European Journal of Mathematics (2023) 9:73
https://doi.org/10.1007/s40879-023-00666-5

RESEARCH ARTICLE

®

Check for
updates

Primitive decomposition of Bott—Chern and Dolbeault
harmonic (k, k)-forms on compact almost Kahler manifolds

Tom Holt! - Riccardo Piovani’

Received: 12 January 2023 / Revised: 2 May 2023 / Accepted: 7 July 2023 /
Published online: 8 August 2023
© The Author(s) 2023

Abstract

We consider the primitive decomposition of 3, 3, Bott—-Chern and Aeppli-harmonic
(k, k)-forms on compact almost Kihler manifolds (M, J,w). For any D €
{5, d, BC, A}, it is known that the Lk p0.0 component of ¥ € J—C’Bk is a constant
multiple of w* up to real dimension 6. In this paper we generalise this result to every
dimension. We also deduce information on the components L¥~!1 P11 and Lk=2 p22
of the primitive decomposition. Focusing on dimension 8, we give a full description
of the spaces 5{123’3 and J-Ci’z , from which follows }Cé’é - 9{3’2 and 3—(2’2 - H>% We
also provide an almost Kihler 8-dimensional example where the previous inc?usions
are strict and the primitive components of a harmonic form i € }CIBk are not D-
harmonic, showing that the primitive decomposition of (k, k)-forms in general does
not descend to harmonic forms.
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1 Introduction

A recent answer to a question of Kodaira and Spencer [3, Problem 20] shows that the
dimension of the space of Dolbeault harmonic forms depends on the choice of the
metric on a given compact almost complex manifold, see [5, 6].

The primitive decomposition of harmonic forms has proven to be useful in describ-
ing the spaces of harmonic (1, 1)-forms in dimension 4. In the case of Dolbeault
harmonic forms it has been used to show that h%‘l = dim¢ J—C%’l is either equal to b~
or b~ + 1, depending on the choice of metric, see [4, 5, 12]. Similarly, for Bott—Chern
harmonic forms, it yields hllgé = dim ¢ ﬂ{é’é = b~ + 1 for all metrics, see [4, 10]. See
[8, 11, 13] for other related results and [7, 15] for two surveys on the subject.

In this paper, we explore what the primitive decomposition can tell us about
harmonic (k, k)-forms in higher dimensions. We start by considering a compact 2n-
dimensional almost Hermitian manifold (M, J, ). The almost complex structure J
induces the bidegree decomposition on the space of complex valued k-forms

AL = @ are.

ptq=k

Additionally, the almost Hermitian structure induces the primitive decomposition on
the space of k-forms given by

Ak — @ Lr(Pkur%

r>max(k—n,0)

where L := wA, A == % 'L and P* = ker A N A® is the space of primitive s-
forms, for s < n (see e.g., [14, p.26, Théoreme 3]). These two decompositions are
compatible with each other.

In fact, for Kihler manifolds, i.e., when J is integrable and dw = 0, the prim-
itive decomposition passes to the space of d-harmonic (p, g)-forms, denoted by
9{5"1(M, J) :=ker Ag N AP, namely

= @ v ) 0
r>max (p+q—n,0)

where PP4 .= Pg' N AP,

On Kihler manifolds, we also know that H/*? = HP? for all D € {3, 3, BC, A}
(see Sect. 2 for the definitions of these spaces), therefore we have

e N <> I A (Vo s ) ©))
r>2max (p—+q—n,0)

We remark that (1) and (2) have a cohomological meaning in the Kéhler setting.
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In [2, Corollary 5.4], Cirici and Wilson prove that (1) continues to hold true for
almost Kédhler manifolds, however it does not directly follow that (2) must also be true.
Cattaneo, Tardini and Tomassini prove in [1, Theorem 3.4 and Corollary 3.5] that:

Theorem 1.1 Let (M, J, ) be a compact 2n-dimensional almost Kdihler manifold,
then the following decompositions hold:

3! =Coo (3 NP,
3y =Coo (3" NP,
j_cgf],nfl — Cwn—l@Ln—Z(Hé,l ﬂPl’l),
—l,n—1 _ -1 -2 1,1 1,1
3" =Ca" e L (3 NP,

This means that, on almost Kdhler manifolds, HP 9 and f]-Cg 4 both have primitive
decompositions when (p,q) = (1, 1) and, applying the Hodge * operator to the
(1, 1)-decompositions, when (p, g) = (n — 1,n — 1).

In [9, Theorems 3.2 and 3.3], Tardini and the second author prove the following
results:

Theorem 1.2 Let (M, J, ) be a compact 2n-dimensional almost Kdhler manifold,
then the following decompositions hold:

Hye = Cod (Hye NP,

Hy' = Coo(Hy' NP,
Hgal,n—l — Ca)nfleaLan(:HlA,l N Pl,l)7
j{z—l,n—l — (Cwn—leaLn—Z(j{]lg,Cl N Pl’l).

We therefore see that, in the almost Kéhler setting, Hp? and 35’ both have primitive
decompositions when (p,q) = (1,1) or (n — 1,n — 1).

These two results are sufficient to prove that either (2) or its dual through the
Hodge * operator hold for any space of D-harmonic (k, k)-forms on any compact
almost Kdhler manifold with dimension up to 6. This raises the following question,
which we shall answer in this paper: does (2) (or its * dual) hold for (k, k)-forms in
general for compact almost Kéhler manifolds with dimension 8 or greater? We note
that (2) has been shown to fail for dimension 6 in bidegree (2, 1) in [1, Proposition
5.11 for D € {9, 8} and in [9, Proposition 5.1] for D € {BC, A}.

We also remark that the almost Kéhler assumption is necessary for this kind of
primitive harmonic decomposition. To see that this is the case in dimension 4 we refer
the reader to [10, 12].

The structure of this paper is as follows. In Sect. 2 we give a brief overview of some
of the basic results which will be used throughout the paper. In Sect. 3 we show that
Theorem 1.2 may be partially extended to (k, k)-forms, proving the following concise
decomposition.
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Theorem 3.8 Let (M, J, w) be a compact almost Kiihler manifold of real dimension
2n. For any k € N we have

U—Cﬁ’é‘ =Co*o (J{E’éﬂ ker L"_k)
and
f}CIXk =Coro (J—Cg’kﬂ ker L”*k).

See Theorem 3.7 for a more detailed description. As an application of the previous
results, we consider the 8-dimensional case, yielding the following decompositions.

Theorem 3.10 Let (M, J, w) be a compact almost Kdhler manifold of real dimension
8. We have

Hpe = Co’@lora+Blaec Pl g e PP2 wnda+ 038 =da =03 =0},
and
HP=Co’@|ora+Blac Pl ge P onda — 38 =da=03p =0).

This follows from almost Kihler identities of [2] and by L? integration by parts.
In Sect. 4 we show that Theorem 1.1 may also be partially extended to (k, k)-forms.

Theorem 4.3 Let (M, J, ®) be a compact almost Kdhler manifold of real dimension
2n. For any k € N we have

Kok & K.k —k
3" = Cw EB(J-% Nker L")
and
J{S’k = Cofo (ng’kﬂ ker L”*k).

See Theorem 4.1 for a more detailed description. Looking at the special case of this
result in dimension 8, namely Corollary 4.5, along with Theorem 3.10, we directly
deduce the following

Corollary 4.6 Let (M, J, ) be a compact almost Kiihler manifold of real dimension
8. We have

2,2 2,2 2,2 2,2
He CIG2 3 S’

Finally in Sect. 5, we consider a non left invariant almost Kihler structure on the
8-dimensional torus T® = Z8\R3. We use this example to show that there exists a
(2, 2)-form contained in 9{5’2 but not in 9{]23’3 , and likewise there exists a (2, 2)-form

in g{%z but not in szA’z. We also show that there exists a form ¢ = w Ao+ 8 € 9{]23’3
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whose components with respect to the primitive decomposition, « € P11, g € P%2,
are not themselves Bott—Chern harmonic. From this we can conclude that the primitive
decomposition does not in general apply to D-harmonic (2, 2)-forms in dimension 8,

for D € {BC, A, 0, 0}.

Corollary 5.2 There exists a compact almost Kihler manifold (M, J, ®) of real dimen-
sion 8 such that

0427967, 9% 29
and

H5* ¢ C?a L(PH NHG ) @ (PPENTHER),
where D € {BC, A, 9, d}.

We also consider another 8-dimensional compact nilmanifold, focusing on the sub-
space of left invariant harmonic forms in J—C%Z. We show that these spaces satisfy (2)
forall D € {5, d, BC, A}. Furthermore, we show that in this example these spaces are
in fact all equal and have dimension 16.

2 Preliminaries

Throughout this paper, we will only consider connected manifolds without boundary.
Let (M, J) be an almost complex manifold of dimension 2#, i.e., a 2n-differentiable
manifold endowed with an almost complex structure J, that is J € End(7T M) and
J? = —id. The complexified tangent bundle Tc M = T M ® C decomposes into the
two eigenspaces of J associated to the eigenvalues i, —i, which we denote respectively
by 7'9M and 7% M, giving us

TeM =T 'Ma1%' M.

Denoting by A10M and A%! M the dual vector bundles of 71-°M and 79! M, respec-
tively, we set
APIM = NP A MANT A M

to be the vector bundle of (p, ¢)-forms, and let A”*Y = I'(M, AP M) be the space
of smooth sections of A7-4 M. We denote by A¥ = I'(M, A¥ M) the space of k-forms.
Note that A*M @ C = Dpsrgi AIM.

Let f € C*°(M, C) be a smooth function on M with complex values. Its differential
df is contained in Al@C = AYg A%! On complex 1-forms, the exterior derivative
acts as

d: A'@C — A2QC = A20p Al g A2,
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Therefore, it turns out that the derivative operates on (p, g)-forms as
d: AP9 —s APF2A=1 gy APTLa g AP-a+] gy AP—1.4+2,
where we denote the four components of d by
d=p+03+09+7m.
From the relation d* = 0, we derive

u? =0,

ud+ou =0,

8% 4+ ud +op =0,

39 + 99 + um + mp = 0,
9%+ + dx =0,
o+ o =0,

? =0.

We also define the operator d€ := J~'d J.Itis a straightforward computation to show
that

d°=i(p—9+9—n).

If the almost complex structure J is induced from a complex manifold structure on
M, then J is called integrable. Recall that J is integrable if and only if the exterior
derivative decomposes into d = 9 + 9.

A Riemannian metric g on M which is preserved by J,i.e. g(J -, J-) = g(-, -), 18
called almost Hermitian. Let g be an almost Hermitian metric, the 2-form w such that

wu,v) =g(Ju,v) forall u,vel'(TM)

is called the fundamental form of g. We will call (M, J, w) an almost Hermitian
manifold. We denote by & the Hermitian extension of g on the complexified tangent
bundle Tc M, and by the same symbol g the C-bilinear symmetric extension of g on
TcM. Also denote by the same symbol w the C-bilinear extension of the fundamental
form w of g on Tc M. Thanks to the elementary properties of the two extensions &
and g, we may want to consider 4 as a Hermitian operator 7'M x 7'M — C and
g as a C-bilinear operator 7'M x 7'M — C. Note that A (u, v) = g(u, v) for all
u,v e T(TOM).

Let (M, J, w) be an almost Hermitian manifold of real dimension 2n. Denote the
extension of / to (p, g)-forms by the Hermitian inner product (-, -). Let x: A?9 —
A"~9"~P be the C-linear extension of the standard Hodge * operator on Riemannian
manifolds with respect to the volume form Vol = ‘Z—?, i.e., * is defined by the relation

anxB = (a, B) Vol forall a, e AP,
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Integrating the pointwise Hermitian inner product on the manifold, we get the standard
L? product here denoted by

(o, BY =/ (a, B) Vol forall «, p e AP,
M

which is surely well defined if M is compact. Then the operators

*

d* = —sd¥, p*=—sxm*, 0 =—%0% 0 =—%0% I =—%ux,
are the L2 formal adjoint operators respectively of d, i, d, 9, . Recall that
Ag =dd* +d'd
is the Hodge Laplacian, and, as in the integrable case, set
Ay =030*+9%0, Ay=030"+3"0,
respectively as the  and 9 Laplacians. Again, as in the integrable case, set
Apc = 000"0* + 9%9%00 + 0%00™9 + 9*90*0 + 90 + 979,

and
ApA = 300%0% +0%0%00 + 90%30* + 00709 + 99* + 90™,

respectively as the Bott—Chern and the Aeppli Laplacians. Note that
*ABC = AA*, ABC*Z*AA. (3)

If M is compact, then we easily deduce the following relations:

Ag =0 — 0, d«=0,

Ay =0 — =0, _*—O,

Az=0 & 3=0, dx=0, )
Apc=0 <= 39=0,0=0, 900%x=0,

Ap = — 3x=0, dx=0, 30 =0,

which characterize the spaces of harmonic forms
k p.q P-q p.q P.q
Hy Hy™, 9—[5 , Hpe, Hy',
defined as the spaces of forms which are in the kernel of the associated Laplacians. All
these Laplacians are elliptic operators on the almost Hermitian manifold (M, J, )

(cf. [3, 10]), implying that all the spaces of harmonic forms are finite dimensional
when the manifold is compact.
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Now we introduce some notation and recall some well-known facts about primitive
forms. We denote by

L: A*M — A*2M, o — ora
the Lefschetz operator and by
A ANM = A 2M, A=x""Lx

its adjoint. A differential k-form o on M, for k < n, is said to be primitive if Aoa = 0,
or equivalently if

L' g = 0.

Then we have the following vector bundle decomposition (see e.g., [14, p.26,
Théoréme 3]):

AkM — @ Lr(Pk_er),

r>max (k—n,0)
where we use
P'M =ker(A: A°M — A*2M)

to denote the bundle of primitive s-forms. For any given 8 € P*M, we have the
following formula (cf. [14, p.23, Théoréme 2]) involving the Hodge * operator and
the Lefschetz operator:

Lp=(nS? ™ ik 5
* L' = (-1 ki B. (5)

We recall that the map L": AKM — A**?'M is injective for h + k < n and is
surjective for h + k > n.

Furthermore, the decomposition above is compatible with the bidegree decompo-
sition on the bundle of complex k-forms Aé‘:M induced by J, that is

k s
PEM = @ PPIM,
ptq=k

where

PPIM = PEM N AP M.
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In fact, we have

APIM = @ L (PP~"47" M),
r=max (p+q—n.0)

Finally, let us set P* :=T"(M, P*M) and PP9 :=T'(M, PP1M).

3 Primitive decomposition of Bott-Chern harmonic (k, k)-forms

In order to prove our main result, we will need the following lemmas. The next one
is well known, see for instance [9, Theorem 3.2] or [10, Theorem 4.3]. We include an
outline of the proof here for the convenience of the reader.

Lemma 3.1 Let (M, J, w) be a compact almost Kdhler manifold of real dimension
2n. Let f € C®°(M, C) be a smooth complex valued function. If
" 'AJIf =0,

then f € C is a complex constant.

Proof Let Vy, ..., V, be alocal frame gf T1OM, with ¢1, ..., @" the dual coframe of
A'OM, chosen such that w = i Zj #7/7. We can then write

90 f = a(z V,-ffbf) = > ViVifel + > Vifoe.
Jj=1 j=1

ij=1

The wedge product of "~ ! with qﬁ’j is zero unless i = j, therefore

n
" 'ABDf = —i(n = D!Y ] V;V;f Vol +R(f) Vol

where R is a differential operator involving at most first order derivatives. Setting this
to zero tells us that f is in the kernel of a strongly elliptic differential operator. In
conjunction with the compactness of M, this implies that f must be constant by the
maximum principle. O

We will divide the proof of our main result Theorem 3.7 into the following lemmas.
In the first one we study the second order differential conditions in the characterisation
(4) of Bott—Chern and Aeppli harmonic forms.

Lemma3.2 Let (M, J, w) be a compact almost Kdhler manifold of real dimension
2n. For any k € N such that 2k < n, write any (k, k)-form ¢ as
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where every (m, m)-form o™ is primitive. If r satisfies both
99y =0 and d9xy =0,

0,0

then a”” € C is a complex constant. Moreover,

" 3N =0,
i.e., 0ol is primitive, and

"t A 0> = 0.
Proof Fix 2k < n. Every form o™ is primitive, i.e.,

a)n—2m+1 Aa™™ = 0. (6)

By (5), we have the formula

k —
* Y = Z( l)m ( — m)’n)’ a)nfkfm/\am,m.

Now, assume that 851& =00 Y = 0. Since dw = 0, it follows

k
0=09y = Y " AdI™", @)
m=0
‘ (k —m)!
0=00%y = ) — R A 39 8
Y E)( k= @A 00 ®)

We want to compare (7) and (8). Note that
k—m<n—k—-m < 2k<n,

therefore we can compute the wedge product between (7) and w to the power n — k —
m — (k — m) = n — 2k and obtain

0=0""*n00y =Y " AT, 9)
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If we take the wedge product of o1 with both equations (8) and (9), we find

k
k=1 o _ m (k _m)‘ n—m—1 o, m,m
0=0""A00xy =) (-1 et A d0a
m=0
k! - k—1)! _
K rtaggero - KD o ot
(n —k)! (n—k—1)!

by (6), sincen —2m + 1 <n—m — 1 iff m > 2. In the same way,

k
0=0o"TAh" *Ad0y = Z """ A 90
m=0
=" 'A 902" + "2 A 30!
by (6). Now, thanks to the last two equations, we easily deduce
" 'A30a%0 =0
and
" 2A 000! = 0.

In particular, this yields that «*° € C is a complex constant by Lemma 3.1.
If we take the wedge product of »*=2 with both equations (8) and (9), we find

(k — m)!
n—k—mn?

o KDY s et KD
n—k—1)! n—k—2)!

n—m—ZA 85am,m

k
0=J4A@gw:§:unm
m=1

Cun—4 A 850{2’2

by (6). In the same way,

by (6). Now, thanks to the last two equations, we easily deduce

"3 A00a =0
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and
@A 30?2 =0,
which is the claim. O

Remark 3.3 If we take the wedge product of o* ! for 3 <1 < k — 1, with both
equations (8) and (9), we find similar sums, but this time we have three or more
addends. This does not imply, in general, that every addend is equal to 0.

In the next lemma we study the first order differential conditions in the characteri-
sation (4) of Bott—Chern harmonic forms.

Lemma3.4 Let (M, J, w) be a compact almost Kihler manifold of real dimension
2n. For any k € N such that 2k < n, write any (k, k)-form ¥ as

k
_ k—m m,m
Vo= E w Ao ,
m=0

where every (m, m)-form o™ is primitive. Assume that «®° € C is a complex con-
stant. If 3y = 0, then da™-! is primitive, i.e.,

" 2A 0 = 0.
Ifglﬂ‘ =0, then dal! is primitive, i.e.,
"2 A3 = 0.

Proof Fix 2k < n. Assume that 3y = 0 and «*% e C. Since dw = 0, it follows
0=0y =) o " Ada™". (10)
If we take the wedge product of " *~! and (10), we find
k
0= a)n—k—l/\aw — Za)n—m—l/\aam,m — wn—2/\8al,l’
m=1

by (6).
Assume now that 9y = 0 and 90 ¢ C. Since dw = 0, it follows

k
0=0y =) o Ada™". (11)
m=1
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If we take the wedge product of "~ *~1 and (11), we find

by (6), and this ends the proof. O

Remark 3.5 If we take the wedge product of "% for2 <1 < n—k—1, with
both equations (10) and (11), we find similar sums, but this time we have two or more
addends. This does not imply, in general, that every addend is equal to 0.

Finally, in the following lemma we study the first order differential conditions in
the characterisation (4) of Aeppli harmonic forms.

Lemma 3.6 Let (M, J, w) be a compact almost Kdihler manifold of real dimension
2n. For any k € N such that 2k < n, write any (k, k)-form r as

k
wzz k— m/\O[mm7
m=0

where every (m, m)-form o™ is primitive. Assume that «*° € C is a complex con-

stant. If 3% = 0, then da™' is primitive, i.e.,
0" 2Adal = 0.
Ifg* Y =0, then dallis primitive, i.e.,
n—2

" 2A9a = 0.

Proof Fix 2k < n. By (5), we have the formula

*w Z( l)m (k —m)! wn—k—m/\am,m.

m=0 —k- m)‘

Assume that 3« = 0 and «*° e C. Since dw = 0, it follows

k

m (k—m)!

n—k—m

Ada™ ", (12)

m=1
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If we take the wedge product of »*~! and (12), we find

k
k —m)!
O:a)kil/\a*df — Z (_l)m% nfmfl/\aam,m
n—K—m):
m=1
k—1)!
= -+ ( . )1)'0)"_2/\80(1,1’
n—K— :

by (6), and this is equivalent to the first claim.
Now, assume that d x ¢y = 0 and @90 ¢ C. Since dw = 0, it follows

k

k—)'w"—k—m@a’"”". (13)
n — —m).

m=1
If we take the wedge product of @*~! and (13), we find

k

_ k=1 ,7 _ m (k —m)! n—m—1 , o . m,m
k—1)! -
- -+ ( . )1)'50”*2/\80:1’1,
n — — .
by (6), and this is equivalent to the second claim. O

We can now prove the following properties of Bott—Chern and Aeppli harmonic
(k, k)-forms on a compact almost Kihler manifold.

Theorem 3.7 Let (M, J, w) be a compact almost Kiihler manifold of real dimension
2n. For any k € N, write any (k, k)-form ¥ as

min(k,n—k)
w — Z wk—m/\am,m’
m=0
where every (m, m)-form o™ is primitive. If r is Bott—Chern or Aeppli harmonic,
then a%%¢e Cisa complex constant, 80{1’], 8051’1, 9dal! are primitive, i.e.,
" 2A0al = 0" 2 A G = 0" A0 = 0,
and

" A 30a?? = 0.

Proof Let us begin with the case 2k < n. Note that if ¢ is Bott—-Chern or Aeppli
harmonic, then i satisfies both

99y =0 and 99xy =0,
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and thus we can apply Lemma 3.2. Finally, if i is Bott—-Chern harmonic, we can
apply Lemma 3.4. Conversely, if ¥ is Aeppli harmonic, we can apply Lemma 3.6.
This concludes the proof of the case 2k < n.

Conversely, assume now that 2k > n. By (5), we have the formula

nk (k —m)!
- _pym " k= .
*w_Z( 1)m(n_k_m)!a)n LN
m=0
Setl :=n — k and

k —m)!
(n—k—m)!a

m,m

ﬂm,m — (_1)m

We note that 2/ < n and the primitive decomposition of x v € Al is

1
*w — Zwl—m/\ﬂm,m
m=0

By (3), we know that i is Bott—Chern harmonic iff *yr is Aeppli harmonic, and
is Aeppli harmonic iff *y is Bott—Chern harmonic. Therefore by the first part of the
theorem applied to %y we conclude that %0 e C, 98"1, 381, 998" are primitive
and

" A8 = 0.

It is an observation that the same holds respectively for «®C a''!, @*2, ending the

proof. O

Since the coefficient of w* is constant in the primitive decomposition of any Bott—
Chern or Aeppli harmonic (k, k)-form, we can state the following characterisations of
the spaces of Bott—Chern and Aeppli harmonic (k, k)-forms.

Theorem 3.8 Let (M, J, w) be a compact almost Kiihler manifold of real dimension
2n. For any k € N we have

U—Cg’g =Co*o (%g’éﬂ ker L"_k)
and
fH]Xk = Cofo (J{];’\’kﬂ ker L"_k).

Proof Letus consider the primitive decomposition of a Bott—Chern or Aeppli harmonic
(k, k)-form , i.e.,

min(k,n—k)

w — Z a)k—m/\am,m
m=0
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Thanks to Theorem 3.7, we know that the coefficient of ¥, denoted by %0 is a
complex constant. Since "It A g — () therefore

n—k

W /\wk—m mm __ n—m

Ao w Aa =0

for any m > 1. This proves the two inclusions €. The other two inclusions 2 are
trivial. o

Remark 3.9 When we consider the case of Theorem 3.8 when k = 1, we recover the
results of Tardini and the second author, [9, Theorems 3.2 and 3.3]. Namely, we have
a complete decomposition into primitive harmonic forms

Ie = Cod (Hyen PH),
3 =Coo (3 NP

Corollary 5.2 will show that a complete decomposition into primitive harmonic forms
does not hold in higher bidegrees (k, k) with k > 2.

The previous theorems can be further specialized in real dimension 8 for bidegree
(2,2). Using almost Kihler identities of [2] and considering the L? inner product
of forms, we are able to prove the following decompositions which are somewhat
surprising in their lack of symmetry between d and 9. This is mainly due to the fact
that 3 and 9 do not anticommute in the non integrable case.

Theorem 3.10 Let (M, J, w) be a compact almost Kihler manifold of real dimension
8. We have

}Cé’é = (Ccozea{a)/\a—i—ﬁ la e P B e P?? wnda+0f =0da =3f = 0},
and
HP=Co’®{wra+plac Pl e PP wnda —df =da =3p =0).

Proof Let us prove the Bott—Chern case. The Aeppli case is proved by a similar
argument. By Theorem 3.8, we know

9{}23’(2: =Co?® (ﬂ{%’éﬂ ker LZ),
therefore we want to prove that
Hge Nker L2 = {wAa + Bla € P, B e P22 wnda + 3B = onda = 9p = 0).

The inclusion D is straightforward. Let us then take a form ¢ € J—Clzs’cz N ker L. Its
primitive decomposition is

Y =wAa+ B,
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witha € P11 and B € P%2. Since ¥ is Bott—Chern harmonic, we know 8y = 9y =
0, that is

wAdx + 3B =wAda+ 3 = 0.
Moreover, by Theorem 3.7, we have
998 = 0.

Let us compute the pointwise inner product between w /\_50[ and 3. By the almost
Kéhler identities of [2, Proposition 3.1], in particular [A, 3] = —id* we have

(Lo, 0B) = (da, ADB) = — i (dax, 3*B) = i (dex, %0 B).

Now we integrate this pointwise inner product on the manifold to get the usual L?
product between forms, obtaining

(Lda, 9B) = i (0cr, x0B)) = i (o, 3*%dBY) = i (o, *x3B)) = 0.

Since Lda = —dp and they are L_2 orthogonal, they must both be equal to zero. Now,
by the Lefschetz isomorphism, Lda = 0 if and only if doe = 0. This ends the proof. O

Example 5.1 will show that these two characterisations of the spaces 3{123‘(2: and J{i’z
in general cannot be further improved requiring that do = 9 = da = 3 = 0.

4 Primitive decomposition of Dolbeault harmonic (k, k)-forms

The next theorem yields similar conclusions for the Dolbeault case to the ones in the
Bott—Chern and Aeppli case.

Theorem 4.1 Let (M, J, w) be a compact almost Kiihler manifold of real dimension
2n. Let v denote a (k, k)-form, for some k € N. We can write

min(k,n—k)

w — Z a)kfm/\am,m,
m=0

with ™™ € P™™_If  is Dolbeault harmonic then a%° € C is a complex constant
and 80{1’1, dal! are primitive.

Proof We start by considering the case when 2k < n, using a similar argument to the
one used in [1, Theorem 3.4].

Note that v is Dolbeault harmonic if and only it satisfies 3y = 0 and 9%y = 0.
Since w is almost Kéhler, when we write these conditions out using the primitive
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decomposition of i we get

k
0=0dy = Z oA Ja™™, (14)
m=0
- (k = m)!
0= a*w = Z (_1)!’}1 m C()nikim/\ 30tm’m. (15)
m=0 ’

Then, by taking the wedge product of " ~*~! with equation (14) we find that
Zw”_m_l/\gam’m =" 'A% + "2 AGa ! = 0, (16)

since " 2" A@™™ = 0 for all m € N. Similarly, by taking the wedge product of
"1 with equation (15) we find

Z (_ )m (k m)' wn—m—l/\ 9™

— k! wn—l 0,0 _ (k — ! C011—2/\8051,1 —0.
(n —k)! n—k—1)!
s . (n—k—1)!
Multiplying this by -1 We have

k
n—=k

IA 02?0 — "2 A B = 0. (17)

We can then sum the equations (16) and (17), to get

_ k _
w"—1A< p )a°’°+w"—2A(a—a)a1’1 =0. (18)
n—
Now, by making use of the operator
d°=i(p—090+09—n)

and the fact that © = w = 0 when acting on an (n — 1, n — 1)-form, we can rewrite
equation (18) as

.k
a)nl/\(a-l- k&)ao’ozidc(w"z/\a]’]).
n_
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Applying —id® the right-hand side vanishes and we are left with
n—1 T_ (7 k 0,0 k " A 55000
w /\(M—B—G—a—u) a+—ka o = —k+1 Adda " = 0.
n—

In particular, we have "' A99a%? = 0, which implies that «%° is constant by
Lemma 3.1. Now, looking at (18), we deduce that da"! and da!! are primitive.

The result in the case when 2k > n follows simply from the first case by Serre
duality. Namely, we have

J_Cg,k — *j_cg—k,n—k.

Therefore, any element of f}{g’k with 2k > n can be written as

T = Z( e T

for some ¥ € J—Cg_k’"_k, and since 2(n — k) < n we conclude that «*0 is constant
and da™>! and 9! are primitive. O

Remark 4.2 Note that the same statement of Theorem 4.1 also holds for A y-harmonic
(k, k)-forms. The proof of this is equivalent to the one above up to conjugation.

The above result allows the primitive decomposition of (k, k)-forms to descend
partially to Dolbeault harmonic (k, k)-forms in the following way, using the same
proof as for Theorem 3.8.

Theorem 4.3 Let (M, J, w) be a compact almost Kiihler manifold of real dimension
2n. For any k € N we have

kk 3 k.k n—k
5—(5 =Cow @(9{5 Nker L" )
and
f}Cg’k = Cof® (J—Cg’kﬂ ker L”*k).
Remark 4.4 When we consider the case of Theorem 4.3 with k = 1, we recover

the results of Cattaneo, Tardini and Tomassini, [1, Theorem 3.4 and Corollary 3.5].
Namely, we have a complete decomposition into primitive harmonic forms

1,1 _ 1,1 1,1
¥y =Co®(3; NP,
Hy' =Coe (3 NP

Corollary 5.2 will show that a complete decomposition into primitive harmonic forms
does not hold in higher bidegrees (k, k) with k > 2.
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If we now restrict to real dimension 8, we obtain the following.

Corollary 4.5 Let (M, J, w) be a compact almost Kéihler manifold of real dimension
8. We have

3‘%2_@0)269{60/\014—/3“1 IS P],l,ﬁ e Pz,z,a)/\ga +§ﬂ :a)/\aa — aﬂ :O}’
and
:}C§>2= (Ca)2EB{a)/\a—|-ﬂ|a = P],1713 c P2,27a)/\30l+8,8 :a)/\ga _gﬂ :O}

Proof The result follows immediately from Theorem 4.3, from the characterisation
(4) of Dolbeault and d-harmonic forms and from formula (5). O

From Theorem 3.10 and Corollary 4.5, we deduce the following inclusions of the
spaces of harmonic forms in dimension 8.

Corollary 4.6 Let (M, J, ) be a compact almost Kihler manifold of real dimension
8. We have

2,2 2,2 2,2 2,2
Hye CIHG7, HZ I,

5 Examples

In this section we present two 8-dimensional examples of nilmanifolds and study their
harmonic (2, 2)-forms.

Example 5.1 We consider a similar construction to the one in [1, Example 4.9]. Let

T = Zg\R8 be the 8-dimensional torus with real coordinates (x 7, yl, x2 y2, x3 y3, x4

y*) on R8. Let g = g(x* y*) be a non-constant function on T®. We define an almost
complex structure J by setting

o' = efdx! + ie_gdyl,
$> = dx? +idy?,
¢ =dx> +idy?,
ot = dx* +idy*
to be a global coframe of (1, 0)-forms. Denote by Vi, V,, V3, V4 the global frame of

vector fields dual to ¢1, ¢2, ¢>3, ¢4. Then, the structure equations are

de' = V() ¢* — Vi(g) 9™,

d¢* =0,
d¢® =0,
d¢* = 0.
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We endow (T® J) with the almost Kiihler metric given by the fundamental form

We consider the volume form

' 11223344 12341234
=¢ =¢ .

41

We want to show that the inclusion 5{123’(% C }Cg’z of Corollary 4.6 is strict. Let us

consider the form ¢'223. We compute

8¢12ﬁ =0’
5¢1223 — V4(g)¢41223 7& 0.

Therefore, ¢12§ € }Cg’z \ }Cé’g , proving our claim. We note that the same holds for

the form ¢'323. By duality (see (4)), also note that x{ € 9—(%‘2 \ U-Ci’z.

We also want to show that in general the primitive decomposition of (2, 2)-forms
does not descend to the spaces of Bott—Chern, Aeppli, Dolbeault and d-harmonic
forms. Namely, we want to find a (2, 2)-form

Y =wAa+ B,

where o € Pl_’] and B € P%2, such that  and B are not Bott—Chern and 9-harmonic.
Considering v, the same can then be shown for the cases of Aeppli and Dolbeault.

Let us consider the form ¥ = 2¢2T4Z. Its primitive decomposition is

where
¢2T4Z _ ¢2T3§ c p22
Set g = ¢2T4Z — ¢2T3§ and o = —i(])ﬂ. Then we have
da =0,
ap =0

wAdx + dp =0,
da = —iVi(g) 9> #0,
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0B = — Va(g) >3 £ 0,

therefore Y € Hpz N 332, while o ¢ Hyl UFH, " and B ¢ Hpd U 32 Note that
this also shows that the two results of Theorem 3.10 cannot be strengthened by asking
that wAda = 98 = 0, instead of o Ada + 98 =0 or w Ada — 38 = 0.

Summing up the results from the above example, we state the following corollary.

Corollary 5.2 There exists a compact almost Kihler manifold (M, J, o) of real dimen-
sion 8 such that

52 967, 363 30
and
H;* ¢ Co?®L(PM N3G ) @ (P2 N3G,

where D € {BC, A, 9, d}.

We remark that the almost Kéhler structure of Example 5.1 is not left invariant
with respect to the usual Lie group structure of the torus. In fact, we do not have any
example of an 8-dimensional manifold with a left invariant almost Kihler structure
which satisfies the conditions of Corollary 5.2. Below we present one such example
of a manifold (described in [1, Example 4.3]), with a left invariant almost Kihler
structure. We show that in this example all left invariant harmonic forms i € J—C%z

have a primitive decomposition such that each component is also contained in 5—(%2,
where D € {BC, A, 9, 0}.

Example 5.3 We start by defining

10x1 74
01x2 20
001 y
0000

H(1,2) = X1,Xx2,y,21,22 € R

Then, if we let I' C H(2, 1) be the subgroup of elements with integer valued entries,
we can define the compact 8-manifold X := I'\H(2, 1) x T3. A left invariant coframe
on X can be given by

el = dxo, e = dxy, el = dy, et = du,

e = dzi — x1dy, b = dzo — xody, el = dv, e = dw,

where u, v, w parametrise T3, From this coframe, we derive the structure equations

de' = de? =de® =de* =de’ =de® =0,

de’ = — 623, de® = —e'2.

@ Springer



Primitive decomposition of Bott—-Chern and Dolbeault harmonic... Page230of25 73

An almost Hermitian structure is then defined so that

pl=el +ie’, ¢* =e*+ied,

¢3=e3+ie7, ¢4=e4+ie8
are orthonormal (1, 0)-forms, with structure equations given by

i

dqbl _ _Z(¢23+¢2§_¢3§+¢§)’

2 bz, 3 3T, T3
d¢” = 4(45 +¢° —¢> +07),
d¢> = do* = 0.

The fundamental form corresponding to this almost Hermitian structure is

This fundamental form is d-closed and so the structure we have defined is almost
Kihler.

It is then a trivial (although com%)utationally tedious) task to compute the space of
left invariant forms contained in 9{5’2. This space is spanned by the following sixteen
(2, 2)-forms:

+ ¢13E
1324 + ¢23ﬁ’

1212 1213 1234 | (1324 1223 | ;2312
, +¢ 7, o+,

¢ ¢ ¢
PB4 BB $138 4 273 $13T 4 27
P14 pUT3 y142d y Ta P14 4 273 P11 4 2428
U M2 ¢

1434 | 43414 2434 | 3424 3434
+o, + ¢, ¢

Furthermore, when we compute the spaces of left invariant forms contained in %3’2,
9{]23’3 and 3{2A’2, we find that these spaces are all equal to the space of left invariant
forms in 3{%2. We claim that this implies that the primitive decomposition descends

to harmonic (2, 2)-forms in all of these spaces, i.e., if € 9{%2 is left invariant then
¥ e Co’@L(P nHE @ (P2 N33,
forany D € {9, 9, BC, A).
To see why this is the case, consider the (2, 2)-form i € A%2(X) with primitive

decomposition ¥ = cw? + aAw + B, where c € C, € P, B € P>2 Let  be
contained in both 5}63’2 and ﬂ-C%’Z. From ¢ € ﬂ-C%’Z we obtain

50(/\w+5,8 =0,
daAw—adB =0,
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and from ¢ € fH%’Z we obtain

501/\50—5,3 =0,
daxAw+dB = 0.

Combining these results, we see that
daAw=0daAw=03B =3B =0.
This is sufficient to imply that w A, B € 5}6%2 or in other words
2 1.1 1,1 2,2 2,2
v eCo’dL(PH' NH, )@ (PP NHE)

forall D € {9, 3, BC, A}.
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