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Abstract

The main goal of this paper is to address scenarios in which the distribution of multivari-
ate real-valued data exhibits skewness and diverse tail behavior across dimensions. The
dimension-wise scaled mixtures of normal (DSMN) distributions have been shown to be
effective in modeling data with varying degrees of tail heaviness by dimension. An extension
of the DSMN distribution is introduced by incorporating a vector of shape parameters, leading
to the skew dimension-wise scaled mixtures of normal (SDSMN) distributions. The SDSMN
family offers flexibility in expressing a range of shapes by allowing control over tailedness
and skewness in each dimension. This study examines the characteristics and probabilistic
properties of SDSMN distributions, as well as explores their extension to finite mixtures
thereof. An ECME algorithm is developed utilizing a selection mechanism to compute the
maximum likelihood estimates of model parameters. Numerical experiments conducted on
simulated data and four real datasets from various fields, including biometry and biomedicine,
demonstrate the effectiveness and practicality of the proposed methodology.
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1 Introduction

For real-valued p-dimensional data, the multivariate normal (MN) distribution, characterized
by its mean vector & and covariance matrix X, plays a crucial role. However, numerous empir-
ical studies indicate that the MN distribution is often unsuitable due to two main deficiencies:
(a) the tails are lighter than required; (b) the distribution is symmetric with a particular type
of symmetry, the elliptical one.

A classical approach to addressing deficiency (a) is through the use of a multivariate
scale mixture of normal (SMN) distributions (Andrews & Mallows, 1974). They are defined
as a finite/infinite mixture of MN distributions, with the same mean & and a covariance
7~1'% which is scaled by a convenient positive mixing random variable T whose probability
mass/density function depends on a tailedness parameter v governing the leptokurtosis of
the data. Most of the existing SMN distribution literature focuses on the mixing distribution
selection. However, the resulting SMN distributions are still elliptically symmetric and have
a single tailedness parameter t, valid for all the p dimensions, which may be rather restrictive
because it implies dimensions having the same excess kurtosis (Forbes & Wraith, 2014).

Multiple scaled mixtures of normal (MSMN; Forbes & Wraith, 2014) distributions have
become increasingly popular for modeling complex tail behaviors. MSMN distributions
generalize SMN distributions by employing the eigendecomposition ¥ = FAT " of the
scale matrix, where I' contains the eigenvectors of X, and A is a diagonal matrix of the
corresponding eigenvalues. Additionally, they introduce a distinct mixing random variable
t for each principal component (PC) in the space spanned by the columns of T (Punzo &
Bagnato, 2022b). As discussed in Punzo and Bagnato (2022a), this parameterization allows
for different tail behaviors across PCs. The MSMN distributions are defined as

o0
Smsmn(y; &, T, A, v) = f‘l’p(}’lt; &, TA;AT h,(z; v)dT,
0

for y € R?, where

o0

oo o0
fg(x)dx:/o /(; g(xl,...,xp)dxp-~-dx1,

0

¢p(y;: &, X)isthepdfof N, (§, X), hy isa p-variate pdf of the scale vector T = (11, ... ., rp)T,
with independent components, indexed by a possibly multivariate parameter vector v =
(vlT, R v;)T, and A; = diag{tl_l, e r]jl} is a p x p diagonal matrix whose diagonal
elements are the inverse weights. The result is a multivariate heavy-tailed distribution with
a more general type of symmetry than the elliptical one. The primary advantage of the
MSMN distribution lies in its ability to capture variations in kurtosis across its PCs, thereby
accommodating non-identical leptokurtosis. Additionally, a notable feature is the inclusion
of multidimensional weight variables, z; for j = 1,..., p, which can adjust for outliers
with varying magnitudes across the PCs. In this model, the single-tailedness parameter of the
SMN distributions is replaced by p tailedness parameters, one for each PC. This allows the
model to address deficiency (a) and partially address deficiency (b), specifically the type of
symmetry. However, two issues arise. First, the tailedness parameters are not defined in the
original space of interest, complicating their interpretation. Second, the model’s definition
involves the orthogonal matrix I', whose estimation is challenging (Bagnato & Punzo, 2021).

To overcome the above-mentioned issues about the MSNMs, Punzo and Bagnato (2022a)
introduced a new class of distributions called dimension-wise scaled mixtures of normal
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(DSMN) distributions, a more natural way to alter the tail behavior separately for each
dimension. The DSMN distribution is a flexible approach that allows for different excess
kurtosis on each dimension. This means that the excess kurtosis in each dimension can be
different, allowing for greater flexibility in modeling complex data structures. The pdf of the
DSMN distribution is given by

fosmn(y; &, E, v) = f¢p<y|r; £, AYVPEAY DR (T3 v)dT, (1)
0

for y € RP. By breaking down the distribution into its constituent components, it becomes
possible to see how the generic jth dimension is affected by the scaling parameters v;
and by the distribution of the mixing random variable 7;. By using the variance-correlation
decomposition in Eq. 1, a hierarchical representation for a random vector Y that follows a
DSMN distribution can be constructed as

YLt +0'282,

where Z ~ N,(0, X), with T being a correlation matrix. Furthermore, o!/>Zo!/2 is the
variance-correlation decomposition of X and o = diag(o11, ..., 0pp) Where o;; denotes the
element at position (i, j) in X.

However, the methods discussed so far do not handle empirical distributions that exhibit
asymmetry, which is a part of deficiency (b). To overcome this limitation, a skewness param-
eter vector can be incorporated into the parametric model, allowing control over the degree of
asymmetry. In recent decades, extensive research on skew distributions has led to a wide range
of models to describe asymmetric empirical distributions. Different construction approaches
yield various forms of skewness, leading to distinct distributional shapes. Several methodolo-
gies have been developed, including perturbation (Azzalini & Capitanio, 2003 and Azzalini
& Dalla Valle, 1996), copula-based methods (Jajuga & Papla, 2005; Vrac et al., 2012, and
Kosmidis & Karlis, 2016), and transformation-based techniques (Ley & Paindaveine, 2010;
Zhu & Melnykov, 2018; Scrucca, 2019, and Melnykov et al., 2021), each driven by dif-
ferent theoretical and practical considerations. In this work, we focus on the perturbation
approach and, as an illustration, we consider the multivariate skew-normal (MSN) distri-
bution (Azzalini & Dalla Valle, 1996). In detail, a p-dimensional random vector Y follows
a MSN distribution with location parameter § € R?, positive definite scale matrix X, and
skewness parameter A € R”, if its pdf is given by

FOEZ A =20,y:6 D)X 0 2y —8)), 2)

where @ (-) denotes the cumulative distribution function (cdf) of a standard normal random
variable.

In addition to the deficiencies outlined earlier, real data often exhibit heterogeneity, mak-
ing a single distribution insufficient to adequately represent their complexity. In such cases,
model-based clustering, which assumes an underlying finite mixture for the data distribution,
is a powerful approach (McLachlan & Peel, 2000). Researchers and practitioners continu-
ously seek flexible distributions to use as mixture components to better describe each cluster,
operating under the typical assumption that each mixture component represents a cluster
(cf. McLachlan & Basford, 1988; Fraley & Raftery, 1998, and Bohning, 2000). For a com-
prehensive review of finite mixtures with flexible distributions, see Ddvila et al. (2018),
McNicholas (2016), and Lee and McLachlan (2013). In line with this research trajectory,
we propose finite mixtures of skew DSMN (SDSMN) distributions as a powerful tool for
clustering.
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For estimating the parameters of the proposed models, we utilize the maximum likelihood
(ML) approach with the expectation conditional maximization either (ECME) algorithm
(Liu & Rubin, 1994), an extension of the EM algorithm (Dempster et al., 1977). The ECME
algorithm has a faster convergence rate than the EM algorithm while retaining its appealing
features. The EM algorithm and its extensions, such as the expectation conditional maxi-
mization (ECM) algorithm (Meng & Rubin, 1993) and the ECME algorithm, are popular due
to their ease of implementation and numerical stability when estimating various multivariate
skew distributions.

Previous studies by Lin et al. (2007a,b), Lin (2009), and Lin (2010) provided analyti-
cal ECM and ECME procedures for ML estimation of finite mixtures of skew-normal and
skew-t distributions in both univariate and multivariate cases using the convolution-type rep-
resentation of the models. However, the SDSMN model cannot be formulated in this way.
Instead, we adopt the selection-type representation of the SDSMN model, inspired by recent
work by Mahdavi et al. (2021a,b), to develop a feasible ECME procedure for computing ML
estimates of the model parameters.

The paper is structured as follows. Section 2 introduces the general SDSMN model and
describes the application of the ECME algorithm for ML estimation using a selection-type
mechanism. Section 3 presents two examples of SDSMN distributions, applying different
mixing distributions to the scale vector 7. Following that, a finite mixture of SDSMN distri-
butions is defined, and the EM algorithm is implemented to estimate the model parameters.
The effectiveness of the proposed techniques is demonstrated through three simulation stud-
ies in Sect. A of the Supplementary Material and the analysis of four real datasets in Sect. 5
and Sect. B of the Supplementary Material. The paper concludes with final remarks and
suggestions for future research directions in Sect. 6.

2 Methodology

This study aims to extend existing DSMN distributions by incorporating skewness, thereby
introducing a more diverse range of distributional forms. This approach allows for distinct
tail and skewness behaviors in each dimension. By combining the advantages of skewness,
as detailed in Eq. 2, with variable marginal amounts of tail weight, as described in Eq. 1,
our proposed framework—referred to as skew dimension-wise scaled mixtures of normal
(SDSMN) distributions—offers a broader range of distributional forms to better capture the
complexity of real-world data. This section explores the key characteristics of the SDSMN5s
that are beneficial for inferential purposes, particularly in ML parameter estimation using the
ECME algorithm.

2.1 The SDSMN Distribution

A p-dimensional random vector Y follows the SDSMN distribution with location parameter
& € RP, positive definite scale matrix ¥ € RP*”, skewness parameter A, and flatness
parameter v, if its pdf is given by

fspsMn (Y €, B, A, v) =2 fosun(y; &, 2, @A To 72 (y — §)). 3)

The SDSMN family of distributions defined in Eq. 3 is quite vast and includes various sub-
families of asymmetric and dimension-wise scaled distributions. These subfamilies have not
been previously explored in the literature. It is worth mentioning that the SDSMN distribution
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includes the DSMN distribution as a special case when A = 0, where 0,, denotes the column
vector of length p with all entries equal to 0. The SDSMN distribution can be cast in the
framework of selection distributions that arise under a selection mechanism (Arellano-Valle
et al., 2000).

Lemma 1 A random vector Y follows the MSN distribution, with the pdf given in Eq. 2, if it
has the following convolution and selection representation, respectively:

YL 4qg!2 <6H + (- &ST)WU()),

v L¢ +al/2[z | (2o < XTUO):|,

where Z ~ N,(0, %), Zo ~ N(0, 1), Uy ~ N,(0,1,), H~ DTN(O, 1)I0,c0) are inde-
pendent random variables and § = XA/v/1 + AT XA, Here, DTN (1, 02) 1y represents a

doubly truncated normal distribution with support A = {a; < x < a2}, and I, is an
indicator function of the set A.

Lemma 1 plays a crucial role in uncovering the essential characteristics of MSN distri-
butions, including aspects such as random number generation, the computation of moments,
and the estimation of parameters (Azzalini & Capitanio, 2014). In a similar way, it is straight-
forward to demonstrate that a p-variate random vector ¥ ~ SDSM N, (&, X, A, v) follows
the SDSMN distribution if it has the following convolution and selection-type representation,
respectively:

yLgy 01/2<Ai/25,f1 + AV 3 - a,aj)l/zv()), )

YLv|wso), Q)

where §; = EA‘,/Zx/\/l FATAYVPEAY2 N vV = £4612AY2 ZandU =0T AV Z2— 7,

Obviously, the random variable U is a continuous random variable symmetric about zero.
From Eq. 4, it is easy to show that

EY)=¢+ \/gal/zE(Al/za,).

Consider p independent weights 11, ..., 7, each having an associated pdf 4, ; (Tj;vj),
where v; is a parameter vector that characterizes the shape of 7;. For fitting the SDSMN
model within the complete-data framework via the EM algorithm, we introduce the latent

variables W £ U | (U > 0)andy = (y1.....7p)| 27 =(11.....7,) | (U > 0) based
onEq. 5. Then, ¥ T, W,y )T L (vT, U, zT)T|(U > 0) has the following joint pdf:

1
Srwyly,w,p) = mfv,u,r(y, w,y)
=2fvir ) fuv.c (W) fr(¥)
P
=20, (y: . AP EA ) p(w — o (y = 8) [ e, i v (6)
j=1
where A, = diag(yf], e yp_l), o =1To /2 isaredefined parameter, and hf/. (vjsvj)

is the pdf of 7; evaluated at point ;.
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Integrating out W from Eq. 6 gives the following joint pdf

P
Fro.y) =20,(y: 6. AP EA )0 (v — &) [] e, (i v ). @)
j=1
Dividing (6) by Eq. 7 yields the following relation
—a'(y—
iy =W E OO L,

Pa"(y—8)
where ‘=" means that W and y are conditionally independent. Moreover, it is straightforward
to show that

Wy~ DTN(a"(y—§). 1)I0.)-

Using Lemma 2 of Lin et al. (2007b), we have the following conditional expectation:

¢la(y —8)
EW |y=a(y—&+————%. 8
Wiy =a (y—§ S —8) ®)
By Bayes’ rule, the conditional pdf of y given Y = y is
P
Forly) = fj(f(’y)y) o gp(y: & AYZEAY?) [T ey i v ©

j=1

2.2 Parameter Estimation via the ECME Algorithm
Suppose that y, = ( y]T, e y;r )T constitutes a sample of size n arising from the SDSMN
model. Under the EM framework, the latent variables W = (W, ..., W,)T and y =
(le, e yI)T, introduced in Sect. 2.1, are treated as missing data. Then, the complete
data is given by y. = (y;'—, WT,yT)T. Further, we let § = (ET, vech(Z) T, AT, v )T to
denote the entire set of unknown parameters to be estimated in the SDSMN model, where
vech(-) is the half-vectorization operator that stacks the lower triangular elements of a p x p
symmetric matrix into a single p(p + 1)/2 vector.

According to Eq. 6, the log-likelihood function of @ corresponding to the complete-data
Ye, excluding additive constants and terms that do not involve parameters of the model, is
given by

n

1 _ _
L@y =-3 { log (det(X)) + (i — &)T Ay, 271 A, (i — &)
i=1

P
+(W; — o (y; _g))Z_ZnghU(yU;vj)}, (10)
j=1

where y;; denotes the jth component of ;.
On the kth iteration, the E-step requires the calculation of the so-called Q-function, which
is the conditional expectation of Eq. 10 given the observed data y and the current estimate
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0™, where the superscript ) denote the updated estimates at iteration k. To evaluate the
Q-function, we require the conditional expectations

v = E@i15,0%) and w = EWi | yi,0®), (11
which can be derived from Eqgs. 8 and 9, along with
51 w)) = EQoghy; (viji v)) | yi. 0%, (12)

which may not have a closed form for some subfamilies. Substituting (11) and (12) into (10)
yields the following Q-function:

ln
Q(0I0(k))=—EZ{IOg(det(Z))ﬁL()’l O JEIA =)
i=1
Ha (i — )P —2wa (5 — &) - 2Zs(">(v,->], (13)
j=1

where Ay;k) = diag(l/yi(lk), .. l/yl(k))

The CM-steps are implemented to update estimates of @ in the order of &, X, A and v
by maximizing, one by one, the Q-function obtained in the E-step. After performing some
algebraic manipulations, these procedures can be succinctly summarized by the following
CMQ and CML steps. Here, the abbreviations CMQ and CML denote the function to be
maximized in the CM step, specifically the Q-function for the CMQ steps, and the observed-
data log-likelihood for the CML step.

CMQ-step 1 Fix ¥ = X® and & = a®, and update £*’ by maximizing (13) with respect
to &, which leads to

n

—1 n
1/2 1 2, 125 ()—1 A —1/2
ghD = [Z(Ay /25— ‘A / (k)aT(k)):I [ZA),G{ -1 A~ ({ "
=1

i=1 i

n n
1a®aTO Sy a® 3y, <k>].
i=1

i=1

CMQ-step 2 Fix & = %+ and update £® by maximizing (13) over X. This gives

—1/2 —1/2
Z(k+l) ZA (k{ (yi — E(k+l))(.)’i - E(k-H))TAy(k{ .

CMQ-step 3 Fix & = £€%*D and obtain «* 1) by maximizing (13) over a. This gives
n 1 n
k
ot = [Z()’i — &y - E(k+l))T] Z w,-( )(yi — gD,
i=1 i=1

Accordingly, we can obtain A*+D = g 1/2(+D g *k+1),
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For some members of SDSMN, the calculation of sl.(;‘) (v;) in Eq. 12 is not straightfor-

ward. An update of v® = (vlT(k), ey vgc))—r can be achieved by directly maximizing the
constrained actual log-likelihood function. This gives rise to the following CML step.

CML step Update v® by maximizing the constrained log-likelihood function

n

D = arg max > log fspsmn(yi; 40, ZEFD 2 EFD 1y,

i=1

3 Examples of SDSMN Distributions
3.1 The Skew Dimension-Wise Scaled Tail-Inflated Normal Distribution
Punzo and Bagnato (2022a) introduced the dimension-wise scaled tail-inflated normal distri-

bution (DSTIN) by setting 7; in Eq. 1 as a uniform distributionon (1—v;, 1), withv; € (0, 1).
In this case, h¢(t; v) = [} uj_l. The pdf of the DSTIN distribution is given by

j=1
fosTiN(Y; €, Z, v) 2’ F('10A—1):A—1>
DSTIN(Y; &, 2, V) = 2\ v, 1,50, A e )
|det(Ay—§)|H§:1 Vj )4 P y E y E
wherev = (/1 —vy, ..., \/1 —,),0,and 1, are p-dimensional vectors of zeros and ones,

respectively, Ay ¢ = diag(y; — &1, ..., yp —&p), det(Ay_¢) # 0 and

b
Fi(a,b; &, %) :fda(A,)%,,(t; £, X)dt. (14)

a

To see the extension to the case det(Ay_g) = 0, see Punzo and Bagnato (2022a). The integral
in Eq. 14 can be computed in an efficient and fast way for low-dimensional data by using
a recursive relation whose details can be found in Kan and Robotti (2017) and Lee (1983)
and Monte Carlo integration for high-dimensional data (Valeriano et al., 2023). Just as an
example, R users can refer to the recintab () function of the mnormt package (Azzalini,
2016) andmvtelliptical () function of the relliptical package (Valeriano et al., 2024),
respectively.

The skew dimension-wise scaled tail-inflated normal distribution (SDSTIN) distribution,
denoted by ¥ ~ SDSTIN,(§, X, X, v), is obtained by taking 7; ~ U(1 — vj, 1) in Eq. 5.
The pdf of the SDSTIN distribution can be expressed as

fspsTIN (93 €, T, 0, ) = 2 fosin(y: &, Z, )P (a (y — §)).

According to Eq. 9, it can be shown that y;;|Y; = y; ~ DTG(l,vl._l)(3/2, nij), where
DT G denots the doubly truncated gamma distribution (Coffey & Muller, 2000) on the interval
(I — vy, 1), with parameters 3/2 and n;; = (y;; — sj)z/ajj. Here, o;; denotes the ith and
Jjth component of X. Therefore,

2 TG, A—vpi)—-13, %)

nij TG, (1—v)%) —T(3, %)

E(yij 1 Yi =yi) = (15)
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where I'(a, x) = fxoo 1%~ le~'dt denotes the incomplete gamma function. From Eq. 11, the

E-step involves the calculation of yi(jk) = EWij | yi, 0®) and wfk) = EW; | yi,0%),
which can be easily evaluated via the results of Egs. 8 and 15.

3.2 The Skew Dimension-Wise Scaled Shifted-Exponential Normal Distribution

The skew dimension-wise scaled shifted-exponential normal (SDSSEN) distribution is
defined by setting 7; in Eq. 5 as a shifted-exponential distribution, with the following pdf

he(Tjivj) = vje_”/(f/_l), vi>0and7; > 1.
This yields the SDSSEN distribution with the following pdf

fspssen (1 &, Z, o, v) = 2 fpssen(y; €. T, »)®(a ' (y — §)),

where fpssgny denotes the pdf of the dimension-wise scaled shifted-exponential normal
(DSSEN; Punzo & Bagnato, 2022a) distribution given by

27 det(A,)e” 1
Jdet(E) det (Ay_¢ A, ¢ +2A,)

SDsseN (7; €, X, &, v) =

><F2<1p, 00,0, (Ay_¢Z7'Ay ¢ +2A,,)_1>,

where 00, is a vector of length p of cos and det(A_¢) # 0. To see the extension to the case
det(Ay_g) = 0, see Punzo and Bagnato (2022a).

According to Eq. 9, the conditional distribution y;; | ¥; = y; is a left-truncated gamma
distribution (see Dagpunar 1978, Philippe 1997 and Coffey and Muller 2000) on the interval
(1, 00), with shape 3/2 and rate v; +1;; /2, denoted by y;; | ¥; = yi ~ LT G(1,00)(3/2, v +
1;j/2). In addition, according to Coffey and Muller (2000), it can be shown that

Nij
o)

nij
W% (Uj + 7’)

where 1/, (x) is the Misra function (Misra, 1940), which is a further generalization of the
generalized exponential integral function (Abramowitz & Stegun, 1968). To implement the
ECME procedure for fitting the SDSSEN, the conditional expectations involved in Eq. 11
can be easily evaluated via the results of Egs. 8 and 16. Besides, the parameters v can be
alternatively updated by maximizing the Q-function over v}, leading to the following CMQ

step.

E(yij | Yi =yi) = (16)

CMQ-step 4
plth

Jj n
k
>0 =1
i=1

In Fig. 1, we can see visual representations of bivariate SDSTIN and SDSSEN distribu-
tions. We consider & = (0, O)T, ¥ = diag (1, 1), and different values for the skewness

, j=1,...,p.
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(c)

-1 0 1 2 3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2

(d) (e) ®)

0.3

0.1

-0.1

-0.3

-0.2 00 0.1 02 03 -0.3 -0.1 01 02 03 -0.3 -0.1 0.1 0.2

Fig. 1 Contour plots of the bivariate SDSMN models. The a—c correspond to the SDSTIN distribution with
al=@G,DT.bxA=(3,3)T,andecA = (—3,3)". The d—f correspond to the SDSSEN distribution with d
A=@. DT erx=@3.3)T,andf A =(-3,3)"

parameters; as for the tailedness parameters, we use v = (0.9, 0. l)T for the SDSTIN and
v = (0.008,0.008)T for the SDSSEN. The plots demonstrate that the SDSMN distributions
offer a wide range of shapes depending on the choice of shape parameters and can exhibit dif-
ferent levels of directional skewness and tail characteristics. It highlights the versatility of the
SDSMN distributions and their ability to represent a wide range of shapes and characteristics.

4 Finite Mixtures of SDSMN (FM-SDSMN) Distributions

4.1 ML Estimation via the ECME Algorithm

We consider n independent random variables Yp, ..., Y, which are taken from a G-
component mixture of SDSMN distributions, given by

G
Fi:©) =) g fspsmn(is £40 Tg. hg, ),
g=1

where wg > 0, Z?:lwg = 1,and ® = (a)l,...,a)(;_l,GIT,...,6’2)—r denotes all
parameters, with 8, = (5;,vech(2g)T,kgT, v;) and vy = (v;'—g,...,v;g)-'— denoting
the parameters of component g. Let us introduce a G-dimensional binary random variable
Z; = (Zi1, ..., Zig)T where a particular element Z;, is equal to 1 if ¥; belongs to group

g and is equal to zero, otherwise. Note that, Z; follows a multinomial random vector with 1
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trial and cell probabilities wy, ..., wg denoted by Z; ~ Mult(1; wy, ..., wg). Obviously

Yi|Zig =1~ SDSMNp(gg, T Ag, vg),

Wil(Y; = yi, Zig=1) ~ DTN(“;(yi —§&,), 1)1(0,00),

71 2
where ocg ).T / .

In addition, according to Eq. 9 the conditional distribution of y; can be derived by

P
12 12
f(yl | Yi, Zig = 1) o ¢17(.YI’ Ega A / EgA / l_lhrj(yﬁ ng)-
j=l1
Letting y, = (yir,...,yn )T = (Wi, ..., Wn)T, y = ()/1'—,...,}',,)T and Z =
(Zy, ..., Zn)T, excluding additive constants, the complete data log-likelihood function of

© for the complete data y. = (y,, W', p T, Z) T is given by

n G
1 _ _
L®ly)==32.2, z,.g{ log (det(Ey)) + (i — £ T Ay P51 A (3 — &)

i=1 g=1
5 14
+(Wi —a) (i —£))° =2 loghe, (ij: vgj) — 2log wg}. (17)
Jj=1

The expected value of Eq. 17 to start the E-step given the current parameter ® ©) requires
some necessary conditional expectations, including

k
o fspsmn (yi: 0%)

0 )
= E(Z; ,0 18
Zig ( A|yl ) = f(yi;G)(k)) (18)
rf? E(;|yi.Zig=1.00)=E®y; | y.0%). (19)
wl = EWi | yi. Zig = 1.0) = EW; | yi.00), 20)

and
l(jklg)'(ng) = E(loghy; (viji vjg) | yis Zig =1, @(k))
= E(loghz, (viji vje) | yi 0). o

Therefore, the conditional expectation of the complete data log-likelihood yields

0© 0" = ZZz(k){log de(T,) + 01— 80 TA LT A

i=1g=
+[Ol;(yl § )]2 (k) T(yz E )_ZZ l(jk;(v]g 210ga)g}.

In summary, the ECME algorithm iterates one E-step, four CMQ steps, and one CML step
until convergence. These steps are summarized below.

E-step Given ©® = oW, compute z(lg(), yl(? l(f) and sl(sz fori=1,...,n,j=1,...,p,
and g =1,..., G using Egs. 18-21.
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CMQ-step 1 Calculate

(k+1) Zz(k)

CMQ-step 2 Update ’g'(gk) by

n 1r n
k 1/2 l 2 k 1/2 1/2
g — [ZZEg)(Ay (250 1A 12 4 o®g T(k))] [Z ® 5 (k{ - 1Ay<< »

i=1 i=1
n
k), Tk (k) k (k) (k)
sallal Yol el |
i=1

where A = diag(1 VIR Voo

CMQ-step 3 Update =" by

1 K p—172 —1 2
E;kJrl) — Z l(g)A (k< (yi _S(gkﬂ))(y J;)_-(1<+1)) A / )
(k)z 1 Vig y,g
lg
i=1

CMQ-step 4 Update ot(k) by

n —
k k) (k
“ékH) — [Zzl(g)(yi _ Eékﬂ))(}’i _ §2k+1))T:| l(g) l(g)(yl E(k+1))
i=l i=1
CML step Update v® = (vlT, e, vg)T by optimizing the following constrained log-

likelihood function:

n G

k+1) _ (k+1) oek+1) (k+1) (k+1)

v = arg max E 1 log< E 1wg JspsMN(yis g Ty Ay v"g))-
1= g:

For the SDSSEN distribution the update of v,; can be alternatively obtained by maximizing
the Q-function over vg;, leading to the following CMQ step.

CMQ-step 5

>
(k+1) _
Vej T on ’

k k
> o=

i=1

j=1,....,pandg=1,...,G.

In the fitting of finite mixture models, one common type of non-identifiability is induced by
an overfitting of the number of components (McLachlan & Peel, 2000; Frithwirth-Schnatter,
2006). This kind of problem generally occurs when the resulting mixture model either has a
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nearly empty component or two components with identical parameter values. Another type
of non-identifiability arises from the well-known label switching problem (Celeux et al.,
2000; Stephens, 2000), namely two resulting mixture models are equivalent apart from a per-
mutation of component labels. A thorough theoretical investigation of identifiability would
be worthwhile but is extremely challenging. This is the reason why we assess identifiability
empirically through simulations, demonstrating that the proposed estimation procedure can
accurately recover the true parameter values. The simulation study, described in Sect. A.1
of the Supplementary Material, provides a valuable complement to the theoretical consider-
ations.

4.2 Initialization and Convergence Criterion

Before initiating iterative procedures, it is crucial to define a sensible set of initial values
to facilitate faster convergence. To begin the ECME algorithm for fitting the FM-SDSMN
models, a practical approach is to create an initial data partition { yé,o)}g:l using the K-
means method or its modified extensions (Cuesta-Albertos et al., 1997; Pelleg et al.,2000,

and Kaufman & Rousseeuw, 2009) for getting a reliable estimate of Z§2)~ This leads directly to
the calculation of w((go) =y, zi(g) /n. Next, we compute the sample means and covariance
of y(gO) as initial estimates for & ;0) and Efgo). The initial skewness vectors for each component,

l(go), are determined by the sample skewness of yéo). Finally, we initialize 13;,0) with moderately
small values such as 5 or 10.

Regarding the stopping criterion, the algorithm is considered to have converged when the
relative change between two successive observed-data log-likelihood values is less than a
specified tolerance, expressed as £(@*+1) /¢ @®)) — 1 < ¢, where & = 1070 is employed.

5 Real Data Analyses

In this section, we first demonstrate real-world scenarios where our SDSMN family of dis-
tributions outperforms well-established multivariate distributions available in the literature
(refer to Sect. 1). We focus on the field of allometry (Sect. 5.1). Next, we demonstrate the
importance of using flexible distributions to accommodate complex cluster shapes in model-
based clustering through our FM-SDSMN models, with a particular focus on the biomedical
and customer segmentation fields (Sect. 5.2 and Sect. B in the Supplementary Material). The
entire analysis is conducted in R.

5.1 No Clusters: Allometry
5.1.1 Preliminary Statistical Tests

As a preliminary exploratory step of the analysis, along with providing summary statis-
tics and graphical representations of the data, we test the null hypotheses of no correlation,
elliptical symmetry, and central symmetry. Following Punzo and Bagnato (2022a), we com-
pute a two-sided test of no correlation using the classical test statistic based on the Pearson
product-moment correlation coefficient. This test is performed with the cor . test () func-
tion from the stats package. For testing elliptical symmetry, we use the MPQ test by Manzotti
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et al. (2002), implemented through the MPQ () function in the ellipticalsymmetry package
(Babic¢ et al., 2020). This test is selected because it maintains the claimed nominal signif-
icance level (Babi¢ et al., 2011). Lastly, to assess the more challenging null hypothesis of
central symmetry—the type of symmetry involved by DSMN distributions (Punzo & Bag-
nato, 2022a)—we apply the simple union-intersection multiple testing procedure proposed
by Punzo and Bagnato (2022a), and we refer to that paper for further details.

5.1.2 Model Fitting

As a second step in the analysis, we fit 31 different well-known models to the data, includ-
ing our SDSMN distributions (i.e., the SDSSEN and SDSTIN). The first group of sixteen
models includes the multivariate generalized hyperbolic (MGH) distribution and its most
well-known special or limiting cases, as described by McNeil et al. (2005). For a hierar-
chical representation of the relationships among these models, see Bagnato et al. (2024).
This group includes nine elliptical-symmetric and seven asymmetric models. In addition,
we consider four other elliptical-symmetric models: the multivariate tail-inflated normal
(MTIN) by Punzo and Bagnato (2021), the multivariate shifted-exponential normal (MSEN)
by Punzo and Bagnato (2020), the multivariate leptokurtic normal (MLN) by Bagnato et al.
(2023, see also Browne et al. 2017), and the multivariate contaminated normal (MCN) as
parametrized by Punzo et al. (2018a). We also include three well-known asymmetric mod-
els: the multivariate skew-normal, multivariate skew-7, and multivariate skew contaminated
normal, as formulated by Cabral et al. (2012). For the sake of completeness, we also fit
the multivariate Manly-transformed normal (MMTN) by Zhu and Melnykov (2018), a well-
established multivariate asymmetric distribution constructed using the transformation-based
approach (cf. Sect. 1). Lastly, we examine four multiple scaled distributions: the multiple
scaled shifted-exponential normal (MSSEN) by Punzo and Bagnato (2022b), multiple scaled
t (MSt) by Forbes and Wraith (2014), multiple scaled contaminated normal (MSCN) by
Punzo and Tortora (2021), and two DSMN distributions, the DSSEN and DSTIN (Punzo &
Bagnato, 2022a).

5.1.3 Computational and Operational Details

For consistency, we estimate the parameters of all models using the ML approach. We use the
ECME algorithm described in Sect. 2.2 to obtain ML estimates for our SDSMN distributions.
The code for density evaluation, random number generation, and fitting for the SDSMN mod-
els is available at https://github.com/a-mahdavi/EM.mixSDSMN. For the competing models,
we use the £it.ghypmv () function from the ghyp package (Weibel et al., 2022) to fit all
members of the MGH family. We fit the MLN using the WML . MLN () function available at
http://docenti.unict.it/punzo/Rcode.htm. The MTIN is fitted using the mt in . ML . ECME ()
function from the mtin package, available at http://docenti.unict.it/punzo/Rpackages.htm.
The MSEN is fitted using the msen . ML . EM () function from the msen package, also avail-
able at http://docenti.unict.it/punzo/Rpackages.htm. We use the CNmixt () function from
the ContaminatedMixt package (Punzo et al., 2018a,b) to fit the MCN. For the models
proposed by Cabral et al. (2012), we use the smsn.mmix () function from the mixsmsn
package (Weibel et al., 2022). We use the ManlyMix package (Zhu & Melnykov, 2023) to fit
the MMTN distribution. To fit the multiple scaled models, we use the msdist .ML.EM()
function available at http://docenti.unict.it/punzo/Rcode.htm for the MSSEN, and the mst ()
function from the MSclust package to fit the MSt (Tortora et al., 2023). The code to fit the
DSMN distributions is available at http://docenti.unict.it/punzo/Rcode.

@ Springer


https://github.com/a-mahdavi/EM.mixSDSMN
http://docenti.unict.it/punzo/Rcode.htm
http://docenti.unict.it/punzo/Rpackages.htm
http://docenti.unict.it/punzo/Rpackages.htm
http://docenti.unict.it/punzo/Rcode.htm
http://docenti.unict.it/punzo/Rcode

Journal of Classification

5.1.4 Model Selection

In the set of 31 candidate models used to describe the data distribution, models often differ
in the number of parameters. In such cases, model selection is typically required to identify
the most suitable model among them. When adopting the maximum likelihood paradigm, a
standard approach for model selection is to compute an appropriate likelihood-based criterion.
Two widely used criteria, which in our formulation need to be maximized and are employed
in this work, are the Akaike information criterion (AIC; Akaike, 1974)

AIC = 2¢(©) — 2 x #par, (22)
and the Bayesian information criterion (BIC; Schwarz, 1978)
BIC = 25(@) —logn x #par, (23)

where #par represents the total number of free parameters in the model, and © denotes the ML
estimate of ® obtained upon convergence of the ECME algorithm, as described in Sect. 4.1;
see Burnham and Anderson (2013) for further details on these criteria. As evident from
Eqgs. 22 and 23, AIC and BIC share a similar structure but differ in their penalty for model
complexity. Specifically, BIC penalizes free parameters more strongly than AIC whenn > 7.
Unlike the likelihood ratio (LR) test, which requires models to be nested, AIC and BIC can
be used to compare non-nested models (Schwarz, 1978). A comparative analysis of AIC and
BIC is provided by Burnham and Anderson (2013, Sects. 6.3—6.4), with additional insights
from Burnham and Anderson (2004). A recent simulation-based study by Punzo and Bagnato
(2021), conducted to select among a sufficiently large set of candidate elliptical models—
similar to the context of this paper—demonstrated that AIC and BIC perform comparably.
Theoretically, BIC is often recommended for selecting the “true model”—that is, the data-
generating process—if it is present in the candidate set. More precisely, when the “true
model” is included in the set, BIC will identify it with probability 1 as n — oo. In contrast,
the probability of AIC selecting the “true model” may be lower than 1 (Burnham & Anderson,
2013, Sects. 6.3-6.4, Vrieze, 2012, and Aho et al., 2014). However, proponents of AIC argue
that this distinction is largely theoretical, as the “true model” is almost never part of the
candidate set. In cases where the “true model” is not included, the best possible outcome is
selecting the model that best approximates it. Under certain assumptions, AIC is well-suited
for identifying the best approximating model.

Another important factor to consider when choosing between model selection criteria
is the type of analysis. While in this section, we focus on density estimation, where the
goal is to model the data distribution as accurately as possible, in Sect. 5.2, the objective
shifts to clustering, aiming to uncover the true underlying group structure within the data.
Studies have shown that the AIC often overestimates the number of clusters due to its lighter
penalty on model complexity, leading to models that fit the data well but may introduce
unnecessary complexity (Biernacki et al., 2000). In contrast, the BIC applies a stronger
penalty, typically selecting models with fewer clusters and aligning more closely with the
true underlying structure, particularly in large samples (Biernacki et al., 2000). In summary,
while both AIC and BIC are valuable model selection tools, their differing penalty structures
make AIC more suitable for density estimation, where capturing the full data distribution is
the priority. Conversely, BIC’s emphasis on model parsimony and its consistency properties
make it more appropriate for clustering applications, where determining the correct number
of distinct groups is essential (Li & Maitra, 2021). All these considerations explain why we
rely solely on the AIC for the density estimation analysis in this section and why we use
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only the BIC for the model-based clustering analyses presented in Sect. 5.2 and Sect. B of
the Supplementary Material.

Additionally, we use the LR test to compare the multivariate normal (MN) distribution
(null model) against each of the competing distributions as alternative models, effectively
conducting 30 different LR tests of normality. For all the tests, we compare the resulting
p-values to the standard 5% significance level.

5.1.5 Motivation

In allometric studies, one of the most important issues is modeling the joint distribution of
morphometric variables related to various organisms (Klingenberg, 1996). Therefore, the
statistical models that are commonly considered are multivariate (almost always bivariate).

As a habit in this literature, measurements are log-transformed. The main motivation
behind this choice is to remove marginal skewness and leptokurtosis such that new variables
are more likely to be jointly MN-distributed (for other practical and theoretical reasons why
it is often useful to transform data to logarithms, see, e.g., Pimentel 1979, Reyment 1991, and
Bookstein 1997). However, the log-transformation may fail to do what it is purported to do
(Feng et al., 2013 and Curran-Everett, 2018), so that the log-transformed measurements are
still inconsistent with the MN distribution. Moreover, the departures from normality may not
only be due to marginal behavior but also to the joint one, especially in terms of symmet-
ric/asymmetric shapes for the underlying isodensities. All these findings are corroborated by
many empirical studies (see, e.g., Punzo and Bagnato 2020, 2022a,b). Distributions defined
under a multiple-scaled approach should allow us to cope with all these issues. However,
as we have emphasized in Sect. 1, for the sake of interpretation of the obtained results, the
need arises to have skewness and tailedness parameters directly related to the skewness and
leptokurtosis on each dimension. All these considerations motivate the use of our SDSMN
family.

5.1.6 Data and Results

The allometric data analysis considers the anthropometric survey of U.S. Army Soldiers
(ANSUR II) conducted by the Natick Soldier Research, Development and Engineering Center
(NSRDEC) from October 2010 to April 2012 and comprised of personnel representing the
total U.S. Army force. The dataset! contains 93 anthropometric measurements, along with
15 demographic/administrative variables, of U.S. male and female soldiers; see Gordon et
al. (2014) for details and summary statistics on these data. The initial goal of the survey
was to acquire a large body of data from comparably measured males and females to serve
the Army’s design and engineering needs. Nowadays, these data have many commercial,
industrial, and academic applications.

We analyze the ANSUR II Male data set related to a sample of n = 4, 082 male soldiers.
We focus on the logarithm of two available anthropometric measurements on the head:
head circumference (HC) and tragion to top-of-head (TTOH); see Park et al. (2021) for a
clear explanation and an example of the use of these measurements. All measurements are
expressed in millimeters.

Table 1 provides descriptive statistics for the logarithms of HC and TTOH separately
considered.

I Available at http://mreed.umtri.umich.edu/mreed/downloads.html#ansur2
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Table 1 Descriptive statistics for

the logarithms of HC and TTOH Mean Std. Dev. Skewness Excess kurtosis
log-HC 6.353 0.028 0.455 0.076
log-TTOH 4.875 0.047 —1.517 0.103

While the distribution of log-HC shows a positive skewness coefficient (0.455), for log-
TTOH we have a negative skewness coefficient which is larger in magnitude (—1.517). As
for the kurtosis, there is a positive excess kurtosis for both variables.

Figure 2 shows the scatterplot of the data.

The scatter appears to be skewed, based on visual inspection. This observation is supported
by the outcomes of the statistical tests conducted. Indeed, the p-value from the MPQ test
of elliptical symmetry is lower than 0.05 (0.011), and the union-intersection test of central
symmetry rejects the null hypothesis (minimum adjusted p-value lower than 0.001). As for
the correlation structure, the sample correlation coefficient is 0.385, with a p-value lower
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Fig.2 Scatterplot of the logarithms of HC and TTOH
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than 0.001 from the test of no correlation. Summarizing the insights from Table 1 and Fig. 2, it
seems we would need a bivariate model allowing for correlation between variables, bivariate
skewness, and excess kurtosis on both the logarithmic-transformed measurements.

Table 2 presents the model comparison results. First, regardless of the criterion used—
AIC or LR test of bivariate normality—our SDSMNSs, along with the Manly-transformed
normal distribution, consistently rank among the top three models with the SDSSEN being
always the best-performing model. Notably, only models that incorporate skewness show
a significant improvement over the normal model. Moreover, the LR test suggests that if
skewed models are excluded from the candidate set, the bivariate normal distribution would
provide the best fit for the data. This finding supports the earlier visual assessments in Table 1
and Fig. 2, which highlighted the importance of accounting for skewness. On the other hand,
symmetric multiple scaled distributions are consistently ranked among the worst models
according to the considered criteria. Notably, based on the AIC and the LR test, only models
that incorporate skewness show a significant improvement over the normal model. Moreover,
the LR test suggests that if skewed models are excluded from the candidate set, the bivariate
normal distribution would provide the best fit for the data. This finding supports the earlier
visual assessments in Table 1 and Fig. 2, which highlighted the importance of accounting
for skewness. On the other hand, symmetric multiple scaled distributions are consistently
ranked among the worst models.

Interestingly, the set of candidate models also includes two asymmetric distributions—
the asymmetric Cauchy and asymmetric Laplace—but they are positioned at the opposite
end of the ranking, regardless of the criterion used. To understand why these asymmetric
distributions perform poorly despite their skewness, it is worth noting that their symmetric
counterparts (Cauchy and Laplace) also exhibit poor performance. In fact, all four models
(symmetric/asymmetric Cauchy and symmetric/asymmetric Laplace) rank as the worst-
performing models overall, regardless of the selection criterion. This result can be explained
from two different perspectives—one common to both distribution families (Cauchy and
Laplace), regardless of symmetry, and the other specific to each family. The common lim-
itation is the absence of a dedicated parameter for controlling leptokurtosis, which may be
too restrictive for this dataset. From a family-specific standpoint, Cauchy-based distributions
have undefined marginal higher-order moments beyond the first absolute moment, poten-
tially leading to excessively heavy tails relative to the empirical marginal excess kurtoses
(see Table 1). Meanwhile, Laplace-based distributions exhibit a distinctive cusp at the mode,
which may not align well with the shape of the empirical data distribution in its bulk.

The estimated parameters for the SDSSEN distribution, the model selected by the AIC,
are

™M)

- [6353
= [4.911] ’

We can observe that the signs of the estimated values of A; and A are consistent with the
skewness coefficients shown in Table 1. Similarly, the magnitude order of the estimated
values of vy and v, aligns with expectations, considering that for the SEN distribution, a
lower v corresponds to higher excess kurtosis (refer to Punzo and Bagnato 2020).

Figure 3 shows the scatterplot of log-HC and log-TTOH with superimposed contour lines
from the SDSSEN.

The isodensities highlight a complex type of asymmetry and, at the same time, visually
corroborate a good fit of the model to the data.

_ [0.0009 0.0006] & _ [ 0.035 5 [6630
0.0006 0.0042 |* = | —0.241 | * Y= l4.000]
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Fig. 3 Scatterplot for log-BSA and log-IB. Grey lines from the ML-fitted SDSSEN distribution are superim-
posed on the scatterplot

In conclusion, the SDSSEN distribution successfully captures all the characteristics of
the data: the positive correlation between variables, the type of asymmetry with differing
skewness signs for the two measurements, and the higher excess kurtosis for log-TTOH.

5.2 Model-Based Clustering

In this section, we examine three benchmark real-world datasets commonly used in model-
based clustering literature. The first two datasets come from the biomedical field (Sects. 5.2.1
and B.1 of the Supplementary Material), while the third pertains to customer segmentation
(Sect. B.2 of the Supplementary Material). For insights into the significance of clustering
in these areas, refer to Wedel and Kamakura (2012) for market/customer segmentation and
Schlattmann (2010) for medical applications.

On each dataset, we fit eight finite mixtures, including our FM-SDSMN models described
in Sect. 4. The first group of competing models includes finite mixtures with multivariate
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Fig.4 HSCT data. Scatterplot of FL1.H and FL2.H

skew-normal (MSN) and multivariate skew-t (MST) components, both of which belong to
the family of skew-normal independent (SNI) distributions (Cabral et al., 2012). These two
models are fitted using the mixsmsn package. The second group involves finite mixtures of
MTIN and MSEN distributions (Tomarchio et al., 2022), fitted using the SenTinMixt package
(Tomarchio et al., 2021). Furthermore, we also consider finite mixtures of multiple-scaled
generalized hyperbolic (FM-MSGH) distributions and convex mixtures of multiple-scaled
generalized hyperbolic (FM-CMSGH) distributions; these are fitted using the MixGHD
package (Tortora et al., 2021, 2019). Finally, we fit the finite mixtures of multivariate Manly-
transformed normal (FM-MMTN) model introduced by Zhu and Melnykov (2018) using
ManlyMix package.

To compare the performance of the candidate models, besides calculating the BIC as
motivated in Sect. 5.1.4, we will also evaluate the Adjusted Rand Index (ARI; Hubert &
Arabie, 1985) and the number of misclassified units using external information provided as
a categorical variable for each dataset. The ARI is a measure of classification accuracy that
takes a value of 1 when two partitions perfectly match. A negative ARI value can occur in
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Table 3 Model comparison, for Model

the joint distribution of FL1.H and G Loglik fpar  BIC
FL2.H, in terms of the number of FM-MSN 3 —79.801.82 23 —159,804.80
parameters (#par), log-likelihood,
and BIC (multiplied by —1) 4 —76,783.39 31 —153,837.90
computed over the set 5 —76,728.71 39 —153,798.40
G € {3,4,5}. Bold values FM-MST 3 —78,070.91 24 —156,351.70
g;iif?;igg best (lowest) BIC for 4 7663449 32 —153,548.80
5 —76,605.38 40 —153,560.50
FM-MTIN 3 —78,938.83 20 —158,052.50
4 —76,684.51 27 —153,605.00
5 ~76,659.21 34 —153,615.70
FM-MSEN 3 —78,988.02 17 —158,124.70
4 ~76,738.22 24 —153,686.30
5 —76,712.89 31 —153,696.80
FM-MSGH 3 —78,016.30 29 —156,286.20
4 —76,918.02 39 —154,177.10
5 —76,893.06 49 —154,214.60
FM-CMSGH 3 —78,821.83 29 —157,897.20
4 ~76,990.95 39 —154,322.90
5 —76,961.25 49 —154,351.00
FM-MMTN 3 —77,920.75 23 —156,042.60
4 —76,469.97 31 —153,211.00
5 ~76,335.22 39 —153,011.50
FM-SDSTIN 3 —78,437.47 29 —157,128.50
4 ~76,519.34 39 —153,379.70
5 —76,489.03 49 —153,406.50
FM-SDSSEN 3 —78,452.36 29 —157158.30
4 —76,541.81 39 —153,424.60
5 —76,504.73 49 —153,437.90

cases of highly discordant clusterings, indicating that the level of agreement is lower than
what would be expected from random clustering.

5.2.1 Flow Cytometric Data

The first application originates from a hematopoietic stem cell transplant (HSCT) experiment,
collected by the British Columbia Cancer Agency (Aghaeepour et al., 2013 and Spidlen et
al., 2012). Lee and McLachlan (2013) consider a cluster analysis of the HSCT dataset. The
dataset contains close to 10,000 observations, each stained with four fluorescent markers. In
this example, we focus on a subset of the data in p = 2 dimensions, FL1.H and FL2.H, after
removing 3551 dead cells with values equal to 0, for a total of n = 6274 observations.

Figure 4 presents the scatterplot of the data, with colors and symbols corresponding to the
expert’s clusters.

As we can see, the scenario is quite challenging because there are several points that lie
between clusters, and some points belong to one cluster but appear in others. In these latter

@ Springer



Journal of Classification

cases, no clustering method can correctly classify them. This should be considered when
evaluating the classification results from the fitted models.

In the first clustering phase of our analysis, we fit each candidate model to the data,
allowing the number of components, G, to vary from 1 to 5. For brevity, Table 3 focuses on
G € {3, 4,5}, as the best BIC value is always found within this range, regardless of the model
considered. Overall, the best-performing model according to the BIC is the FM-MMTN with
G = 5 components, although this result contradicts the true number of clusters. For all the
other models, apart from FM-MSN where G = 5 is still favored, the BIC instead favors
a solution with G = 4 mixture components. To understand why the BIC selects G = 5
components for the FM-MMTN, it is sufficient to inspect the scatterplot in Fig. 5, which
displays the classification obtained under the best-BIC FM-MMTN model.

Roughly speaking, the BIC favors splitting one of the expert’s clusters—the one located
in the bottom-left region—into two subclusters.

In the second classification phase of the analysis, following Lee and McLachlan (2013),
we compare the same models using a fixed number of components, G = 4, to assess their
classification performance. Table 4 presents the results of this comparison.

The FM-SDSMN distributions follow the FM-MMTN model as the best fit according
to the BIC measure, and they rank among the top two models based on the ARI, with the
FM-SDSTIN being the best classifier. Notably, finite mixtures of multiple scaled distribu-
tions, namely FM-MSGH and FM-CMSGH, perform the worst according to all the criteria
considered, despite their flexibility in component-wise skewness and tail behavior. Figure 6
illustrates separate contour lines (for each mixture component) from fitting mixtures of (a)
FM-MTIN vs. FM-SDSTIN and (b) FM-MSEN vs. FM-SDSSEN models. The goal is to
evaluate whether adding skewness and flexible dimension-wise tail behavior to the mixture
components of the FM-MTIN and FM-MSEN models enhances their fitting performance. As
expected, the fitted FM-SDSMN models not only result in a lower misclassification rate (refer

FL2.H
600
|

400
|

200
|

0 200 400 600 800
FL1.H

Fig.5 HSCT data. Scatterplot of FL1.H and FL2.H colored according to the classification of the FM-MMTN
model with 5 components
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(b)

0 200 400 600 800 0 200 400 600 800

Fig.6 HSCT data. Scatterplot of FL1.H and FL2.H and fitted contours for a FM-MTIN vs. FM-SDSTIN and
b FM-MSEN vs. FM-SDSSEN models. The black circles indicate misclassified units

to Table 4) but also more effectively capture component-wise asymmetry and tail behavior;
in other words, they better fit the data compared to the considered candidate models.

6 Discussion and Future Work

In this paper, we first introduced the novel family of SDSMN distributions. We then explored
these models as mixture components within a model-based clustering framework. Two
members of the SDSMN family were presented: the skew dimension-wise scaled tail-
inflated normal (SDSTIN) and the skew dimension-wise scaled shifted-exponential normal
(SDSSEN) distributions, both offering closed-form expressions for the joint density function.
The flexibility of these distributions allows them to effectively manage skewness and diverse
tail behaviors across each dimension.

We also developed an ECME algorithm for parameter estimation using the ML approach
within a complete data framework. Through numerical analyses on four real datasets, we
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demonstrated scenarios where the proposed models, both independently and as components
in a finite mixture, outperformed well-established models commonly used in the literature.

This approach sets a promising foundation for future developments, potentially integrating
a multivariate regression framework by assuming the error term distribution originates from
the SDSMN family. Additionally, our methodology has potential applications in various
domains, including clusterwise regression and cluster-weighted modeling (Danget al., 2017;
Punzo & McNicholas, 2017, and Gallaugher et al.,2022), and linear mixed modeling (Ferreira
etal., 2022 and Schumacher et al., 2021). The matrix-variate paradigm is also of interest and
could follow a similar path to the work conducted by Gallaugher and McNicholas (2018,
2019).

Moreover, this approach could be extended to handle “asymmetric” missing values, as
shown in previous research on finite mixtures of other skew distributions like the multivariate
skew normal and multivariate skew-¢ (Lin et al., 2009; Lin & Lin,2011), as well as for finite
mixtures of common factor analyzers dealing with incomplete or missing data (Wang, 2013).

Supplementary Information ~ The online version contains supplementary material available at https://doi.
org/10.1007/s00357-026-09542-9.
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