horizon.

e Case b. The fully external geodesic with j = jr , exists, but it is not the minimal HRT
surface. In this case, the minimal geodesic for Af = 7 explores the interior of the
bubble, and it may have j = 0 or j = j ;. Therefore, a phase transition between these
two solutions occurs at a critical angular opening A6yt 1, < 7. In this case, there exists
a Python’s lunch associated with the boundary subregion with Af = 7.

e Case c. There is no fully external geodesic with j = jr,. A necessary and sufficient
condition for this to happen is Ry > R, where these quantities were defined around
egs. (2.21) and (3.19). A phase transition between the internal geodesics occurs at a
certain Afitc < m, and a Python’s lunch takes place for an opening angle Af < 7.

When the bubble is located inside the BH bifurcation surface, we recognize the following
two regimes:

e (Case d. The minimal HRT surface for A8 = 7 is outside the BH horizon.

e Case e. The minimal HRT surface for A0 = 7 enters the BH horizon and probes the
bubble interior.

Minimal geodesics with Af < 7 and the corresponding holographic EE are shown in
figure 11 for a solution belonging to case ¢, namely a contracting dS bubble initially outside
the BH horizon. In the picture, Ay = A(j = Ry). We may naively expect that the phase
transition takes place at this value of the subregion opening angle, Al . = Afy. However,
as it is clear from the figure, the critical angle satisfies Al < Afy. We have observed
the same property for collapsing AdS bubbles initially outside the BH horizon. A similar
result has been found in ref. [109] for solutions corresponding to a special limit of expanding
bubbles in region F and d = 2, identified by A - —1 and x,m — 0. This is a case where
both the internal and external regions are pure AdS spacetimes, and the trajectory of the
expanding bubble is given by a lightcone centered at » = 0 in empty AdS.

We show in figure 12 a numerical scan of the parameter space (k, \) for collapsing bubbles
with various values of the BH mass parameter m. We find that there is no direct relation
between the behavior of EE (cases a, b and ¢) and the fact that we are in configurations I or IT
of the collapsing bubble, see figure 4. As we will see in section 4, the structure of the bulk-cone
singularities will instead differ for the configurations I and II of the Penrose diagram.
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Figure 11. Left: geodesics with minimal length for various choices of the boundary opening angles
A@. The purple (black) circumference represents the domain wall (BH horizon) at t = 0. Right:
comparison between the entanglement entropy obtained by minimization (colored dots corresponding
to the left panel) and the one obtained without minimization. The red curve is the length of the
geodesic outside the bubble, while the blue curve corresponds to geodesics exploring the bubble. For a
certain range of Af, three extremal geodesics exist. Here we set A =0.1, 4 = 0.1, x = 0.4, R, = 103.

Another interesting property of the minimal geodesic with Af = 7 is that it can access
the interior region of collapsing bubbles even when they are inside the BH bifurcation surface,
i.e., for the configuration III of figure 4. As it can be seen in figure 12, when increasing
of the mass m, the region of parameter space for which the HRT surface passes the BH
bifurcation surface enters the bubble gets larger. This can be heuristically understood from
the fact that for large horizons, the external geodesic is repelled by the BH and is pushed
close to the right AdS boundary, where the length is bigger. It is therefore more convenient
in terms of length for the geodesic to go the other way around, wrapping the bubble around
r = 0. Interestingly, even for intermediate values of the mass parameter m, this behavior
happens more likely for AdS bubbles (A < 0) rather than dS ones (A > 0). On the other
hand, we found that for static and expanding bubbles inside the BH bifurcation surface,
the HRT with A6 = 7 never enters the bubble and is always confined in the exterior of
the BH. This is consistent with the intuition that such bubbles are larger compared to
the contracting ones.

Our analysis of the holographic EE focused on a boundary subregion at ¢, = 0. Never-
theless, we can use the continuity of the time evolution to infer some information about the
EE at early times. When the HRT surface enters the BH bifurcation surface, we expect a
non-trivial time dependence, where the geodesic explores the interior of the bubble inside the
BH. In particular, the holographic EE interpolates between the t; = 0 result and the late time
regime, where we expect to approach the equilibrium thermal value, see, e.g., [51, 110-112].
On the contrary, when the HRT surface is located outside the BH bifurcation surface, we
expect a trivial time dependence of the geodesic generated by the boundary timelike Killing
vector. In this case, the holographic EE is time-independent, and it does not probe the
geometry behind the BH horizon.
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Figure 12. Numerical scan of the behavior of holographic EE in parameter space of the collapsing
bubble in d = 2, as a function of (k, \) and for various mass parameters m = 1.1 (top-left), m = 1.5
(top-right), m = 3 (bottom-left) and m = 10 (bottom-right).

4 Bulk-cone singularities

In this section, we focus on another geometric tool that probes bubble geometries: almost-null
spacelike geodesics that leave and come back to the AdS boundary. According to the AdS/CFT
dictionary, these objects are related to the singularities of two-point functions of CFT scalar
operators O(x) with large scaling dimension A > 1. In the bulk, such operators are dual
to scalar fields with large mass m ~ A. By using the semiclassical geodesic approximation,
the two-point functions of such boundary operators read [46, 47, 51, 54, 55]

(O(2)O(y)) ~ e ™), (4.1)

where ¢(x,y) is the proper length — appropriately regularized — of a geodesic trajectory
connecting two boundary points.

In the limit when the spacelike geodesic becomes almost-null, the two-point function
connecting two points on the same AdS boundary exhibits a singular behavior [29, 56, 58,
62, 113]. The divergences of the above two-point functions are referred to as bulk-cone
singularities. If the two points connected by the almost-null geodesic lie on disconnected
AdS boundaries, there is a subtlety, because the singularity could belong to a secondary

— 30 —



sheet of the analytically-continued correlator [54].14 In this section, we will always consider
correlators involving the same AdS boundary.

Let us parametrize the boundary as (¢,€2) where ¢ is a time coordinate and {2 denotes the
angular directions. We will consider the case of spacelike almost-null geodesics connecting
opposite points on the boundary sphere. The two-points function singularities exhibit the
following behavior

1

O(tin, Q) O(s, —Q)) ~
(O(tin, D) O( ) P——

T (4.2)

where tgy(tin) is the final time at which a geodesic, starting from the AdS boundary at
an initial time ty,, reaches the boundary after traveling into the bulk, and A ~ m. When
employing the formula (4.2), we assume that the boundary points where the divergence occurs
are connected by a radial spacelike and almost-null geodesics, in which case the two CFT
operators are located at antipodal points. This happens because the geodesics necessarily
pass through the center of AdS (pole of dS) interior spacetime, where they emerge to the
opposite side of the transverse sphere.®

The goal of this section is to determine the functional dependence tgy(tin) by varying
the parameters of the background, and understand how the information of CFT correlators
is encoded by the various regions of spacetime. We then perform a numerical analysis of
the dynamical bubble for several configurations. After general remarks on the solutions
in section 4.1, we consider the cases of collapsing (section 4.2) or expanding (section 4.3)
bubbles. We conclude with the analysis of the static bubble in section 4.4, where analytic
results can be achieved.

In this section, we will work with dimensionality d = 3, which provides the lowest-
dimensional non-trivial setting to compute bulk-cone singularities. In d = 2, almost-null
spacelike geodesics do not bounce off the AdS BH singularity, therefore this kind of analysis
would be less interesting [54]. The latter property can be checked as follows. From the radial
geodesic equations in the external BH spacetime (2.1), we get

fo = fi“) i = fo(r) + E?, (4.3)
where E denotes the conserved quantity associated with the Killing vector 0;, and the dot
denotes a derivative with respect to the affine parameter along the geodesic trajectory. When
E — oo, we recover the null limit. Using the identities in eq. (4.3) and the blackening
factor (2.6), we find

f2:E2+1+r2—rdﬂ_2. (4.4)
As a consequence, the geodesic is repelled by the singularity at » = 0 only when d > 3, in
correspondence of which the latter term in the above equation diverges. In the remainder of

1 Given a multi-valued complex function, a secondary (or higher) sheet is a copy of the complex plane that
differs from the principal branch, corresponding instead to other values of the function.

15When the boundary points are connected by non-radial geodesics, the angular coordinates of the two CFT
operators can be related in a non-trivial way. For instance, see appendix A.2 of ref. [56].
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this section, we will mostly investigate almost-null geodesics, which differ from exactly-null
geodesics in that the former are repelled by BH singularities, while the latter are not. We
will consider exactly-null geodesics only where explicitly mentioned.

4.1 General remarks

In the following subsections, we study the divergences in the two-point function (4.2) of CFT
operators for a bubble geometry. In this framework, the profile of the domain wall is determined
by the differential equations (A.10a) and (A.10b) (see appendix A.4 for more details).

In view of the upcoming analysis, we point out that almost-null geodesics in a bubble
geometry enjoy various discrete symmetries. We consider a radial trajectory starting from
the right AdS boundary at generic ¢, and coming back to the same boundary (possibly
after multiple reflections) at the time tg,. We denote with (¢iy,ta,) & time interval that
corresponds to a bulk-cone singularity connecying these two points. First of all, we notice
that it is always possible to follow a trajectory by evolving in the opposite direction. As a
consequence, if a singularity of the two-point function occurs in correspondence of a bulk
geodesic that intersects the AdS boundary at the initial and final boundary times (tin, tan),
then there is also another radial almost-null geodesic that intersects the boundary at times

(fina Eﬁn) = (tﬁnv tin) . (45)

Secondly, the invariance of the bulk geometry under time reflection ¢ — —t implies that there
is also a radial almost-null geodesic associated with the initial and final times

(fina fﬁn) = (_tina _tﬁn) . (46)

We expect that the structure of bulk-cone singularities probes the internal geometry of the
bubble. Since the dynamical bubble is not invariant under time shifts (except for the static
case), it is relevant to study the dependence of tg, on the initial time t;, and discover how
this function encodes information about the boundary correlators.

The general strategy is the following:

1. Consider an almost-null future-oriented geodesic sent at time ¢;,, from the AdS boundary.
Follow its evolution (which possibly includes reflections at the BH singularity) until it
reaches the domain wall.

2. Use eq. (A.10) to determine the relation between the time coordinate inside and outside
the shell. Since the radial coordinate is continuous, this step relates the null coordinates
U,,V, outside the bubble with the ones U;, V; inside.'®

3. Follow the trajectory of the geodesic inside the bubble, until it hits the domain wall a
second time.

4. Repeat step (2). The geodesic propagates in the exterior geometry, possibly reflecting
at the BH singularity, and finally reaches the AdS boundary again at a time tg,.

161t is convenient to work with the null coordinates u,v because there always exists one of them that is
continuous when crossing an event horizon.
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Penrose diagram thn(tin)
Case 1 Fig. 13 Fig. 14
Case 11 Fig. 15 Figs. 16, 17
Case 111 Fig. 15 Fig. 18
Transition I-11 Fig. 20(a) Fig. 20(b)
Expanding bubble Figs. 21(a), 23 Figs. 21(b), 24
Static bubble Figs. 25(a), 25(b) Fig. 26

Table 1. Location in this paper of the Penrose diagrams and bulk-cone singularities for various
bubble solutions.

The above steps define the function tgy, (¢, ), which corresponds to the case of an initially
future-oriented geodesic leaving the right AdS boundary. In the forthcoming plots, this
function will be drawn in color. Using the symmetry in eq. (4.6), we find the corresponding
result for an initially past-oriented geodesic, that will be denoted in gray in the plots. It
turns out that the symmetry in eq. (4.5) does not give rise to new bulk-cone singularities.

For a dynamical solution, the above steps will be performed numerically, and we will
report the results in the form of the functional dependence of tg, on ti,. The only exception is
the static bubble, where the geodesic trajectory can be analytically computed (see appendix C
for an explicit calculation). In the following, we will separately study various examples of
collapsing and expanding bubbles, by fixing come illustrative values of the parameters of
the bulk spacetime. As a guide for the reader to navigate among the plethora of cases, we
summarize the list of the figures in table 1.

4.2 Collapsing bubbles

Let us study the bulk-cone singularities for a collapsing bubble. It turns out that by varying
the parameters of the model (k, A\, m), the causal wedge of the right boundary of the AdS
BH can present three different structures, reported in figure 4 and further discussed in
subsection 2.5. A numerical scan of the parameter space in d = 3 was reported in figure 6.
We will show below that the qualitative behavior of the bulk-cone singularities is different
in configuration I compared to configurations II and III.

4.2.1 Configuration I

The causal wedge corresponding to configuration I of figure 4 is attained in the light yellow
region of the parameter space in figure 6. We notice that this configuration can be realized
for a large portion of the (A, k) parameter at fixed and small m (including both signs of
A), but cannot be attained in the large-m regime.
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Let us consider an almost-null spacelike geodesic starting from the right AdS boundary
and directed towards the positive time direction. The qualitative details of the reflections
are the same for both signs of A. Depending on the initial boundary time, we can identify
the following three cases, reported for increasing t;, in figure 13:

1. The ingoing geodesic at constant v in the exterior geometry (depicted in red) intersects
the domain wall. Then the geodesic propagates in the interior AdS geometry, where it
passes through the center of empty AdS spacetime, emerges at the antipodal point on
the spherical section, and hits the domain wall again. Finally, the geodesic (depicted in
black) propagates in the exterior geometry as a curve at constant u, going back to the
AdS boundary without obstacles. We refer to this configuration as case 1. Here, the
boundary times satisfy tg, > tin.

2. In case 2, the ingoing red geodesic at constant v encounters the domain wall, passes
through the center of the interior AdS spacetime, and then emerges as an outgoing
geodesic at constant u (depicted in black) in the exterior geometry, where it is reflected
at the future BH singularity before reaching the AdS boundary. The boundary times
satisfy tan > tin.!”

3. The ingoing red geodesic at constant v is reflected at the BH singularity, and then hits
the domain wall. In the interior geometry, the trajectory goes through the center, and
then encounters the shell again. In case 3, the outgoing black geodesic at constant
u propagates without obstacles until it reaches again the right AdS boundary. The
boundary times satisfy tg, < ti,.

For convenience, we summarize in table 2 the behavior of the radial almost-null geodesics
across the geometry in the case of configuration I. In these and in other similar figures
in the paper, the red line denotes an ingoing almost-null geodesic at constant v, while the
black line is an outgoing geodesic. From now on, we will avoid repeating the full description
of the trajectories of the almost-null geodesics in the case of other bubble geometries, and
simply refer to similar tables.

Numerical plots of the final time tg, as a function of the initial ¢;, are shown in figure 14.
In figure 14(a) we consider a point in parameter space with negative A, while in figure 14(b) we
take a positive A. The qualitative structure of the function tgy(tin) is the same for both signs
of A. The green curve covers case 1 of table 2, with boundary times satisfying ¢, < 0 < tgy.
The function tg,(tiy) monotonically increases until there is a positive divergence, which
corresponds to the propagation of the outgoing almost-null geodesic along the future BH
horizon. This phenomenon can be interpreted as a consequence of the event horizon formation
in a gravitational collapse [4, 56]. We will comment the physical meaning of this divergence in
more detail below. After the divergence of tg,, the orange curve describes case 2, where the
inequality tg, > tiy is still valid, but the final time monotonically decreases. The transition
to case 3 is marked by the appearance of a kink at a negative value of ti, = tg,, where the

"There is a critical time when the ingoing and outgoing almost-null geodesics in the AdS BH geometry
coincide, and ta, = tin. As we will see in figure 14, this transition between cases 2 and 3 is characterized by a
kink in the functional dependence tgn (in).
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Figure 13. Penrose diagram and trajectories of almost-null geodesics for a collapsing bubble with
interior AdS geometry (configuration I in figure 4). The color code is the same as in figure 25(a).

(c) case 3

(b) case 2

Reflection before
meeting the bubble

Reflection after
meeting the bubble

Case 1

Case 2

Case 3

b 4

X

b 4

b 4

Table 2. Configurations of the radial almost-null geodesics in the bubble geometry with either AdS
or dS interior (case I in figure 4). From top to bottom, we increase the initial boundary time t;y.

function is continuous. The kink corresponds to the limit in which the infalling geodesic hits
the intersection between the BH singularity and the bubble. This might be an artifact of the
thin wall approximation. After the kink, the time tg, < 0 monotonically decreases until it
approaches a negative constant value for late times t¢i, (blue curve in figure 14).

For configuration I, we can shoot future-oriented radial null geodesics which come back to
the right AdS boundary, corresponding to case 1 in figure 13.!® We denote by t;, the critical
time above which the case 1 geodesics no longer exist (which corresponds to the limit in
which the black line in figure 13(a) lies on top of the horizon). If we take the limit ti, —

18We remind that cases 2 and 3 in figure 13 only exist for spacelike geodesics in the infinite energy limit.
Exact-null geodesics are not repelled by the BH singularity, therefore they only exist in case 1.
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t : - t
4 -2 2 4
-2 /
-4
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Figure 14. Plot of tg, as a function of t;, for an illustrative numerical example of configuration
I of figure 4. On the left panel we fix kK = 0.25,\ = —1, 7, = 0.5, while in the right panel we set
k =0.5,\ = 0.5,r, = 0.12. The green, orange, and blue curves refers to cases 1, 2, and 3 in table 2,
respectively. The gray curve is obtained by applying the transformation (4.6) to the above mentioned
curves. The divergence of the function ¢4, (¢i,) corresponds to an event horizon formation.

from the left, the function tgy(tin) diverges to +00. Looking at figure 13(b), we infer that
the same behavior is achieved also taking the limit from the right. As anticipated above,
we can interpret the quantity ¢, as the time of formation of the event horizon [56]. Using a
combination of the symmetries in eqgs. (4.5) and (4.6), we find

lim tﬁn(tin) = —th, lim tﬁn(tm) = th . (47)

tin——00 tin—-+00

Let us analyze in more detail the limit ¢, — —oo, which belongs to the regime of case 1
in figure 13. The trajectory of a null infalling geodesic shot from the AdS boundary at
time t;, is described by the curve at constant null coordinate v = v; = tj,. Denoting with
t,1 and 71 the time and radial coordinates of the null geodesic at the intersection with the
domain wall, we can express

tin = V1 = to1 +75(11) - (4.8)

Differentiating eq. (4.8) with respect to 71, we get
dty,  dto 1

—_— + - ,
dri  dri  fo(r1)

(4.9)

where we used the definition (A.1) of tortoise coordinate. In the limit ¢, — —oo, it is clear
from the geometric setup that r; — r;{ (from above). Since t,; and r; are also coordinates
on the domain wall, they satisfy eq. (A.9). Nearby ry — 75, we approximate at leading order
this identity to Cﬁlt—;’ll =2 %, and the blackening factor to f,(r1) = (r1 — r) f'(r). Plugging
these approximations inside (4.9), we can solve the differential equation as follows:

r1—rp ~ Wi exp (2T tiy) | (4.10)
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Reflection before Reflection after
meeting the bubble | meeting the bubble

Case 2 X

Case 3 b 4

Case 4

Table 3. Configurations of the radial almost-null geodesics in the collapsing bubble geometry with
either AdS or dS interior for cases II and III in figure 4. From top to bottom, we increase the initial
boundary time ti;,.

where W7 > 0 is an integration constant, and the Hawking temperature is given by 1" =
f'(ry)/(4m). Next, we evaluate the final time at which the geodesic goes back to the right
AdS boundary. A numerical analysis reveals that tg, is an increasing function of r1, with

Cfitfln > 0. By approximating at linear order the series expansion of tgq, around ¢, = —oo

and using the above results, we obtain
tan = —tp, + Wo exp (20T tiy) (4.11)

where Wy > 0 is an integration constant. Equation (4.11) shows that, in the limit ¢, — —oo,
the function tg, approaches its asymptotic value exponentially fast in ¢;,, where the argument
of the exponential is proportional to the Hawking temperature, thus encoding physical
information about the BH.

4.2.2 Configurations II and III

Configurations II and IIT present the same qualitative structure of bulk-cone singularities.
The structure of the causal wedge corresponding to configurations II and III of figure 4 can
be realized in the light green and blue regions of the parameter space in figure 6, respectively.
Both cases can be also attained in the large m regime. For these configurations, it is not
possible for a radial exactly-null geodesic to go back to the boundary in a finite time. This
means that an event horizon exists for any value of the boundary time.

The possible trajectories of a radial spacelike almost-null geodesic are described in table 2,
where the labeling is chosen such that cases 2 and 3 coincide with the analogous settings
in subsection 4.2.1. Case 4 corresponds to almost-null geodesics that are reflected by both
the future and past BH singularities, as depicted in figure 15 (for definiteness, in the case
of an AdS interior geometry).

Let us discuss the functional dependence of tgy, (i), referring to figure 16 for the depiction
of some representative examples with interior AdS geometry. Scanning the plot from left to
right, we note that the orange curve initially describes the configuration in case 2 of table 3,
where tg, > tin, until the kink marks the transition to case 3. Here, we observe that the
function gy (tin) has a negative divergence, occurring when the outgoing light ray propagates
along the past BH horizon. In contrast with the plot reported for case I, this divergence is
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case 4

Figure 15. Penrose diagram for the case 4 of a collapsing bubble with interior AdS geometry
(configuration II in figure 4).

Case 2
4 Case 3
—— Case 4
—— Time reflection 2
2
tin tin
-4 =2 2 4 2 4
) Case 2
Case 3
— Case 4
-4
—— Time reflection
-4
(a) Kk =10.26 (b) k =0.5

Figure 16. Plot of tg, as a function of ¢, in the case II of figure 4. We fix A = —1,7, = 0.5, and we
vary the tension x as reported below each picture.

not related the formation of an event horizon. Depending on the point in the parameter
space, this divergence can happen at a positive or at a negative value of t;, as can be seen
by comparing the two plots reported in figure 16.

The case of a bubble in the configuration IT with a dS interior is similar: the trajectory of
an almost-null geodesics with increasing boundary time follows the three sub-cases reported
in table 3, and the behavior of bulk-cone singularities is depicted in figure 17.

There is no neat difference in the structure of the bulk-cone singularities between configu-
rations I and III, see figure 18. We stress that in cases II and III the value of ¢, at which
the function gy (tin) has a kink (transition from case 2 to 3 in table 3) is necessarily strictly
less than the value of ¢, at which the function is divergent (transition from case 3 to 4).
In particular, for the two values to coincide, the ingoing geodesic should hit the future BH
singularity at the intersection with the domain wall, the outgoing one should propagate along
the past BH horizon, and the identity ti, = tg, (defining the kink) should hold. Putting
this facts together, both the ingoing and outgoing geodesics should propagate along the past
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Case 2
Case 3
—— Case 4

—— Time reflection

Figure 17. Plot of the final boundary time tg, as a function of the initial time ¢;, for configuration
II. We fix k =05, A =1,r, = 0.5.

4 - 2 4 i -4 /2 4

Case 2 Case 2
| Case 3 Case 3
-4t — Case 4 ” —— Case 4
—— Time reflection —— Time reflection
(a) (b)

Figure 18. Plot of tg, as a function of t;, for some examples of configuration ITI. (a) We fix
k=25 =—-1,r,=0.5. (b) Weset Kk =0.5,A=1,r, = 0.95.

BH horizon, which means ti, = tg, — —o0. This can never happen for a collapsing bubble,
whose radius eventually shrinks to the singularity R — 0.

For configurations II and III, no future-oriented radial exactly-null geodesic which comes
back to the right AdS boundary exists. Nonetheless, eq. (4.7) can be used as a definition
of the time ¢5. In particular, the limit ¢;, — —oo is still described by eq. (4.11), but now
with W5 < 0 because tgy is a decreasing function of 71 — ry (see case 2 in figure 13). While
this formula is not associated in this case to the formation of an event horizon, it still
reveals physical information about the BH background in that t; is approached with an
exponentially-fast function in the Hawking temperature.

4.2.3 Criticality at the border between configurations I and I1

Bulk-cone singularities present a peculiar behavior in correspondence of the transition in
parameter space between configurations I and II. In this fine-tuned case, the critical time tp,
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Figure 19. Plot of ¢;, as a function of &, for fixed A = —1 and 7, = 0.5. The critical time ¢; diverges
around k ~ 0.2529, which is at the boundary between configurations I and II in parameter space.

Case 2
4 Case 3
—— Time reflection
trin
tin
i 22 2 4
-2
tin 4
(a) (b)

Figure 20. Left: sketch of the Penrose diagram at the transition between cases I and II. Right: plot
of tgy as a function of t;, for an illustrative numerical value at the border between configurations I
and II in parameter space. Here we fix k ~ 0.2529, A = —1, 7, = 0.5.

— defined in eq. (4.7) — diverges to —oo, as confirmed by the numerical analysis reported in

figure 19. The function tay(tin) approaches a linear behavior at large i, (see figure 20(b)),
as opposed to the plots in figures 14 and 16 for the previous settings. In the limit under
consideration, case 1 in table 2 no longer exists, and the event horizon formation (which
happens at the border between cases 1 and 2) is pushed away at tj, — —oo.

In the limit ¢;;, — —oo, the final time can be approximated by
tﬁn(tin) A —tin + 27’:(0) ) (412)

as we show below. Consider an infalling radial almost-null geodesic sent from the boundary
at time t;, lying at constant v; = ti,, see figure 20(a). This curve intersects the domain wall
at the coordinates (t,1,71), satisfying the condition in eq. (4.8). In the limit ¢, — —oc, a
direct inspection of the Penrose diagram reveals that r;1 — 7"7{ from above. After entering
the bubble, the geodesic passes through the center (pole) of the AdS (dS) interior, and then
intersects the domain wall again at the time t,2, with corresponding radial coordinate 7.
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Due to the time-reversal symmetry, we find
Th —T2 RTL—Th, lo2 R —to1 - (4.13)

The first relation implies r3(r1) &~ r}(rq2). After the intersection with the domain wall,
the almost-null geodesic is described by an outgoing curve at constant us = to2 — 75(r2),
propagating in the external BH background. Combining the parametrization of us with
eq. (4.13), we get ug ~ —t;,. This almost-null radial geodesic bounces off at the future BH
singularity, thus becoming a curve at constant vy = ug + 2r}(0) = tg,. Using ug &~ —tiy, this
finally yields the result (4.12). Indeed, this analytic result is confirmed by the numerical
analysis reported in figure 20(b).

4.3 Expanding bubbles

Let us now consider the case of an expanding bubble, whose causal structure in various
regions of parameter space was depicted in figure 2. The setting with a dS interior refers to
region A of the parameter space in figure 1, while the configurations with AdS interior can
only occur in regions B, C, E. Let us briefly analyze the main features of the geometries in
each case. In region A, the interior dS spacetime always contains timelike infinities Z+, and
a radial almost-null geodesic entering the interior of the bubble may or may not reach this
region. The structure of bulk-cone singularities will be different in these two cases. In region
B of parameter space, the interior AdS spacetime includes another asymptotic boundary.
As a consequence, any radial almost-null geodesic that reaches the left boundary does not
come back to the domain wall, and cannot reach the right AdS boundary again. In such
case, there are no bulk-cone singularities. In region C of parameter space, the domain wall is
located on the left side of the Penrose diagram, and the interior geometry contains the center
of empty AdS. This structure ultimately allows radial almost-null geodesics to come back
to the right AdS boundary. We expect that the propagation of radial almost-null geodesics
encodes interesting information about the BH interior, which is part of the full geometry.
In region E of parameter space, the domain wall is located on the right side of the Penrose
diagram, therefore the BH interior is cut away from the full geometry.

For the above reasons, we will focus on studying regions A (for a dS interior) and C (for an
AdS interior) of the parameter space, since they are the most interesting cases. It is important
to note that for both geometries there are regions where the thin wall approximation might fail:

e For region A, in the Penrose diagram there is a corner where the left AdS boundary of
the exterior touches the dS infinity of the interior, see figure 2(a).

e For region C, in the Penrose diagram there is a corner where the left AdS boundary of
the exterior touches the AdS boundary in the interior, see figure 2(c).

It would be desirable to perform further studies without relying on the thin wall approximation.

4.3.1 AdS interior (region C of parameter space)

Let us begin with the case of an AdS interior geometry. The Penrose diagram describing
the causal structure of the full background is given in figure 21(a). In the case when the
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— Case 4

4 —— Time reflection

(a) (b)

Figure 21. (a) A cartoon of an almost-null geodesic trajectory for an expanding bubble geometry
with AdS interior. (b) Plot of tg, as a function of ¢;, in the case of an expanding bubble with AdS
interior. We set kK = 2.5, A = —1,r, = 0.5.

(a) time close to ¢, =0 (b) early times

Figure 22. A cartoon of an almost-null geodesic trajectory (a) close to ¢, = 0 and (b) at early times.
In both cases, the geodesic does not enter the interior of the bubble.

almost-null spacelike geodesic comes back to the original boundary, it always reflects at the
BH singularity twice. There are cases in which the geodesic reflects once on the singularity
and it does not come back to the original AdS boundary. The reason for this phenomenon
can be understood from the diagram displayed in figure 22. After the bounce at the BH
singularity, the almost-null geodesic reaches the left AdS boundary and gets lost, without
coming back to the right AdS boundary. Due to this reason, the function tg,(¢i,) is defined
just in a finite interval, i.e. tin1 < tin < tino2.

We report an example of the dependence of tg, on tj, in figure 21(b). Contrary to the
collapsing bubbles studied in subsection 4.2, the function g, (ti,) does not diverge anywhere.
While ti,1 is always negative, tiyo can have both signs. For instance, in the example in
figure 21(b) we have tiyo < 0, while in the one that we will discuss later in figure 27(b) tin2 > 0.

4.3.2 dS interior (region A of parameter space)

In view of the following analysis, we show that a spacelike almost-null geodesic is repelled
not only by the BH singularity, but also by the dS future and past timelike infinities Z* [29].
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Reflection at timelike
infinity Z* of dS spacetime

Case 4 b 4

Case 5

Table 4. Configurations of a radial almost-null geodesic for an expanding bubble geometry with dS
interior. From top to bottom: we increase the initial boundary time t;;.

(a) case 4 (b) case 5

Figure 23. A cartoon of the geodesic trajectory for (a) case 4 and (b) case 5 in the expanding bubble
geometry with dS interior. Red lines denote an ingoing geodesic, while the black refers to the outgoing
one.

Starting from eq. (4.3) applied to the interior geometry (i.e., replacing o — i), we find
2 =FE*+1— 2. (4.14)

This equation shows that the spacelike almost-null geodesic has a turning point at r =
V(E? 4+ 1)/X, in other words it is repelled by Z% in the high-energy limit £ — oo.

The domain wall of an expanding bubble is always located behind the BH horizon. In
region A of parameter space, two additional sub-cases can occur: either the dS bifurcation
surface is included inside the bubble geometry, or not. In both settings, the trajectories of
radial almost-null geodesics are characterized by their reflections at timelike infinities 7%, and
they admit a similar time dependence. For increasing time ¢;,, the evolution is summarized
by table 4, and the trajectory is plot in figure 23.

For similar reason as in the case with the AdS interior, the function ¢4y (tin) is only defined
in a finite interval (that we denote tiy1 < tin < tin2) and does not diverge anywhere. As a
new feature, there is a discontinuity that corresponds to the transition between cases 4 and
5. This is related to the geodesic passing nearby the corner where the left AdS boundary
of the exterior BH touches the dS infinity of the interior geometry, see figure 2(a). This
discontinuity might be an artifact of the thin wall approximation.

We show in figure 24(a) the functional dependence of tg, on ti,, in a example where the
interior geometry does not include the dS bifurcation surface, and in figure 24(b) an example
where the interior geometry includes the dS bifurcation surface.
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—— Time reflection / —— Time reflection
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Figure 24. Plot of tg, as a function of t;, for an expanding bubble in region A of parameter space
(see figure 1). (a) Example in which the interior does not include the dS bifurcation surface. Here we
fix k =0.5,\ =1,r, = 0.95. (b) Example in which the interior includes the dS bifurcation surface.
We fix k = 0.5, A =1,r, = 0.5.

4.4 Static bubbles and scars

The Eigenstate Thermalization Hypotesis (ETH) (see, e.g., refs. [114-116]) states that the
time evolution of non-integrable many-body quantum systems leads to a thermalization. The
bulk dual of the thermofield double state is provided by the eternal AdS black hole. In this
case, there are no bulk-cone singularities related to radial almost-null spacelike geodesics which
return back to the boundary. So, if the assumption of thermalization is correct, we expect
that the bulk-cone singularities related to the radial geodesics disappear in the late-time
limit of bubble geometries, i.e., there are no bulk-cone singularities when t;, and tg, both
approach to infinity. For this phenomenon to happen, one possibility is that |tg, — tin| — 00
when t;;, — oo. This condition is satisfied by collapsing bubbles in all configurations I, II, and
III, and even at the transition between them. For the expanding bubble case, the bulk-cone
singularities do not exist at large t;,, in a way that is also consistent with thermalization.

In this subsection, we show that the static bubble provides a counterexample to the
expected asymptotically thermal behavior, with a finite difference |tg, — tin| at any boundary
time. Static bubbles are an analytically treatable solution to Einstein-scalar gravity where
the domain wall sits at constant radial coordinate. Let us consider a radial almost-null
geodesic starting from the AdS boundary in the outside region, defined in terms of the EF
coordinates (2.12) by the curve at constant v = v;. Differently from the dynamical bubble
solutions, in the static case the geometry enjoys a time-translation symmetry. Therefore,
without loss of generality, we assume that v; = 0, i.e., the almost-null geodesic intersects
the AdS boundary at time ¢, = 0.' In the following, we will determine the full trajectory
of this radial almost-null geodesic across the bubble geometry, until it intersects the AdS
boundary again at time tgy.

19We remind that v = 0 implies t = 0 at the boundary because we defined the integration constant of the
tortoise coordinate in subsection A.1 such that r;(co) = 0.
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(a) (b)

Figure 25. Trajectory of a radial almost-null geodesic in the Penrose diagram of the static bubble
with either (a) AdS or (b) dS interior. The red line denotes an ingoing almost-null geodesic, while the
black line is an outgoing geodesic.

The Penrose diagram and the trajectory of the radial almost-null geodesics in the case of
an AdS (dS) interior are depicted in figure 25(a) (figure 25(b)). Here we only focus on the
case where the domain wall is located inside the BH horizon, corresponding to region C' (or
A) of the parameter space in figure 1. In case E of the parameter space, the part behind
the BH horizon is cut away when we glue the interior and exterior geometries. Since our
goal is to employ bulk-cone singularities to study the interior structure of BHs, region E in
parameter space is less interesting, and we leave its investigation for the future.

We compute in appendix C the EF coordinates of radial almost-null geodesics leaving the
right AdS boundary at time ¢;,, and re-emerging at a time tg,. The result reads

fo (Rstatic)
fi (Rstatic) ’

where Rz’i = Tf,o(Rstatic)- In the above expression, we need to plug in the tortoise coordinates
T in eq. (A.5) and 7} in eq. (A.3), together with the radius Rgtatic of the static bubble

taken from eq. (2.34).
The plot with the dependence of At on the parameters of the geometry, for both signs of

1 _
At =ty — tin = 2 (—2r§(0) + R, + FR;*) ) F (4.15)

the cosmological constant in the interior geometry, is depicted in figure 26. When 0 < s < 1,
we restrict to the case A > 0 because a negative cosmological constant in the interior geometry
would correspond to region B of the parameter space in figure 1, where no static bubble
exists. For fixed k > 1, we need A > Ao(k) in eq. (2.24) in order for the static bubble to
exist (see region C' in figure 1). When the initial light ray corresponds to the red curve in
figures 25(a)-25(b), the difference of times is always positive.

There are two interesting cases where analytic results can be achieved. The first one is the
limit A — Ao defined in eq. (2.24), which is the border between regions C, D of the parameter
it/jtic — 00
and the radius of the bubble is even larger, with Rgtatic/Tn — 00, as it can be inspected from
eq. (2.34). The time difference in this limit reads

space in figure 1, approached from region C. In this limit, we find that r, oc m

lim At =7, (4.16)
>\—>>\2
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Figure 26. Time difference (4.15) as a function of A for various choices of . The part with A <0
corresponds to region C' of the parameter space in figure 1, while the part with A > 0 to region A.
The dashed green curve corresponds to At = 7.

This is the same result as in bulk empty AdS spacetime [56], and it is also the same time
taken by a light ray to connect two antipodal points on the boundary of AdS. Given an
asymptotically AdS spacetimes satisfying the null energy and null generic conditions, Gao-
Wald theorem [117] states that there is a gravitational time delay of bulk null geodesics
connecting antipodal boundary points. In other words, the time difference between antipodal
boundary points connected by a bulk null geodesic satisfies At > 7, where the inequality is
strict for any perturbation of empty AdS spacetime (satisfying the above conditions), and is
saturated by empty AdS spacetime. Note that our geodesics are not exactly null because
they arise from the high energy of spacelike geodesics, therefore the Gao-Wald theorem
does not strictly apply. Looking at the plots in figure 26, we find numerical evidence that
At > w for A < 0, see the dashed green curve in the picture. Instead, for A > 0, it is
possible to achieve the range At < 7.

The second analytic treatable case is the limit A — 0 with 0 < k < 1. At leading order,
this implies that r, — oo but with the following fixed ratios

Rstatic 1 1
- ~ (1 _ Iﬂ?2)1/3 ) Rstatlc ~ ﬁ ) (417)
see eq. (2.37). As a result, the time difference reads
lim At =0, (4.18)

A—0+

where we used that f;(Rstatic) — 0. On physical grounds, this statement is the consequence of
the domain wall sitting nearby the cosmological horizon of dS spacetime. The previous limit
is consistent with the orange curve in the numerical plot in figure 26. As anticipated above,
this curve admits a regime where At < w. This result is a signal of non-locality, because the
bulk-cone singularity lies outside the CFT lightcone. Similar non-local features of bubble
geometries with dS interior were discussed in ref. [29]. Surprisingly, the analysis of section 3
revealed that the HRT surface does not penetrate inside the static bubble, therefore the
holographic EE is insensitive to the non-local aspects of this geometry.
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Figure 27. Plot of tg, as a function of ¢;, for (a) a collapsing bubble and (b) an expanding bubble in
the near-static limit. For both pictures, we set K = —2.5,\ = —1,7), = (rp,)st. — &, = 1075.

In all cases, we observe that the time difference |tg, — tiy| is finite, in contrast with the
expectations — supported by ETH — that bulk-cone singularities should disappear when
the system thermalizes. Rather, the static bubble shows properties typical of the quantum
many-body scar states (see, e.g., ref. [118]). For studies of scar states in the context of the
AdS/CFT correspondence, see e.g., refs. [119, 120]. Even though most of the eigenstates of
a non-integrable system look thermal, scar states are precisely an exception. In particular,
the static bubble admits bulk-cone singularities separated by a constant time At during
all the time evolution.

4.4.1 Near-static bubble

It is important to emphasize that the static bubble require some amount of fine tuning of
parameters. Let us illustrate this point with some numerical examples.

This limit can be realized in regions A and C' of parameter space (see figure 1), both
from the collapsing or expanding cases,by setting rp = (r3)st. — €, where (rp,)st. is the horizon
radius of the static bubble, and we consider the limit ¢ — 0. The dependence of tg, on tj, in
a numerical example is shown in figure 27. For the collapsing case, we have that tgy(tin) is
defined for all values of t;, while for the expanding case it is defined just for ti,1 < tin < tin2).

We have shown in subsection 4.4 that in the strict static limit, the bubble geometry is
characterized by a finite value of the time difference. For the almost static case, in some
region centered nearby ¢, = 0, tg,(tin) can be approximated by a constant value of |tg, — tin|,
that we refer to as a plateau.

In the near-static limit, the duration ¢, of the above-mentioned plateau region is finite.
We depict in figure 28 the duration ¢, as a function of the parameter ¢ just introduced (which
quantifies the difference between the horizon radius and its static value). By inspecting the
red dots (obtained numerically), we notice that a very precise fine tuning in rj is needed
for a modest increase in .
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Figure 28. Plot of the plateau length ¢, (where the value of |ta, — t;,| varies at most by 1%) as a
function of € (parameterizing the difference between the horizon radius and its static value).

5 Conclusions and discussion

In this work, we considered and classified various kinds of Lorentzian asymptotically AdS
geometries which include in their interior a spherically symmetric bubble with a different
cosmological constant A. In particular, we restricted to solutions of Einstein scalar gravity

invariant under time reversal ¢t — —t.

Within the AdS3/CFTs correspondence, minimal HRT geodesics are mapped to the
entanglement entropy of a CFT state. Similarly, the investigation of almost-null spacelike
geodesics in general spacetime dimension determines the bulk-cone singularities, which encode
the divergences of two-point functions of boundary operators. We used these two kinds of
geodesics as a tool to probe the bulk structure from the perspective of a boundary observer.

5.1 Phase diagram and parameter space

In section 2, we determined the complete parameter space of Lorentzian bubble solutions,
including both signs of the cosmological constant A in the interior geometry. This study was
initiated in ref. [29] for interior dS geometries (A > 0), and it was performed for arbitrary
A in Euclidean signature in ref. [30]. We depicted in figure 1 the full parameter space as a
function of the cosmological constant A and the tension of the domain wall k. This phase
diagram is divided in various regions. Region A corresponds to a dS interior (A > 0), while
regions B, C, D, E to the AdS case (A < 0). The existing types of bubble solutions in each
region of the parameter space are summarized in table 5.

The different regions A, B,C, D, FE in figure 1 determine the causal structure of the
expanding bubble, see the Penrose diagrams in figure 2. We emphasize the following features:

e In regions A and C, the expanding bubbles are always located inside the BH bifurcation
surface at bulk time ¢ = 0. In particular, region A provides a model to embed a
cosmology inside an asymptotically AdS spacetime [29], because the interior of the
bubble contains a portion of dS space with infinite spacetime volume, which resembles

our expanding universe.
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Static bubble | Expanding bubble | Collapsing bubble
Region A (m = Mstatic) (m < Mgtatic) (m < Mstatic)
Region B X
Region C (m = Mmsgtatic) (m < Mestatic) (m < Mgtatic)
Region D X 4
Region E (m = Mgtatic) (m < Mgtatic) (m < Matatic)

Table 5. Allowed time-reversal symmetric solutions for the bubble geometry corresponding to the
various regions of parameter space specified in figure 1. The quantity msgiatic is a critical mass. For its
explicit value in d = 2, see eq. (2.31); in d = 3, see eq. (2.35).

e In region B, the geometry of the expanding bubble includes two disconnected AdS
boundaries and resembles an eternal BH. We can interpret this case as a false vacuum
decay, where the false vacuum corresponds to the interior region with A < 0.

e In region D, no expanding bubble solutions exist.

e In region F, the expanding bubble lies outside the BH horizon, and the interior of the
BH is excluded from the bubble geometry. This case corresponds to a false vacuum
decay, where the role of the false vacuum is played by the external AdS region.

It is important to emphasize that the dual interpretation of the geometries as genuine
CFT states is not always clear. As shown in [30], in regions A, B,C and E the domain wall
solution does not admit a smooth Euclidean continuation with asymptotically AdS boundary,
providing an obstruction to a Euclidean path integral preparation of the ¢ = 0 geometry.
Instead, the geometries in region D admit a smooth Euclidean continuation, which can be
used as a saddle for a Euclidean CF'T path integral. Region D is the only portion of the
phase diagram that admits a precise holographic understanding of the dual field theory
state, realized as a Holo-ween quench (see ref. [31]) between two different CFTs connected
by an interface. In this context, the gravitational description involves a gluing between
AdS spacetimes with (possibly different) cosmological constant, separated by a thin wall.
Holographic tests in region D can only be performed for collapsing bubbles, since this region
does not admit any expanding solution.

Expanding bubble geometries in regions A and C' have some pathological features where
the domain wall approaches the asymptotic AdS boundaries, see figure 2. In region A, a
portion of AdS boundary is attached to a portion of dS timelike infinite. In region C, two
distinct asymptotically AdS timelike boundaries bifurcate from the domain wall surface at
r — 00. It is unclear whether these curious features arise from the thin-wall approximation
or are also realized in a full solution of the gravity-scalar system. It would be interesting to
investigate the presence of such pathologies with numerical methods. These issues should
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not affect the geometry at t = 0, and consequently should not affect the calculation of
the entanglement entropy at ¢ = 0. On the contrary, it is likely that a resolution of the
pathological features might have an influence on the structure of the bulk-cone singularities
for the expanding bubbles, since in some cases the relevant geodesics disappear (without
bouncing back) at the additional asymptotic boundaries.

The causal structure of the collapsing bubbles is characterized by three possible config-
urations of the Penrose diagram, denoted with I, II, and III in figure 4. In configurations
I and II, the surface of the collapsing domain wall lies outside the BH bifurcation surface
at t = 0, while in case III it lies inside. The difference between configurations I and II
arises from the shape of the causal wedge, which can (or cannot) include the center of the
bubble, respectively. The phase diagram that distinguishes the various configurations of
the collapsing bubble depends on the BH mass m and on the boundary dimension d. We
studied the parameter space of these solutions in figures 5 and 6 for some representative
examples in d = 2 and d = 3, respectively.

5.2 Holographic entanglement entropy

In section 3, we studied the holographic entanglement entropy S(A#) associated with a
segment with opening angle Af# on the time slice ¢ = 0 of a three-dimensional bubble
geometry (d = 2). Using the HRT prescription, this computation required to determine
the geodesic of minimal length among multiple extremal geodesics homologous to the given
subregion. Surprisingly, we found regimes in which the minimal geodesic can enter inside the
domain wall even if the latter is located beyond the BH bifurcation surfaces.

With the exception of expanding bubbles in region B (for which the causal structure is
similar to the eternal BH), the homology constraint enforces the identity

S(AB) = S(27 — AB). (5.1)

We focused on the instructive case Af = w, which corresponds to the largest opening angle
whose entropy is not constrained by the relation (5.1). The geodesic with Af = 7 is in general
the deepest into the bulk. As such, it is crucial to detect phase transitions in the holographic
entanglement entropy and the presence of Python’s lunches. The following distinct features
emerge for collapsing and expanding bubbles:

e For collapsing bubbles, we performed in figure 12 a numerical scan of the holographic
entanglement entropy. In the case denoted with e, we found that the minimal HRT
surface enters the interior geometry, even though the bubble is located beyond the BH
bifurcation surface (as seen from an observer at the boundary). For large BH mass,
this configuration is realized in a large portion of the parameter space (A, k) where the

solution exists, see the bottom-right panel in figure 12.2°

e In the case of expanding bubbles, we instead found numerical evidence that the minimal
HRT surface always lies outside the BH bifurcation surface, when it exist. In this case,

20The HRT surface also detects the presence of the bubble in the remaining of the parameter space in the
large-mass limit. These cases, denoted with b, ¢, d, are physically more intuitive because the bubble is initially
located outside the BH bifurcation surface.
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Figure 29. The transition between bulk-cone singularities between configuration I (left panel), a
fine-tuned transition case (central panel), and configuration II (right panel). Here we fix A = —1,
rh = 0.5.

the holographic entanglement entropy for 0 < Af < 7 shows a thermal behavior, similar

to an eternal BH.

5.3 Bulk-cone singularities

In section 4, we studied the bulk-cone singularities of the two-point functions of a scalar
primary operator with large conformal dimension, evaluated on the CFT state dual to the
gravitational solution. In the context of the AdS/CFT correspondence, these singularities are
detected by null and almost-null spacelike geodesics that leave the AdS boundary at time tj,
and come back to it at time tg,. We focused on d = 3, which is the minimal dimension for
which almost-null spacelike geodesics are reflected by the BH singularity. We computed the
function gy (tin) by considering a future-oriented almost-null radial geodesic inserted from the
AdS boundary. The case of a geodesic initially directed in the past direction was recovered
using the time reflection symmetry in eq. (4.6). We found the following distinct behaviors:

e For any configuration (I, II, or III) of the collapsing bubble, the function tgy(tin)
approaches a constant value —tj in the limit ¢;, — —oco. The asymptotic behavior is

tin = —tp + W exp 27T tin) , (5.2)

where T is the Hawking temperature, and W is a constant (which is positive for
configuration I, and negative for configurations II and III). For collapsing bubbles,
we can then extract the BH temperature by inspecting the large-time behavior of the
singularities of two-point functions. The qualitative structure of the function tgy(¢i,) is
slightly different in configuration I compared to II and III, see figure 29.

For configuration I, we interpret the value ¢, as the time of formation of the event
horizon. At the boundary in the parameter space between cases I and II, the quantity
ty diverges to —oo, see the central panel of figure 29. The bulk-cone singularities have
the same qualitative structure in configurations Il and III. In all the cases, the function
tan(tin) has a kink for tg, = tin, which is an artifact of the thin wall approximation.
The qualitative structure of ¢4y (tin) is independent of the sign of A.
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Figure 30. Bulk-cone singularities for two examples of expanding bubbles, with either AdS (left
panel) or dS (right panel) interiors.

e For the expanding bubbles, we found that the function tg,(¢i,) is not defined for large ti,.
Geometrically, this fact happens because there are no almost-null radial geodesics which
leave and come back to the AdS boundary. In the A > 0 case, there exist situations
in which the almost-null geodesic bounces at the timelike dS infinities of the interior
geometry. When this phenomenon happens, there is a discontinuity in the function
tan(tin), which might be artifact of the thin wall approximation. We summarize these
behavior in figure 30.

e For static bubbles, the function tgy(tin) is linear
tﬁn(tm) = tin + At, (5.3)

where At is a constant independent of the initial time. In the full Kruskal extension of
the eternal AdS BH, the bulk-cone singularities related to almost-null radial geodesics
do not exist, because such geodesics cannot come back to the original boundary. Due
to ETH, we expect then that such bulk-cone singularities disappear also for the bubble
geometries, during the process of thermalization at large time. This means that, if
thermalization holds, there are no bulk-cone singularities when ¢;, and tg, both approach
to infinity. Interestingly, the way in which the bulk-cone singularities disappear is
different for the collapsing and the expanding bubble: in the former case they disappear
because |tg, — tin| — oo when ti, — oo, while in the latter case because no radial almost-
null geodesics exist for large ti,. Equation (5.3) shows that the bulk-cone singularities
of static bubbles are inconsistent with the thermalization of the physical system, as
diagnosed by two-point functions of scalar operators. This property resembles quantum
many-body scars, that are extensively studied in condensed matter physics (see ref. [118]
for a review).

Gao-Wald theorem [117] states that the time difference At between antipodal boundary
points connected by an exactly null bulk geodesic satisfies

At > I, (5.4)
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where L = 7 is the length of the arc which connects the north and south poles of the
sphere S9~! on the boundary. The inequality (5.4) strict holds for any perturbation of
empty AdS spacetime (satisfying the null energy and null generic conditions), and is
saturated by empty AdS spacetime. In the case of an almost-null spacelike geodesic,
the inequality (5.4) can be violated [56]. Still, its violation points towards some source
of non-locality. We studied in figure 26 the dependence of At in eq. (5.3) as a function
of the parameters (A, ). We found numerical evidence that At > 7 for A < 0, as shown
by comparing with the dashed green curve in figure 26. Instead, it is possible to attain
At <7 when A > 0.

The function At admits two interesting limits:

— for k <1
lim At=0. (5.5)

A—0t
Therefore, a static bubble with almost-flat interior present non-local features, as
advocated in ref. [29]. Surprisingly, we observed in section 3, this non-locality is
not detected by the behavior of holographic entanglement entropy, since the HRT
surface does not penetrate inside the static bubble.

—fork>1
lim At=m, (5.6)
Ao —(1—k)2
where the limit in A is taken from above. Therefore, eq. (5.6) saturates the
time-delay predicted by Gao-Wald theorem [117].

It is important to emphasize that the static bubble is a limit configuration which is
realized with some fine tuning in parameter space, see figure 28.

5.4 Outlook

In this work, we clarified several features on how we can detect the presence of a vacuum
bubble in an asymptotically AdS spacetime from the boundary perspective. We leave several
interesting open questions for further investigations:

1. Beyond the thin wall approximation. As discussed in section 2.4, the expanding bubble
solution in regions A and C of parameter space presents certain unconventional features.
For instance, the Penrose diagram admits a corner where the dS infinity is joined with
an AdS boundary [29], or where two AdS boundaries bifurcate from the intersection with
the domain wall. Whether these features are artifacts of the thin-wall approximation
remains unclear. It would be interesting to perform a numerical study in a full solution
of the scalar-gravity system to investigate the precise causal structure of the spacetime
in such a system. Possible modifications of the geometry might change some of the
features of the bulk-cone singularities for the expanding bubbles.

2. Entanglement entropy at generic times. In this work, we focused on the computation of
the holographic entanglement entropy for d = 2 and at boundary time ¢, = 0. In the
cases where the HRT surface has been found to explore the bubble interior (with the
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bubble either inside or outside the black hole bifurcation surface), we expect a time
evolution of the holographic entanglement entropy towards thermalization. It could
be interesting to extend our analysis to arbitrary time in such situations. Another
possibility is to perform this computation in bubble geometries in dimensions d > 3.

. Relation to defects. Region D in figure 1 is delimited by the curves in eq. (2.25). In
three-dimensional bottom-up models of bulk geometries with a thin brane, it was shown
that the same region of parameter space define the regime where the dual interface
CFT is well-defined [68, 69]. In particular, ref. [31] discussed the analytic continuation
of the bubble geometries, and found the above bounds by computing the boundary
entropy of a defect in d = 2. In higher dimensions, the same inequalities were found in a
different context in ref. [87]. Furthermore, the same bounds appear in the computation
of the energy transport across a two-dimensional holographic interface [78-85]. The
transmission coefficient is related to a universal central charge entering the two-point
functions of the stress tensors in different sides of the holographic interface. Therefore,
it would be interesting to compute the transmission coefficient and the bulk-cone
singularities associated with the stress tensor to provide complete information about
this class of two-point functions.

. Holographic complexity. Reference [64] initiated the computation of volume complexity
in three-dimensional bubble geometries (for recent reviews on quantum complexity,
see [121-125]). Holographic complexity provides a tool to investigate the interior of
black holes, and it has been recently applied to diagnose properties of inflationary
geometries, e.g., see [14, 122, 126-135]. It would be interesting to study the holographic
proposals in other bubble configurations, including higher dimensions and in the presence
of subregions. One could then compare the results with the entanglement entropy,
and study whether complexity provides another tool that distinguishes the various
possible bubble configurations. Furthermore, complexity also quantifies the difficulty to
reconstruct information from the boundary, as discussed in the context of the Python’s
lunch (e.g., see [90]). It could be intriguing to understand whether the appearance of
multiple extremal surfaces, observed in certain regimes considered in this paper, could
be used to claim that the holographic dictionary is exponentially complex, as advocated
in refs. [96, 136].

. Chaos and OTOC. In this work, we used the geodesic approximation to relate the
singularities of the boundary two-point functions to the existence of null geodesics
intersecting the AdS boundary twice. What about other correlators? A particular
class of four-point functions is provided by the out-of-time-order-correlators (OTOCs),
which are used to distinguish chaotic from integrable systems [137]. In holography,
OTOCs can be studied by computing the length of geodesics in a geometry perturbed
by shockwaves [138, 139]. It would be interesting to build bubble geometries perturbed
by shockwaves, and then compute the OTOC in this background.
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A Details about the theoretical setting and the parameter space

In this appendix, we collect additional details on the geometric setup and the parameter
space of bubble geometries.

A.1 Tortoise coordinate

In order to examine the causal structure of the geometry (2.1), it is convenient to introduce
the null coordinates (2.12), defined in terms of the following tortoise coordinate:

= /fdzr) (A1)

In a coordinate system adapted to the null directions as (v,r,...) or (u,r,...), the metric reads

ds; o = — fio(r) dvi, + 2dr dvi o + r*dQ5

A2
= —fio(T) du?vo — 2dr du; o + TQdQZ_l . (4.2)

The tortoise coordinate can be analytically determined in the interior part of a bubble geometry
with blackening factor (2.3). Depending on the sign of the cosmological constant, it reads

2
1 14+ v\
(1) = ——1log | [ — V2 itA>0, A3
i) = s log <1—m>] i (A.30)
arctan (7" |>\\)
ri(r) = if A <O. (A.3Db)
l Al

Notice that the case of a flat Minkoski interior A = 0 corresponds to r;(r) = r, as can be
seen by performing the limit A — 0 in the previous expressions, equivalently approached
from above or below.
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For arbitrary dimension d and blackening factor (2.6), there is no closed-form expression for
the tortoise coordinate r} in the exterior geometry. However, analytic results can be achieved
when fixing d to a specific value. In particular, this work focuses on the following cases:

e When d = 2, the tortoise coordinate in the BTZ background reads
2
1 —
= ——1log Tk . (A.4)
d=2  4\/p T4/

Notice that this solution satisfies 7%(0) = r}(c0) = 0.

()|

e When d = 3, the tortoise coordinate is given by

7‘*(7')‘ = "h log (r—rp)?
O la=s 2@+ 1) T P e 4
2 9 (A.5)
+ 3rh + 2 arctan M _ E 37qh + 2
(3r7 +1),/3r7 +4 J3i+a) 2ER ) /aed

where the integration constant is fixed by imposing r}(o0) = 0. Notice that in higher
dimensions d > 3, the blackening factor satisfies 775(0) < 0. In other words, a light
ray sent from the AdS boundary along a trajectory at constant v = 0 intersects the
singularity in the right side of a Penrose diagram. This phenomenon is represented by
bending the singularity towards the bottom of the Penrose diagram, e.g., see figures 2
and 4.

A.2 Small and large mass limits

In this subsection, we investigate the regimes of small and large mass parameter m in
the parameter space. Beginning with the small-m limit, the expressions (2.18) and (2.19)
imply that Ry — 1/ VA for an expanding bubble, while Ry — 0 for a collapsing one.?! By
inspection of eqs. (2.22) and (2.23), we find that, in the same limit, a collapsing bubble
satisfies 3;(Rg) > 0, while an expanding bubble satisfies 3;(Rg) < 0.

Next, let us consider the large-mass limit. For fixed and finite values of A\ and x, this
regime can only be achieved when Ry — oo and A < 0, as can be determined from eq. (2.21).
Let us focus on the two possible cases of a Minkowski or an empty AdS interior geometries.??
In the flat case, by plugging A = 0 inside eq. (2.21), we find that a large positive mass
can only be achieved when 0 < x < 1. Referring to the parameter space in figure 1, this
setting corresponds to the boundary between regions A and B, where both signs of /3;(Rp)
(either positive or negative) are allowed.

In the case of an AdS interior, for large enough Ry we can approximate the mass
parameter (2.22) as follows:

me~ R (1- (k7 VEN?) &

VAN

2'When d = 2, we need m > 1 for a BH horizon to exist. However, even in this case, we are still formally

Ri2. (A.6)

allowed to consider the regime 0 < m < 1.
22In the case of an interior dS geometry, the mass of the external BH is bounded from above, therefore it
cannot be parametrically large compared to the other scales.
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Figure 31. Picture of the parameter space (k, A) of a bubble geometry in the thin wall approximation.
In red (blue), we show the curves A = k2 — 1 (A = —x% — 1) in the phase diagram, below which we
find 3; > 0(8, > 0) for every m,d and R(7).

By requiring that the leading order term proportional to Rg is positive, we end up in the
following regions of parameter space in figure 1:

e For f8; > 0, see eq. (2.20), we end up in regions B and D.
e For f3; < 0, we end up in region B.

The previous statements are consistent with the fact that region D only admits a collapsing
bubble solution for any value of m (see table 5). Furthermore, the previous conclusion shows
that in region B, at large enough m, there exist two different solutions (one collapsing, with
Bi > 0, and one expanding, with 3; < 0). The latter statement is consistent with the property
that in region B the static bubble does not exist, instead there are two solutions (a collapsing
and an expanding bubble) for every positive value of m. In particular, the expanding bubble
corresponds to a geometry with two disconnected boundaries where a Coleman-De Luccia
bubble nucleates nearby the left boundary.

It is interesting to consider the fine-tuned values for which the leading Rg term in the
right-hand side of eq. (A.6) vanishes, while the next-to-leading-order term is positive. This can
only happen when §; > 0, and selects the border between regions C, D and the border between
regions D, E in figure 1. Note that in the special case d = 2, the next-to-leading term is finite.

A.3 The sign of the curvature parameters §; and 3,

In this subsection, our goal is to study the signs of the parameters 53; ,(Rp), which allow to
justify the causal structure discussed in subsection 2.4 and 2.5. To this aim, we depict two
additional curves in the parameter space, see the red and blue lines in figure 31.

The red curve is defined by A = k2 — 1. Let us discuss the case of a dS interior first. The
red curve splits region A in two subregions A’ and A”. When A < 2 — 1 (region A”), for any
values of the parameters (m,d) and of the shell’s radius R(7), the condition 5; > 0 holds,
in particular at Ry, see eq. (2.20). This fact shows that in region A” the internal dS region
can never contain a complete dS static patch. In the case of an interior AdS geometry, the
above constraint 5; > 0 applies to regions C, E' and to the part of region D on the right
of the red curve in figure 31. Moreover, collapsing bubbles always satisfy (;(Rp) > 0 (see
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the discussion below eq. (2.23)), and so this property is always satisfied in region D, where
no expanding bubble with positive mass m exist.

In the regions C, D, E and A” of parameter space, for a fixed value of the initial radius
Ry and of the parameters (\, k), there is only one allowed bubble solution, whose positive
mass is given by m4 (Rp) in eq. (2.22). In particular, we find that:

e In regions A”,C and E, the function m (Rp) has a maximum in correspondence of the
radius of the static bubble Rgatic, and it is defined only in the range 0 < Ry <1/ VA.
For 0 < R < Rggatic, the solution corresponds to a collapsing bubble. For Rgatic < R <
1/+/ A, the solution is an expanding bubble.

e In region D, the function my(Rp) is monotonic and defined for 0 < Ry < oo. This
solution always corresponds to a collapsing bubble.

In regions A’ and B, for a fixed value of Ry, it is possible to have two different bubbles
whose mass is given by the two choices in eq. (2.22). In particular, we find that:

e In region A’, the function m, (Rp) is defined for 0 < Ry < 1/v/), while m_(Rp) is
defined for 1/ VA< Ry <1 / V. The two functions coincide when Ry = 1 / V. The
function m4 has a maximum at a value of Ry which corresponds to the radius of the
static bubble Rgtatic- For 0 < Ry < Rstatic, M+ (Rp) is the mass of a collapsing bubble.
For Rgtatic < Ro < 1/ VA, m4(Rp) is the mass of an expanding bubble. The function
m_(Rp) always corresponds to the mass of an expanding bubble.

e In region B, both my(Ry) are monotonic functions of Ry, and they diverge when
Ry — oo. The function my(Ryp) is defined for 0 < Ry < oo, and identifies the mass
of a collapsing bubble. The function m_(Rp) is defined for 1/v A < Ry < oo and
corresponds to the mass of an expanding bubble.

Note that a collapsing bubble always satisfies the property ;(Rp) > 0, while for an expanding
bubble both signs of 3;(Rp) are possible, see the discussion below eq. (2.23). For convenience,
the above classification of the existing bubble geometries in parameter space is collected
in table 5.

The blue curve in figure 31 is defined by A = —x? —1. When A < —x? — 1, we have (8, > 0,
implying that the bubble is initially outside the BH horizon. In particular, in region E we find
Bo(Ro) > 0 for both collapsing and expanding bubbles. Therefore, in this case the expanding
bubble is initially outside the horizon, and then reaches the AdS boundary in a finite amount
of time (see configuration E in figure 2). In other words, almost all the spacetime is composed
by the interior AdS geometry, the BH spacetime region becomes finite, and the dual CFT
at t = 0 becomes ill-defined. This setting corresponds to the decay of a false vacuum as in
Coleman-De Luccia [70], where the false vacuum corresponds to the exterior region.

A.4 The domain wall trajectory

In this subsection, we determine the trajectory of the domain wall, that is employed to
numerically investigate the bulk-cone singularities in section 4. In general dimension d, we
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consider the velocity vector w* of the bubble at fixed angular coordinates, and appropriately
normalized [29]:

wh = (T, R,0), wupwt = —1. (A.7)

In the previous expression, (T, R) denote the time and radial Schwarzschild coordinates
evaluated at the position of the domain wall. The above conditions can be equivalently

o1 R?
Lo = 7 (1 * fi,()(R)) | (48)

recast into the identity

Plugging (A.8) inside the equations of motion (2.17a) and using the parameter 7 = R,

we obtain

AT,/ fiolR) ~ Ver(F)

iR~ fin(R Ve (R) (4.9)

In d = 2, the previous formula reduces to eq. (I1.24) of ref. [64]. In general dimensions, after
plugging the effective potential (2.17b) in eq. (A.9), we obtain

Ti 2y 1-d
dTi _ N (k*—A=—1)R+mR ’ (A.10a)
dR 2k(1 — AR2)VAR2 —1+ BR2~d + C R?2~2d
2 _ 1—d
dT, . (K*+A+1)R—mR (A.10b)

dR 26(R24+1—-mR*>4)\/AR? — 1+ BR2-d 4 CR2-2d

Time reversal-invariant solutions to these equations are obtained by imposing the boundary
condition Tj o(Rmax) = 0 (Ti0(Rmin) = 0) in the collapsing (expanding) case. The above
equations specify the detail of the spacetime geometry.

Next, we study how the time coordinate varies across a static shell. Using the constraint
Vest (Rstatic) = 0 inside eq. (A.9), we obtain the following identity valid in general spacetime

dimension:

i1, [FolFen) (A1)

TTO f A (Rstatic>

B Details on the computation of entanglement entropy

In this appendix, we determine the length of the minimal HRT geodesic in a three-dimensional
bubble geometry as a function of the opening angle A# associated with a boundary arc.
Since the opening angle depends non-trivially on the conserved quantity j introduced in
eq. (3.6), this step requires an analysis of the various configurations that the extremal curves
can attain. We perform such analysis below.

For any value of j, it can be explicitly checked that

di(j) . dA6(j)
i =7 4 (B.1)
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This expression is valid both when the bubble is inside or outside the BH bifurcation surface.
It is useful to recast eq. (B.1) as follows:

di(A0)
dAg

(B.2)

This result can also be derived by the differential entropy formula in ref. [140] applied to
a circumference of radius j. The differential entropy formula is indeed known to hold in
spacetimes where the HRT prescription applies [141, 142]. From the positivity of j, eq. (B.2)
implies that the length of a geodesic increases monotonically with Af. Nonetheless, the

quantity dé(AAg ) experiences a jump at the critical value when the HRT surface enters the

bubble, because j is indeed not continuous (there is a “first order phase transition” in
the location of the HRT surface with minimal length). Equation (B.2) will be useful in
determining the geodesics with minimal length.

To this aim, let us analyze the behavior of the function Af(j). Let us denote by j,, the
critical value of j for which the geodesic enters the bubble. The quantity j,, can only take two
possible values: j,, = Ry or j, = rp, depending on whether the bubble is outside or inside
the BH bifurcation surface, respectively. Let us discuss the behavior of Af(j) nearby j = ji,:

e For j > j,, we find from eq. (3.17) that the function Af(j) is monotonically decreasing.

e When the bubble is outside the BH bifurcation surface, let us consider the limit j — Ry
in eq. (3.23):

N2 ™ 2v/2 1 — .
A017) = Carctanh (7 ) + 2 (\/fi(Ro) mmw)mw% 2
(B.3)

Comparing with eq. (3.17), this expression shows that A6#(j) is continuous at j = Ry.
Note that 5; o(Ro) = £/ fi.o(Ro), see eq. (2.15). If the bubble is located outside the BH

bifurcation surface, we have 5,(Rp) > 0. From eq. (2.16), we find that 8,(Ro) < B;(Ro).
This means that in this case we also have 3;(Ry) > 0. Therefore, from eq. (2.14) we get

\Fi(Ro) =/ fo(Ro) = KRy . (B.4)

As a direct consequence of eq. (B.4), for j < j, = Rp, the function Af(j) is monotoni-

cally increasing.

e When the bubble is located inside the BH bifurcation surface, the story is slightly
different. For j > rp,, the geodesic is external, and so Af(j) diverges logarithmically
for j — r;[, see eq. (3.17). On the other hand, for j < rp the geodesic extends inside
the bubble. Similarly, from egs. (3.25) and (3.28) it can be checked that A#(j) also
diverges logarithmically for j — r;,". Note that also in this case, for j < jw = rp, the
function Af(j) is monotonically increasing.

In summary, Af(j) has a non-smooth local maximum at the critical value j = j,, for which
the geodesic enters the bubble. This occurs at a finite or infinite value of Af depending on
whether the bubble is outside or inside the BH bifurcation surface, respectively.
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Figure 32. Example of case in which Af(j) is monotonic for 0 < j < j,, with A = =1, m = 1.1,
rp, = 0.317, Ry = 0.4, k = 2.08, R. = 100. Left: opening angle Af of the boundary subregion as
a function of the conserved momentum j of the bulk geodesic. Right: length of the geodesic as a
function of Af.

In order to determine the behavior of Af(j), it is useful to look for minima and maxima
of the function Af(j) in the window 0 < j < j,,. The condition A#'(j) =0 for 0 < j < j,
takes a different form depending on the position of the bubble with respect to the Bifurcation
Surface (BS) and on the sign of §;(Rp), i.e.,

1— \j?
R§—j% = A=) \VRE =1} Bubble outside the BS

V1 —AR3

1— \j?
R — 2= A=A +/RE -2 Bubble inside the BS, §;(Rp) > 0 (B.5)

V1 —AR3
e Vo Y o .
—\/R:—j2= \/1_77)\]%2 — /R -1 Bubble inside the BS, 5;(Rp) < 0
0

By squaring eq. (B.5), we get a second-order equation for j2. Depending on the location in
the parameter space, some of these solutions can be spurious (i.e., need to be discarded) when
they correspond to squaring the left-hand side of the equation with a wrong sign. Depending
on the region in parameter space where the bubble solution belongs, eq. (B.5) can admit
zero, one or two solutions for j2 in the window 0 < j2 < j2. Accordingly, the plot of the
function Af(j) has a different qualitative structure, see figures 32, 33 and 34.

In the following, we refer to the cases defined in subsection 3.4. Using the property
A0'(j) > 0 for j — j,, we find that:*

e If eq. (B.5) has no solution in the interval 0 < j2 < j2, then Af(j) is a monotonically
increasing function in the interval 0 < j < j,, (see figure 32 for an example). Note that
as we decrease the conserved charge j of the geodesic outside the bubble, A# increases.
As a consequence of eq. (B.2), the corresponding length [(A#) grows monotonically
until AG(Ry) is reached (black arrow in figure 32). On the other hand, as we decrease

28We stress that in all the cases we discuss below, when A > =, there is always a shorter geodesic
with 27 — A6 satisfying the same homology condition. Therefore, the minimal HRT surface always satisfies
I(AB) = 1(2m — AB), see eq. (3.4). In other words, the actual plots for the minimal length are mirrored with
respect to Af = 7, although this is not explicitly shown in the figures that follow.
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Figure 34. Example where Af(j) has a local minimum and a local maximum for 0 < j < j,,, with
numerical values A = 0.5, m =2, r, =1, Ry = 1.09, x = 0.19, R, = 100.

281

the charge j of the geodesic exploring the bubble, Af also decreases. Then, eq. (B.2)
tells us that the corresponding length I(A#) decreases until A = 7 is reached (blue
arrow in figure 32). It is important to stress that the decreasing rate of [(A#) inside the
bubble is smaller than the increasing rate of [(Af) for a solution fully located outside
the bubble, since j is smaller in the former case. Therefore, we find that for a given
Af, the HRT surface with j > Ry is always shorter compared to the HRT surface with
j < Ro. In this case, for a given 0 < Af < 7, the minimal geodesics are located outside
the bubble (case a).

e If eq. (B.5) has one solution in the interval 0 < j2 < j2 then it necessarily corresponds
to a minimum of Af(j) (see figure 33 for some examples). As we decrease j down to
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the minimum of A#(j), the length [(Af) behaves as in the previous case (which did
not have a local minimum). However, as we further decrease j, Af of the geodesic
exploring the bubble grows, and so does the corresponding [(A#) (red arrow in figure 33).
The growth rate in this region is smaller, as can be observed from eq. (B.2). Let us
denote by jr . the solution to Af(jr,) = m, with jr, > j,. Depending on the choice
of parameters, two situations can arise: either I[(j = 0) > [(j = jr,), such that the
external geodesic with j > j,, is always the one with minimal length for a given Af
(case a), or [(j = 0) < I(j = jr,o), so that there is a phase transition and the minimal
geodesic jumps from outside to inside the bubble (case b). When Af(j) has a local
minimum in 0 < j < Ry but A8(Ry) < 7, there is no geodesic with Af = 7 and located
completely outside the bubble (case ¢). Consequently, the phase transition necessarily
happens and the minimal geodesics eventually explore the bubble interior. This case is
shown in the bottom panels of figure 33.

e If eq. (B.5) admits two solutions ji o in the interval 0 < j2 < j2 assuming ji < j2, we
have that j; is a local maximum and j3 is a local minimum of A#(j). An example is
shown in figure 34. Compared to the case in the first bullet point (which did not have
a local maximum), when we decrease j < j; of the geodesic exploring the bubble, we
find that Af(j) also decreases, and so does [(Af) (purple arrow in figure 34). Let us
denote by jr; the solution to Af(jr ;) = 7, with ji < jr; < j2. Two situations can be
realized: either I(j = jri) > l(j = jr,0), such that external geodesics with j > j,, are
always globally minimal for any A (case a), or I(j = jx,i) < U(j = jr.o0), so that at large
enough A6 there is a phase transition and the globally minimal HRT has jr; < j < ja
(case b). When AO(Ry) < m and jr, is not defined, the phase transition necessarily
takes place (case c¢). Figure 34 displays an example of case b.

We implemented a numerical scan in the parameter space (k,\) with fixed m to find
out the location of the minimal HRT geodesic. The results are shown in figure 12 for
collapsing bubbles.

Comments on the Python’s lunch. Whenever at least two locally minimal surfaces are
anchored at the same subregion Af and the global minimal surface is not the closest to
the boundary subregion itself, a Python’s lunch occurs. Even though, from the right AdS
boundary, it is possible to reconstruct the bulk entanglement wedge [143] delimited by the
global minimal surface, this task is conjectured to be exponentially complex for the region
enclosed by the global minimal and the local minimal surfaces. In the following discussion,
we assume that the local minimal surfaces identifying a Python’s lunch lie on the bulk slice
t = 0. We distinguish among various configurations:

e In the case of figure 32, where A6f(j) is monotonically increasing in the interval
0 < j < jw, the global minimal geodesic is always characterized by a larger j. Here,
there are no Python’s lunches.

e In the cases of figure 33, where Af(j) has one minimum in 0 < j < j,, there exists
a range of Af for which at least two minimal geodesics are homologous to the same
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boundary subregion. A Python’s lunch takes place only when the deepest geodesic in
the bulk (red arrow in the figure) is the shortest. This configuration can be realized for
a range of Af including 7 (case b, upper panel of figure 33) or not including 7 (case
¢, lower panel of the figure 33). Note that the geodesic on the increasing branch of
AB(j) (blue arrow in the figure), which lies between the global minimum and the local
minimum, always has a larger length than the other two. This is a candidate for the
bulge surface of the Python’s lunch.

e The case of figure 34, where Af(j) has both a maximum (j = j;) and a minimum
(j = j2) in 0 < j < ju, is analogous to the previous one. Notice that the geodesic with
0 < j < j1 (purple arrow in the figure), when it exists, is never the global minimal. So,
it does not take part in the Python’s lunch, whenever it occurs.

C Details on the computation of bulk-cone singularities

In this appendix, we calculate the trajectories of radial almost-null geodesics that leave and
come back to the right AdS boundary of a static bubble geometry.

Step 1: starting from the AdS boundary. The radial almost-null geodesic at constant
v = 0 is pushed away from the singularity » = 0 (see, e.g., ref. [54]) before reaching the shell.
In particular, the geodesic is reflected as a curve at constant v = u; coordinate, determined by

up = —2r,(0), (C.1)

where u; stands for step 1 of the present calculation. Next, we follow this almost-null geodesic
from the singularity towards larger values of the radial coordinate, until it meets the domain
wall at r = Rgtatic and time T, 0(1) from the outside geometry. By exploiting the fact that u is
constant along the almost-null geodesic (located in the exterior geometry), we obtain

W = uy + R, where Ry = r;(Rstatic) - (C.2)

Next, we use the identity (A.11) — only valid in the case of a static bubble — to obtain the
time coordinate Ti(l) at the intersection with the domain wall on the interior side

fo (Rstatic)
fi (Rstatic) .

The choice of the + sign in (A.11) follows from the fact that the orientation of the Killing
vector needs to be the same on both sides of the domain wall, as we impose below.

Ti(l) =F1TWM where F = (C.3)

Step 2: entering the bubble. To determine the trajectory of the almost-null geodesic
after it intersects the domain wall, we require that the bulk Killing vector 9; is continuous
across the domain wall. By imposing this requirement, we find that the definition of the
null coordinates u, v in the interior geometry needs to be the same for both dS and AdS
vacuum solutions. From now on, we will work assuming that the null coordinates are oriented
according to figure 35.
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Figure 35. Orientation of the null coordinates u,v for an interior bubble geometry in the case of
empty (a) AdS or (b) dS spacetime, and for the exterior AdS black hole solution (c).

As a consequence of this reasoning, the almost-null geodesic, that was at constant u in
the exterior geometry, is instead at constant v in the interior. The value v = vy is obtained
by evaluating the null coordinate at r = Rgatic in the interior geometry. We find

vo =T 4+ RF =F(u; + RY) + R, where R =17 (Ratic), (C.4)
where we used egs. (C.2)—(C.3) in the last step. In general, this almost-null trajectory reaches
a region of the interior geometry where it is reflected as a curve at constant u = ug after
reaching r = 0, corresponding to the center in the AdS case (or to the south pole in the dS
case). In both cases, the tortoise coordinate satisfies 77(0) = 0, therefore we can express
the value of us in a unified way as

U9 = V9. (05)

This almost-null geodesic meets the domain wall at the radial coordinate r = Rgiatic with
time coordinate Ti(z) such that

7l

(2

D —uy+ RE. (C.6)
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Using the identity (A.11), we obtain the value of the time coordinate on the exterior side
of the domain wall:
G
7O = = T® (C.7)
Step 3: coming back to the AdS boundary. The time coordinate To(2) in the external
geometry allows us to identify the constant value v = v3 of the null coordinate of the geodesic
in the exterior geometry, after it crossed the domain wall:

2
vgzz@+4¢:u1+f3;+ma, (C.8)

where we used eq. (C.7) in the last step. There is one final reflection at the BH singularity.
This turns the trajectory to a curve at constant u = ug, where

ug = vg — 2r,(0). (C.9)

Using the definition of EF coordinate (2.12), together with the identities (C.1) and (C.8), we
finally obtain the boundary time tg, at which the geodesic intersects the AdS boundary again:

1
tMZWZQ(mym+m+Fm). (C.10)

Computing At = tg, — tin, we get eq. (4.15).

D Vaidya limit

In this appendix, we consider the limit where the bubble geometry becomes a Vaidya
background (see, e.g., refs. [66, 144, 145]). To achieve this setting, we need to consider
A = —1, such that the cosmological constant is the same (negative) value on both sides of
the domain wall. In this case, the mass of the collapsing bubble reads

m=my = —k*RS +2kRI71\/1+ R?. (D.1)

In the limit Kk — 0 and Ry — oo, it is possible to tune the parameters such that the solution
approaches a finite mass m = 2xR¢. This special limit corresponds to the Vaidya geometry,
which is dual to a global quench in the boundary CFT description. The dual CFT state
is pure, since it can be obtained from the ground state of a CF'T, which is later deformed
by a quench in the Hamiltonian.

We can a have a near-global-quench limit in the regimes of both configurations I and 11
of figure 4 (see also appendix E of ref. [29]). In terms of the mass myp = 2, corresponding
to the Hawking-Page [89] phase transition, we end up in configuration I when m < myp,
and in configuration II when m > mgp.

The Penrose diagram for an example involving configuration I is depicted in figures 36(a)—
36(b), while we collect in figure 36(c) the dependence of ¢, on the initial boundary time. The
functional dependence of the blue curve is similar to the case — referring to configuration
I of figure 4 — investigated in figure 14. However, we notice that the kink (separating
cases 2 and 3 in the evolution of radial almost-null geodesics) moved closer to the origin.
For an exact global quench (e.g., see sections 5.1 and 5.3 of ref. [56]), we expect that the
kink moves precisely at the origin.
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Figure 36. Penrose diagram of an AdS collapsing bubble in the limit of a near-global-quench: (a)
interior AdS geometry, (b) exterior BH background. (c¢) Plot of t5, as a function of ¢;, in the global
quench limit. The gray curve is obtained by applying the transformation (4.6) to the green, orange,
and blue ones. We fix k = 0.001,\ = —1,r, = 0.5.
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