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dynamics. After demonstrating that weird quasiperiodic dynamics emerge as a surprisingly natural phenome-
non in such systems, an observation relevant to many applied disciplines, we discuss how they may arise in
economic contexts, using two economic models as examples. In doing so, we uncover novel sources of endog-
enous fluctuations in dynamic (economic) systems.

1. Introduction

Consider a linear dynamical system in discrete time of dimension two
or higher. In general, such a system possesses a unique fixed point,
which may be either stable or unstable. In the former case, a regulator
may apply a linear feedback rule, targeting, for instance, the change in a
state variable or its deviation from the fixed-point value, to accelerate
convergence to the fixed point. In the latter case, a regulator may use
such a feedback rule to ensure that the system converges to its fixed
point. In what follows, we are interested in feedback rules that preserve
the system’s fixed point.

A notable study in this area is Baumol (1961), who discusses the
effects of two linear countercyclical fiscal policy rules within the
framework of Samuelson’s (1939) multiplier-accelerator model: one
that offsets trends in income, and another that adjusts income towards
its fixed-point level. Under the first rule, government spending increases
above its normal level when income has declined, and decreases below

its normal level when income has risen. Under the second rule, gov-
ernment spending is adjusted to offset deviations between current in-
come and its fixed-point level. Neither policy alters the underlying fixed
point—government spending is equal to its normal level when income
has reached its fixed-point level.

The application of linear feedback rules requires the regulator to
intervene continuously in the system’s out-of-equilibrium behavior, a
level of fine-tuning that may be infeasible or prohibitively costly. As an
alternative, a regulator may apply a linear feedback rule only when a
certain condition is met. This condition may, for example, refer to a
change in a state variable or its deviation from the fixed-point value. The
key objective of this paper is to demonstrate that the use of such
piecewise linear feedback rules in otherwise linear discrete dynamical
systems of dimension two or higher can create weird quasiperiodic dy-
namics. This newly identified type of behavior, first encountered in
Gardini et al. (2025a), blends characteristics of quasiperiodic and
chaotic dynamics. Weird quasiperiodic dynamics may be regarded as
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beneficial when they replace divergent trajectories, but they can also be
detrimental if they hinder convergence to the fixed point. As a
byproduct, we identify novel mechanisms capable of generating
endogenous fluctuations in dynamic (economic) systems.

While our findings apply broadly across disciplines, we illustrate
them using two widely studied economic frameworks. First, we examine
how piecewise linear feedback rules influence the dynamics of a finan-
cial market model with chartists and fundamentalists. This powerful
class of models is surveyed by Dieci and He (2018). Second, we show
that these rules can generate endogenous business cycle dynamics in
Samuelson’s (1939) multiplier-accelerator model. See Bischi (2025) for
a recent appraisal of Samuelson’s contribution. The emergence of weird
quasiperiodic attractors in these settings also offers new insights into the
nature of financial market turbulence and fluctuations in economic
activity.

The dynamics of the regulated system are governed by two different
linear maps, each applying to a specific partition of the state space, yet
both sharing the same fixed point. Gardini et al. (2025b, 2025c) show
that weird quasiperiodic attractors are the only generic type of attractor
capable of producing endogenous dynamics in such systems. Techni-
cally, a weird quasiperiodic attractor is a closed, invariant, and
attracting set on which all the trajectories are dense, possibly exhibiting
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a complex—indeed, weird—structure. Since it contains no periodic
points, a weird quasiperiodic attractor is neither an attracting cycle nor a
chaotic attractor; rather, it represents the closure of quasiperiodic tra-
jectories. Although weird quasiperiodic attractors display sensitivity to
initial conditions, their largest Lyapunov exponent may be zero. This
occurs because nearby trajectories within the attractor can remain close
together for extended periods, only separating once they lie on opposite
sides of a discontinuity. At that point, different functions apply and they
are mapped far apart. Until this separation takes place, the trajectories
move in tandem, keeping the largest Lyapunov exponent at zero.

Fig. 1 displays four weird quasiperiodic attractors in the (x,y)-state
space. Details regarding the underlying two-dimensional maps and their
parameter settings will be provided in Section 2. At first glance, the
attractors depicted in red may appear chaotic; however, they are, in fact,
weird quasiperiodic. In two of the examples, the systems’ fixed points,
shown in blue, are also attracting. Matching colors indicate the respec-
tive basins of attraction, while initial conditions that lead to divergent
dynamics are depicted in light gray. The four panels of Fig. 2 present the
time evolution of state variable x associated with the weird quasiperi-
odic attractors in red, revealing seemingly irregular yet nearly quasi-
periodic behaviors. The fixed-point values of state variable x are
indicated in blue.
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Fig. 1. Weird quasiperiodic attractors in the (x,y)-state space. The blue and red dots represent fixed points and weird quasiperiodic attractors, respectively. Their
basins of attraction are shown in matching colors. Initial conditions marked in gray result in divergent dynamics. Top left: map MG; witha =0.2,b = -1.3, ¢ =0.5
and h = 1. Top right: map MG, with a = 0.15, b = —0.55, ¢ = —0.5 and h = 1. Bottom left: map MG4 with a = 0.15, b = —0.9, ¢ = —0.5 and h = 1. Bottom right:

map MG, with a=-2.5, b=-0.55, c=-0.5and h = 1.
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Fig. 2. Weird quasiperiodic dynamics in the time domain. The red lines show the evolution of the state variable x of the weird quasiperiodic attractors presented in

Fig. 1. The blue lines mark their fixed-point levels.

Remarkably, weird quasiperiodic attractors may emerge in different
dynamic constellations. To see this, recall that the dynamical systems
under consideration involve two linear sub-maps: one that applies when
the regulator is inactive, and another that applies when the regulator is
active. The fixed points of both sub-maps are equal. The regulator is
inactive when the system’s dynamics are in the vicinity of these fixed
points. We therefore refer to this map as the internal sub-map, and the
other as the external sub-map. Due to the partitioning of the state space,
the fixed point of the internal sub-map is a real fixed point of the
dynamical system, while that of the external sub-map is considered
virtual. Clearly, a virtual fixed point is, by definition, a fixed point that
lies outside the domain to which its map applies. Depending on whether
the fixed points of the internal and external sub-maps are stable or un-
stable, four distinct constellations may give rise to weird quasiperiodic
attractors.

Let us revisit Fig. 1. In all four examples, the fixed points are located
at the origin. In the top-left panel, the fixed point of the internal sub-map
is unstable, while the fixed point of the external sub-map is stable.
Trajectories neither converge to the origin nor diverge. Instead, nearly
all initial conditions trigger dynamics that converge to the weird
quasiperiodic attractor. In the top-right panel, the fixed point of the
internal sub-map is stable, rendering the real fixed point of the
dynamical system at least locally stable. Despite the fact that the fixed
point of the external sub-map is unstable, a weird quasiperiodic attractor

nevertheless exists. Moreover, divergent dynamics are observable for
more distant initial conditions. In the bottom-left panel, both the fixed
points of the internal and external sub-maps are stable. In this case, a
fixed-point attractor coexists with a weird quasiperiodic attractor, and
no divergent behavior occurs. In the bottom-right panel, the fixed points
of the internal and external sub-maps are unstable. The origin is not
attracting, yet a weird quasiperiodic attractor with a nontrivial basin of
attraction still exists. Apparently, weird quasiperiodic attractors can
arise under a wide range of dynamical conditions.

We proceed as follows. In Section 2, we show that piecewise linear
feedback rules can generate weird quasiperiodic dynamics in otherwise
linear discrete dynamical systems. In Sections 3 and 4, we explore how
these rules manifest in financial markets and the real economy,
respectively. Section 5 concludes the paper.

2. General observations

Due to our economic applications, we focus on second-order
discontinuous piecewise linear difference equations that can be
rewritten as two-dimensional discontinuous piecewise linear maps. In
the following, we consider only the generic behavior of such maps.
Nongeneric cases and higher-order systems are examined in Gardini
et al. (2025b, 2025c).
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2.1. A general setup

Let R; describe a regulator’s manipulation of a discrete dynamical
system. The state variable X, evolves according to

X, =aX, 1 +bX, 2 +A+Ri 1, (2.1)

where a, b and A are parameters, with b # 0. For

R =R=0, 2.2)

we obtain the second-order linear difference equation
X, =aX,1 +bX, 5 +A. (2.3)

For ease of exposition, we introduce the auxiliary variable Y, ; =
X,_», allowing us to rewrite (2.3) as the two-dimensional linear map

2.4
Y ox (2.4)

X =aX+bY+A
IG = ,
where the prime symbol denotes the unit time advancement operator.
Ignoring the nongeneric case 1 — a — b # 0, map LG has the unique fixed
point

A

X=Y=1"a% @9
The Jacobian matrix of map LG is
a b
J(LG) = (1 o>’ (2.6)
with trace tr(LG) = a and determinant det(LG) = — b. Based on the well-

known stability conditions (i) 1 + tr+ det > 0, (ii) 1 — tr + det > 0, and
(iii) 1 — det > 0, as reported, e.g., in Medio and Lines (2001), the fixed
point of map LG is globally stable when the following inequalities hold
jointly: (i) a>b— 1, (ii) a<1—- b, (iii) and b > — 1. In the (b,
a)-parameter space, these conditions define a stability triangle, which
will be discussed further in the sequel. Roughly speaking, the fixed point
of map LG is globally stable when neither parameter a nor parameter b is
too large in absolute value.

2.2. Piecewise linear feedback rules

In the following, we consider two general types of piecewise linear
feedback rules, each presented in two variations, yielding four rules in
total. While Ott et al. (1990) apply such rules to control chaos, Lii et al.
(2002) show that they can also generate chaotic behavior. For a review,
see Scholl and Schuster (2007). We demonstrate that piecewise linear
feedback rules may produce weird quasiperiodic dynamics.

2.2.1. Intervention rule CC

The first type of intervention rule responds to the change of a sys-
tem’s state variable when the magnitude of this change exceeds a
threshold h > 0. Indexing this rule as CC, indicating that the interven-
tion is conditioned on the change of the state variable and activated
when this change becomes sufficiently large, we obtain

(X, — Xe1) if [Xe — Xea| >

2.7
0 if X, — X | <h @7

R, =R = {

Parameter c represents the strength of the regulator’s intervention.
For ¢ > 0, the regulator uses a negative feedback rule, acting against the
current change of the state variable X,. For ¢ < 0, the regulator uses a
positive feedback rule, reinforcing the current change of the state vari-
able X,. The regulator is inactive when |X; — X, ;| < h.

Inserting (2.7) into (2.1), the dynamics of the regulated system
evolve as

Mathematical Social Sciences xxx (XXxX) Xxx

X=aX+bY+A—-cX-Y)if X-Y|>h
MGz =

Y=X
MG()Z
X =aX+bY+A if X—Y <h
MG]():
Y=X

(2.8)

constituting a two-dimensional discontinuous piecewise linear map. The
dynamics of map MG, follow the external sub-map MGgo when the
magnitude of the change of the state variable X, exceeds the threshold
parameter h > 0. Otherwise, they follow the internal sub-map M. Both
linear sub-maps MGg o and MGy share the same fixed point as the linear
map LG.

It is convenient to express the state variables of map MG, in de-
viations from their fixed-point values. Defining x := X — X andy := Y —
Y turns map MG, into

’

X=(a-c)x+(b+c)yif |x—yl>h
MGE,l—{ (@a—c)x+ (B +oyif [x—yl

y=x
MG, : , b " . (2.9)
X =ax + if x—yl <
MGy — 1™ y if |x -yl
y=x

Both linear sub-maps MGg; and MG;; have the fixed pointx =y =
0. The fixed point of the external sub-map MGg; is a virtual fixed point
for map MG, as it is located outside the region for which the external
sub-map MGg; is defined. The fixed point of the internal sub-map MG;;
is a real fixed point for map MG,. The left panel of Fig. 3 illustrates the
partition of the (x,y)-state space of map MG;.

The stability conditions of the fixed point of the internal sub-map
MGy, considered in isolation, are identical to those for map LG. Since
the Jacobian matrix for the external sub-map MGg;

_(a-c b+c
J(MGg:) = < 1 0 ) (2.10)
has trace r(MGg;1) = a — ¢ and determinant det(MGg1) = — b— c, its

fixed point, considered in isolation, is globally stable when (i) a > b+

2c—1, (ii) a < 1 — b and (iii) b > —1 — c jointly hold. Compared to the
stability conditions of the fixed point of the internal sub-map MG;;, the
following differences can be observed. For ¢ > 0, the first stability
condition becomes more binding, while the third stability condition
becomes less binding. The second stability condition is independent of
parameter c. In (b, a)-parameter space, we observe an upwards-left
movement of the resulting stability triangle as parameter ¢ increases.
The opposite occurs for ¢ < 0.

To investigate the dynamics of map MG;, we conduct computer
simulations. Fig. 4 presents two-dimensional bifurcation diagrams for
map MG; with h = 1. As shown by Gardini et al. (2025b, 2025c), a
general property of the maps considered in this paper is that only three
generic outcomes are possible. Throughout the paper, we use the
following color coding to distinguish between them: parameter combi-
nations that yield fixed-point dynamics are shown in light blue; those
that lead to weird quasiperiodic dynamics are indicated in light red; and
those that result in divergent dynamics are depicted in light gray. The
blue and red lines mark the stability triangles of the fixed points of the
internal sub-map MG;; and of the external sub-map MGg 1, respectively.
Accordingly, parameter regions labeled A, B, C, and D correspond to the
following stability combinations of the fixed points of sub-maps MG,
and MGg;: (i) stable and stable, (ii) stable and unstable, (iii) unstable
and stable, and (iv) unstable and unstable, respectively.

Fig. 4 provides the following insights. In the top-left panel, we set ¢ =
0.5 and choose initial conditions close to the origin. All parameter
combinations within regions A and B lead to fixed-point dynamics.
Parameter combinations within region C result in weird quasiperiodic
dynamics. In the top-right panel, we again set ¢ = 0.5, but now use
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Fig. 3. Partition of the (x,y)-state space for h = 1. The left panel shows the regions where the external and internal sub-maps of maps MG, and MG, apply. The right
panel shows the same for maps MG, and MGs. The blue dot marks the real and virtual fixed point of these maps, located in the region of the internal sub-maps (gray

region), and always given by the origin.
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Fig. 4. Two-dimensional bifurcation diagrams for map MG; with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: ¢ = 0.5 and initial conditions close to the origin. Top right: ¢ = 0.5 and initial
conditions distant from the origin. Bottom left: ¢ = —0.5 and initial conditions close to the origin. Bottom right: ¢ = —0.5 and initial conditions distant from the
origin. The stability triangles of the internal and external sub-maps MG;; and MGz, are depicted in blue and red, respectively.
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initial conditions that are distant from the origin. Compared to the
previous experiment, parameter combinations within region B may now
produce divergent dynamics, indicating that the real fixed point of map
MG, is only locally stable in this region. In the bottom-left panel, we set ¢
= —0.5 and again choose initial conditions close to the origin, whereas
in the bottom-right panel, we set ¢ = —0.5 and use initial conditions
distant from the origin. A closer inspection reveals that weird quasipe-
riodic dynamics may emerge in regions A, B, C, and D.

Two examples of weird quasiperiodic attractors are depicted in the
top-left and top-right panels of Figs. 1 and 2. The example in the top-left
panels is based on a parameter setting from region C with ¢ = 0.5. For
this setting, almost all initial conditions converge to the weird quasi-
periodic attractor. The example in the top-right panels corresponds to a
parameter setting from region B with ¢ = — 0.5. In this case, the sys-
tem’s behavior depends on initial conditions: it may exhibit fixed-point
dynamics, weird quasiperiodic dynamics, or divergent dynamics.

2.2.2. Intervention rule CD

Let us now assume that the regulator reacts to the change of the
system’s state variable X, when this state variable becomes too distant
from its fixed-point value. Using the index CD for this rule, indicating
that the intervention is conditioned on the change of the state variable

20r
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0.0F
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and activated when the state variable is sufficiently distant from its fixed
point, the regulator’s behavior accumulates to

_ RO {—c(xt—xt,l) if X-X|>h
e 0 fX-X|<h

The threshold parameter h indicates when the regulator becomes
active, while parameter c¢ controls the regulator’s aggressiveness. For
¢ > 0, the regulator uses a negative feedback rule; for ¢ < 0, the regu-
lator uses a positive feedback rule.

Inserting (2.11) into (2.1), the dynamics of the regulated system,
expressed in deviations from the fixed point, are now governed by the
map

(2.11)

’

X=(a—-c)x+(b+co)yif x| >h
MGEQZ{ (@a—c)x+ (b+c)y if |x]

y=x
MG, : . b N . (2.12)
X =ax + if x| <
o y il
¥=x

Since MGgz = MGy, and MG;, = MG;;, the fixed points and their
stability properties remain as before. Due to the alternative partition of
the state space, visualized in the right panel of Fig. 4, the dynamics of
map MG, differ from those of map MG,.

20
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parameter b
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parameter a

-1.0r
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-20 -1.0 0.0 1.0 2.0

parameter b

Fig. 5. Two-dimensional bifurcation diagrams for map MG, with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: ¢ = 0.5 and initial conditions close to the origin. Top right: ¢ = 0.5 and initial
conditions distant from the origin. Bottom left: ¢ = —0.5 and initial conditions close to the origin. Bottom right: ¢ = —0.5 and initial conditions distant from the
origin. The stability triangles of the internal and external sub-maps MG;» and MGg are depicted in blue and red, respectively.
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The two-dimensional bifurcation diagrams presented in Fig. 5 offer
several insights. In the top-left panel, we set ¢ = 0.5 and use initial
conditions close to the origin. In the top-right panel, we again set ¢ =
0.5, but now choose initial conditions that are distant from the origin. In
the bottom-left and bottom-right panels, we repeat these simulations for
¢ = — 0.5. Notably, weird quasiperiodic dynamics always seem to
emerge in region C, i.e., for parameter combinations that lie within the
stability triangle of the fixed point of the external sub-map MGg, but
outside the stability triangle of the fixed point of the internal sub-map
MG ;. However, weird quasiperiodic dynamics may also occur in re-
gions A, B, and D.

An example of a weird quasiperiodic attractor based on a parameter
setting from region D with ¢ = —0.5 is shown in the bottom-right panels
of Figs. 1 and 2. Depending on the initial conditions, the system’s
generic trajectory exhibits either weird quasiperiodic dynamics or
divergent behavior.

2.2.3. Intervention rule DD

Instead of acting on the current change of a system’s state variable,
the regulator may also intervene in the system’s dynamics by responding
to the deviation of a system’s state variable from its fixed-point value.
Let us first assume that the regulator follows this principle when the
system’s state variable X, is sufficiently distant from its fixed-point

20r

parameter a

-20 -1.0 0.0 1.0 2.0

parameter b

20
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value. Indexing this rule as DD, indicating that the intervention is
conditioned on the deviation of the state variable from its fixed point
and activated when this deviation becomes sufficiently large, we obtain

cX-X)if XK-X|>h

N (2.13)
0 fIX-X|<h

R, =R = {

The regulator becomes active when the state variable X, deviates by
more than the threshold parameter h from its fixed-point value X. For
¢ > 0, the regulator seeks to accelerate the convergence of the system’s
state variable X, towards its fixed-point value X, while for ¢ < 0, the
regulator seeks to delay this movement.

Using (2.13), the regulated system’s dynamics now evolve according
to the map

X =(a—c)x+byif |x| >h
M@3={ (a—opx+byif |

.
MGs; : Y b h . (2.14)
X =ax+ if |x| <
MG, — |~ y  if ]
y =x

The right panel of Fig. 3 shows the partition of the (x,y)-state space of
map MGs;. Considered in isolation, the fixed point of the internal sub-
map MG 3, being a real fixed point of map MGj, has the same stability
conditions as the fixed point of map LG. Considered in isolation, the

20r
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©
5 D
g 0.0F
o
©
o
-1.0r
-2.0r
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parameter b
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1.0 0.0 1.0 2.0

-20 -1

parameter b

Fig. 6. Two-dimensional bifurcation diagrams for map MGs with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: ¢ = 0.5 and initial conditions close to the origin. Top right: ¢ = 0.5 and initial
conditions distant from the origin. Bottom left: ¢ = —0.5 and initial conditions close to the origin. Bottom right: ¢ = —0.5 and initial conditions distant from the
origin. The stability triangles of the internal and external sub-maps MG;3 and MGg 3 are depicted in blue and red, respectively.



L. Gardini et al.

fixed point of the external sub-map MGg 3, being a virtual fixed point of
map MGs, is globally stablewhen (i)a > —1+b+c¢,(iDa<1 —b +g,
and (iii) b > —1 hold. Relative to the stability conditions of the fixed
point of the internal sub-map MG; 3, the following differences arise. For ¢
> 0, the first stability condition becomes less binding, while the second
stability condition becomes more binding. The third stability condition
is independent of parameter c. In (b, a)-parameter space, we observe an
upward movement of the resulting stability triangle as parameter c in-
creases. For ¢ < 0, opposite occurs.

The two-dimensional bifurcation diagrams presented in Fig. 6 pro-
vide the following insights. In the top-left panel, we set ¢ = 0.5 and use
initial conditions close to the origin, whereas we set ¢ = 0.5 with initial
conditions distant from the origin in the top-right panel. These simula-
tions are repeated for ¢ = —0.5 in the bottom-left and bottom-right
panels. Once again, it is evident that weird quasiperiodic dynamics
consistently emerge in region C, although such dynamics may also
appear in regions A, B, and D.

2.2.4. Intervention rule DC

Finally, we consider that the regulator acts on the deviation of a
system’s state variable from its fixed-point value when the change of this
state variable becomes larger than the threshold parameter h. Indexing

201
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this rule as DC, indicating that the intervention is conditioned on the
deviation of the state variable from its fixed point and activated when
the change of the state variable becomes sufficiently large, we obtain

cX—X,) if |Xc—Xea| > h

. ) (2.15)
0 if |X, —Xeq| <h

Rt:RfC:{

where ¢ is again the regulator’s control parameter and h the rule’s
activation threshold.
Based on (2.15), the dynamics of the new system are governed by

’

X =(a—c)x+byif|x—y|>h
MGE,4={ (a—opx+by if [x -]

=x
MG, : Y b h . (2.16)
X =ax+ if Ix—yl <
MG — y i x—yl
y =x

The fixed points of sub-maps MGg, and MG, and their stability
properties are the same as for sub-maps MGz 3 and MG; 5. The differences
in the dynamics between maps MG; and MG, are caused by their
different state-space partitions, as portrayed in Fig. 3.

Fig. 7 visualizes several implications of map MG,4. The two-
dimensional bifurcation diagram uses the same simulation as before.
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Fig. 7. Two-dimensional bifurcation diagrams for map MG4 with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: ¢ = 0.5 and initial conditions close to the origin. Top right: ¢ = 0.5 and initial
conditions distant from the origin. Bottom left: ¢ = —0.5 and initial conditions close to the origin. Bottom right: ¢ = —0.5 and initial conditions distant from the
origin. The stability triangles of the internal and external sub-maps MG;4 and MGg4 are depicted in blue and red, respectively.
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Parameter combinations from region C give rise to weird quasiperiodic
dynamics; however, such dynamics may also occur in regions A, B, and
D.

An example of a weird quasiperiodic attractor coexisting with a
fixed-point attractor is shown in the bottom-left panels of Figs. 1 and 2.
This example is based on a parameter setting from region A withc = —
0.5. As usual, interesting attractor-switching dynamics may evolve in
the presence of exogenous noise, an aspect that deserves more attention
in future research.

2.3. Summary

Let us summarize the main observations we have made so far by
reviewing the dynamic behaviors of maps MG; to MG, as depicted in
Figs. 4-7. All four maps are capable of producing weird quasiperiodic
dynamics. Considering regions A, B, C, and D, we draw the following
conclusions.

e Region A: The fixed points of both the internal and external sub-maps
are stable. Two generic outcomes are possible. First, for all initial
conditions, trajectories converge to the real fixed point. Second,
depending on the initial conditions, trajectories converge either to
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the real fixed point or to a weird quasiperiodic attractor. Divergent
dynamics do not occur in this region.

Region B: The fixed point of the internal sub-map is stable, while the
fixed point of the external sub-map is unstable. Two generic out-
comes are possible. First, depending on the initial conditions, tra-
jectories either converge to the real fixed point or diverge. Second,
trajectories may converge to the real fixed point, to a coexisting
weird quasiperiodic attractor, or exhibit divergent behavior.
Region C: The fixed point of the internal sub-map is unstable,
whereas the fixed point of the external sub-map is stable. For almost
all initial conditions, trajectories converge to a weird quasiperiodic
attractor. Neither fixed-point nor divergent dynamics are observed in
this region.

Region D: The fixed points of both the internal and external sub-maps
are unstable. Two generic outcomes are possible. First, depending on
the initial conditions, trajectories either converge to a weird quasi-
periodic attractor or diverge. Second, for almost all initial conditions,
trajectories exhibit divergent behavior. Fixed-point dynamics are not
possible in this region.

In summary, our simulations demonstrate that regulators can
generate weird quasiperiodic dynamics by applying intervention rules
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Fig. 8. Two-dimensional bifurcation diagrams for map MF; with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: ¢ = 1 and initial conditions close to the origin. Top right: ¢ =1 and initial
conditions distant from the origin. Bottom left: c = —1 and initial conditions close to the origin. Bottom right: ¢ = —1 and initial conditions distant from the origin.
The stability triangles of the internal and external sub-maps MF;; and MFg; are depicted in blue and red, respectively.
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CC, CD, DD, or DC within regions A, B, C, and D. Similar patterns are
observed in the next section, documented in Figs. 8-11, where we also
show that multiple weird quasiperiodic attractors may coexist. A deeper
mathematical analysis is left for future research.

3. Regulating financial markets

In our first application, we consider an order-driven financial market
model in which a market maker adjusts prices in response to current
excess demand. This demand comprises the orders placed by chartists
D, fundamentalists D, positive feedback traders DF, negative feedback
traders D{V , and the regulator R;. While speculators’ trading rules are
linear, the regulator’s intervention rule is piecewise linear. In Section
3.1, we first analyze the case in which the regulator is inactive. In Sec-
tion 3.2, we then examine the effects of four piecewise linear interven-
tion rules. Several examples are presented in Section 3.3. To place our
findings in context, we recall that weird quasiperiodic dynamics were
first observed in the chartist-fundamentalist model by Gardini et al.
(2025a), albeit in a different type of dynamical system and under a
different economic mechanism. Other related chartist-fundamentalist
models featuring dynamics driven by piecewise linear maps include
Anufriev et al. (2020); Dieci et al. (2022); Gardini et al. (2022);

5.0F

20r

parameter a

1.0+

0.0F

-1.0L : s s . . .
-24 -16 -08 00 08 16 24

parameter b

4.0r

3.0+

parameter a

0.0F

-1.0L . ‘ . : . .
-2.4 -0.8 0.0 0.8 1.6 24

parameter b

Mathematical Social Sciences xxx (3xxxx) xxx

Jungeilges et al. (2021); Panchuk et al. (2018); Tramontana et al.
(2013); and Sushko and Tramontana (2025). These models do not
exhibit weird quasiperiodic dynamics, as their sub-maps do not share
the same fixed points.

3.1. A financial market setup

Let us turn to the details of the model. The market maker quotes the
price for period t + 1 as

Py =P, +m(DS+Df +Df + DY +R,). 3.1

For ease of exposition, we set the market maker’s price adjustment
parameter to m = 1. Accordingly, the market maker increases (de-
creases) the price when the sum of the market participants’ orders is
positive (negative).

Chartists believe in the persistence of bull and bear markets. Let F be
the fundamental value of the market. Chartists perceive a bull market
when the price is above its fundamental value and, in such a situation,
optimistically submit buy orders. In a bear market, when the price is
below its fundamental value, they pessimistically submit sell orders. We
formalize the orders placed by chartists as
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Fig. 9. Two-dimensional bifurcation diagrams for map MF, with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: ¢ = 1 and initial conditions close to the origin. Top right: ¢ =1 and initial
conditions distant to the origin. Bottom left: ¢ = —1 and initial conditions close to the origin. Bottom right: ¢ = —1 and initial conditions distant to the origin. The
stability triangles of the internal and external sub-maps MF;» and MFg, are depicted in blue and red, respectively.
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Fig. 10. Two-dimensional bifurcation diagrams for map MF; with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: ¢ = 0.5 and initial conditions close to the origin. Top right: ¢ = 0.5 and initial
conditions distant to the origin. Bottom left: ¢ = —0.5 and initial conditions close to the origin. Bottom right: ¢ = —0.5 and initial conditions distant to the origin. The
stability triangles of the internal and external sub-maps MF; 3 and MFg 3 are depicted in blue and red, respectively.

D¢ =d(P,—F), (3.2)
where parameter @' > 0 captures their trading aggressiveness. Funda-
mentalists believe that the price will revert to its fundamental value.
Their orders are expressed as

Df =d'(F-P,), (3.3)
where parameter a’ > 0 captures their trading aggressiveness. Funda-
mentalists trade in the opposite direction as chartists: they submit buy
orders when the market is undervalued and sell orders when it is over-
valued.

Positive feedback traders believe that the current price trend will
continue. Their orders are given by

DP =V (P,—P.4), B9
where parameter b’ > 0 indicates how aggressively they react to the
current price trend. Positive feedback traders are ready to buy when the
market increases and ready to sell when it decreases. Negative feedback
traders believe in trend reversals. Their orders are given by

Df = b”(Pt—l _Pt)7 (3-5)
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where parameter b" > 0 denotes their aggressiveness. Negative feedback
traders submit buy orders when the market falls and sell orders when it
rises. Obviously, also positive and negative feedback traders have
opposing views on the market’s future direction.

Let us first assume that the regulator is inactive, i.e.,

R,=R=0. (3.6)

Then, the financial market setup implies that the price evolves as

P,=(1—-a+b)P, 1 —bP, » +dF, 3.7
where parameter a =d —a’ aggregates the reaction parameters of
chartists and fundamentalists and parameter b = b —b" the reaction
parameters of positive and negative feedback traders. Both aggregate
parameters may be positive or negative.

When the dynamics is at rest, the price equals its fundamental value
reflecting efficient financial markets.

P=F, (3.8)

Expressing the price in deviations from its fixed point, i.e., x; = P; —

P, and introducing the auxiliary variable y, = x;_,, we obtain the two-
dimensional linear map
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Fig. 11. Two-dimensional bifurcation diagrams for map MF, with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: ¢ = 0.5 and initial conditions close to the origin. Top right: ¢ = 0.5 and initial
conditions distant to the origin. Bottom left: ¢ = —0.5 and initial conditions close to the origin. Bottom right: ¢ = —0.5 and initial conditions distant to the origin. The
stability triangles of the internal and external sub-maps MF;4 and MFg4 are depicted in blue and red, respectively.

LF_{)C:Z(l_a+b)x_by. 3.9
Yy =x
Map LF has a unique fixed point, given by
x=y=0. (3.10)
The Jacobian matrix of map LF,
J(LF) = (1_;1”’ _Ob), (3.11)

has trace tr(LF) =1 —a+b and determinant det(LF) = b. The fixed
point of map LF is globally stable when aggregate parameters a and b are
inside the stability triangle defined by the inequalities (i) a < 2 + 2b, (ii)
a>0,and (iii) b < 1.

3.2. Piecewise linear feedback rules

We now consider four piecewise linear feedback rules for the regu-
lator. For reviews on the effectiveness of linear feedback rules within

12

chartist-fundamentalist models, see Westerhoff (2008) and Westerhoff
and Franke (2018). As previously noted, implementing linear feedback
rules requires the regulator to intervene continuously in the system’s
out-of-equilibrium behavior, a level of fine-tuning that may be infeasible
or prohibitively costly in practice. The piecewise linear feedback rules
introduced below may therefore be viewed as a more robust and prac-
tical alternative.

3.2.1. Intervention rule CC
According to the first rule, the regulator intervenes in the market as
follows

R — Rfc _ { —C(P[ _Pt—l) If |P[ —Pt_1| > h

3.12
0 if IP.—Py| <h (312

For finite values of the threshold parameter h, the regulator seeks to
weaken the market impact of positive feedback traders by setting ¢ > 0,
or of negative feedback traders by setting ¢ < 0.

Replacing (3.6) with (3.12) reveals that the dynamics of the regu-
lated financial market are given by
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X=(1-a+b-—c)x—(b-c)yif|x—y|>h
MFEJ_{ ( )x— (b =)y if x—y|

y=x
MF]i b b h
X=(1—-a+b)x— if Jx—y| <
My, — ( )x — by if [x—y|
y=x

(3.13)

The dynamics of map MF,; are governed by the external sub-map
MFz; when the change of the price exceeds the threshold parameter h
> 0. Otherwise, they are governed by the internal sub-map MF;;. The
fixed points of sub-maps MFz; and MF;; are both given by X =y =0,
being a virtual or a real fixed point of map MF,, respectively.

Considered in isolation, the stability conditions of the fixed point of
sub-map MF;; are given by those for map LF. Since the Jacobian matrix
for sub-map MFg

J(MFE,1)2<17aYb7C 7b0+c>7 (3.14)

has trace r(MFg1 ) = a — c and determinant det(MFg ;) =b — c, its fixed
point is globally stable when (i) a < 24 2b — 2¢, (ii) a > 0, and (iii) b < 1
+c jointly hold. For ¢ > 0, the first condition becomes more binding,
while the third condition becomes less binding. The second condition is
independent of parameter c. In (b,a)-parameter space, the corresponding
stability triangle shifts to the right. The opposite occurs for ¢ < 0, i.e., the
stability triangle shifts to the left.

The two-dimensional bifurcation diagrams shown in Fig. 8, which
follow the same simulation design as those discussed in Section 2,
illustrate the behavior of map MF; with h = 1. In the top-left and top-
right panels, we set ¢ =1 and use initial conditions that are close to
the origin and distant from the origin, respectively. In the bottom-left
and bottom-right panels, we repeat the computations forc = — 1.

Most importantly, the regulator’s interventions may trigger weird
quasiperiodic dynamics in region C. One could argue that the resulting
price fluctuations are desirable, as they replace divergent dynamics.
However, the regulator may also trigger weird quasiperiodic dynamics
in region A, an outcome that may be regarded as undesirable, as it re-
places fixed-point dynamics. Moreover, in region B, the regulator may
induce weird quasiperiodic dynamics or even divergent behavior, again
replacing fixed-point dynamics. It is also worth noting that in some in-
stances within region D, divergent dynamics may transition into weird
quasiperiodic dynamics.

3.2.2. Intervention rule CD
Let us now assume that the regulator reacts to the change of the price
when the mispricing in the market becomes too extreme, i.e.,

—c(P,—Pe1) if [P.—F| > h

3.15
0 if P~ F| <h @19

R, =R® = {
The meaning of parameter c is as before, and parameter h marks the
intervention threshold. We now obtain the map

X=(1—-a+b—c)x—(b-c)yif |x|>h
MF“_{/( = (bl if

y=x

MFQZ b b
X=(1—-a+bx—
MFM_{ ( )x — by

(3.16)
if x| <h
Yy =x

Note that MFz, = MFgz; and MF;, = MF;;. Hence, the fixed points
and their stability triangles remain as before. Differences in the dy-
namics of maps MG, and MG, are due to their alternative state-space
partitions.

The two-dimensional bifurcation diagrams presented in Fig. 9 illus-
trate the dynamics of map MF,. As before, we set ¢ = 1 in the top panels,
where initial conditions are selected close to the origin in the top-left
panel and farther from the origin in the top-right panel. In the bottom-
left and bottom-right panels, we repeat these simulations for c = — 1.
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Once again, weird quasiperiodic dynamics persistently emerge in region
C, although they may also occur in regions A, B, and D.

3.2.3. Intervention rule DD

According to the third intervention rule, the regulator acts on the
market’s mispricing when its mispricing becomes too strong. The reg-
ulator’s behavior now reads

c(F—P)if |P.—F|>h

R, =RPP = , 3.17
= {o if IP,—F| <h 317)
resulting in the map
X=(Q-a+b—c)x—byif |x| >h
X = Jx—by if |x
y=x
MF; : - " (3.18)
X=01-a+bx— if |x| <
W L Jx—by il <
y=x

The real fixed point of map MF; is given by the fixed point of map
MF; 5 and has the same stability conditions as the fixed point of map LF.
The fixed point of MFz3 is a virtual fixed point of map MFs, and is
globally stable when (i) a < 2+ 2b — ¢, (ii) a > — ¢, and (iii) b < 1 hold.
In (b, a)-parameter space, the corresponding stability triangle shifts
downwards for ¢ > 0 and upwards for ¢ < 0.

The two-dimensional bifurcation diagrams presented in Fig. 10
illustrate the dynamics of map MF3; with h = 1. In the top panels, the
regulator’s intervention force is set to ¢ = 0.5, and in the bottom panels
toc = — 0.5. In line with our previous insights, we observe that region C
consistently yields quasiperiodic dynamics, although such behavior may
also occur in regions A, B, and D.

3.2.4. Intervention rule DC

Finally, we consider the case where the regulator acts on the mar-
ket’s mispricing when the price of the market changes too strongly. To
be precise, we assume that the regulator uses the intervention rule

¢(F—P)if |P.—Pys|>h

3.19
0 if|P—Pi<h (3.19)

Rt:R’tJC:{

Accordingly, the dynamics of the regulated financial market are due
to

’

X=(1—-a+b—-c)x—byif|x—y|>h
MFE.4—{ ( )x by if x|

=X
MF, : Y b b 0 (3.20)
X=(1-a+b)x— if Ix —yl <
MF,, — ( )x—by if [x—y|
y=x

Since the fixed points of maps MFg4 and MF;4 and their stability
properties are the same as for maps MFg3; and MF; 3, the differences in
the dynamics between maps MF; and MF, are caused by their different
state-space partitions.

The two-dimensional bifurcation diagrams for map MF4 withh =1,
presented in Fig. 11, lead to the following conclusions. Regardless of
whether the regulator’s intervention force is positive (top panels with
¢ = 0.5) or negative (bottom panels with ¢ = — 0.5), weird quasiperi-
odic dynamics are observed in region C. Once again, such behavior may
also occur in regions A, B, and D.

3.3. Emergence of financial market turbulences

Using piecewise linear feedback rules, the regulator may set weird
quasiperiodic dynamics in motion. Let us examine a few illustrative
examples.

The top panels of Fig. 12 are based on map MF; with a=0.5, b =
1.2, c=1and h = 1. The blue and red dots in the left panel represent
the fixed point and the weird quasiperiodic attractor in (x,y)-state space,
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Fig. 12. First set of examples for endogenous financial market dynamics. Left panels: The blue dots represent the fixed points, while the red and green dots indicate
weird quasiperiodic attractors, with their basins of attraction shown in matching colors. Right panels: The blue, red, and green lines show the corresponding dy-
namics in the time domain. Top panels: Map MF; with a=0.5, b=1.2, ¢ =1 and h = 1. Bottom panels: Map MF, with a = —0.05, b= —-0.75, c=1and h = 1.

respectively, with their basins of attraction shown in matching colors.
Since this parameter combination falls within region C, the fixed point of
the internal sub-map MF;; is unstable, while the fixed point of the
external sub-map MFj; is stable. As a result, the weird quasiperiodic
attractor is the only attractor that persists. The blue and red lines in the
right panel illustrate the corresponding dynamics in the time domain.
The financial market is characterized by price fluctuations that circle
around its fundamental value. The bottom panels are based on map MF,
with a = —-0.05, b= —-0.75, ¢ =1 and h = 1. This parameter combi-
nation lies in region D. In this case, the fixed points of the internal and
external sub-maps MF;, and MFg, are both unstable. This scenario
presents an example in which two weird quasiperiodic attractors, shown
in red and green, coexist. Depending on the initial conditions, the
market is, on average, either overvalued or undervalued. However,
there are episodes in which the market’s overvaluation or undervalua-
tion briefly reverses.

Fig. 13 presents two further examples of endogenous financial
market dynamics for lower values of parameters c. The top panels are
based on map MF; with a=1.7, b =0.985, ¢ =0.35 and h = 1. This
parameter combination belongs to region A, and a weird quasiperiodic
attractor coexists with a fixed-point attractor. Their basins of attraction
exhibit truly weird structures. The bottom panels are based on map MF3
with a =—-0.11, b =0.95, ¢ =0.35 and h = 1. Since this parameter
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combination lies in region C, only a weird quasiperiodic attractor exists.
Notably, the price dynamics of the financial market display intricate bull
and bear market phases, a phenomenon first studied by Day and Huang
(1990). In contrast to their model, in which such dynamics are chaotic,
we find these price fluctuations to be weird quasiperiodic.

4. Regulating the real economy

In our second application, we examine a demand-driven economy in
the spirit of Samuelson (1939). As Bischi (2025) notes, this model con-
tinues to serve as a valuable workhorse for identifying key drivers of
business cycle dynamics. In contrast to Baumol (1961), who assumes
that the government influences income through a linear countercyclical
fiscal policy rule, we consider a piecewise linear policy rule. Related
piecewise linear macroeconomic models include Matsuyama (2007);
Gardini et al. (2008); Matsuyama et al. (2016), and Gardini et al. (2023),
amongst others. However, we provide the first example of a macroeco-
nomic model that can generate weird quasiperiodic business cycle dy-
namics. We continue as follows. In Section 4.1, we present a standard
linear Keynesian goods market model. In Section 4.2, we extend this
model by allowing government expenditures to follow a piecewise linear
rule. In Section 4.3, we provide several examples that illustrate weird
quasiperiodic business cycle dynamics.
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Fig. 13. Second set of examples for endogenous financial market dynamics. Left panels: The blue dots represent the fixed points, while the red dots indicate weird
quasiperiodic attractors, with their basins of attraction shown in matching colors. Right panels: The blue and red lines show the corresponding dynamics in the time
domain. Top panels: Map MF; with a =1.7, b =0.985, ¢ = 0.35 and h = 1. Bottom panels: Map MF5; with a=—-0.11, b=0.95, c=0.35and h = 1.

4.1. A business cycle setup

As is standard in Keynesian goods market models, income is deter-
mined by aggregate demand
X =127, 4.1)

Aggregate demand, in turn, consists of consumption, investment, and
government expenditure

Z,=C+1+G. (4.2)
Consumption expenditures are proportional to past income
C = aXt—h (4.3)

where the parameter 0 < a < 1 represents the marginal propensity to
consume. Investment expenditures are specified as

L =T+b(C,—Cpy). (4.4)

Parameter I > 0 denotes autonomous investment, and parameter b >
0 captures the strength of the accelerator principle. Investment is higher
when consumption increases and lower when consumption decreases.
As a first step, we assume that government expenditures are equal to G
>0, i.e.,
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G, =G, (4.5)
This yields the linear income dynamics
X, = (a+ab)X, ; —abX, , +1+G. (4.6)

The fixed point of this model is given by the Keynesian multiplier
solution

1 - —

X= 1+G).
i—gd+9o

4.7)

Defining income deviations from the fixed point as x, = X, — X, and
introducing the auxiliary variable y, = x,.;, we obtain the two-
dimensional linear map

X = (a+ ab)x — ab

LR=1 | ( ) y7 (4.8)
y=x

with the unique fixed point

Xx=y=0. (4.9

The Jacobian matrix of map LR is



L. Gardini et al.

a+ ab —ab)7 4.10)

J(LR) = ( 1 0

with trace tr(LR) = a + ab and determinant det(LR) = ab. Hence, the
fixed point of map LG is globally stable when the stability condition (iii)
a < 1/b is satisfied.

4.2. A modified intervention rule CC

We now extend the model by letting government expenditures follow
the piecewise linear rule

|

Note that |C,—C,1| > ah is equivalent to |X,.; — X, 2| > h. The
government seeks to weaken the destabilizing effect of the accelerator
mechanism by increasing expenditures when income falls by more than
h, and decreasing it when income rises by more than h.

For brevity, we only consider one intervention rule. Implementing
and analyzing the CD, DD, and DC rules is straightforward. To limit the
strength of the fiscal intervention, we furthermore assume that the
government’s policy parameter is a fraction of the accelerator

G —C(Ct — Ct—l) lf |Ct — Ct,1| > ah

G if |C.— Coa| < ah

(4.11)
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parameter. Specifically, we set ¢ = bw, with 0 < w < 1. Expressed in
deviations from its fixed point, the model dynamics are governed by

X =(a+ab(l —w))x—ab(l —w)yif x—y|>h
MRE,l—{, ( ( ) ( Wy if x -yl

MR1 :
xr
MRL] = ,
y

x
(a+ ab)x — aby if | x—y|<h

x
(4.12)

To be precise, the dynamics of map MR; follow the external sub-map
MRg; when the change in income exceeds threshold h > 0; otherwise,
they follow the internal sub-map MR;;. Both sub-maps share the fixed
point X =y = 0, which is either virtual or real for map MR;.

The stability conditions for the fixed point of sub-map MR;; are the
same as those for map LR. The Jacobian matrix of the external sub-map
MREJ is

with trace r(MRg1) =a+ab(l1-w) and determinant det(MRg;) =
ab(1 —w). The fixed point of MR ; is globally stable when the condition

(i) a < 571y

J(MRg;) (4.13)

B (a+ab(1—w) —ab(1 —w)
- 1 0

holds. This condition becomes less restrictive as w—1.
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Fig. 14. Two-dimensional bifurcation diagrams for map MR; with h = 1. Light blue parameter combinations yield fixed-point dynamics, light red indicate weird
quasiperiodic dynamics, and light gray correspond to divergent dynamics. Top left: w = 0.25. Top right: w = 0.5. Bottom left: w = 0.75. Bottom right: w = 0.95. The
stability boundaries of the internal and external sub-maps MR;; and MRg; are shown in blue and red, respectively.
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Fig. 14 presents two-dimensional bifurcation diagrams for map MR,
with h = 1. Parameter combinations in light blue yield fixed-point dy-
namics, those in light red exhibit weird quasiperiodic dynamics, and
those in light gray result in divergent dynamics. The top-left, top-right,
bottom-left, and bottom-right panels correspond to w = 0.25, 0.5, 0.75
and 0.95, respectively. Initial conditions in all simulations are chosen
close to the origin. The stability boundaries of sub-maps MR;; and MR
are depicted in blue and red, respectively. As in the previous two sec-
tions, labels A, C, and D indicate the parameter regions in which both the
fixed points of the internal and external sub-maps MR;; and MRg, are
stable, in which the fixed point of the internal sub-map is MR, ; unstable,
while that of the external sub-map MRg; is stable, and in which both the
fixed points of the internal and external sub-maps MR;; and MRg, are
unstable. Scenarios in which the fixed point of the internal sub-map
MR;; is stable while that of the external sub-map MRg; is unstable do
not occur under map MR;; therefore, region B does not exist in this case.

Fig. 14 allows the following conclusions. Increasing parameter w,
representing a more aggressive countercyclical fiscal policy, expands the
region C associated with weird quasiperiodic dynamics, while shrinking
the region D exhibiting divergent behavior. For instance, when w
0.95, no divergent dynamics occurs for b < 5. Samuelson’s (1939)

Mathematical Social Sciences xxx (xxxx) xxx

multiplier-accelerator model is sometimes criticized for producing
divergent income dynamics at realistic values of the accelerator
parameter. The presence of countercyclical fiscal policy can mitigate
such outcomes.

4.3. Emergence of business cycle dynamics

Fig. 15 illustrates two examples of the dynamics of map MR;. In the
left panels, blue and red dots represent the fixed point and the weird
quasiperiodic attractor, respectively. The basins of attraction of the
weird quasiperiodic attractors are shown in matching colors. In both
scenarios, almost all initial conditions converge to the weird quasipe-
riodic attractor. The right panels display the corresponding income
dynamics in the time domain. The top panels are based ona = 0.5, b =
3, w=0.5 and h = 1, yielding fairly regular business cycle dynamics.
The bottom panels use a = 0.8, b =4, w=0.95and h =1, resulting in
more irregular business cycle dynamics. The emergence of weird
quasiperiodic business cycle dynamics offers a compelling mechanism to
explain endogenous fluctuations in economic activity. In this case, such
dynamics may even be desirable: without government intervention, the
national income would exhibit divergent behavior.
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Fig. 15. Examples of the dynamics of map MR; for h = 1. Left panels: The blue and red dots represent the fixed point and the weird quasiperiodic attractor,
respectively. The basins of attraction of the weird quasiperiodic attractors are shown in matching colors. Right panels: The blue and red lines show the corresponding
dynamics in the time domain. Top panels: a = 0.5, b = 3 and w = 0.5. Bottom panels: a = 0.8, b = 4 and w = 0.95.
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5. Conclusions

In this paper, we have demonstrated that regulators who employ
piecewise linear feedback rules may induce weird quasiperiodic dy-
namics in otherwise linear discrete dynamical systems of dimension two
(or higher). Such dynamics may be desirable when they prevent diver-
gence, or undesirable when they disrupt convergence to a fixed point.
The fact that weird quasiperiodic dynamics can emerge naturally in
these systems underscores their potential relevance across a wide range
of applied disciplines. As shown in this study, for example, regulators
may generate boom-bust cycles in financial markets or trigger endoge-
nous business cycle fluctuations simply by applying piecewise linear
intervention rules. Our findings offer a novel explanation for the
emergence of persistent endogenous fluctuations in dynamical systems.
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