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Abstract

Let (X, J, w) be a compact 2n-dimensional almost Kédhler manifold. We prove primitive
decompositions for Bott—Chern and Aeppli harmonic forms in special bidegrees and show
that such bidegrees are optimal. We also show how the spaces of primitive Bott—Chern,
Aeppli, Dolbeault and d-harmonic forms on (X, J, w) are related.
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1 Introduction

Let (X, J, w) be an almost Hermitian manifold of real dimension 2n. Denote by
L:AX - AM2X, o ona

the Lefschetz operator, and by
A ARX - AF2X A =L

its dual, where * : AKX — AZ"* s the Hodge * operator. A k-form « € A¥X, fork < n,
is said to be primitive if Aa = 0, or equivalently if L"*+!¢ = 0. Given that, the following
vector bundle decomposition holds

r>max(k—n,0)

The first author is partially supported by GNSAGA of INdJAM. The second author is partially supported by
GNSAGA of INdAM and has financially been supported by the Programme “FIL-Quota Incentivante” of
University of Parma and co-sponsored by Fondazione Cariparma.

B Nicoletta Tardini
nicoletta.tardini @ gmail.com ; nicoletta.tardini @unipr.it

Riccardo Piovani
riccardopiovani1994 @ gmail.com ; riccardo.piovani @unipr.it

Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Unita di Matematica e Informatica,
Universita degli Studi di Parma, Parco Area delle Scienze 53/A, 43124 Parma, Italy

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-023-01338-7&domain=pdf

2750 R. Piovani, N. Tardini

where we denoted by
PSX :=ker (A : A°X — A*T2X)

the bundle of primitive s-forms. The operators L and A extend to smooth sections, in particular
to smooth k-forms A¥ := I'(X, A¥X) and to smooth (p, g)-forms A?4 := I'(X, AP9X).
We also set P* := I'(X, P*X) and PP4 := I'(X, PP9X), where PP1X := PPTIX N
AP-9X is the bundle of primitive (p, ¢)-forms.

If (X, J, w) is a compact Kéhler manifold, then the Lefschetz decomposition theorem
says that the primitive decomposition of forms (1) descends to de Rham cohomology, i.e.,

HjeX= @@  L'(ker(A: Hjp” X — Hjg” X))
r>max(k—n,0)

Cirici and Wilson recently proved a generalized Lefschetz decomposition theorem for
compact almost Kihler manifolds. Denote by A, := dd* +d*d the Hodge Laplacian, where
d is the exterior differential and d* := — * dx is its formal adjoint. The space of harmonic
(p, q¢)-forms ker Ay N AP 9 will be indicated by HS’q. They showed, see [3, Corollary 5.4],
that if (X, J, w) is a compact almost Kéhler manifold, then

Hyt= P LwyT npra, @)
r>max(p+q—n,0)

Let (X, J, w) be an almost Hermitian manifold, then other natural spaces of harmonic forms
can be introduced. The exterior differential decomposes into d = w + 9 + 9 + &, and we set

9* = — % 0%, 0* = — % 0% as the formal adjoints of 9, 9, where * is the C-linear extension
of the real Hodge * operator. Recall that

Ay = d* + 9%, Az =033*+ 3%d,
are respectively the 3 and 3, or Dolbeault, Laplacians, and
Apc = 330*3* +0*3*30 + 0*90*9 + 0%99*9 + %9 + %0,
and
Ap = 300*3* +0%3%90 + 09%09* + 09%09* + 99* + 0%,
are respectively the Bott—Chern and the Aeppli Laplacians. Denote by
! HEY HEE HEY,

the kernels of these Laplacians intersected with the space of (p, ¢)-forms. If X is compact
these spaces are finite-dimensional but they do not have a cohomological counterpart. In fact,
the almost complex Dolbeault, Bott—Chern and Aeppli cohomology groups might be infinite
dimensional (see [2], [4]).

In the integrable case, i.e., when d = 9 + 9 and (X,J)is a complex manifold, if we
further assume that X is compact and we endow (X, J) with any Hermitian metric w, all
these spaces of harmonic (p, g)-forms have a cohomological meaning and, if @ is Kéhler,
they coincide, i.e.,

P9 __ 4/P9 _ 44P9 __ 44P9 __ q4/P4q
M =1y = 1D = MG = MG

Considered that, we are interested in understanding whether the primitive decomposition of
harmonic forms (2) holds also for these spaces of harmonic forms, and how these spaces are
related on a given compact almost Kéhler manifold of real dimension 2n.
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Another motivation for this problem is the following. In [7] and [8] Holt and Zhang
studied Dolbeault harmonic forms on the Kodaira-Thurston manifold to answer a famous
question of Kodaira and Spencer which appeared as Problem 20 in Hirzebruch’s 1954 prob-
lem list [5]. Introducing an effective method to solve the PDE system associated to Dolbeault
harmonic forms on the Kodaira-Thurston manifold, they proved that the dimension of the
space of Dolbeault harmonic forms depends on the choice of the almost Hermitian met-
ric. In [12], Tomassini and the second author answered again to the same question, with
a different approach, analyzing locally conformally almost Kéhler metrics on almost com-
plex 4-manifolds. In [9], Tomassini and the first author introduced Bott—Chern and Aeppli
harmonic forms on almost Hermitian manifolds and studied their relation with Dolbeault
harmonic forms. See also [6] and [10] for recent results concerning the dimension of the
spaces of Dolbeault and Bott—Chern harmonic (1, 1)-forms on compact almost Hermitian
4-manifolds. In particular, in [7, Proposition 6.1], in [12, Theorem 3.6] and in [9, Corol-
lary 4.4], the primitive decomposition of (1, 1)-forms is used to deduce, in fact, primitive
decompositions of Dolbeault and Bott—Chern harmonic (1, 1)-forms on a compact almost
Hermitian 4-manifold. Given that, the study of primitive decompositions of Dolbeault, Bott—
Chern, Aeppli harmonic forms can be seen as a generalisation of the just mentioned results
in higher dimension 2n > 4 and for every bidegree (p, g).

The case of primitive decompositions of Dolbeault harmonic forms is studied in [1]. In
this paper, we are interested in studying primitive decompositions of Bott—Chern and Aeppli
harmonic forms on a given 2n-dimensional compact almost Kéhler manifold (X, J, w).
Indeed, we prove

Theorem 1.1 (Theorems 3.2, 3.3, 3.4) Let (X, J, w) be a compact almost Kihler manifold
of dimension 2n. Then,

Hige =Co® (Hyen P,
Hy'=Coo® (Hk] N P“) ,
Hr];zl,nfl —Co"'@L2 (Hkl A Pl,l) ’
Hi[g—l,n—l —Co' L2 (H};’é A Pl,l) .
This, in particular, generalizes the decomposition of H}){é in real dimension 4 of [9, Corol-

lary 4.4] to higher dimensions. As a corollary of Theorem 1.1, [7, Proposition 6.1] and [9,
Corollary 4.4], we derive

Corollary 1.2 (Corollaries 3.5, 3.6) Let (X, J, ) be a compact almost Kdhler manifold of
dimension 4. Then,

IS W N IS B S B N |
Hy' =Hy' =1y =Hge =Hy'.

Considered that the spaces of primitive Bott—Chern and Aeppli harmonic (1, 1)-forms
turned out to be useful for the above decompositions, and that the same holds for 9 and
Dolbeault harmonic (1, 1)-forms by the results of [1], we study the relations among all these
spaces of primitive harmonic forms on compact almost Kihler manifolds. In particular, we
analyze inclusions and non inclusions between these spaces. We prove
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Proposition 1.3 (Propositions 4.1 and 4.2) Let (X, J, w) be a compact almost Kdhler man-
ifold of dimension 2n. Then, for p + q < n,

p.q p.q _ 24P4q P.q p-q
Hge N PPY = Hg NHy ™" N PHE,
P:q , P-q ,
Hg NPPrICH N PP,
Moreover, for p+q = n,

Hyé N PPY=HE N PPa =HDI 0 pPd =19 N PP

In Proposition 4.4 we show that such inclusions are in general strict, and provide other
non inclusions.

Finally, we show that the primitive decompositions of Bott—Chern and Aeppli harmonic
forms obtained for the bidegrees (1, 1) and (n — 1, n — 1) are exclusive for these bidegrees.
In fact, working on an explicit almost Kihler structure on the Iwasawa manifold, we show
that the natural primitive decomposition of Bott—Chern harmonic forms one would expect
on (2, 1)-forms in real dimension 6 does not hold.

The paper is organised in the following way. In section 2 we introduce some preliminaries
of almost Hermitian geometry, including some observations on the other possible definitions
of the Bott—Chern and Aeppli Laplacians. In section 3, we write down some trivial decom-
positions of Bott—Chern and Aeppli harmonic forms for the special bidegrees (p, 0), (0, q),
(n,n— p) and (n — g, n), and then we prove the non trivial decompositions for the bidegrees
(1, 1) and (n — 1, n — 1) stated in Theorem 1.1. In section 4 we study the possible inclusions
and non inclusions among the spaces of primitive 9, 3, Bott—Chern and Aeppli harmonic
forms. Finally, in section 5, we analyze primitive decompositions of Bott—Chern and Aeppli
harmonic forms in dimension 6.

2 Preliminaries of almost Hermitian geometry

Throughout this paper, we will only consider connected manifolds without boundary. Let
(X, J) be an almost complex manifold of dimension 2n, i.e., a 2n-differentiable manifold
together with an almost complex structure J, that is J € End(TX) and J> = —id. The
complexified tangent bundle 7c X = TX ® C decomposes into the two eigenspaces of J
associated to the eigenvalues i, —i, which we denote respectively by 710X and 77X,
giving

TeX=T"% o 1"'X.

Denoting by AM°X and A%!X the dual vector bundles of 710X and 791X, respectively,
we set

p q
APIX = /\AI*OX A /\AO*IX

to be the vector bundle of (p, ¢)-forms, and let A”Y = T'(X, AP?9X) be the space of
smooth sections of A”>9X. We denote by A*¥ = I'(X, A¥X) the space of k-forms. Note that
AXQ®C= DB,y APIX.

Let f € C*°(X, C) be a smooth function on X with complex values. Its differential df is
containedin A' @ C = A0 @ A0! On complex 1-forms, the exterior differential acts as

d:A'®C— A2QC = A20g ALl g 402,
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Therefore, it turns out that the differential operates on (p, g)-forms as
d: APY Ap+2,q—l @ Ap+l,q o Ap,q—H @ Ap—l,q+2,
where we denote the four components of d by
d=pn+9+09+7m.
From the relation d? = 0, we derive
p? =0,
uo +ou =0,
824+ ud+ou =0,
3+ 39+ +upn =0,
82 4+ o+ o =0,
o + o =0,
m? =0.

Let (X, J) be an almost complex manifold. If the almost complex structure J is induced
from a complex manifold structure on X, then J is called integrable. It is equivalent to the
decomposition of the exterior differential as d = 8 + 9.

A Riemannian metric on X for which J is an isometry is called almost Hermitian. Let g
be an almost Hermitian metric, the 2-form w such that

wu,v)=g(Ju,v) Yu,v e I'(TX)

is called the fundamental form of g. We will call (X, J, w) an almost Hermitian manifold.
We denote by & the Hermitian extension of g on the complexified tangent bundle Tc X, and
by the same symbol g the C-bilinear symmetric extension of g on Tc X. Also denote by the
same symbol w the C-bilinear extension of the fundamental form w of g on T¢ X. Thanks
to the elementary properties of the two extensions # and g, we may want to consider 4 as a
Hermitian operator T'-0X x T1:0X — Cand g asa C-bilinear operator T10X x 701X — C.
Recall that A (u, v) = g(u, v) forall u, v € I‘(TI*OX).

Let (X, J, w) be an almost Hermitian manifold of real dimension 2n. Extend / on (p, q)-
forms and denote the Hermitian inner product by (-, -). Let % : A??9 — A""9"7P the
C-linear extension of the standard Hodge * operator on Riemannian manifolds with respect

n

to the volume form Vol = ‘,‘;—!, i.e., * is defined by the relation

a Axf = {(a, B) Vol Va,B e AP1,
Then the operators
d¥ = —sds, p*=— sk, 0% =—%0%, 0F=—%0% L = — %W,

are the formal adjoint operators respectively of d, i, 9, 3, . Recall that Ay = dd* + d*d
is the Hodge Laplacian, and, as in the integrable case, set

Ay = 9"+ 9%, Az =039*+3*9,
respectively as the 8 and 8 Laplacians. Again, as in the integrable case, set

Apc = 9033%0* + 3%0%99 + 0%93*0 + 9¥90*9 + 99 + 90,
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and
Ap = 000%0* +0%0%90 + 00%09* + 0009™ + 90* + 0%,
respectively as the Bott—Chern and the Aeppli Laplacians. Note that
* Apc = Apgx Apcx = *Aq. (3)

If X is compact, then we easily deduce the following relations, for any k-form 8 and any
(p, q)-form «,

Agp=0 < dp=0,d+xB=0,
Apa=0 & da=0,0d%a=0,
Aja=0 <= 0a=0, dxa=0,
Apca =0 <+ 0Jda =0, da =0, 00 xa =0,
Apa=0 <= dxa=0,d*xa=0, d0a =0,

which characterize the spaces of harmonic forms
k P4 P.q P.q p.q
Ry Hy™s My, Hpes, Hyos

defined as the spaces of forms which are in the kernel of the associated Laplacians. All these
Laplacians are elliptic operators on the almost Hermitian manifold (X, J, w) (cf. [5], [9]),
implying that all the spaces of harmonic forms are finite dimensional when the manifold is
compact. Denote by

k P:q P4 P P4
b*, hy*, h5 v hge, Yy
respectively the real dimension of HZ and the complex dimensions of Hg 4 Hg 4 Hg’g,
HP
W
Remark 2.1 By (3), note that
p.q n—q.n—p p.q n—q.n—p
*Hpe = Hy s ¥H" =Hpe : )
In the following, it will be often useful to study the spaces ’Hg’cq and Hg’q forp+¢g <nin

order to obtain information respectively on the spaces Hz_q’"_p and H'{Cq‘n_p .

Remark 2.2 We observe that, since the operators d and 9 do not anticommute in the non
integrable setting, we could have made a different choice for the Bott—Chern and Aeppli
Laplacians, namely we could have taken

Apco = 000*3* 4+ 0*3*99 + 3*99*9 + 9*99*9 + %9 + %9
Apn = 309%9* +0*9%00 + 0*99* + 99*99* + 89* + 99*
However, we notice that they differ by conjugation, namely
Apc =Apca,  Aa=Aan.
Hence,
a € Ker Agc — o € Ker Agc.a,

therefore it is not restrictive to study only the space H¢.(X). A similar argument shows that
it is not restrictive to study only the space H%*(X).
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3 Primitive decompositions of Bott—Chern harmonic forms

In the following we are going to show that, in special bidegrees, we have natural primitive
decompositions for Bott—Chern harmonic forms on compact almost Kéhler manifolds. We
first need to introduce some notations and recall some well known facts about primitive
forms. Let (X, J, w) be a 2n-dimensional almost Hermitian manifold. We denote with

L:AX - Ak+2X, A OV
the Lefschetz operator and with
A:ARX > AF2X, A =s"1Lx

its dual. A differential k-form a; on X, for k < n, is said to be primitive if Aoy = 0, or
equivalently L"*+lg = 0. Then, the following vector bundle decomposition holds (see
e.g., [14, p. 26, Théoreme 3])

AKX = EB L (P ), 3)

r>max(k—n,0)
where we denoted
P'X :=ker (A: A°X - A*72X)

the bundle of primitive s-forms. Accordingly to such decomposition, given any k-form o €
A¥X, we can write

1 r
ay = rzm%_n,m L B, ©)
where Bi_or € pk=2ry, namely
APr—2r =0,
or equivalently
kg g,

Furthermore, the decomposition above is compatible with the bidegree decomposition on the
bundle of complex k-forms AféX induced by J, that is

Pix = @ PrX,
ptq=k
where
PP9X = PEX N APIX.
For any given ;. € P¥X, we have the following formula (cf. [14, p. 23, Théoreme 2])

k(k+1) r! g
*LTB = ()T e T ™

Let us set P* := I'(X, P*X) and PP-? := I'(X, PP9X). We recall that the map L
AX — AR g injective for 4 4+ k < n and is surjective for h + k > n.

@ Springer



2756 R. Piovani, N. Tardini

Remark 3.1 In[3, Corollary 5.4] it is proven that on a 2n-dimensional compact almost Kéhler
manifold such primitive decompositions pass to d-harmonic forms, namely
= @ el nprra,
r>max(p+q—n,0)
In fact, this holds true also for the spaces of harmonic forms introduced in [11]. More precisely,
setting
§:=0+u, 8:=0+n
one has, on compact almost Kihler manifolds, for every p, g ([11, Proposition 6.2, Theorem
6.7])
P4 _ 4 P4 _ 4,04
Hy™ =Hg" =Hs™.

Here we are interested in investigating when the decomposition (5) descends to Bott—
Chern and Aeppli harmonic forms. Note that, since (p, 0)-forms and (0, ¢ )-forms are trivially
primitive, we immediately derive for p,q <n

HoL = HEO N PP, Hyd = HyL n PO,

HEO = 1B 0 pro, HY! = HYT N PO,

Applying the Hodge * operator to the previous trivial primitive decompositions of the spaces
of Bott—Chern and Aeppli harmonic forms, from (4) and (7) we easily obtain respectively

Hy" P = L (MG o), HyTO" = 17 (il 0 PO
Hye =177 (WG 0 pro), Hyplt" =177 (Wt 0 PO

In particular, taking p = g = n we obtain

Hie =HE"  and  HYL =HO"
In fact, this can be obtained directly using formula (7) as done in Proposition 4.2 recalling
that (n, 0)-forms and (0, n)-forms are trivially primitive. We find more interesting primitive
decompositions when we look at the space of Bott—Chern and Aeppli harmonic forms of
bidegree (1, 1).

Theorem 3.2 Let (X, J, w) be a compact almost Kahler manifold of dimension 2n. Then,

Hye =Coo (HztnP').

Proof Let ¢ € H}_élc’ e,y € Al and
9y =0, 9y =0, 39« = 0. ®)
By (6), we derive
v =foty,

where f is a smooth function with complex values on X, and y is a primitive (1, 1)-form,
i.e., Ay = 0. Since both f and y are primitive forms, we apply (7) to compute *xyr. We
obtain

wn—l wn—Z
V= Ty N
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Now, from (8) and from the assumption that the metric is almost Kihler, it follows that

0=03% =3f Aw+dy,
0=03y =3f Aw+dy,

wn—l B n—2 _

0= AN00f — A 00
= N T Ty MY
wnfl _ wan _

wnfl _ wnfl _

=—— AN0d0 ———— A0
i N T N

1 1 n—1 a
= <(n— ot (n—2)!>w nodf.

Arguing like in [9, Theorem 4.3] or in [ 12, Proposition 3.4], one can show that the differential
operator L : C*°(X, C) — C*°(X, C) defined by

L:fr>—ix@df Ao 1)

is strongly elliptic and, being f € Ker L, it follows that f is a complex constant by the
maximum principle. Since f € C, the equations in (8) are equivalent to

Note that 9y = dy = 0 and Ay = 0 implies 39 * y = 0. Summing up, we showed that
ify = fot+ye Hg’é, where f € C®°(X,C)andy € P'! then f e Cand y € H}g’lc
proving the inclusion C of the statement. The converse inclusion 2 is trivial, therefore the
theorem is proved. O

For Aeppli harmonic (1, 1)-forms, we find the following similar decomposition.
Theorem 3.3 Let (X, J, w) be a compact almost Kdhler manifold of dimension 2n. Then,

Hkl =Coo® (Hkl N Pl’l) .

Proof Let ¢ € Hk], ie., ¥ € Al and
dxy =0, 9%y =0, 39y = 0. )
By (6), we derive
v =foty,
where f is a smooth function with complex values on X, and y is a primitive (1, 1)-form,

i.e., Ay = 0. Since both f and y are primitive forms, we apply (7) to compute *xyr. We
obtain

*Y = f

a0 "o N
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Now, from (8) and from the assumption that the metric is almost Kihler, it follows that

n—1 n—2

w
0=0 = ANIf — ——— A DYy,
V= N T N
_ n—1 B n—2 _
0=20 = —ANJdf — A0y, 10
e N T oy N (10
0=100f Aw+ ddy. a1
We apply L"~2 to (11), obtaining
0=0"""A0If 4+ "> Addy.
We apply d to (10), deriving
n—1 _ a)n—Z B
= ——ANJIf — —— A ddy.
=y O T Gy Y
Combining the last two equations, we find
wn—l _ wn—] _
0=———A00 —— A J0
(n—1! I+ (n—2)! f

—( ! + ! >”‘1A85
o= T w=2)? f-

Arguing like in Theorem 3.2, it follows that f is a complex constant. Since f € C, the
equations in (9) are equivalent to

dxy =0, 9%y =0, 99y =0.

Summing up, we showed thatif = fo + y € Hxl, where f € C®(X,C)and y € P!,
then f e Cand y € Hi\’l proving the inclusion C of the statement. The converse inclusion
D is trivial, therefore the theorem is proved. O

As a corollary of the previous results we obtain also the following decompositions of the
spaces of (n — 1, n — 1) Bott—Chern and Aeppli harmonic forms.

Theorem 3.4 Ler (X, J, w) be a compact almost Kihler manifold of dimension 2n. Then,
the following decompositions hold

Hyd "™ =Cor @ L2 (' 0 P, (12)
Hy " = ot e L2 (Ml n ). (13)

Proof Decompositions (12) and (13) follow respectively from the decompositions of Theo-
rems 3.3 and 3.2 applying the Hodge star operator and using formulae (7) and (4). O

From Theorems 3.2, 3.3 and 3.4, it immediately follows
Corollary 3.5 Let (X, J, w) be a compact almost Kdhler manifold of dimension 4. Then,
Hye =Hy' =Coa (HiLn P,

Combining Corollary 3.5 with [7, Proposition 6.1] and [9, Corollary 4.4], we derive
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Corollary 3.6 Let (X, J, w) be a compact almost Kéihler manifold of dimension 4. Then,
1,1 1,1 1,1 1,1 1,1
H; =H, :H5 =Hge =H, .
These last two results will be generalized in Proposition 4.2.

Remark 3.7 Notice that, in fact, on 4-dimensional almost Hermitian manifolds the primitive
decomposition of H}g’é was proved in [9, Corollary 4.4], where it is shown that

Hpe NP ={ae AN Aga =0, xa = —a).

4 Relations among the spaces of primitive harmonic forms

We saw that the spaces of primitive Bott—Chern and Aeppli harmonic forms are important
in Theorems 3.2, 3.3 and 3.4. Moreover, the spaces of primitive 9- and Dolbeault harmonic
forms play a similar role as shown in [1]. Let us then study the possible inclusions and non
inclusions between these spaces.

Proposition 4.1 Let (X, J, w) be a compact almost Kdihler manifold of dimension 2n. Then,
forp+q <n,
p-q g _ 4P Pq ,
HBCHP”q—Hé NHy™* N PP, (14)
HEY N PPt C HET N PP (15)
In particular,
P.q . Pq .
Hpe N PP CHIT N PP,
p.q . p.q .
Hge N PP CHy N PP,
pq . Pq ,
HEd N PP9 cHET N PP,
Proof We start by showing (14). Let o € Hg’”’ NHYIN PP e,
da =00 =0xa=0%a=0.

Hence, o = do = 30 * & = 0 and so o € H}y2. Notice that in fact we did not use that « is
a primitive form. Viceversa, leta € HE 2 N PP, e,

doo =0da = dd xa = 0.

<p+q)(g+q+l)

Since « is primitive, ¢ = c@" P79 A a, with ¢ = iP™4 and since w is

d-closed we have o
dxa=co(" P Irna)=co" P9I ANdax=0
and similarly
dxa=cd@" P IA)=cao" P IANIx=0
sow € Hg'q ﬂHg‘q N PPrAa.
Now we show (15). Let o € Hg’q N PP je.,

da =0 *xa =0.
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In particular 39 = 3 x & = 0. To prove 3 x & = 0, which implies @ € H4? N P74, recall
that xa = c " ~P79 A «, and again since w is d-closed we have

dxa=cd(@" P 9IAQ)=ca" P79 Ada =0. o

In fact, without any assumption on the almost Hermitian metric, when the total degree of
the forms is half the dimension, all the spaces of primitive harmonic forms coincide.

Proposition 4.2 Let (X, J, w) be a compact almost Hermitian manifold of dimension 2n.
Then, for p + q = n,

p-q g _ 4P g _ 4P g _ 4P ,

HBCDP”q—Hé NPPY =HI N PP =R, N PP,
Proof Let « € PP9 for p + g = n, then by Formula (7) *a = ¢p 4o, with ¢y =
nn+1)

(-1 = iP~4, Therefore,

da =0 = dxa=0 = =0
and

de=0 &= Idxa=0 &=  Fa=0.
The equalities follow then directly from the definitions. For instance, to prove Hg INpra C
HEE N PP leta € Hg’q N PP4, then do = 0 and 9 * o = 0. Hence, by the previous
observation one has also that 9 %o = 0and da = 0, giving in particular that 9 % o = 0,
da = 0 and do = 0 which means thata € Hp 2 N PP+9. Viceversa, to prove Hp 2 N P4 C
HEIN PP letw € Higd N PP, then da = 0, dor = 0 and 33 * o = 0. Hence, by the
previous observation one has also that 9 * o« = 0 which means that o« € Hf-; ' pPr9. The
other inclusions can be proved similarly. O

For p 4+ g < n, the inclusions of Proposition 4.1 can be summed up in the following
diagram.

Hg’q N pra
7 \g)
HPA A pPa < HP9 A ppa
BC A
\g
HYy N pra

Notice that even though we have the inclusion Hg 4N pra c Hf"q N PP4, we cannot

expect a similar inclusion for Hg 4N PP in Hﬁ’q N PP4 Indeed, since 3 and 8 do not
anticommute, the condition da = 0 does not imply dda = 0. See Proposition 4.4 for more
details.

Combining Proposition 4.1 for (p, g) = (1, 1) with Theorems 3.2, 3.3 and 3.4 we obtain
the following

Corollary 4.3 Let (X, J, w) be a compact almost Kdihler manifold of dimension 2n. Then,
HEE(X) € HY 00,
and

Hr/gfl,nfl(X) c Hléz‘l,nfl(X).
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Now we study whether the inclusions in Proposition 4.1 are strict, and in general if there
are other inclusions between the spaces of primitive harmonic forms.

Proposition 4.4 There exists a compact almost Kdihler 6-manifold (X, J, w) such that

Hy' NP Hg N P (16)
Hy' NP gy P (17)
H' NP g 0 P (18)
H' NP g H NPt (19)
1.1 1,1 1,1 1,1
Hy NP ggHé neP-, (20)
Hy'n PN HpL 0 P 21
Hy'n PN ¢ H 0Pl (22)
Proof We refer to Example 4.5 for the proof of this Proposition. O

Example 4.5 We recall the following construction of [1]. Let X = T® = Z®\R® be the
6-dimensional torus with (x] ,x2, x3, yl, yz, y3) coordinates on R®. Let g = g(x3, y3) be
a non-constant function on T®. We define an almost complex structure J setting as global
co-frame of (1, 0)-forms

ol i=efdx! +ie78dy!, ¢Fi=dx*+idy?, ¢ :=dx®+idy’.
The structure equations are
dy' = Vs(9)p®! — Va(9)p", d¢? =dg® =0,
where {V1, V», V3} denotes the global frame of vector fields dual to {(pl , <p2, <p3 } Notice that
in particular J is not integrable. Then, the (1, 1)-form
= %(pli + 15@22-1— %(pﬁ

is a compatible symplectic structure, namely (J, ) is an almost Kéhler structure on T®. )
We will show that the form ¢?! verifies claims (16), (17), (18), (19), while the form ¢'?
verifies (20), (21), (22).
First, note that

égpﬂ =0
and
8>!<(pzi = —a)/\a(p21 :Wg)a)/\(p123 =0,
thus
lent nptlcnlinplt
On the other hand
aq)zi _ —Wg)(pm £0
and so

(/721 ¢ H‘;,l n Pl,l D H}gé N Pl’l.
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This proves (16), (17), (18), (19).
Now, note that

2 =0
and
3 x (pli =—wA E_)goli =—-V3(g)w A <p3ﬁ =0,
thus
<,0li € Hé’l npLL

On the other hand

039" = 0(V3(2)9°) = ~V3()Va(@)g™'? £ 0
and so

(pli ¢ Hkl ApLl S H;_),l ApLl oS H};'lc npLl
This proves (20), (21), (22). ]

Combining Propositions 4.1 and 4.4 one finds the following diagram of strict inclusions.

Hg”’ N PP4
Q/ \g‘
p.q , G p.q , 23
HEL N pra . HY1 N PP (23)
HE N PP

The remaining non-inclusions of Propositions 4.4 (which are not already included in diagram
(23)) can be summed up in the following diagram.

HE N pr

Hyd 0 PP | |¢ Hhd N PP (24)
¢
=
HyINPPic ¢

It remains open to understand if 7/ N PP+ is either contained or not in Hf-; A pPain
[0
general.

Remark 4.6 We notice that in [11] the spaces of Bott—Chern and Aeppli harmonic forms
were introduced using the operators § and 8. In fact, it was shown that with respect to such
operators, on compact almost Kédhler manifolds one has the usual equalities (that are true for
Kihler manifolds), namely (cf. [11, Proposition 6.2, Theorem 6.7, Proposition 6.10, Corollary
6.12])

500 = 35,00 = K00 = 1100 = 13 0.
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5 Primitive decompositions of harmonic forms in dimension 6

Let (X, J, w) be a compact almost Kéhler manifold of dimension 27. In Sect. 3 we saw that
the primitive decompositions of (p, g)-forms descend to Bott—Chern and Aeppli harmonic
forms for the special bidegrees (1, 1), (p, 0) and (0, ¢). By Bott—Chern and Aeppli duality,
we saw that we can also deduce primitive decompositions for the bidegrees (n — 1, n — 1),
(n,n— p) and (n — g, n). But do these decompositions hold only for these special bidegrees?
Are there other bidegrees with nice primitive decompositions of the spaces of Bott—Chern
and Aeppli harmonic forms? For 2n = 2, 4, since the previous bidegrees are all the possible
bidegrees, the situation is well understood. Therefore, to answer our question, we should
investigate what happens in the dimension 2n = 6.

If2n = 6, then the only bidegrees for which we do not still have primitive decompositions
of the spaces of Bott—Chern and Aeppli harmonic forms are (2, 1), (1, 2). Let us focus on
the bidegree (2, 1). The primitive decomposition of forms reads as

A2 = P2l gL (A1),
Passing to Bott—Chern harmonic forms, it is immediate to see that
e 2 (Hen P o L (130). (25)
However, for Aeppli harmonic forms, a similar inclusion does not hold, because in general
L(H5°) g 75"

Indeed, let o € HL’O. For bidegree reasons, dda = 0 and 3 * o = 0 or, equivalently, since
« is primitive, 8da = 0 and w?> A da = 0. Note that this does not imply, in general, that
Lo =wArnace Hi’l, indeed we cannot conclude that 9 * (w A @) = —iw A da is equal to
zero. Therefore, we will focus only on Bott—Chern harmonic forms. At this point, we could
hope that the inclusion of (25) is indeed an identity. In fact, it does not happen, as it is shown
by the following

Proposition 5.1 There exists a compact almost Kihler 6-dimensional manifold (X, J, w)
such that

Hye # (Hye n P ) @ L (132)
Proof We refer to Example 5.2 for the proof of this Proposition. O

Example 5.2 Let X := Z[i]’\(C?3, -) be the Iwasawa manifold, where the group structure on
C3 is defined by

W' w? w2 ) =+ w2 vt w42,
The standard complex structure of C3 induces, on X, the complex structure given by
yl=dz', y*=d? ¢ =-7'd? +ad
being a global coframe of (1, 0)-forms. The complex structure equations are
dy' =0, dy*=0, dy’=—-y'%
If we set

Wl =el gied, yr=e4ict, yI=e +id,
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then the real structure equations are
de' =de? =de’ =de* = 0, de’ = —el3 + 624, de® = —e'* — 2.

Let us consider the non integrable left-invariant almost complex structure J given by

1

o' =el 4ids, o 4

=e2+ies, g03 =e3+ie
being a global coframe of (1, 0)-forms. By a direct computation the structure equations
become (cf. also [13])

13

4de' = —p1 —ip® 4013 1 o3 _ i 4 i 4P _ gD,

3

—

4d(p2:_i¢13+¢23_i(p1§+i¢3i_¢23_¢32_i(p )

de’ =0.
Endow (X, J) with the left-invariant almost Kihler structure given by
0 =20+ + ) =it + 6P + o).

First, we do the following observation that will allow us to work with only left-invariant
forms (cf. [1, Lemma 5.2]). Take n € A%! and assume it is left-invariant. By (5), it follows
that

n=a+ LB,

with & € A>! primitive, i.e., Lo = 0 and B € A0 (B is in fact primitive for bidegree
reasons). We apply L and find Ly = L*8. Note that Ly, and so L? 8, are left-invariant, and
that L? : A'X — A’X is an isomorphism at the level of the exterior algebra. Therefore,
also B is left-invariant. Now, since LS and n are left-invariant, it follows that also « is left-
invariant. Summing up, if n € A% is left-invariant, n = o + LB and Lo = 0, then o and 8
are left-invariant, too.

We want to find an element € A>! which is contained in H%’é but is not contained in

2,1 2,1 1,0
(Hen P ) oL (m2).
Thanks to the previous argument, if n € H%’é is left-invariant and n = o + LB, with
o€ Hiﬁé NP>land B e H}g’g, then @ and 8 are left-invariant.
A long, but direct and straightforward computation, shows that the space of left-invariant
Bott—Chern harmonic (2, 1)-forms is

131 232 132 231 _ 21.(/)232

C<o 7 4+¢7% 0" +09

>,

while it is easy to verify that the space of left-invariant forms which are contained in L (Hg’g)
is
131

C<o +(p232>.

Since L(go132 + <p23I - 2ig0232) = —2iL(g0232) # 0, it means that g013i + @231 — 21'(p232

132 4 (P23] 232

is not primitive. Therefore ¢ — 2i@~>7 is a left-invariant, Bott—Chern harmonic

(2, 1)-form, but it is not contained in

(Hpen P oL (1ye).
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