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Abstract

We study concavity properties of positive solutions to the Logarithmic Schrodinger
equation —Au = u logu?® in a general convex domain with Dirichlet conditions.
To this aim, we analyse the auxiliary Lane-Emden problems —Au = o (u? — u)
and build, for any o0 > 0 and ¢ > 1, solutions u, such that uél_q)/ 2 is convex. By
choosing 0, = 2/(q — 1) and letting ¢ — 17 we eventually construct a solution u
of the Logarithmic Schrodinger equation such that log u is concave. This seems one
of the few attempts in studying concavity properties for superlinear, sign changing
sources. To get the result, we both make inspections on the constant rank theorem
and develop Liouville theorems on convex epigraphs, which might be useful in other
frameworks.
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1 Introduction
1.1 Overview

The main goal of this paper is to study the following nondispersive Logarithmic
Schrodinger equation
—Au=ulogu®> inQ
u>0 in Q (1.1)
u=20 on 92

onsome 2 C RY bounded, N > 1, together with the following Lane—Emden equation
—Au=0 Ww? —u) inQ

u=>0 in Q (1.2)
u=~0 on 02

wheno >0andg € ]1,2* — I[, 2* :=2N/(N = 2)if N >3 or2* ;= o0 if N < 2.
In particular, following the heuristic

~—Au= W —u) — _Auzulogu2 (1.3)

qg—1

as ¢ — 1T, we aim to study the convergence of the solutions of (1.2) with o =
2/(g — 1) to a solution of (1.1). When the domain 2 is convex, we investigate the
concavity properties of solutions to (1.2) and, as a byproduct of the aforementioned
convergence, we obtain log-concavity for a solution of (1.1), which is our main result.

The logarithmic equation (1.1), mainly introduced in [6], finds applicability in
atomic physics, high-energy cosmic rays, Cherenkov-type shock waves, quantum
hydrodynamical models and many other fields; we refer for instance to [17, 36, 40,
60, 68].

Equation (1.1) enjoys the tensorization property, which amounts to the following:
if u; is a solution of (1.1) on ;,7 = 1, 2, then (41 @ uz)(x, y) = u1(x) uz(y) solves

@ Springer



Power law convergence and concavity... Page30of60 21

(1.1) on ©1 x 2. We highlight that, being €2 bounded, the equation is well defined
from a variational point of view since H L) c LYQ). The term nondispersive
actually refers to the evolutive version of (1.1), namely

1
i3,u+§Au=ku logu.

This wave equation is dispersive when A > 0, while it is nondispersive if A < 0, as
shown for the first time in [18]. While we will also consider the dispersive version of
(1.1) (hence with the reaction —u log u? on the right hand side), the most difficult and
interesting case turns out to be the nondispersive one.
In contrast, the Lane—-Emden equation (1.2) which, up to arescaling, can be rewritten
as
—Au+riu=u? inQ

for some A > 0, is more classical and has a long history as power type equation related
to the operator —A + A, see e.g. [21, 24].
The aim of detecting concavity properties for solutions of the general Dirichlet
problem
—Au= f(u) inQ
u>0 in Q (1.4)
u=20 on 92

goes back to[12, 58], who investigated respectively the 1 /2-concavity of the solution to
the torsion problem (i.e. for f(#) = 1) and the log-concavity of the first eigenfunction
(thus for f(u) = A1 u). Here and in the following, by ¢-concavity of a function u we
mean the concavity of ¢ (1), and whenever o € R by a-concavity we mean g-concavity
for ¢ (t) = a t*, with the limiting case of 0-concavity being synonym of log-concavity.
The corresponding quasi-concavity property (i.e. convexity of super-level sets) has
been widely investigated in the last decades: we refer to [2, 31] and references therein
for an overview on the topic. Lions [56] conjectured that any solution to (1.4) in a
convex domain is quasi-concave, but the counterexample in [38] shows that (1.4) may
have solutions which are not quasi-concave, even assuming f(#) > 1 foru > 0, f
smooth, and 2 convex, smooth and symmetric. It thus makes sense to weaken Lions’
conjecture, investigating if equation (1.4) in a convex €2 has at least one quasi-concave
solution.

Most of the known results in this direction deal with sub-homogeneous and positive
nonlinearities: for example, [51] studies the case of powers f(u) = u?,q €10, 1[, and
similar results have been extended to the p-Laplacian case in [64] for g € ]0, p — 1][.
Note that in these instances, the required behaviour of the reaction f ensures that the
solution of (1.4) is unique, except at most in the limit case g = 1 corresponding to the
first eigenfunction of the Dirichlet Laplacian.

The only instances known to the authors where quasi-concavity is obtained for
super-linear reactions are [53, 54] in the model case f(u) = u?, g > 1 of (1.4).
In particular, [54] showed that in a convex Q2 C R2, for each q > 1 there exists a
unique ground state solution of (1.4), which turns out to be (1 — ¢)/2-concave (see
also [31] for some partial result on the p-Laplacian case). Note that, for this equation,
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uniqueness of the solution is not ensured for general 2 and ¢ > 1, while for convex
2 uniqueness is widely conjectured to hold, but still not known (see Remark 1.7 for
some comments). For the same equation, the existence of a (1 —¢g)/2-concave solution
has been proved also in [53, Corollary 4.7] by means of parabolic techniques.

The case of more general super-homogeneous nonlinearities seems to be nontrivial,
as it escapes the direct applicability of the classical concavity maximum principles
in [48, 51]; indeed, the proof by [54] relies on a continuation argument on g and the
fact that, when ¢ — 1, the ground states converge to the first eigenfunction of the
Laplacian, which is strongly log-concave. This is our approach as well.

When passing from f(u) = u? to f(u) = u? —u or f(u) = u log u? two
difficulties arise. The first one is related to the uniqueness of ground states, which is at
present not known even for convex planar domains (see Remark 1.6 for some further
comments on this point). The second difficulty is related to the behaviour of f: the
fact that f'(u) is negative and decreasing in u near O rules out the applicability of most
methods to prove quasi-concavity. For example, the approach of [11, 59], allowing to
deal with general reactions f, cannot even set in motion since the sought ¢-concavity
of a solution to (1.4) would involve the natural transformation

t 1 t
(1) .=/1 ﬁdr, F(t) .=/0 f(r)dr (1.5)

which is not even well defined (see also Remark 1.6). The log- (or quasi-) concave
envelope methods [3, 9, 42], instead, requires a comparison principle which does not
seem to hold for this kind of reactions.

The parabolic technique such as the one in [56] also has issues. It typically relies
on showing that solutions of the semilinear parabolic problem

o — Au = f(u) in Qx 10, 400
u=~0 on 02 x [0, +o0[ (1.6)
u(-,0) =ug

preserve log-concavity, which is then inherited by a limiting (for r — o0) stationary
solution from any log-concave initial datum ug; see Remark 1.10. By [35, 45] log-
concavity is indeed preserved by (1.6) with f(u) = u logu® and, despite the super-
linear behaviour of the reaction, blow-up in finite time does not occur, see [19, Proof
of (4.4)]. Unfortunately, however, for most initial data the corresponding solution of
(1.6) either blows-up or vanishes as t — oo and it is not clear how to select a log-
concave initial datum producing a finite and nontrivial limit; see [30, Remark 4.6] for
some detail.

1.2 Main results

We present now our main result, ensuring concavity properties for a solution of (1.1).

Theorem 1.1 Let Q2 be bounded and convex. Then there exists a locally strongly log-
concave solution of (1.1).
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By local strong concavity of a C*($2) function v we mean D?v < 0 in €, in the
matrix sense. The proof of Theorem 1.1 is mainly based on concavity properties of
solutions of the Lane—~Emden equation, coupled with the heuristics (1.3), as detailed
in the following two results, which have some relevance by themselves.

Theorem 1.2 Let Q2 be bounded and convex. Then, for eacho > 0and g €11, 2* —1],
there exists a locally strongly (1 — q)/2-concave solution of (1.2).

Theorem 1.3 Let Q be bounded and convex, and u,, solve (1.2) with parameters g, €
11,2* —1[, g, — lasn — +oo, and 6, = 2/(qy, — 1). Then up to subsequences u,,
converges in co(@n Clzoc(Q) N Wol’z(Q) to a solution of (1.1). Moreover, if uy, are
ground states for (1.2), then u is a ground state for (1.1) as well.

We highlight that Theorems 1.1 and 1.2 hold in a general convex bounded 2. As
described in Sect. 1.3, this relies on the following Liouville theorem for general convex
epigraphs.

Theorem 1.4 (Liouville theorem on convex epigraphs) Letq > 1 and H € RY be
an entire convex open epigraph. Then there exists n € RN\{0} such that any bounded
solution of

—Au=u? inH
u=>0 in H (1.7)
u=0 on 0H

satisfies 9,u > 0 in H. Moreover, if ¢ < 2* — 1, no such solution exists.

The dispersive version of problem (1.1) (i.e, with opposite sign on the right hand
side) and of (1.2) (namely the Allen-Cahn equation) is easier, since it can be treated
by the general theory of [11, 59]. We indeed have the following result.

Theorem 1.5 Let Q2 be bounded and convex. The following two facts hold.
e The problem

—Au=0w—u?) inQ
u>0 in (1.8)
u=20 on 092

foro > 0and q > 1 has a unique solution u. Such solution verifies ||u|o < 1 and
the function

2
¢1(u) := atanh ( 1— uq—1> (1.9)

is locally strongly convex.
e The problem

—Au = —u logu® inQ
u=>0 in Q (1.10)
u=20 on Q2
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has a unique solution u. Such solution verifies ||u|l~ < 1 and the function
@2 (1) := /1 — log u? (1.11)
is locally strongly convex.

In particular, the mentioned solutions of (1.8) and (1.10) are strictly quasi-concave.

Note that since ||u|loc < 1 the previous transformations ¢ (u#) and ¢»(u), are well
defined. Moreover, the functions ¢; are both convex transformations. Note that, as
a corollary of all the previous results, the solutions found in Theorems 1.1, 1.2 and
1.5 actually have a unique critical point (which is nondegenerate) and their positive
super-level sets are strongly convex.

1.3 Comments on the results

We list now some remarks on the previous theorems, as well as related literature and
open problems.

Remark 1.6 On Theorem 1.1.

e Theorem 1.1 holds for the more general problem

—Au=aulogu®>+bu inQ
u=>0 in (1.12)
u=20 on 9€2,

fora > 0, b € R. It suffices to consider k u(A x) instead of u for suitable k, A > 0.

e Theorem 1.1 gives in particular the existence of a positive solution. This can be
much more easily proved by standard variational methods, providing a ground state
solution. Being the reaction u log u? convex, by [47] any solution to (1.1) must be
unstable. In [15] it is conjectured that every stable solution of equations with f > 0
must be quasi-concave; here we provide an example of quasi-concave solution
which is not stable (but f fails to be non-negative).

e When 2 is bounded and convex, it is not known whether (1.1) has a unique solution,
or even a unique ground state solution (i.e. a solution to (1.1) of minimal energy).
Note that we are not able to prove that the obtained log-concave solution is a
ground state. This would be the case if the ground state of the auxiliary Lane—
Emden problem (1.2) is unique for all sufficiently small g > 1 independently of o .
See Remark 1.7 for this uniqueness issue.

e Theorem 1.1 does not easily follow from Korevaar’s convexity function method
introduced in [48] and extended in [11, 51]. If u# solves (1.1), then v = log u solves

—Av=|Vv|>’+2v inQ

and the monotonicity with respect to v of the right hand side is opposite to the one
required to apply the convexity function technique.
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e In the entire case 2 = R" of problem (1.1), infinitely many radial solutions are
found in [20], where however it is also proved that there is a unique radial positive
solution vanishing at infinity, which is a non-degenerate ground state, and is usually
called the Gausson: o2

N X

2 2

u(x)=eze

Clearly the Gausson is log-concave on RY.

e In Sect.6 we will discuss the optimality of Theorem 1.1, exhibiting for any given
o €10, 1/N]aconvex domain Q2 C RY and a solution of (1.1) which is @-concave
but not B-concave for any 8 > «. Moreover, in one dimension problem (1.1) has a
unique solution, so that log-concavity is the strongest power concavity which can
be expected from solutions to (1.1) in an arbitrary convex domain 2.

e Other concavity properties for solutions of (1.1), beyond power ones, can be con-
sidered. If u is the Gausson, for example, then

o) == —/~log(u/llulls) = —Ix|/~/2 (1.13)

is concave. This concavity property is not artificial and is related to the so called
1/2-logconcavity introduced in [43], where it is proved that 1/2-logconcavity is the
strongest scale invariant concavity preserved by the Dirichlet heat flow (see also
[44, Section 4.2] and [45] for optimal, scale dependant, concavity preserved by the
Dirichlet heat flow). Since 1/2-logconcavity is strictly stronger than log-concavity,
proving 1/2-logconcavity of a solution of (1.1) would improve Theorem 1.1 (see
Fig.2 for some numerical computation in the ball). In Sect.6 we will see that, at
least in the one-dimensional case, solutions of (1.1) are indeed 1/2-logconcave,
since they are actually p-concave for ¢ given in (1.13).

Remark 1.7 On Theorem 1.2.

e We do not know whether the solutions constructed in the theorem are ground states.
This can be shown to be true—up to small modifications of the proof—if (1.2) has
aunique ground state. Such uniqueness has been proved by [54] and [13, Section 4]
for the related problem (1.7) when €2 is a bounded convex body in the plane. Under
additional symmetry assumptions on €2, [21, Theorem 4.1 ] shows that actually (1.7)
always has a unique solution (which is therefore a ground state). Regarding (1.2),
very few results are known for specific domains 2 or specific values of ¢, see [57]
and references therein. In this paper, following [21] we will prove in Proposition
4.2 that it has a unique solution for ¢ sufficiently near 1 when 2 is a general convex
set, but how small ¢ — 1 must be a-priori depends on o and Q2. For fixed ¢ > 1,
uniqueness for solutions of (1.2) has also been achieved in [24] when 2 possesses
N orthogonal symmetries and o is sufficiently large. Still, the size of ¢ is not given
in a quantitative way.

e Forafixedo > 0,strictly (1—¢)/2-concave ground states of (1.2) forallg €]1, 2*—
1[ can be constructed through the method we adopt whenever the multifunction

mapping

11,2° — 1[ 3 ¢ > ®(g) := {Ground states of (1.2)} € W, *()
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(which has compact values and locally compact graph) can be proved to be an
approximate lower-semicontinuous multifunction. This property would trivially
hold true whenever @ is single valued, i.e. if the previously discussed unique-
ness of ground states of (1.2) holds true. Alternatively, one may require that the
graph of ® is connected. As discussed in Remark 1.6, the validity of any of these
statements for g € |1, g] with ¢ > 1 independent of o would yield a log-concave
ground state of (1.1) as well.

We were not able to prove these properties and resort to a connected subset of
11,2% — 1] XW&’Z(Q) made of general solutions of (1.2), rather than of ground
states. The latter is obtained through degree methods, see Lemma 4.3, and all these
solutions have local degree —1.

e In [54] it is shown that solutions to (1.7) in strongly convex bounded domains
of R? are (1 — ¢)/2 concave. We thus see that solutions of (1.2) enjoy the same
concavity properties of (1.7), suggesting that a negative perturbation, in some way,
does not affect the concavity properties of the equation. When dealing with sums
(see e.g. [31, Corollary 6.6]), we know that the biggest exponent dictates the right
transformation, which is coherent with the fact that here ¢ > 1. Similarly, Eq. (1.12)
with b = Ay

—Au = Au ~|—aulogu2

enjoys the same concavity properties of the eigenfunction equation, which is recov-
ered by sending ¢ — 0; again, ulogu? is negative near the origin. We refer to
[37] for some log-concavity results on small negative sublinear perturbations of the
eigenfunction problem.

e In [34] the author shows the existence of a minimiser of the energy functional
corresponding to (1.2), constrained on the subspace of quasi-concave functions.
Unfortunately this would not immediately imply that such a minimiser is a solution
of the equation (i.e. we do not know if this subspace is a natural constraint). A
similar approach, with the same obstacle, could also be pursued for (1.1).

e Finally, it is worth underlining that in both Theorems 1.1 and 1.2 we obtain local
strong concavity without any regularity or strict convexity assumption on €2, just
its convexity and boundedness. In particular, 2 may have corners and flat parts,
but still the positive super-level sets of the solutions of (1.1) and (1.2) are strictly
convex. This is obtained through the constant rank theorem [50] coupled with a
non-trivial argument based on its level-set counterpart proved in [8] and which has
some interest by itself. See Sect. 2 for further details.

Remark 1.8 On Theorem 1.3.

e Theorem 1.3 holds true for generic solutions of (1.2). This is actually needed in the
proof of Theorem 1.1 since, as already noted in the previous remarks, the lack of
a uniqueness result for ground states of (1.2) forces us to approximate (1.1) with
generic solutions rather than ground states. The convergence of radial ground states
of (1.2) in RN to ground states of (1.1) has already been investigated in [67], see
also [17].

e The proof of Theorem 1.3 is based, not surprisingly, on rather delicate a-priori esti-
mates obtained in Lemma 3.5 below. For Theorems 1.1 and 1.2 to hold in general,
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not necessarily smooth, bounded convex sets, the a-priori bounds on solutions of
(1.2) must be independent of any smoothness assumption on 92 (compare e.g. with
[25], where a-priori bounds depend on the C? regularity of 9€2) and this is a source
of major technical problems. To prove the a-priori bound, we will employ a con-
tradiction argument and blow-up procedure in the spirit of [33], coupled with the
Liouville Theorem 1.4.

A related convergence result for (1.2) is contained in [24, Theorem 1], where the
author proves that, if 2 is suitably symmetric and ¢ = 1/¢ — +o0 then solutions
u, of the singularly perturbed equation

—eAu=u?—u inQ (1.14)

converge to a solution in the entire space, or more precisely ||z —v (e ~1/2

0, where

ML) =
—Av=v?—v inRV,

We highlight that, if g is fixed and 0 — 400, equation (1.2) resembles the semi-
classical limit in (1.14).

Remark 1.9 On Theorem 1.4.

The main novelty of Theorem 1.4 lies in the fact that the function whose epigraph
is H may fail to be coercive. The coercive case dates back to [28] and for more
recent results on this kind of Liouville problems, we refer to [62, Part I], [27] and
the literature therein.

A typical example, arising as limiting problem through blow-up of solutions to (1.1)
in non-smooth convex domains, is when H = {(x, x2, x3) € R3: x3 = |x1]}. In
this case H is a non-smooth convex cone and there is no direction in which it can
be described as a coercive epigraph.

We will actually prove the non-existence statement for a larger set of exponents,
given in (B.3) and described for the first time in [29] in the study of entire stable
solutions of the Lane-Emden equation. We chose to state the result for g < 2* — 1
since this is the range of exponents relevant to our framework. To the authors’
knowledge, nonexistence of bounded solutions to (1.7) in a general convex epigraph
H for arbitrary N > 1 and g > 1 is open.

The main point in the proof of Theorem 1.4 is a convex analysis result deduced in
Lemma A.2, which has some interest by itself. It ensures that after a suitable rotation,
any convex entire epigraph can be described as the epigraph of a semicoercive
function. See Appendix A for details.

Remark 1.10 On Theorem 1.5.

Equations (1.8) and (1.10) have been treated in [56] (see Remark 4 therein), where
log-concavity is proved by means of a parabolic approach. Our result is stronger
since, setting ¢; as in (1.9) we obtain for any function # with 0 < u < 1

@1(u) convex = logu concave = u!=9/2 convex
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and the opposite implications do not hold in general. Similarly, for ¢, as in (1.11)
it holds
@2(u) convex —> logu concave

and not vice-versa in general.

e Comparing with Theorems 1.1 and 1.2, we see that the opposite sign in, respectively,
(1.10) and (1.8), grants stronger concavity properties for the solution, as expected.
Moreover, uniqueness is restored and the constructed solutions are actually global
minimisers of the corresponding free energy functional.

Remark 1.11 (The case ¢ < 1) Approximating (1.1) by (1.2) as ¢ — 17 is a natural
choice for several reasons: first, both the equations are superlinear. Moreover, the
study of (1.2) for ¢ > 1 has its own interest, due to the classical literature on the topic
discussed at the beginning of the Introduction.

The question on whether using the approximation (1.3) for ¢ — 1~ could yield
easier proofs or better results, on the other hand, arises naturally. Unfortunately, it
does not seem so. The corresponding functional for g < 1 is still not coercive, since
the linear term has an arbitrarily large coefficient. Moreover, for the corresponding
reaction f(u) =2 u? —u)/(g — 1), the function ¢ — f(¢)/t is actually increasing,
thus the Brezis-Oswald uniqueness [14] result does not apply. Finally, the convexity
function technique of [48, 51] still cannot be used: one is naturally led to consider the

convexity of v = —u1=9/2  but the transformed equation for v has the form
1— 1 1 1-
Ap=-—_91,_1 i|vv|2+_q
2 v \l—g 2

whose right-hand side is increasing in v, thus having the opposite monotonicity than
required. Finally, and more substantially, the strong maximum principle fails for solu-
tions of (1.2) (with o = 2/(g — 1) < 0) when ¢ < 1, allowing for non-negative
solutions with dead cores, and even proving the existence of a positive solution to
(1.2) is far from trivial.

1.4 Structure of the paper and sketch of the proofs

In Sect. 2 we discuss conditions ensuring the applicability of the constant rank theorem
of [50] to suitable transformations ¢ (u) for u being a positive solution of —Au = f(u)
with Dirichlet conditions.

Section 3 is devoted to a-priori estimates for solutions of the Lane-Emden equation
(1.2) in the subcritical case. In order to use them for varying domains and forg — 17,
considerable care is devoted to obtain estimates depending only on basic geometric
quantities of the domain (in particular, independent of the smoothness and the curvature
of d€2) and lower bounds on the parameter o > 0.

In Sect. 4 we apply these bounds to study the asymptotic behaviour of solutions of
(1.2) in two regimes:

e when o > 0 is fixed and ¢ — 17, obtaining convergence after normalisation to
the first eigenfunction of the Dirichlet Laplacian;
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e wheno =2/(qg — 1) and ¢ — 17, proving convergence up to subsequences to a
solution of the Logarithmic Schrodinger equation (1.1).

Moreover, we construct via degree arguments a connected branch of solutions u, for
q €11,2* — 1[ of (1.2).

Section 5 is devoted to the proof of Theorems 1.1, 1.2 and 1.5. Since the proof of
the dispersive case Theorem 1.5 is essentially a refinement of the strategy in [11, 59]
through the results in Sect.2, we briefly describe now the path to Theorem 1.1 and
1.2.

We will first prove that in a strongly convex 2 a continuity argument ensures
(1 — g)/2-concavity for the solutions of (1.2) constructed in Sect.4. To this end, two
key points are:

e the connectedness of the branch of solutions, in order to set up the continuity
argument directly on the branch;

e the log-concavity of such solutions for ¢ near 1, ensured by the aforementioned
convergence to the first eigenfunction of the Dirichlet Laplacian and the log-
concavity of the latter (note that log-concavity implies (1 — ¢g)/2-concavity).

Then the results of Sect. 2 are used to prove Theorem 1.2 in the smooth strongly convex
setting. To remove this assumption we approximate a general convex 2 with strongly
convex ones. Due to the robustness of the a-priori estimates of Sect.3, we can pass to
the limit to obtain a (1 — g)/2-concave solution of (1.2) in any convex 2. Section?2
allows again to deduce strong (1 — ¢)/2 concavity, since g > 1.

Finally, Theorem 1.1 is obtained through Theorem 1.2 by passing to the limit as
g — 1T and o = 2/(g — 1) thanks to the asymptotic behaviour proved in Sect. 4.

Section 6 gathers some results on solutions of the Logarithmic Schrodinger equa-
tion. We will prove in Corollary 6.4 a universal upper bound on solutions of (1.1) in
a general convex domain €2, depending only on geometric bounds on €2; then we will
consider radiality of solutions in the ball and describe some elementary computations
in the one-dimensional case, in order to investigate the sharpness of Theorem 1.1. We
will in particular rule out a-concavity for solutions of (1.1) in Theorem 6.8, for any
a > 0.

Two appendices conclude the manuscript. In Appendix A we gather some results
from convex analysis and in Appendix B we prove Theorem 1.4.

Notations. We will say that an open 2 € R is smooth if 8 is locally the graph
of a C%* function, o € 10, 1[. We further set R :=]0, +oo[ and denote by (v, w) the
usual Euclidean scalar product between v, w € R" and |v| denotes the corresponding
Euclidean norm. If N > 2 we set 2* =2 N/(N —2) and if N < 2, 2* = oo. For a
N x N symmetric real matrix M, we will write M > 0 meaning that M is non-negative
definite, M > 0 meaning that M is positive definite. By a locally strongly concave
function u € C?(2) we mean that the inequality D?u < 0 holds in Q. If E € RV
is measurable, |E| stands for its Lebesgue measure. Given a Lebesgue measurable
functionu : Q@ — RFand p € [1, oo], llull , will denote the usual L?(£2) norm of |u],
whenever omitting €2 causes no confusion.
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2 Preliminaries on the constant rank theorem

The celebrated constant rank theorem by Caffarelli-Friedman [16] and Korevaar-
Lewis [50] states that if w is a convex solution of

Aw = b(w, Dw) >0 2.1

in a connected domain Q and t — 1/b(t, z) is convex for any z € R, then D*w
has constant rank. Its proof shows that the strict positivity of b(w, Dw) is essential
in [50], as well as in the fully nonlinear counterpart [7]. In fact, the function b(t, z)
per se may change sign, but it is sufficient for the constant rank theorem to hold that
b(w, Dw) > 0 and that the function

b?(w, Dw)

b , Dw) —2
(W, Dw) b(w, Dw)

is locally bounded in € and non-positive there. This indeed amounts to a global
positivity coupled with a local convexity condition, expressed as

b(w, Dw) > 0 and (8,2(1/b))(w, Dw) >0 in Q. 2.2)

Note that, from the convexity of w coupled with the equation Aw = b(w, Dw), one
can only derive the weaker inequality b(w, Dw) > 0in €.

We further mention that, in general, the (constant) rank of the Hessian need not to
be full: indeed, in [50, Section 5] the authors construct a convex solution of (2.1) in a
connected domain € RY with b(t,z) > 0,t +— 1/b(t, z) convex but such that the
rank of D?w is constantly equal to k < N. In such example, however, the minimum
of the solution is always attained on the boundary (compare this with the assumption
of Proposition 2.6).

In this section we describe some conditions ensuring that:

1. a convex classical solution of Aw = b(w, Dw) actually satisfies b(w, Dw) > 0
everywhere;

2. if (2.2) holds true, then the rank of D?w is actually full everywhere and w is
strongly convex.

In practical situations, the constant rank theorem is applied to the function w =
¢(u), with u being a solution of

—Au = f(u) inQ
u=>0 in 2.3)
u=~0 on 0%2,

and a straightforward computation shows that

Y w) |DwP 4 f(w)
V' (w)

Aw = :b(w, Dw), 2.4)
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where ¥ := ¢~!. In this setting, the two questions outlined above are linked by a
level-set version of the constant rank theorem proved in [49] (see [8] for the fully
nonlinear version).

To state it we recall some elementary facts on the second fundamental form of level
sets of a v € C2(A), where A is an open subset of RY and N > 2. Let t € v(A) and
xo € {v = t}; in order for the level set {v = ¢} to be a C? submanifold near xo we will
suppose that Dv(xg) # 0. We choose a normal vector to {v = ¢} at xp as

Du(xo)

7 25
| Dv(xo)| @

Ny, =

and set the tangent space Ty, := {z € RN . (ny,, z) = 0}. The second fundamental
form of the level set of v at xq is the quadratic form defined on 7}, as

Iy (1) (2) = (g, ¥(0))

where y : ] — 6, 8[ — {v =t} is a curve (for some § > 0) parametrised by arc-length
such that y (0) = x¢ and y (0) = z. This definition is independent of the choice of y,
under the required constraints. We can differentiate twice the relation v(y (s)) = v(xg)
to get

(D*u(y () 7(5), 7(5)) + (Du(y (), () = 0

for all sufficiently small |s|. Recalling (2.5) (so that 3,v(x¢) = —|Dv(xp)|), it follows
that s
(D"v(x0) 2, z)
I, (v)(z) = ——-. (2.6)
0 | Dv(xo))|

The mean curvature Hy,(v) of {v = t} at x¢ is the trace of the second fundamental
form. As such, it is the sum of the principal curvatures of {v = t} at x¢, each of the
latter being computed as I, (v)(z;) where {z; }fV: ]1 is a family of N — 1 orthonormal

eigenvectors in Ty, for D*I1,, (v). Hence

N-1 N-1

Lo
Hy(v) = ) T, (0)(zi) = oo Z(D%(xo)z,-, zi);

i=1 i=1

we complete such system by setting zy := ny,, to obtain an orthonormal basis of RV,
Since the Laplacian is invariant by unitary change of variables, we obtain

N

Av(xo) = Y (D*v(x0)zi, zi) =

i=1

(D?v(x0) Dv(x0), Dv(x0))
| Dv(xp)|2

+ Hy, (v) [Dv(xo)-

2.7)

Remark 2.1 Both the second fundamental form and the mean curvature are geometric
objects up to their sign, in the sense that their modulus only depends on the submanifold
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{u = u(xp)} and not on the particular function u representing it implicitly. Their sign
is odd with respect to u#, meaning

oy (—u) = —Ty (), Hyg(—1) = —Hy, (w).

The choice (2.5) is arbitrary and the opposite one would give second fundamental form
with opposite sign. The minus in (2.5) is chosen so that, for instance, u(x) = |x|% has
positive second fundamental form at any nontrivial level set. Note, more generally,
that many functions can share the same level sets, and we underline for future purposes
a relevant consequence of this ambiguity. Given u as above and a smooth ¢ : R — R
such that ¢’ < 0, the function w = ¢@(u) has the same level sets as u. The normal to
the level set of w through a given xg is, in accordance with (2.5),

Dw(xo) _ Du(xo)
IDw(xg)l  |Du(xo)l

so that in this instance
My, (w) = =1y (w),  Hyy(w) = —Hyy(u).

We can now state a particular case of [49, Theorem 1], which fits to our purposes.
We will apply it, as originally intended, on domains €2 which are convex rings, i.e. of
the form Q2 = C; \ C, with C» € C open convex sets.

Proposition 2.2 (Constant rank theorem for level sets) Let f € C*(R) andv € C*(R)
solve Av = f(v) < 0in a connected domain Q C RN N > 2. If forall x € Q it
holds Dv(x) # 0 and 11, (v) > O, then x — rank (ILC (v)) is constant.

The following lemma shows that in many instances the rank in the Proposition 2.2
is actually (everywhere) full.

Lemma 2.3 (Positive definite second fundamental form) Let N > 2, A C RN be
open, v € C*(A) and t € v(A). If Dv # 0 in {v = t} and {v < t} is compact, there
exists xo € {v = t} such that I, (v) is positive definite.

Proof Since {v < t} is compact, we can let xg be a point in it of maximum norm
and set R = |xg|, so that {v < t} € Bg. It holds v(xg) = ¢ since if v(xg) < ft,
then by continuity v — # would be negative in a neighbourhood of x¢, thus somewhere
outside Bg. Since Dv(xp) # 0 by assumption, {v = t} is regular near xo and Lagrange
multipliers rule yields Dv(xg) = A xo for some A > 0. Then the function

A
F) = v(xo) = v(x) = 5 <R2 - |x|2)

is non-positive on {v = ¢}, while F (xg) = 0 and D F (xg) = 0. Thus, for any C2-curve
y :1—36,8[ > {v =1t} with y(0) = xp, the function ¢ := F o y has a maximum in
0. Computing ¢ (0) yields

¢"(0) = (D*F(x0) 7(0), 7(0)) + (DF (x0), #(0)) = (A1 — D*v(x0))7(0), 7 (0)).
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Finally, since z := y(0) is arbitrary on Ty, ¢”(0) < 0 reads through (2.6) as

LA
O, (v)(2) = |z|"= E|Z| Vz € Ty,

| D (xo)|
O

We next give the following version of the strong maximum principle for semilinear
equations. Even if it appears to be folklore, we report its short proof for completeness.

Lemma 2.4 (Strong maximum principle) Let Q2 be open, f € CIOO’C1 Ry), and u €
C2(2) N CO%Q) solve (2.3). Then f(maxgq u) # 0.

Proof Let xg € €2 be a point of (positive) maximum for # and assume by contradiction
that f(u(xg)) = 0. Setting v := u — u(xq), we rewrite the equation for u as

Av+c(x)v=0 inQ

" f ) — fu(xo))
u(x)) — fu(xo)) .
c(x) = u(x) — u(xo) if u(x) # u(xo)

0 if u(x) = u(xp).

Note that v < 0 = v(xg), i.e. v has a zero maximum in xg. Let &’ be the connected
component of € containing xo. Then ¢ is locally bounded in Q" due to the local
Lipschitz continuity of f. Thus we can apply [61, Theorem 2.1.2] to conclude that
v = 0in ©'. However this contradicts # = 0 (and thus v = —u(xg) < 0)in 9’ C Q.

O

The following theorem provides a large class of nonlinearities b(w, Dw) for which
convexity of a solution w of Aw = b(w, Dw) automatically ensures Aw > 0. This
answers to question (1) at the beginning of the section.

Theorem 2.5 (Strict superharmonicity) Let N > 2, Q C RN pe open, bounded and
convex, [ € Cz(R+) andu € C*HQ)NCY(Q) solve (2.3). Suppose that for a suitable
¢ € C?(Ry) fulfilling ¢' <0 < ¢" in u(Q), the function w := @(u) is convex in Q.
Then Aw > 0in {x € Q| ¢'(u(x)) # O}

Proof We start observing that the assumption ¢’ < 0 < ¢” in u(2) implies
in particular that ¢ is strictly decreasing on the interval u(£2) (since otherwise ¢
would be constant on a subinterval of u($2), and thus ¢” = 0). As a consequence,
Argmin (w) = Argmax (1). Moreover, since w is convex, its gradient vanishes only
at its minimum points, thus {Dw = 0} = Argmin (w). These facts, combined with
Dw = ¢'(u) Du, give

{Du =0} C {Dw = 0} = Argmin (w) = Argmax (u) € {Du = 0}. (2.8)

We move now to the main proof. By convexity it holds Aw > 0, so suppose by
contradiction that Aw(xg) = 0 and ¢’ (u(xg)) < 0 at some x( € . Since

Aw = ¢" ) |Dul* + ¢'(u) Au = ¢" (u) |Du|* — ¢'(u) f(u),

@ Springer



21 Page 16 of 60 M. Gallo et al.

from ¢” (u(x0)) > 0 > ¢'(u(xp)) we infer that f(u(xp)) < 0.If f(u(xp)) = 0, then
0 = Aw(xo) = ¢ (u(xo)) | Du(x0)|?

and since ¢” > 0 we must have Du(xg) = 0, and thus xy € Argmax () by (2.8).
Hence f(maxu) = f(u(xg)) = 0, which is prohibited by Lemma 2.4. Therefore

Sfu(xo)) <O0.
We claim that
1) Dw(xp) #0 and  2) Hy(w) > 0. 2.9)

The latter will yield a contradiction, since by (2.7) we have

(D?w(x0) Dw(xp), Dw(xp))

0= Aw(xg) = | Dw (x0)|?

+ Hy, (w) [Dw(x0)]

and the first term on the right is non-negative by convexity, while the second is strictly
positive.
Choose 6 € 10, u(xo)[ so that () <Oon I := Ju(xg) — §, u(xg) + [ and set

C={xeQiux el}={xecQ:wk) o)}

the last equality due to the strict monotonicity of ¢. Being Au = — f(u) > O on C,
the latter does not contain maximum points for u; thus from (2.8) we infer that Du
and Dw never vanish on C, and in particular the first condition in (2.9) holds.

To prove the second condition in (2.9) note that the function v = —u solves Av =
f(=v) <0inC, Dv #0inC and {v <t} = {w < ¢(—t)} is convex foreacht € R
when non-empty. By Remark 2.1 we have

I (v) = =1y (u) = I (w)

hence II, (v) > 0 everywhere in €2 by the convexity of w. Thus Proposition 2.2 ensures
that II, (v) has constant rank in C.

To show that II,(v) > 0 everywhere in C we apply Lemma 2.3: indeed, given
t € lu(xo) — 8, u(xp)[, the convex set {v < —t} = {u > t} is closed, nonempty
and strictly contained in  thanks to u € C°(Q), u > 0in Q and u = 0 on Q.
By the boundedness of €2, Lemma 2.3 ensures that I, (v) is positive definite at some
x € {u =t} C C, and thus everywhere. In particular Il (w) = Il (v) > 0, so that
Hy,(w) > 0, giving the second condition in (2.9) and concluding the proof. O

We finally mention the following result, contained in a paper by Basener [4]. This
is a variant of Lemma 2.3 which deals with definite positivity of the Hessian matrix
of a function near the local minimum. This gives a first answer to question (2) at the
beginning of the section. For the reader’s convenience, we provide here the proof.

Proposition 2.6 (Positive definite Hessian [4]) Let u € C 2(Q) be such that ¥ #
Argmin (u) € Q2. Then in any open neighbourhood U of Argmin (u) there is a point
% € U where D*u(X) is positive definite.
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Proof Suppose without loss of generality that 0 € Argmin (u) C U € Q. Fix§ > 0
and consider

As 1= sup{keR:6|x|2+A<u(x)forallx eﬁ}.

Since U is compact there exists xs € U such that
8 bosl® + Ay = ().

We claim that, for sufficiently small § > 0, x5 € U. This implies that u(x) — (8 |x|> +
4s) has an interior global minimum at xs, forcing D?u(xs) > 281 and proving the
proposition by setting x := xs. To prove the claim, let

m = u(0) M = minu, r = max |x|.
U U

Note that m < M since by assumption 0 € Argminu C U, and that r > 0 since
0¢dU.If xs € AU, then

§lxsl> + As = >M
Ixs|” + As = u(xs) s M—m<8uP<sr
As <uQ)y=m

giving a contradiction if § < @ Hence for such § the claim is proved. O

We can now sum up and state some conditions ensuring that concavity can be
improved to strong concavity, concluding the discussion on issue (2) at the beginning
of the section.

Corollary 2.7 (Improving concavity) Let @ € RN be open, bounded and convex,
f e Cz(R+) and u € C*H) N COQ) solve (2.3). For ¢ € C4(]R+) invertible with
inverse ¥ = ¢\, set
YO+ f )

Y1)

b(t,z) =

and suppose that:

i) o(u) is convex in 2;
i) —ifN>2¢ <0<¢"inu(Q)andd?>(1/b) = 0on{b > 0);
—ifN=1,b #0o0neu()) xRN,

Then @(u) is locally strongly convex in Q.

Proof Under the stated assumptions on ¢, w := ¢(u) isa C 4(Q) solution of Aw =
b(w, Dw). In the case N > 2 we apply Theorem 2.5 so that b(w, Dw) > 0 in
Q and [50] applies, ensuring that D?>w has constant rank everywhere in Q. Since
¢ is decreasing Argmin (w) = Argmax («) and since u € C°(Q) is positive in Q
and vanishes on 92, Argmin (w) € 2. Then the Proposition 2.6 applies, giving that
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D?w(¥) is positive definite for some ¥ € £, and thus everywhere in Q. The strong
convexity follows by the continuity of D?w.
If N = 1, we set v := w” and compute

v =b(w, w)w +by(w, w)v
V' = by(w, w)w? +av+ BV
where

o = 2b(w, wHw' + b(w, w') + byp(w, wHw”,  Bi=by(w,w).

Being b;(w, w’) # 0 by assumption, we can isolate w’ from the first equation and
substitute it in the second one, obtaining

v —by(w, w)v

2
!/
bi(w, w') ) tav+pu

v’ = by (w, w') (
which can be rewritten as ~
Vi+av +Bv=0
for suitable locally bounded &, B. Hopf strong maximum principle [61, Theorem 2.1.2]
ensures that either v > 0 or v = 0. The case v = w” = 0 is impossible, since u is

non-constant with an interior maximum, hence w is non-constant with an interior
minimum. O

3 The Lane-Emden equation
3.1 Ground states and energy estimates

We start by constructing ground states of (1.2) and deriving basic a-priori estimates.
Later on, in Sect.4.2, we will deal with uniqueness when ¢ is close to 1.

Definition3.1 Let ¢ > 1,0 > 0. A ground state for (1.2) is a W, >(Q) N C2(R)
solution of (1.2) minimising

D 2 q+1 2
Jg.0 (V) :=/ |Dul dx —a/ (|v| — U—)dx
Q 2 Q 6]+1 2

over the Nehari set

Nyo = {v € Wo (@O0} : (J) ,(v), v) = 0] .
The set of all ground states for J, , will be denoted by GS; .
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We note that for all v € N 5 it holds

1 1
J({,O‘(U) =0 <5 — qj) /;2 |U|q+1 dx, (31)

so that the energy of a ground state is strictly positive. Existence of ground states is
quite standard, but we provide here a sketch for the reader’s convenience and future
reference.

Lemma 3.2 (Existence of ground states) Let Q@ € RV be bounded. For any q €
11,2* — 1[, o > O there exists a ground state uy o for (1.2).

Proof Ground states can be obtained as mountain pass critical points of the
C! (Wé’z(Q)) functional J, . It can be checked that 0 is a strict local minimum
for J; - and that J, , fulfils all the assumptions of the mountain pass theorem, so that
a critical point u can be found at the energy level ¢; » > 0 defined as

Cqo = inf sup Jy o (y(1), T := {y € €010, 11 W) (@) 1y (0) = 0, Jg.o(y(1) < 0}.
yel“,>0

Through a standard fibering method, we show that the energy level ¢,  is characterised

as
Cqo = inf {Jw(v) L) (0) = 0,v # o} = inf Jyo. (3.2)
q.0

Indeed, the inequalities > trivially hold in the previous chain because ¢ is a critical
level and any non-negative critical point for J, » belongs to N, . On the other hand,
if v e N, then forany 1 > 0

2

1
Jyo(tv) = L (IDvl2 +o v2>dx - a o | vitldx
e 2 g g+1 Jo

2 q+1
t t

=0<—— )/v‘”ldx.
2 qg+1 Q

The maximum on [0, oo[ of the right hand side in the previous display is uniquely
found at t = 1 and for ¢ large J,; »(t v) < 0. Hence if v minimises J,; , on Nq,a,
suitably rescaling the curve ¢ + ¢ v yields an element y € I" for which

sup Jy o (v (1)) = Jg.0(v) = ﬁ}lf Jg.os

120 q.

thus ¢4,0 < infy, , Jgo. Note that if v € WOI‘Z(Q) is a sign changing critical point
of J;., then both vy and v_ belong to ./\/'q,d, and it holds

Jq,a(v) = Jq,0 (v4) + Jq,o(v—)»

so that one of vy or v_ has less energy than v. Therefore any minimiser u of J, , over
Ny, is a constant sign weak (and also C?(Q), by standard elliptic regularity) solution
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of —Au = f(u) with f(r) = ot (Jt]9~" — 1). Since J4,0 1s even we can suppose
that # > 0 and the strong maximum principle of Vazquez-Pucci-Serrin [61, Theorem
1.1.1] ensures that actually # > 0 in €. O

We continue with the following bound on the minimal energy of ground states in
terms of suitable test functions.

Lemma 3.3 (Energy estimate) Let ¢4 as in (3.2). Then for all ¢ € WOI’Z(Q) \ {0}
such that

1 —
f<p2dx > —q/ 02 log 92 dx (3.3)
Q 2 Ja
it holds

2

2 2 2 g-1
lo dx
q—lfsz(p v

2\ g=1
q—1 2 2 IDell5 \ ¢
¢ < (10el3 + o lel3) (1+ 1+
2¢ +2 o llel3 2 ll3

(3.4)

Proof Fix p € ]2,2*[ and, correspondingly, Cj, > 0 such that
2 2 )4
t7|logt”| < Cpmax{l, |t|"}.

Since €2 is bounded, Holder and Sobolev inequality ensure that any ¢ € W01’2(S2) \ {0}
fulfils ¢? log 9> € L' (). For any such ¢ obeying (3.3), set

1

D 2 ~ A 2 q-1
Lo Dol <1+_> ol
lell> o/ lel

q+1

one obtains 7 |¢| € Ny 4 and thus

_ _ 1 1
< Jyo(T@) =12 el3 (1 S 35
Cq.0 4.0 ©) llell5 ( +0)(2 q+1) (3.5)

Being ¢* — 1 > s for all s € R, we have

oo /€02(|¢|q71_1)dx / o (@D ozlel _ 1y gy
Wlort _ 4 Je _ 1 4 Jonte0)
lpll3 lpll3 lpll3
q—l/wz 10g(p2dx
> 1+ 2 =
2 el
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Inserting this estimate into 7 in (3.5), we obtain

2

g-—1

g0 <llpl3 (L +0) ~

2 2
g 1< x)qzl q—l/Q(plOg(pdx

—(1+= 1+
2q+2 2 lol3

forallg > land ¢ € W(} 2 (£2) \ {0} such that the last factor is positive, which amounts
to (3.3). Recalling the definition of A we finally get (3.4). O

3.2 Uniform bounds

This section is devoted to the proof of suitable a-priori estimates for solutions of (1.2),
which will have multiple applications throughout the paper.

We first recall some known regularity estimates up to the boundary in convex
domains, which may be bounded or unbounded.

Lemma3.4 Let Q C RN pe open and convex, f € CO(R) andv € C2(Q) N Co(ﬁ)
be a classical bounded solution of

—Av = f(v) in
v=20 on 0%2.

If M, y > 0 are such that

[vlloo =M, [If(Wleo =¥, (3.6)

there exist a € 10, 1[ and C depending on N, M and y, such that

Proof By [52, Ch.3, Lemma 14.1] any such solution v belongs to the class
82(5, M,y + 1,00,0) (see [52, Ch.2, Sec.7]), where M and y are any numbers
fulfilling (3.6). By convexity, for any xo € 92, €2 is contained in a suitable half space
through xg, so that for any » > 0

20 B, (xo)| _ 1
|B,| S 2

Thus condition (A) of [52, p.6] is fulfilled with parameters independent of f and v
and [52, Ch.2, Theorem 7.1] ensures that

”v ”C"‘(ﬁﬂBl (x)) g C

for constants « and C as in the statement but independent of x. The global C* ()
bound follows from the latter and the boundedness of v. O
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Recall that the eccentricity of a bounded convex body €2 is defined by

inf{R > 0: Q2 C Bgr(x) for some x € Q}
sup{r > 0: B,(x) C Q for some x € Q}

ecc () :=

We are now ready to prove our uniform bounds.

Lemma 3.5 (Uniform estimates) Let 6_> 0,q €[1,2* - l[, R,0 > 0. Then there
exist positive constants C{(N, q, o, R, 0) and C2(N, q, R, 0) such that

Rs
1. any solution uy s of (1.2) foro > o, q € [1, q] in a convex domain Q2 with
diam (Q) > 2R, ecc(Q) <0 (3.7)
satisfies
1< llugoll' <Ci(N.7.6.R.0):; (3.8)

2. any solution u, to (1.2) withq € [1, gl and o = 1/(q — 1) in a convex domain 2
fulfilling (3.7) satisfies o
luglloo < C2(N. g, R, 0). (3.9)

Proof First we observe that, testing (1.2) with u, , yields

2 5 _ g+l 2
/52|Duq’0| dx—O/Q(uq,g —uqyg) dx

so that it cannot hold |[u, s |lc < 1, since otherwise the right hand side would be
non-positive, forcing uy o = 0. Thus ||uy o oo > 1. We prove (i) by contradiction.
Step 1: setting up the blow up.
Consider a sequence u,, solving (1.2) for ¢, € [1, g, 0, > ¢ in convex domains €2,
fulfilling (3.7) but such that
|27 > 0. (3.10)

By taking a subsequence, we may assume g, — ¢ € [1, g]. By considering u, (¢, (- —
)?,,2), for x,, being the center of a ball containing €2, 9f minimal radius and «, =
2 R/diam (£2,,), we can suppose that diam (£2,) = 2 R for all n, since in doing so
the corresponding factor o in (1.2) does not decrease. By translation invariance of the
equation, we can also suppose that
By,5(0) € ©, S By(0) for all n. (3.1D)
Choose x, € 2, such that

M, = luplloo = un(xy)

so that M,, > 1 for all n. For A > 0 the function
1
Vp 2 (%) 1= —up(xn + A (x — X)), (3.12)
My
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solves
-1
—Av =220, MI" vt — )20

in (€2, — x) /A with Dirichlet boundary conditions and satisfies
0 < vps <1 =0,,00).

Choose A = A, > 0 obeying
1

Aoy MI" =1,

so that v, := vy, solves

— Av =i — =: f,(v), 0<v<1=v0) (3.13)

—1
Ml

in S~2n = (R, — xp) /An. From (3.10), the bound 0, > ¢ > 0 and the definition of X,
we infer that ,, — 0. Moreover, for ¢ € [0, 1], an explicit computation yields

1—¢
—q,, < fu() <

1
Mgt

so that, noting that ¢7/~1 > ¢ for ¢ € 1, 7], it holds

1-—

qu < fu(t) < vt € [0, 1].

By the assumption M,(f”_l — 400 and g, < g, we infer that

sup |fu()] <y <00
tel0,1]

for a constant y independent of n. Applying Lemma 3.4, we thus find o € ]0, 1[ and
C > 0 independent of n such that

lonll ce @y < C, (3.14)

where we extended each v,, as zero outside 52,,
Step 2: convergence.
Thanks to (3.11), Proposition A.1 ensures that there exists a not relabelled subsequence
suchthatQ, — H locally in the Hausdorff sense, where H is either R" or the epigraph
of a convex function. By (3.14) and Ascoli-Arzela theorem, we may suppose that (v;,)
has a not relabelled subsequence converging locally uniformly to some v in C%(RY)
fulfilling 0 < v < 1 = v(0) and v = 0in RN \ H. Using (3.10) to pass to the limit in
(3.13), standard arguments ensure that v solves

—Av=v? 0<v<1=v(0)
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inHandv=0ondH.If H=NR" thisis impossible due to [62, Theorem 8.1], while

if H is the epigraph of a convex function Theorem 1.4 gives again a contradiction,

concluding the proof of the first statement. We then proceed to prove the second one.
Step 3: proof of (ii).

We claim that for any solution u, of (1.2) in some convex 2 fulfilling (3.7) with

q€ll,glando > 1/(g — 1), it holds

lug %' <14+ C(N, G, R, 6) (g —1). (3.15)

Suppose this is not true for sequences (g, ), (0,), (£2,) as above and, with the previous
notations, solutions

Up = u‘{nsUn .

This amounts to .
Nl -1
lim —— = 400 (3.16)
n qn —1
and we can again assume (3.11) by eventually increasing o,,. Choose again x, € €,
such that ||uyllec = My = uy(xy). Foro := 1/(g — 1), it always holds o, > 1/(gn —
1) > o and by the previous point (3.8) holds true for C = C1(N, g, 1/(g — 1), R, 9),
ie.

1

M < C(N,q,R,0). (3.17)

Given A > 0, define v, ; as in (3.12) and rewrite the equation satisfied by v, as

—Av =220, M (vt — vy + 226, (MIT = .
We choose A = A, fulfilling (recall that M, > 1)
Moy (M = 1) =1,
so that v, := vy, solves
— My —y
—pp= Y= DMy fv= f,(v) (3.18)

7]—1 qn — 1

M
in Q= (0 — xp)/An, as well as 0 < v, < 1 = v, (0).
Assumption (3.16) and o, > 1/(g, — 1) force A,, — 0, while (3.16) and (3.17)

ensure .
(g — 1) M}}"

M=t

An elementary computation similar to the one in Step 1 shows that for 7 € [0, 1]

— 0. (3.19)

1 1-—
—— " _<hn<i
—1

e My pin
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hence by (3.16) and M, > 1, we find that (3.14) holds true again. Moreover, the

elementary inequality
11—t a_ 4
2 Z—q'"1 =z —q'1
qg—1

holds forall ¢ € [0, 1], € [1, g] and implies through (3.19) that f;, () — ¢ uniformly
on [0, 1]. As in Steps 2 and 3 we can select a not relabelled subsequence and pass to
the limit in (3.18) using (3.19), to get that v, converges to a solution of

—Av =v, 0<v<1=v(0)
on R or in the epigraph H of a convex entire function, in which case v =0 on 9 H.

This again contradicts Theorem 1.4, completing the proof of (3.15). Finally, (3.15)

rewrites as
log(14+C (g — 1))
qg—1

luglloo < exP[

for a constant C = C(N, ¢q, R, ). Since 1 > log(1 4+ t)/t is decreasing and bounded
by 1 on ]0, +o0[, we infer [uyllco < eC, proving (3.9). O

Remark 3.6 As already mentioned, the uniformity with respect to the domain is here
obtained in order to extend our result to a general, possibly not regular convex 2.
If one is interested in a fixed smooth domain €2, the above proof simplifies. Indeed,
if 92 € C!, then standard theory implies that Qn converge to the half space or
the entire space, thus more standard Liouville theorems apply. Still, the so-obtained
a priori bound will depend unexplicitly on €2, and may in principle blow up when
approximating non-smooth convex domains with smooth ones.

4 Asymptotic behaviour of Lane-Emden

In this section we will construct a connected branch of solutions to (1.2) and then
show the behaviour of solutions to (1.2) when ¢ — 17 and o is considered fixed or
varying with the law o = 2/(q — 1).

4.1 Convergence to the first eigenfunction

We show now that the ground states of (1.2) for fixed o and g — 17 converge up to
normalisation to the first eigenfunction of the Laplacian.

Proposition 4.1 (Convergence to eigenfunction) Let Q2 be bounded and convex, o > 0,
and u,, a solution of (1.2) for a sequence g, — 1%. Denote by ¢ the first positive
eigenfunction of the Dirichlet Laplacian normalised so that ||¢1|lco = 1 and by A1 the
corresponding first eigenvalue. Then

g inCE ()N COQ), (4.1)

llttn [l
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_ Py

heal™ — 147, 4.2)
_ A

w1+ 2 e (). 4.3)
o

Moreover; if 3S2 is smooth, then the convergence in (4.1) holds in C*(R2) as well.

Proof If M,, := ||luy ||co, then i, := u, /M, solves
—Ail, =0 (M,‘f"_l il — ﬁn> — g,(x) InQ.

By Lemma 3.5 we have, up to not relabelled subsequences, that M,f”_l - M >

1 and hence (g,) is uniformly bounded in L*°(2). Lemma 3.4 then ensures that
(i1,,) is bounded in C%(2) for a suitable « € 10, 1[. Since [0,1] > ¢ — at? — bt
is Lipschitz continuous, uniformly for bounded a, b,q > 1, we infer that (g,) is
uniformly bounded in C%(2). Local elliptic estimates then ensure that (iz,,) is bounded
in C2%(Q) for any Q' € Q. All in all, up to a not relabelled subsequence, we can
suppose that (i) converges in CIZOC(Q) N Co(ﬁ) to a non-negative solution u of

—Au=0c(M—-1u inQ
with |li#]lcc = 1. In particular # # 0O and by the maximum principle it must hold

M > 1. Hence u must be a first Dirichlet eigenfunction, i.e. u = ¢, proving (4.1).
Moreover, it must hold

A
oM—1)=xr < M=1+2
o
giving (4.2). Assertion (4.3) follows from (4.2), since

-1
uZ”

M

_gy—1
_l:uZ” — 1

locally uniformly in 2 (here we use that ,, — ¢ > 0). Finally, the smoothness of 92
grants boundedness of (i,,) in C24(Q) by the global C%*_estimates for the Poisson
equation, so that the previously proved convergence it, — ¢| improves to C2(Q2) in
this case.

O

4.2 Uniqueness and connected component of solutions
Given o > 0, it is unfortunately unknown whether the set of ground states

[(g,u):q €l1,2" —1[, u € G840} C11,2° — 1[ x Wy *(R)
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is connected, a pivotal property to perform the final continuity argument. As mentioned
in the Introduction, and as we show now in Proposition 4.2, connectedness is certainly
true when in the previous set we restrict g to be sufficiently near 1. We can then resort
to a degree argument to construct from there the sought connected component.

The following uniqueness result has been proved in [21] when €2 is symmetric. With
the same argument and with Proposition 4.1 at hand, we can remove the symmetry
assumption.

Proposition 4.2 (Uniqueness) Let Q2 be bounded and convex and o > 0. Then there
exists qo = qo(o, Q) > 1 such that for any q €11, qol, (1.2) has a unique solution.

Proof Suppose the claim is false and pick two sequences (u,) and (v,) of solutions
of (1.2) for suitable g, — 11 with u,, # v,. We start observing that, from

0= / Uy, (—Av, +ovy) — v (—Auy, + ouy) dx
Q

—1 —1
=0 / p vy (VA" — U dx,
Q

the function v, — u,, must be sign changing. The functions

Uy — Up
w, = —————
lvn — unlloo
fulfil
— Aw, + 0w, =0 g, Wy, wy o= 0 4.4
where

v (x) — up' (x) i 0y () % 10 ()
g0(0) =1 v (r) — () e T
14+ Ar/o if v, (x) = u, (x).

Let x be such that w,(x) # 0. Then by the intermediate value theorem, g,(x) =
Gn £, (x)% 1 for some &, (x) in the interval with extrema v, (x) and u, (x). Since both
||v,1||(é2’>_1 and ||1,t,1||f§2’>_1 are uniformly bounded in n by (4.2), we see that || g ||co 1S
bounded in n. It follows from Lemma 3.4 that (w,) is precompact in C¥ (©) and in
W(}’Z(Q), thus it converges up to a not relabelled subsequence to some w in these
topologies. Moreover, for any x € 2 either g,(x) = 14 A1 /0 or g,(x) belongs to the
interval with extrema g, v, (x)?~! and g, u, (x)% 1. By (4.3), we have that in any
case g,(x) — 1 4+ A1/0, hence by dominated convergence it holds

AL 2
gn—> 1+ — inL°(Q).
o

Passing to the limit in (4.4) and recalling that ||w, |, = 1, we get that the limit w is
either g1 or —¢;. Let
Q,jf = {£w, > 0}
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which are nonempty since w,, is always sign changing. By Poincaré inequality
+2 +1% +2
lwy|” dx < C |2y |Dwy|” dx 4.5)
Q Q
while testing (4.4) with wiF we get
/ |Dw,ﬂ2 +o |wit|2 dx = o/ &n |w,ﬂ2 dx
Q Q

so that by the uniform bound on g, we have

/|Dw3t|2 dxéC/ |u)ni|2 dx.
Q Q

Inserting the latter into (4.5), we obtain
2
[P ax < cjad® [ juip ax
Q Q
so that |Q:F| is uniformly bounded from below. This implies that the limit w is sign

changing as well, contradicting the fact that w is either ¢; or —¢;. O

Exploiting the uniqueness of the solutions given by Proposition 4.2, we conclude
this section by detecting a connected component of solutions through a classical appli-
cation of Leray-Schauder continuation theorem. See [25, Corollary 2.1] for a version
with positive nonlinearities.

Lemma 4.3 (Connected component of solutions) Letq; € ]1,2*—1[, 6 > 0 and Q2 be
convex bounded. For any sufficiently small (depending on 6 and 2) qo € 11, q11, there

exists a closed connected set C C W&’z(Q) X [qo, q1] such that for any (u, q) € C, u
solves (1.2) for the given q and o = &, and the map

C > u,q) > q €lqo, q1l
is onto.

Proof Define the nonlinear operator

T(q,u) =6 (—A) " (uf —uy)
where (—A)~! : Wol’z(Q) — Wol’z(Q) is the inverse Dirichlet Laplacian, which
is therefore compact by Rellich-Kondrachov theorem (see also [46, Lemma 7.1] for
some details). Correspondingly, the functional equation

O(q,u) :=u—T(q,u)=0
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is fulfilled at u € WO1 ’2(9) if and only if u solves (1.2) (the positivity condition
being satisfied thanks to the truncation and the strong maximum principle). To get the
claim, we check the assumptions of [1, Theorem 4.3.4]. By Proposition 4.2, for any
sufficiently small go > 1, problem (1.2) has a unique solution ¢, which is therefore an
isolated zero of ®(qo, -). Thanks to the mountain pass character of ug, [41, Theorem
2 and pp. 310-311] ensures that

deg (P(q0, uo), A) = —1#0

for any open bounded A C W(;’z(SZ) containing ug. Given such a gop > 1, estimate
(3.8) in Lemma 3.5 ensures an a-priori L°°-bound for any solution of (1.2) in Q with
q € [90.¢91] and 0 = o. In turn, by testing the equation with u itself and applying
the L°°-bound, we find a constant C = C(qo, ¢1, &, 2) > 0 such that any solution of
(1.2) foro = ¢ and g € [qo, ¢q1] fulfils || Dul||, < C. We can then choose the open set
A C Wy() to be the ball of radius C, so that

d(g,u) #0 forallg € [q0,q1],u € IA.

The existence of the connected C with the claimed properties then follows from Leray-
Schauder continuation theorem, see [1, Theorem 4.3.4]. O

We remark that, similarly to [46, Lemma 7.3] we should be able to extend C in such
a way the second projection covers ]1, 2* — 1[. This however goes beyond our scope.

4.3 Convergence to the logarithmic Schrodinger equation

Next we analyse the asymptotic behaviour as ¢ — 17 of solutions u, to the Lane—
Emden equation (1.2) with the choice o0 = 2/(g —1). We will show that these solutions
converge to a solution of the Logarithmic Schrédinger equation (1.1) and that ground
states converge to ground states, without needing a normalisation. As in Definition
3.1, ground states of the Logarithmic Schrédinger equation are defined as solutions of
(1.1) minimising

Dv|? % (logv* — 1
J(U):/ﬂdx_/wdx
Q 2 Q 2

over the Nehari set
Nt = {v € W&’Z(Q) :v>0and / |Dv|* dx :/ v? logvzdx}.
Q Q

Note that if © is bounded (as we will suppose in the following) the functional J is C'!
on Wé’2(§2), but in a general unbounded domain u? log u? may fail to be summable
foru € W(}’Z(Q). Testing (1.1) with u ensures that any Wol’z(Q) solution of (1.1)
lies in N'*. Moreover, J(v) = ||v||% /2 on N'T, so that a ground state minimises the
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L2-norm among all solutions of (1.1). The converse is also true: if u € N is of
minimal L2-norm, then it solves (1.1).

Proposition 4.4 (Convergence to logarithmic equation) Let Q2 be bounded and convex
and § € 11,2* — 1[. Then the set of positive solutions of (1.2) for o = 2/(q — 1)
and q €11, 4] is relatively compact in C°(Q), W01’2(§2) and in CIZOC(Q), and any limit
point for ¢ — 17 of such solutions solves (1.1). Moreover, if the chosen solutions u,
are ground states for (1.2), then the limit is a ground state for (1.1).

Proof We let u, denote an arbitrary positive solution of (1.2) for o =2/(g — 1) and
q €11, g]. From (3.9) in Lemma 3.5 we find that [lu4 || is bounded in g forg € |1, g].
By testing (1.2) with u, we readily get that [luy||o > 1. The function

2
fo@) = — . (19 —1)

L .. . .
is convex, has minimum in #;, := ¢ 9-' and it is thus increasing on [#,, +00[, hence

2077 = £,t) < fy(ug) < fy(luglloo) < C

Since g +— q_qu is decreasing and bounded by e~! for ¢ € ]1, +-00[, we get that
| At || oo is bounded uniformly for g € 11, g]. It follows by Lemma 3.4 that {u, }4¢)1,4]
is bounded in C*($2) for some & € 0, 1[ thus precompact in C°().

We claim that, given M > 1, { f;}4e1,5) is bounded in C1/2([0, M]). Indeed,

sup | fyl = ——

q—1 _
[1,M] g—1 (a1 1)

and the right hand side is non-decreasing in g, so that {f;}4e1,4] is actually equi-
Lipschitz on [1, M]. On the interval [0, 1] an explicit computation shows that

1
72
dr =
/0|f,,| r=3

hence for0 <s <r <1

: i 12 > Si=s
|fq<t)—fq(s>|</ |f;|dr<([ |f;|2dr> ity S

and {f;}4en, g1 is bounded in C 172(10, 1]), proving the claim. From the bound of
{uglqert,qyin C* (), we thus infer that {fq(ug)lgen,q) is bounded in CY2(Q). The
precompactness of {uy}4e]1,4] in CIOC(Q) now follows from local C2-%/2 elliptic esti-
mates.

Let u be a limit point in the aforementioned topologies of a sequence ug, , g, — 17.
Since f, converges to f(t) := t log t? as ¢ — 17 locally uniformly, u is a weak
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(and thus classical) solution of the equation in (1.1). From [Jug,|lcoc = 1 we obtain
lullo = 1, hence u is non-trivial and non-negative and by the strong maximum
principle [61, Theorem 1.1.1] it follows that # > 0 in 2. In particular, from (1.1)
tested with u, we get

/|Du|2dx:/u210gu2dx. 4.6)
Q Q

Since, up to not relabelled subsequences,
1Dug 3 = [ o0y dx = [ 70wz = 1Dl
Q Q

it follows from uniform convexity that Du,, — Du in L*(S2), proving that
{tg}qe11,41 is precompact in W(}’z(Q) as well.

Let us finally discuss the variational characterization of u in the case where u,, are
ground states of (1.2). From the stated convergence and (3.1), we have

1 1 1
lim J = lim —— gy = — 2.
L, 2 (uq) ql>l+ | Quq X 3 llull>

On the other hand, if ¢ € WOl’Z(Q) \ {0} then (3.3) holds true for any sufficiently small
¢ and passing to the limit in (3.4) in Lemma 3.3 foro = 2/(q — 1) as ¢ — 17 yields

lim J u;) <
qg—1t ’421( q) 2

2 2
lo dx
2 D 2 /(p ge
||(p”2exp|:” §0||2 exp Q

lell; llls

Therefore

|Do|* — ¢* log * dux
Q

lul3 < llgl3 exp
lell3

for any
. 1,2 . 2 2 2
g e K(Q) = {¢6W0 (9)\{0}./Q|Dcp| dx</ ¢*logp dx},
Q

so that # minimises the L2(£2)-norm over X(£2) and in particular on N'*. Noting
that by (4.6) it holds J(u) = %Hu ||% on AT, we have that  is indeed a ground state
solution of (1.1). O
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5 Concavity properties

We can show now that, for ¢ small—depending on ¢ —the ground state solution of (1.2)
has some concavity property. We exploit here the convergence to the eigenfunction
given by Proposition 4.1.

The following theorem holds for 2 smooth and, if N > 2, strongly convex, which
means that the second fundamental form of 9<2 with respect to its interior normal is
always positive definite. More precisely, in the setting of Sect.2, suppose that 02 =
{w = 0} for some w € C*®(RY) such that Dw # 0 in a neighbourhood of <2 (this is
always true if €2 is convex and smooth). For any such w with the additional property
that w < 0 in €2, the normal defined in (2.5) is actually pointing to the interior of 2
and we can set

II,(0R2) :=1I,(w) forallx € Q2

independently of w obeying the prescribed conditions (see Remark 2.1). Strong con-
vexity of 2 then amounts to the existence of 8 > 0 such that

I, (392)(z) = 6 |z|?

for all x € 92 and all tangent vectors z at x.

Theorem 5.1 (Concavity near ¢ = 1) Let 0 > 0 and Q € RY be bounded, smooth
and strongly convex if N > 2. Then there exists qo = qo(o, Q) € 11,2* — 1] such
that, for q € 11, qo[ the solution uy » to (1.2) is unique (indeed, it is a ground state
ugo € GS4.5), strongly log-concave, and thus strongly (1 — q)/2-concave in Q.

Proof Uniqueness has been proven in Proposition 4.2 for ¢ — 1 sufficiently small,
which we will assume henceforth. Note that for ¢ € ]1,2* — 1[ any solution u,,»
of (1.2) produces, by considering u4 (/0 -), a solution of (1.2) for & = 1 on the
domain Q/+/o. Being o fixed, we can suppose that o = 1 and omit henceforth the
dependence on o.

We set v, := ug,/|luglloo and note that

2 2 1 2 1
D7loguy; = D°logvy; = — | D"vg — — Dvg @ Dy |.
Vq Vg
Thus we focus on the matrix
1 2
M(vy) := — Dvy ® Dvy — D*vy, 5.1
Vg

which we will prove to be positive definite.

Step 1: bound in the normal directions.
For sufficiently small 6 > Olet ®; : [0, §[ x0R2 — Qbea c! (in both ¢ and x) family
of diffeomorphisms from 92 to {dist(x, d€2) = ¢}, and let n denote the corresponding
C! extension of the interior normal to 92, defined on

Qs = {x € Q: dist(x, Q) < 8).
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Note that any & € RY such that (n(x), £) = 0 is the image of a unique tangent vector
&’ to 92 at the point chIi;t(x,aQ) (x) and the corresponding map is C'.

Let ¢; be the first positive eigenfunction of the Dirichlet Laplacian such that
lle1lloo = 1. The Hopf Lemma ensures that there exist §, & > 0 such that

9
inf 2L > 39
Qs on

where n is the interior normal to 2. Let g¢ € ]1, 2* — 1[, given in Proposition 4.2,
be such that, for any 1 < g < go, (1.2) has a unique solution u, (which is a ground
state). By the C L) COnvergence v, — @1 as g — 1" proved in Proposition 4.1,
there exists 1 < ¢, < go such that

av
f— >20 forallg €]l, g}l 5.2
151215 o orall g €11, g} (5.2)

Since, again by Proposition 4.1, there exists C > 0 such that

lvglicz@y =€ forallg €11, 90, (5.3)
inequality (5.2) gives
1 (v \* 462 462
(M(vq)n,n)>— — | —IDyl>——-C> ——-C (5.4)
vy \ on Vg Cs

in 5. This concludes the proof when N = 1, so we will suppose from now on that
N > 2.

Step 2: bound in the tangential directions.
Let I, (0€2) be the second fundamental form of 92 with respect to the inner normal
direction 1, at a point x € 9€2, so that by assumption there exists ko > 0 such that

1L (AQ)(E) > ko [E]>,  Vx €99, &Ln,. (5.5)
Since 982 = {—v,; = 0} and —v,; < Oin £, it holds
I, (092) = I (—vy) = =1 (vg)
for all x € d<2. From the latter, (2.6), (5.5) and (5.2) we have

q(x)H BQ)(E) < —2ko 0 €

(D20 (0 £.€) = 1Dvg () L (0 )(8) =
forall x € 0Q, £Ln, and g € 11, ¢].

Since Dv; ® Dy, > 0,n € C'(Qs) and vy is uniformly bounded in C%3(Q) we
infer that for any sufficiently small § it holds

(M(v)(x) &, &) > ko0 |&|? (5.6)
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forany g €11, gy, x € Q25 and & = £(x) such that & (x) Ln(x).

Step 3: bound in the mixed directions.
Finally, since (Dv,(x0),&) = O for all xo € 92 and & Ln,, with |§] = 1 and the
boundedness of v, in C 2(Q) for all ¢ € 1, qp], we deduce through the Lipschitz
character of & > &’ € Ty the uniform bound

[(Dvg (x), &(x))] < Cdist(x, 9€2)
for all x € Q5 and &£ Ln(x) with |§] = 1. In particular, since by (5.2) it holds
dist(x, 92) < Cvy(x)
in Qj, for a constant C independent of ¢ € ]1, ¢;], we get

110
(M) §.m) < Do, I£] + — ke
q

an‘f |(Dvg, &)] < C & (5.7)

forall x € Q5, & Ln(x) and g €11, g)].
Step 4: convexity in Q.

Writing any vector as £ +tn for§ Ln and ¢ € R, it follows from (5.4), (5.6) and (5.7),
that in 25 we have

(M(vg) (€ +1n), & +1tn) = (M(vy) &, &) + 21 (M(vg) &, n) + 1* (M(vg) n, n)

>koO |E]> —Ctlg| +1° ﬁ—c
= KQ Cs

for all ¢ € 11, g{]. It suffices to choose § > 0 sufficiently small (depending only on
the parameters and thus not on ¢) to obtain a positive constant 6, such that

(M(vg)z.2) =60 1z1* in s,
forall g € ]1, q(’)]. Then since v, < C §in Qs, we find

Dzlogv = _M(vq) < —9—6
1 Vg Cs

Id

in Q;s, forall ¢ € 11, ¢].

Step 5: conclusion.
Recall that logv, — loge in C?(22\ Qs) by Proposition 4.1. Note that D? log ¢;
is negative definite everywhere in 2 by a classical application of the constant rank
theorem, hence log ¢; is locally strongly concave in €. By C?-convergence, this
ensures that for a sufficiently small ¢} > 1 and 6 > 0 it holds

D?log vy < —6y1d
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in 2\ Qs for all g € ]I, q(’)’ ]. All in all we have proved that for a constant 6y =
min{6;, 6y} > 0 and go = min{g, g5} > 1, the inequality

D?logu, = D*logv, < —61d (5.8)

holds true in 2 for all ¢ € |1, go].
To prove the final assertion, we compute

] —1 1D D
l)zuq2 = g <q + “q ® g — Dzuq)

g+l
2u, 2 Ug
-1 —1D D
=4 a g ® Dltg —u Dzlogu
g+l 2 u q q
2u, g

and note again that the first matrix term is non-negative definite. Thus from (5.8) we

have . | 1= | .
T q; uy® D?logu, 290%””,1”0?1(1

Dzuq2 > —

and uél /2§ strongly convex on 2 for all ¢ € ]1, go]. O
For the next proof, it is important to inspect more closely the behaviour of the
matrix M (v,) in (5.1). What we actually obtained in the previous proof is that M (v,)

fulfils
M(vy) > 01d in Qs (5.9)

for some 6, § > 0 depending only on £2, a positive lower bound on d,v, on 92 and
an upper bound on v, ||C2(§) (see (5.2), (5.3) and (5.5)).

We are now ready to extend the concavity property detected in Theorem 5.1 to all
the values of ¢, by means of the connected set of solutions given in Lemma 4.3.

Theorem 5.2 (Concavity of solutions, g > 1) Let Q € RN be bounded, smooth and
strongly convex, q € 11,2* — 1[ and o > 0. Then there exists a solution uy - of (1.2)
such that u;{; DI i strongly convex on Q.

Proof As in the proof of Theorem 5.1, we can restrict to o = 1. Let go be as in
Theorem 5.1, so that for g € ]1, go] we know there exists a unique solution such that

u,(f D2 g strongly convex.

Fix g € 1g0,2* — 1[ and let C C Wé’z(Q) X [qo, q] be the connected set provided
by Lemma 4.3. We will prove that any (14, g) € C is strongly (1 — ¢g)/2-convex. To
this end, set

E = {(uq, q) €C: uéliq)/z is strongly convex in SZ} .

To show that E coincides with the whole C, thanks to the connectedness of C, it is
sufficient to show that E is nonempty, open and closed; we show this in the following
steps.
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We start by observing that C N (WO1 ’Z(Q) X {qo}) contains the unique solution of
(1.2) which is strongly (1 — go)/2-convex thanks to Theorem 5.1. Therefore E # .

For any (u,, q) € C we set in the following w, := 14,(11 ~9/2 and note that for any
such wy,
qg—1]qg+1 qo — 1
D wy = “— [ 5.~ Dug ® Dug — Duy | > =7 M(uy)
2ug a 2u,’

where the matrix M is given in (5.1). Note that C is bounded in C>%(Q2) x [qo. ] by
the uniform bound (3.9) in Lemma 3.5 and elliptic estimates. This grants compactness
of Cin C2(Q) x [90, ¢] and Hopf’s Lemma ensures a uniform lower bound on 9,1,
which in turn ensures (5.9) for all (uy, g) € C.By (5.9), we thus find constants 6, § > 0
depending only on €2 and C such that

D*w, > 01d in Q;, for any (uy, q) € C. (5.10)

We show now that E is open. Let (u4,q) € E, so that wy is strongly convex.
GiVEil a sequence (ug,, q,) € C verifying (uq,, q,) — (44, q), note that u,, — u, in
C?(S). By the strong convexity of wy there exists 6" > 0 such that

D*w, > 6'ld inQ

and since w,, — w, in C?(2\ Qs), D>w,, > 0'1d in Q \ Q5 for all sufficiently
large n. By using (5.10), we thus see that wy, is strongly convex in the whole €2 for all
sufficiently large n. It follows that, for such n, (u4,, g,) € E, proving that E is open
inC.

Finally we prove that E is closed in C. Let (u,,, g,) be a sequence in E converging
to some (u4,q) € C. Then uy, — u, point-wise and wy, = uél_q)/z, being the point-
wise limit of convex proper functions, is convex. Note again that (5.10) grants strong
convexity of wy in Qs for some § > 0. Moreover, wy, is a convex solution of

1 1 -1 -1
Av = — i|Dv|2+q_ _1 v =: b(v, Dv),
v\g—1 2 2

t — b(t, z) is harmonic concave whenever it is positive, and b; # 0 on R x RY,
hence Corollary 2.7 ensures that wy is strongly convex in 2\ s as well. Therefore
(g, q) € E and E is also closed in C. O

We are now ready to pass to the limit (1.2) and get a log-concave solution of (1.1),
i.e. prove Theorem 1.1.

Proof of Theorem 1.1 Choose a sequence 2, 2 2 of smooth strongly convex sets
converging in the Hausdorff sense to €2 (see [31, Proposition 2.1]) if N > 2, otherwise
set 2, = 2. On such a sequence (3.7) holds true uniformly in n. Fix a corresponding
sequence ¢, — 17 and for each n > 1 apply Theorem 5.2 for 0 = 2/(g, — 1) to
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get a solution u,, of (1.2) such that u,(ll_q")/z is convex in €2,,. By (3.9) in Lemma 3.5

and arguing as in Proposition 4.4, we get that up to subsequences u, converges to a
solution « of (1.1) in CO(RQ), in W, *(R2) and in C2_(K).

In order to prove that u is log-concave, set &, := q”; L~ 0 and note that the
function

un—sn -1 e En logu, _ 1
wy = =
&n &n

is convex. Since w, converges point-wise in €2 to — log u, the latter is convex. Finally,
the function w := — log u, satisfies

Aw = |Dw|* = 2w =: b(w, Dw) inQ,

(92(1/b))(t,2) = 8/b(t,2)* > 0

as long as b(t,z) > 0,and b; # Oon R x RY. Thus Corollary 2.7 ensures the strict
convexity of w in Q. O

To conclude the main proofs, similarly to what we just did for problem (1.1), we
remove the additional assumptions in €2 for problem (1.2).

Proof of Theorem 1.2 As in the proof of Theorem 1.1, if N > 2 we choose 2, — Q
in the Hausdorff sense, €2,, smooth and strongly convex sets fulfilling (3.7) uniformly
in n. By Theorem 5.2 we get a solution u,, of (1.2) such that uf,l_q)/z is convex in
,. By (3.8) in Lemma 3.5 the functions u, are equi-bounded and, arguing as in
Proposition 4.4, we get that up to subsequences u, converges in C%($), in Wol’z(Q)
and in CIZOC(Q) to a solution u of (1.2). Thus u is a (1 — g)/2-concave solution. Strict

concavity follows by the same argument of the proof of Theorem 1.1. O

Finally we study the equations with opposite sign (1.8), (1.10).

Proof of Theorem 1.5 Letus consider f (1) = o (t—t%) or f(t) = —t log¢?;in the first
case, by considering x — u (/o x) instead of u, we can assume that o = 1. Existence
of a positive solution u can be obtained through standard methods, as minimiser of the
corresponding coercive functional. Since ¢t — f(¢)/t is strictly decreasing, we have
that such solution is unique (see [14]). Moreover, in both cases f () < Ofort > 1, so
that by the weak comparison principle 0 < u < I in Q. By Lemma 2.4 we actually
have ||ullco < 1, thus u(2) C 10, I[ and f(u) > 0. We thus proceed to check the
assumptions of [11] (see also [59]) for ¢ € ]0, 1[, for both the reactions f(t) =t —t4
(withg > 1) and f(¢) = —t 10gtz, setting as usual F(t) := fot f(r)dr.

The computations to check that +/F is (strictly) concave and F/f is convex in
]O, 1[ are in both cases straightforward and omitted. The transformation ¢ is defined
as in (1.5), which belongs to C*°(]0, 1[) and [11, Theorem 1.2] ensures that ¢(u) is
convex in both cases. Explicit integration gives for f(t) =t —t9,q > 1

2
t) o atanh 1-— ta—1
1(1) ( P >
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(where o« means equal up to positive multiplicative constants and additive constants),

while when f(r) = —t log?
©2(t) o< /1 —log t2.

Let us discuss the strict convexity of ¢(u), still denoting with ¢ both ¢ and ¢;. Note
that ¢’ < 0 < ¢” on 10, 1[, hence also on u(£2). The previous choices of ¢ are made
in such a way that

1
v =—VFW), Y= AL

and w = ¢(u) satisfies (see (2.4))

L0 100\
w = —F(lp(w)) (1 + 2|Du)| ) =: b(w, Dw).

In [11, page 95] it is shown that the convexity of ¢ > /F (W (1))/ f (¥ (¢)) is implied
by the convexity of s — F(s)/f(s), which has already been noted to hold in ]O, 1[,
while b; # 0 descends from the strict concavity of /F. Thus Corollary 2.7 applies,
giving the strict convexity of ¢ () in €2 in both cases. O

6 Further results
6.1 Bounds for solutions

Here we will derive some a-priori estimates on solutions of the Logarithmic
Schrodinger equation (1.1). We start with a lower bound, which is a straightforward
application of the Pohozaev identity. Such information could be useful to study pos-
sible branches of solutions, which are generally parametrised by ©#(0) = ||u|/cc, sc€
[24, Remark 5], [21, Theorem 3.3].

Lemma 6.1 Let Q € RY be bounded, star-shaped and with C* boundary. Then any
solution of (1.1) satisfies
lullos > V74, 6.1)

Proof By Pohozaev identity

N-=2 2 (logu? —1 1
—/ |Du|2dx=N/ de—}——/ (x,n) (Du,n)® dHV~!
2 Q Q 2 Jag

2
(6.2)
where n is the interior normal to 2. By the star-shapedness of €2 it holds (x, n) < 0
on 92, while by the Nehari identity we have

/|Du|2d)c:/u2 loguzdx.
Q Q
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Inserting these relations into (6.2), we find

N
/ u? (— — loguz) dx <0.
Q 2

It follows that logu> — N /2 (which is not constant) must be positive somewhere in
2, implying (6.1). O

Regarding the upper bound, the key point is that the reaction f(r) = t log? is
superlinear and regularly varying, meaning that

fs)

1m
=400 f(t)

exists and is finite for every s > 0.

Karamata’s theory [10, Theorems 1.2.1 and 1.4.1] ensures that, if f is regularly vary-
ing, continuous and definitely positive, then the previous limit is uniform on bounded
intervals and there exists ¢ € R such that

fas) _ 4

1m
t—>+o0  f(t)

for all s > 0. (6.3)

In this case ¢ is called the index of f. The superlinear reactions f(¢) = t logt? and
f(@) =1t9 —t (¢ > 1) considered in this manuscript are indeed regularly varying,
with index 1 and g respectively.

We next report an a-priori upper bound for solutions of

—Au= f(u) inQ
u>0 in Q (6.4)
u=2~0 on 0€2,

for regularly varying, superlinear reactions f.

Theorem 6.2 Let R, 0 > 0 and € RYN be convex and such that
diam () > 2R, ecc(Q) < 6. (6.5)

Suppose f € CO([0, +o0l) is superlinear at infinity and regularly varying with index
qg €[1,2* — ﬂ Then there exists a constant C = C(N, R, 0, f) > 0 such that any
C%(2) N CO(Q)-solution of (6.4) has L>-norm bounded by C.

Proof The proofis a slight modification of Lemma 3.5, so we briefly sketch it, adopting
the same notations. Let (#,) be a sequence of solutions of (6.4) in (£2,) as in the
assumptions. Thanks to (6.5), by rescaling and suitably translating the solutions, we
can suppose that B /(;(O) C Q, C Byp, and u, solves (6.4) in €2, with reaction
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Bn f(u) instead of f(u), for some B, > 1. Set My, := |luplloo = un(xn), Xn € 2y,
and suppose by contradiction that M;, — +oc. Then, defining A,, > 0 through
22 1

n

M, Ba f(My)

we see that v, ;= Min Uy (xy + A (- — x5)) solves (6.4) in 52,1 = (R, — x,) /Ay, with

reaction
f(My,v)

f(My)

and fulfils 0 < v, (x) < v,(0) = 1forall x € S~2n. Since f is superlinear and 8, > 1,
itholds A, — 0 asn — +o0, hence Proposition A.1 ensures that Q, > H locally in
the Hausdorff sense, where H is either RV or a convex epigraph. On the other hand,
since f,(t) — t9 uniformly on [0, 1], we see that

fn(v) =

Il full oo, 1) < C(f) < 00

foralln. Since ||vy [l < 1, Lemma 3.4 ensures that [| v, || ce (gn) is uniformly bounded,
for a given o € ]0, 1[ depending on f alone (here as usual we extend each v, as 0
outside ?2,1). Thus, up to subsequences, v, converges to some v locally uniformly,
with v(0) = 1 and v = 0 outside H. Since the limit in (6.3) is uniform on bounded
intervals, we can pass to the limit in the equations satisfied by v,, to get that v satisfies
weakly (and thus strongly, by local elliptic estimates) (1.7) with 0 < v < 1. Theorem
1.4 gives the sought contradiction. O

Remark 6.3 By making use of Theorem B.2 instead of Theorem 1.4 in the conclusion
we can actually obtain the same statement for all indexes g € [1, g.[, with the critical
exponent g, given in (B.3).

Exploiting ideas similar to the proof of Theorem 1.2, Theorem 6.2 turns out to be a
basic tool allowing to transfer, for superlinear regularly varying reactions f, existence
of p-concave solutions to (6.4) in smooth strongly convex domains to existence of such
solutions in arbitrary convex domains, by allowing to pass to the limit through domain
approximations. Additional minimal hypotheses on the reaction, granting for instance
a universal lower bound on the L -norm of such solutions or the validity of the strong
minimum principle (see e.g. [61, Theorem 1.1.1]), would ensure non-triviality of the
limiting solution.

Note that if f is a sublinear reaction, this can be more easily done by selecting
solutions minimising the energy (which is coercive) and employing, during the domain
approximation, I'-convergence type arguments as is done in [11, 59]; similar arguments
work also in the linear case [31, Section 5.1.1].

Corollary 6.4 Any solution of (1.1) in a convex domain Q2 is bounded by a constant
depending only on a lower bound on diam (2) and an upper bound on ecc (L2).

We will see in Remark 6.9 below that Corollary 6.4 is optimal in its geometric
constraints.

@ Springer



Power law convergence and concavity... Page 410f60 21

6.2 Radial symmetry

In this Section we briefly discuss the symmetry and monotonicity of solutions to (1.1).

We start by noting that, being f(¢) = t9 — ¢t locally Lipschitz, one can apply
standard results to get radial symmetry and monotonicity with respect to the axis in
symmetric domains. On the other hand, f(¢) = t log #? is not positive near the origin,
neither sum of a locally Lipschitz and non-decreasing function, which means that [32]
cannot be directly applied.

We further mention that, in general, a merely Holder continuous reaction f does
not lead to the symmetry of nonnegative solutions of —Au = f(u): see for example
[22, Section 6.1.3] where they present a counterexample with f(t) = 17 — ¢" with
0 <r < g < 1 and a solution with compact support.

On the other hand u cannot have a plateau (i.e. a level set of positive measure) at
t = 0 due to the strong maximum principle, which holds for non-negative solutions
of —Au = f(u) aslong as f(0) =0, f is decreasing on [0, §[ for some § > 0 and

L |
/ L e
0o v—F()

(see [61, Theorem 1.1.1]). The latter condition is readily checked for f(¢) = ¢ log 2.
Moreover, f (1) =t logt? is regular at = 1, which is its only vanishing point, hence
u cannot have plateaus at positive values. Therefore we can apply [26, Theorem 2]
and obtain the following.

Theorem 6.5 Let @ = B C RN be a ball centred at 0 and let u € C*(B) N C(B) be
a solution of (1.1). Then u is radially symmetric and radially decreasing.

While radial monotonicity readily implies quasi-concavity of solutions to (1.1), a
precise functionally quantitative concave behaviour is not clear even in the radial case.
To clarify this point recall that, exploiting the radial symmetry of the solution, log-
concavity of the first eigenfunction of the Laplacian has been obtained in an elementary
way in [55]. Indeed, if u is radial and solves —Au = f(u) in B, then v(r) := logu(r)
verifies

N5 =V (fau —2F(u))+/er*1u2dz+/er*1(2NF(u) — (N =1) fuwu)dt.
0 0

Thus v is radially concave (and thus concave, as long as v < 0)
f@u—-2Fwm)>0 and 2N Fu)— (N —1) f(u)u > 0.

If f(u) = A1 u (asin [55]) the above are clearly satisfied. If f(u) = u log u?, the first
one holds true but the second one is equivalent to log u? > N. Thus, at least in this
way, we cannot directly obtain log-concavity even in the ball.

In the ball, additionally, Lindqvist [55] shows that eigenfunctions are more than log-
concave, actually a-concave for some implicitar > 1/N (e.g.,a > (v/3+2)/4 ~ 0.93
for N = 2): it remains open the question if, in the unit ball, the solutions of (1.1) are
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Fig.1 Graphs of u and /u, where —Au = ulogu? in B, (0) C R2

more than log-concave (see also Theorem 6.6 below for the one-dimensional case).
Numerical computations suggest that indeed the solution of the logarithmic equation
is a-concave for some o > 0 (see Fig.1); contrary to the case of the eigenfunc-
tion, the optimal «-concavity exponent seems to decrease as the radius of the ball
increases. Similar computations hold also for rectangles (recall, in this case, that the
best exponent for the eigenfunction is 1/2): as a matter of fact we will actually show
that in plurirectangles the solutions are «-concave, even if such « is not explicit, and
a depends on the size of 2; see Theorem 6.8 below.

6.3 The one-dimensional case: optimality

In this Section we make an elementary analysis of the one-dimensional case. Namely,
let » > 0 and consider

—u" =ulog u? in]— b, bl, ©6.6)
u(—=b) =0 =u(b).

Theorem 6.6 There exists a unique positive solution of (6.6), which is radial and

radially decreasing, u(0) = |ulloco > /e, concave in 10, x*[ and convex in |x*, b[ for

some x* € 10, b[ where u(x*) = 1. Moreover, for a € 10, 1, u is a-concave if and

only if

A=) ' B = ae (6.7)
where, in addition, |u'(b)|* = ||u||gO (log ||Lt||§O — 1). Moreover, the function
o) :=—_[—log B
llulloo

is concave.

Proof Existence and uniqueness follow from [65], while symmetry and strict mono-
tonicity from Theorem 6.5. Multiplying the equation by u’ and integrating we obtain
|u'|?
2

+ F(u()) = C; (6.8)
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where as usual

t
1
F(1) :=/ rlogr?dr = Eﬂ (logt* — 1). (6.9)
0
By Hopf lemma
/b 2
c= WOP

so that #’(0) = 0 and u(0) = ||u|| satisfies
Fu@0)=C=>0

implying that ||u||oc > «/¢ (improving (6.1) for N = 1). The concavity statement
follows from the monotonicity and symmetry of u since

u">0 < u<l
so that u changes convexity only at the two symmetric points +x*, where u(£x*) = 1.
Let us focus on g-concavity of u, for an increasing concave transformation ¢.

Setting v := ¢(u) and using (6.8), we have

U// — (p//(bt) |u/|2 + (p/(bt) u//
=2¢"() (C— Fw) —¢' () f(u)

=" (u) <2C+u2<1 — (1 +M> logu2)>. (6.10)
@"(u)u

If ¢” < 0, then v is concave if and only if

¢ ()
20 +u? <1 — (1 + (p,,(u)l) 10gu2) > 0.

For (1) = t%, « € ]0, 1] the previous condition reads

o

2C + u? <l— 10gu2>20.

oa—1

The minimum of the so-defined function is achieved at ug = e~V 2o) " which is
assumed by u since ug € [0, 4/e]. Therefore the concavity of v is equivalent to

2C4ew

oa—1

which, recalling the definition of C, rewrites as (6.7).
Finally, observed that the transformation

t
@) = —\/—log—, m = [lufloo,
m
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Fig.2 Graph of —,/—log(u/||u|l00), where —Au = u log u? in B>(0) C R2

is not concave in the whole ]0, m], we compute the first identity in (6.10) directly,
obtaining that concavity of v is equivalent to (recall C = F(m) and m > \/e)

1? 1?
log—+1)—-1<0
which is indeed verified for each ¢ € 10, m]. O

We do not know whether the radial solutions # of (1.1) in balls of arbitrary dimension

have the property that —,/—log(u/|l#|l~) are concave, but numerical simulations
suggest this is the case, see Fig. 2.

Lemma 6.7 Let up be the unique positive solution of (6.6). Then b +— uZ(—b) and
b +— ||luplleo are non-increasing and

li " (=b) =0, li ! (—b) = 400, li = e, li = 4o00.
i up(=b) ,m, up(=b) =+ Jim oo Ve Jim, luplloo = +
As a consequence, the optimal value o(b) € 10, 1[ granting equality in (6.7) verifies

lim «(b) =0, lim a(b) = 1.
b— 00 b—0t+

Proof Set for brevity m(b) = up(0) = |[up|loo and F(¢) = 1> (logt> — 1)/2 as in the
proof of Theorem 6.6. We solve equation (6.8) (with C = |u’(—b)|2/2) atx =0to
get

F(m(b)) = |u'(=b)|*/2. (6.11)

Note that m(b) > /e for all b > 0 by Theorem 6.6 and that F is strictly increasing on
[«/e, +ool. Since u’(—b) > 0 for all b > 0, F vanishes only at \/e and F () — +00
for t — +o0, it suffices to prove the limits

lim m() = /e, lim m(b) = +oo (6.12)
b—o00 b—0t
to obtain the claimed limits for u;(—b).
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For x € ] — b, O[ we also have from (6.8)

—— = QF(m(b) -2 Fux)) "%
u'(x)

By changing variable t = u(x), which is regular and increasing on ] — b, O[, we thus
obtain

0 m(b)
b= f dx = / QFmb) —2F@)"?a:. (6.13)
—b 0

The previous integral (up to the factor 1/+/2) can be rewritten by changing variable
t = m(b)s and recalling the definition (6.9) of F as

m(b) 1
/ (F(m(b)) — F(6))""*dt = m(b) / (F(m(b)) — F(m(b)s))~"/* ds
0 0
1 —1/2
=f ((1—52)logm(b)—F(s)—1/2> ds
0

which shows through (6.13) that b — m(b) is non-increasing. From (6.11) and the
strict monotonicity of F on [{/e, +-o0[, we infer that b — u} (—b) is non-increasing
as well. Let then b — 400 so that m(b) — m. By (6.13) we have

m(b)
400 = lim (F(m(b)) — F(t))""/? dr,

b—+o0 Jo
but if F(m) # 0 we can apply dominated convergence to get

m(b) m
lim (F(m(b)) — F(t))""?dt = f (F(m) — F(1))""?dt < +00
0

b—+o00 Jo

reaching a contradiction. Hence F(m) = 0 and m = ./e, giving the first limit in
(6.12). Finally, suppose m(b) — M < oo as b — 0. Then taking the limit in (6.13)
for b — 0 forces, again by dominated convergence,

M
0 =/ (F(M) — F(t))"*dt
0

which is still a contradiction. Thus the second limit in (6.12) is proved as well. O

As a consequence of Theorem 6.6, Lemma 6.7 and the tensorization property, we
obtain the following result.

Theorem 6.8 (Optimality) Foranya €10, 1/N| there exists a convex bounded domain
Q = Q(a) € RY and a solution of (1.1) which is a-concave but not B-concave for
any f > a.
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Proof The one-dimensional case follows from the fact that a-concavity is equivalent
to (6.7), and by Lemma 6.7 and the intermediate value theorem there is exactly one
b(a) > 0 for which equality holds in (6.7). The corresponding solution of (6.6) on
1 — b(), b(a)[ is therefore a-concave but, since the function

o

o= e Ve

l—«

is increasing on ]0, 1[, such solution is not S-concave for any § > «. For N > 2 and
o €10, 1/N[, choose with the previous notations b = b(N «) (note that N < 1)
and set

N
u(xy, ..., xy) = nub(x,-)
i=1

which, by the tensorization property, solves (1.1) in Q =] — b, b[V

theline {trn:t e€]—b,b[} withn =(1,1,...,1), we see that

. Restricting u to

u(tn)=up (t), Vtel-b,bl

Since by construction uy, is not y-concave for any y > N «, it follows that u cannot
be B-concave for any 8 > «. Moreover, we claim that u is a-concave. Indeed the
geometric mean

N
1
G, --, YN) :=]—[yi/N
i=1

is concave in the octant y; > 0 and increasing with respect to each variable separately.
Since
N N
u(xi, . xn) =G (xp), . u Y (xn),

and each x; — uév %(x;) is concave, the claim follows. O

Remark 6.9 The previous construction also proves the optimality of the geometric
constraints in Corollary 6.4. Again by the tensorization property of (1.1), one can
consider the more general solution

N
u(xi, ..., xy) = ]_[u;,,,(xi) (6.14)

i=1

in the plurirectangle 2 = ]_[fvzl]—bi, b;i[ for arbitrary choicesofb; > 0,i =1,..., N,
which will obey

N
lulloo = ] ] lees lloo-
i=1
For any such choice, the domain €2 fulfils the geometric constraints

diam (2) >~ max{b;}, ecc (2) ~ max{b;}/ min{b;}.
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If we choose all b; = b and let b — 0, we can keep the eccentricity bounded while the
solutions (6.14) blow up in L*°, thanks to Lemma 6.7. On the other hand, by choosing
b; = 1fori > 2and by — 0, the diameter of the corresponding rectangles is bounded
from below, but the eccentricity blows up, and again the solutions (6.14) blow up in
L*® as by — 0.

Appendix A Convex epigraphs

To deal with general convex domains €2, in the paper we exploit an approximation
argument 2, — 2, where 2, are smooth (and strongly convex). In this framework
the usual blow up argument does not ensure that a proper rescaling and translation
of 2, converges to the half space or the entire space, and the best one can hope for
is that the limiting domain will be either RV or a convex epigraph. In general this
convex epigraph may not be coercive and the main point of this section is the proof
of Lemma A.2 below. Roughly speaking, it says that any convex epigraph becomes,
after a carefully chosen rotation, a semicoercive convex epigraph, as defined below.

We will say that H € RY is a (closed) convex entire epigraph in direction v €
RN \ {0} if, setting v := {x € RY : (v, x) = 0}, there exists a convex g : v- — R
such that

H = {x e RN . (x,v) > g(x — (x, v)v)}.

We will furthermore say that g : RV~! — R is semicoercive if there exists an M-
dimensional vector subspace V C RN with M € {0, ..., N — 1}, such that

i) gly is coercive
. n (A.1)
i) glx+y)=gkx)forallx e V,ye V—.

Note that if M = 0 then g as above is constant.
As afirstresult, we study the possible blows-up of a convex domain. Given K € RV

and a sequence (K,) of subsets of RY, we will say that K, — K locally in the
Hausdorff sense if for any open ball B € R" such that B N K # @,

limdy (K, NB,K N B) =0
n

where dy¢ denotes the Hausdorff distance. As usual, limits with respect to local Haus-
dorff convergence are defined up to closure, because d7;(K N B, K N B) = 0 for any
K € RY and open ball B such that K N B # ¢.

Proposition A.1 (Blow-up convergence) Let (2,) be a sequence of convex domains
such that, for some R > r > 0 we have

B;(0) € @, < Bz(0). (A2)
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Let ), > 0 and x,, € 2, be such that ), — 0. Then there exists a not relabelled

subsequence such that _
Q= (2 —xp) /Ay > H

locally in the Hausdorff sense, where H is either RN or the epigraph in some direction
of a globally Lipschitz convex function.

Proof We first prove the theorem under the additional assumption
xp = (0,...,0, —|x,]). (A.3)

Set _
rn i=7/An, R, := R/Ay, Zn = —Xp/An

and note that (A.2) ensures
By, (zx) € @, C B, (zn) (A4)

while 0 € §~2n. Letz, =(,...,0,t,) fort, > 0.~If (tn) is bounded on a subsequence,
then the previous display readily implies that Q, — RY locally in the Hausdorff
sense. So to prove the claim we can suppose that

lim1t, = 4oo0. (A.5)
n

Set in the following B, := {x € B,(0) : xy = 0} forall r > 0. For any x" € B, , the
set{x' +tey:t €eR}N S~2n is an open segment I, (x") € RN which by convexity is
either wholly contained in 8?2,1 or disjoint from a?zn. Since x"+1, en € By, (z4) C ﬁn
the first case cannot occur, hence the two extrema of I, (x") are the only points of 9€2,,
on {x’+¢ ey}, and only one of them satisfies xy < f,. Its N-th coordinate thus defines
a unique convex function g, : B;n — R. The Lipschitz constant of g, on B;H 2 is
bounded by

) 2 )
Lip (gu, B;H/z) < — <sup &n — gl/f gn) .
n B’

n n

Using (A.4), we infer that

sup g, — inf g, < diam (Q,,) <2 R,.
/ B,

'n n

All in all, recalling that by definition R, /r,, = R /7, we have proved that

S R

0 N{Ix'| < ra/2: xn < 1y} = Gr(g,) with Lip(g,. B}, ,) < 4

Note that from 0 € §~Zn we infer that g,(0) < 0. We are thus reduced to study two
cases.
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Case 1.1f g,(0) is unbounded, then g, (0) — —oo on a not relabelled subsequence.
By the uniform Lipschitz bound, we have in B, P

4R
gn(x") < gn(0) + = x].

Setting C := 4 R/7 and

L {rn —gn(O)}
7p i= min { —, = ;
2 2C

it follows that

0 £(0)
8n() < 80 (0) + CFy < gu0) = #2= = 82 in By,
implying that _

G 2 B x 180 (0)/2. 1.

Since ry,, t, — +o00 (recall (A 5)) and g, (0) — —oo (so that 7, — 400 as well), the
previous display implies that Q, —> RV locally in the Hausdorff sense.

Case 2. If g,(0) is bounded, then (g,) is locally equi-bounded and equi-Lipschitz.
A diagonal argument employing Ascoli—Arzela theorem ensures that g, possesses
a not relabelled subsequence locally uniformly converging to some Lipschitz g :
RN=1 — R. Such g is therefore an entire convex function and it is readily checked
that £~2,, — {xny = g(x")} locally in the Hausdorff sense. This concludes the proof of
the claim under assumption (A.3).

To remove assumption (A.3), note that (A.2) ensures compactness of (x;), so
we may as well suppose x, — Xx. We can change coordinate axis so that x =

O, ..., 0, —]x]), without altering (A.2). Moreover, we can define a sequence of rota-
tions (O,,) sending x, to (0, ..., 0, —|x,|) and consider the sequence of convex sets
(0n(2)).

Note again that (A.2) is unaltered, while for the sequence (X,) and the points
(0, (x)), it holds N
(On(Qn) - On(xn))/)\n = On($2n).

Thus we can apply the claim to O, (&) to get local Hausdorff convergence of the
latter (up to subsequences) to some H as in the statement. Let B be an open ball such
that H N B # (J, so that it actually has nonempty interior. Since O,, (ﬁ,,) NB— HNB
in Hausdorff distance, 0, ($2,) N B is open and nonempty for sufficiently large n, in
which case €, N B is nonempty as well. By the convergence x,, — x, we infer that
0, — 1d, and the inequality

d3(0(A)N B, AN B) < Cdiam (B) |0 — 1d|

holds with a constant C only depending on N, as long as the sets involved are nonempty,
hence - -
lim dH(On(Qn) NB,2,N B) =0.
n
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Since dH(On(SNL,) NB,HN B) — 0, the triangle inequality ensures that Q, > H
locally in the Hausdorff sense. O

Let us now recall some general notions of convex analysis which we will use,
referring to [63].

If K € RY is convex, its relative interior rint (K) is the interior of K as a subset
of the smallest affine space containing it. By

rec(K) :={neRY : K +RynC K}, lin(K):={neR":K+RncCK}
we denote respectively the recession cone and the lineality space of K , also related by
lin (K) =rec (K) Nrec (—K).
Any closed convex set K can be expressed as
K = Sk & lin (K), Sk = K N (lin (K))* (A.6)
with Sx closed convex and lin (Sx) = {0}. Moreover
rint (K) = rint (Sg) & lin (K). (A7)

We say that K is a cone if Ax € K forall x € K and A > 0. Suppose in the
following that K is a closed convex cone. In this case the section Sk given in (A.6) is
a pointed cone, meaning Sx N (—Skx) = {0} and clearly K is a vector subspace if and
only if Sx = {0}. Hence from (A.7) we get

rint (K) Nlin (K) #8 <= 0 € rint (Sg).

Since Sk is pointed, O € rint (Sx) if and only if Sx = {0}, and the previous display
can be rewritten as

rint (K) Nlin(K) ## <= K is a vector subspace. (A.8)

LemmaA.2 Let H € RN be a closed convex entire epigraph. Then there exists n €
RN\ {0} such that H is the closed epigraph of a semicoercive g : n'- — R. Moreover,
if the initial epigraph is globally Lipschitz, then g is globally Lipschitz as well.

Proof Our aim is to prove that a suitable n € rint (rec (H)) does the job. Suppose
H is a closed convex epigraph in direction v with |v| = 1. Then v € rec (H) but
—v ¢ rec (H), so that rec (H) is not a linear subspace and (A.8) for K = rec (H)
ensures that

rint (rec (H)) Nlin (H) = @. (A9)

Step 1: a set of admissible directions.
We claim that

n erint (rec (H)) == H is an epigraph in direction n. (A.10)
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To prove (A.10), we may assume that v 7 n and |n| = 1. Note that since —v ¢ rec (H)
we get that v 7= —n as well. More generally, (A.9) gives that

n erint (rec (H)) — —n ¢ rec(H). (A.11)

Let now x € RY be arbitrary; we wish to define g(x) such that H = Epi (g) in the
direction n. To this aim, we show that H N (x + R n) is a closed half line, unbounded
from above.

Since H is an epigraph in direction v, there exists a henceforth fixed A > 0 such
that

Xo:=x+AveEH.

Since n € rint (rec (H)) and v € rec (H), there exists & > 0 small such that (see [63,
Theorem 6.4])
ne:=04+¢&e)n—¢ev erec(H);

in particular, xo+R4 n, € H.Being v # +n by (A.11), n and n, are not proportional.

Thus xo + Rn, and x + Rn are two non-parallel lines, lying on the plane through
X, x + v, x + n. These lines must meet at a point x such that

X:=xpg+tng=x4+sn
for some ¢, s € R. Recalling the definition of xo and n,, we thus find
sn=MA—-te)v+t(l+e)n;

but since n and v are linearly independent we must have A — ¢ = 0. Being A and ¢
positive by assumption, we conclude thatr > Oand x = xo+1n, € xo+Ryn, C H.
Sincen e rec(H) and x € H we havethat {x +rn:r > s} =x+Ryn C H,
thus the interval H N (x + Rn) is unbounded. On the other hand, it is not a line by
(A.11): indeed, by [63, Theorem 8.3], being —n ¢ rec (H), the set H N (x — Ryn)
cannot be unbounded, not even for the fixed x. As a consequence, the minimal time

function
g(x) ::min{reR:x+rneH}, xent, (A.12)

is well defined, convex and its (closed) epigraph is H, proving claim (A.10). Unfor-
tunately, explicit examples show that not every n € rint(rec (H)) produces a
semicoercive function, so we are not done yet.

Step 2: choice of a particular direction.
SetL :=lin(H)*and Sy := HNL fulfilling (A.6). We will consider henceforth Sy
as a closed convex subset of L. As such, the cone C := rec (Sgy) C L is closed and
does not contain lines. Moreover, C is nontrivial, because

rec (H) =rec (Sy) @ lin (H)

and again rec (Sy) = {0} would imply that rec (H) = lin (H), contradicting the fact
that rec (H) is not a vector subspace. We can thus apply [66, Corollary 3.1] and obtain
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the sought n, fulfilling the additional property
n € rint (C) Nrint (C™)

where CT := {v € L : (v,c) > 0Vc € C} is the dual cone of C. Note that, since
C does not contain lines and n belongs to rint (CT), then [66, Proposition 2.4, (6)]
ensures

(n,w) >0 VYw e C\{0}. (A.13)

From (A.7) we have
rint (rec (H)) = rint (rec (Sg)) @ lin (H) (A.14)

so that n € rint (rec (H)) and by (A.10) H is a convex epigraph in direction n, given
by a convex function g : n- — R as in (A.12). From the decomposition (A.6) it holds
H = Sy @ lin (H) and by construction lin (H) € nt, hence g(x +z) = g(x) forall
z €lin (H), x € n'. Therefore g is actually a function of

M := N — 1 — dim (lin (H)) = dim (L) — 1

variables. We thus set V := L Nn' (which has dimension M) and set in the following
g = glv. Note that Epi (g) = Spu.
Step 3: properties of g.
We now prove that g is coercive, which is equivalent to check whether all its sub-level
sets are bounded. Suppose that the convex closed set K, := {x € V : g(x) < A}is
unbounded for some A € R. Then by [63, Theorem 8.4] there is a nonzero recession
direction w € rec (K3 ). In particular, for a given xg € K it holds xg + Ry w C Kj,
which implies
xo+Ain+Ryw CEpi(g) = Sy

and thus, being xo + An € Sy, by [63, Theorem 8.3] we obtain w € rec (Sy) = C.
Since by construction w € V C nt, it must hold (n, w) = 0, contradicting (A.13).

It remains to prove the last statement on Lipschitz continuity. Note that, as a con-
sequence of [63, Theorems 8.5 and 10.5], given a convex epigraph H in a direction
v # 0, the corresponding function is globally Lipschitz if and only if v € int (rec (H))
(notice that here int(-) is the classical interior, not the relative one). By assumption this
holds true for v, so that v € int (rec (H)). Let n be constructed as in Step 2. Exploiting
that int (rec (H)) is nonempty and (A.14), we obtain

int (rec (H)) = rint (rec (H)) = rint (C) & lin (H).

Since 7 lies in the last set, we indeed have that H is a convex epigraph in direction
n € int (rec (H)), and thus the corresponding function is globally Lipschitz. O
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Appendix B Liouville theorems

In what follows we present a Liouville type result on convex epigraphs, valid for

positive solutions of —Av = v”. The half-space case dates back to [23], while the

case of coercive epigraph is treated in [28]. We mention that, after the submission of

this manuscript, the preprint [5] appeared online. There, the authors prove Liouville

type results for a class of domains and nonlinearities which (also in light of the results

in Section A) is larger than the one considered here, see [5, Theorem 5.2 and 5.3].
We start by recalling a maximum principle on strips.

Lemma B.1 (Maximum principle in a strip) Let A be an open subset of RN=1% 10, d[
and w € C*(A) N CO(A) fulfill

—Aw>cx)w inA
w=>=0 on 0A

for some ¢ € L*°(A). Set
k:=sup{c(x) :x € A, w(x) <0}.

If w is bounded from below and k d* < 2, then w > 0 in A.

Proof Suppose by contradiction that A_ := {w < 0} # @. The function w_ fulfils

—Aw_<c(x)w_ <kw_ inA_

w_ =0 ondA_.
We can assume k > 0, otherwise ¢ < 0 on A_ and the standard comparison principle
(which holds classically for A + ¢(x) when ¢ < 0, see [39, Corollary 2.8]) gives
w_ < 0. Since kd? < 72, by [62, Lemma 21.11] there exists a smooth /4 : RN
[0, d] — R fulfilling

—Ah=kh in RV=1x 10, d[
infRN—IX[O’d]h > O
h(x) > 400 for |x| — 4o0.

Since w_ is bounded, we have w_/h — 0 as |x| — 400, and therefore w_ /h attains
a maximum in A_. Since w_ > 0in A_ and w_ = 0 on dA_, the maximum is
positive and attained in A_, implying by [39, Theorem 2.11] that w_ /h is constant.
But since w_/h = 0 on d A_, this implies that w_ = 0, contradicting A_ # . |

We next show the Liouville theorem for semicoercive epigraphs (recall definition
(A.1)). The proof we present is an application of the moving plane method.
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Theorem B.2 (Liouville theorem on semicoercive epigraphs) Let g > 1, « €10, 1]
and Q@ € RN be an entire open epigraph @ = {x € RN : xy > g(x1,...,xy-1)}
with g semicoercive and continuous. Then any solution of

—Av=v? inQ
v>0 inQ (B.1)
v=20 on 02

belonging to the class
C¢:={veC(NCQ) :veC*Ty) YA}
where
T = {x eQ:xy < A}, (B.2)

satisfies dyv > 0 in Q. Moreover, (B.1) has no bounded solution in C‘; if

1. N<1llandg > 1
2. N2> 12and 1 < q < qc, where

_(N—=3)2—4(N—-1)+8J/N -2
B (N —3)(N —11) '

qe : (B.3)

Proof The case ¢ = 1 can be dealt through [62, Remark 8.11]: the proof described
there only requires that there are arbitrarily large balls contained in €2, in which case
there is no positive solution to —Av = v on 2 at all. So we suppose that g > 1.

By translation invariance of the equations, we can suppose also

}I?Afg =0.
Ifv ¢ RV-1is given in (A.1) and has dimension M < N — 1, we will assume
V={&x1,...,xpm,0,...,0). Forx = (x1,...,xy) € RY we will use the notation
RM s x =@, ...oxm),  RYM U5 = Gygrs ..o, xn—1).

Correspondingly, points in RY will be denoted by (x', x”, t) for t € R.
Step 1: compactness of solutions.
For a given non-decreasing function ¢ : R, — R, define the family of functions

S, = [v € C2(@) N Q) : v solves (B.1) and |[v]|ce(ry) < (1) V)\] .

Clearly, any solution of (B.1) in the class Cg belongs to S, for some ¢. By the trans-
lation invariance of the equation and of g, if v € S, then v(- + (0, x",0)) € Sy
for any given x”" € R¥="M~1 We claim that S, is precompact in C (). Indeed,
by Ascoli-Arzela theorem and a diagonal argument, together with the lower semi-
continuity of the norm || - ||ce(r;) with respect to point-wise convergence, the set
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{v e C%Q) : IIvllce(r,) < @(1) YA} is precompact in C{) (). On the other hand
local elliptic estimates ensure for any v € S,, it holds

lvllc2epy < C(N, r,a, 9(A)) < 00

for any A > 0 and any ball B, such that B,, < T). Since the (73) exhaust 2 for
A — 400, any limit of (v,) C S, is still a solution of (B.1), except possibly for the
positivity condition. By the strong minimum principle, we thus infer that the closure
of S, in CI%C (Q) is {0} U S,. Note by this last discussion that Cl%C () convergence in
S, implies CIZOC(Q) convergence.

Step 2: reformulation by moving plane.
We aim at proving that for any fixed non-decreasing ¢,

oyv >0 inQ, forallv eS,. (B.4)
In order to prove this claim, we shall show that for all v € S, and all A > 0 it holds
wi(x) = v, x7, 20 —xn) — v, 2", xn) >0 inTy (B.5)

where 7) is defined in (B.2). Let us show how (B.5) implies (B.4). Note that w),
satisfies

— Awk = C) Wy in T)w (B.6)
where
v(x’, x", 20 —xn)? — o', x", xy)? .
>0 if ' X" 2 — 1o,
() =1 v, X", 20 —xy) — v, X", xn) Folr,x ) # vlx, 37, 2N) B.7)

0 ifvx/, x”, 2% —xy) = v(x’, x”, xn).

In particular, w;, is a non-negative super-harmonic function in 7 which is positive on
daT, N Gr (g) because

v(x X" 20 —g(xX, X)) > 0=v(x, x", g(x’, X)) ifg(x,x") < A.

Therefore w; > 0 everywhere in 7). At any point xog € {xy = A > g(x’, x")}, w;,
vanishes attaining its minimum and by the continuity of g there exists a ball B C Tj
tangent to d7), at xo. Therefore, Hopf Boundary point lemma ensures 9y w; (xg) < O.
All in all, since dyw; (xg) = —2 dyv(x0), we actually proved the following:

wy >0 inTy
wy=>0onTl, — B . (B.8)
oyv >0 on{xy =A> g, x"}.

By the arbitrariness of & > 0, this will prove claim (B.4) and consequently, by the
arbitrariness of ¢, the first statement of the Theorem.
To prove (B.5), consider the set

E:={1>0:VveS, (BS)istrue}.

We will show that E is non-empty, closed and open. This will imply (B.5) forall A > 0
by connectedness.
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Step 3: E is closed and non-empty.
Since A — w; (x) is continuous and E is the intersection of the closed sets {A :
w;, (x) = 0} for v € S, and x € T, we have that E is closed.

We show now that there exists 1o > 0 independent of v € S,, such that (B.5) is true
forall A € ]0, Ag[. For A < 1/2itholds 75, € 77 and 0 < v < ¢(1) on T7. Recalling
(B.6), we use the intermediate value theorem on (B.7), to infer that

llealloo < q 01, < g 07" (D).

Since wy > 0 on 07, Lemma B.1 ensures that wy, > Oon 7, if g ((,0(1))‘1_l 22 < 72
Choosing

Ao < min
{ 2" g (1)~ }
concludes this part of the proof.
Step 4: E is open.
Finally, we show that E is open, by contradiction. Fix A € E and suppose that there is
a sequence A, — A, v, € S, such that the corresponding w;,, is negative somewhere
in 73,. By Lemma B.1 the numbers

ky = sup {c)m x):x €Ty, wy,(x) < 0}

must satisty k, A > 72, hence for sufficiently large n it holds k, > 72/(2 A*). By
the intermediate value theorem, on {wy, < 0}NT;, itholds c;, (x) =qé&, (x)?~1 for
some &,(x) € v, (x', x”, 21 — xn), v, (x’, x”, xy)[, hence

¢, (0) < gl (),
We infer that for sufficiently large n
7.[2
~ < ) :xeT 0
752 S sup {q vp (X)) :ix €Ty, wy,(x) < }

and therefore there exists x, = (x,,, x),, t,) € Ty, such that

a2\ T
w;, (x,) <0, Un(Xn) 2 8 =08(%, q) = (zqk2> > 0.

From the coercivity of g in the x’ variable, we have that (x;) is bounded, and since
0 <ty < Ay = A, (8,) is bounded as well. By passing to a not relabelled subsequence,
we can assume that#, — foand x, — x(,. Note thatx, € T}, implies, by the continuity
and translation invariance of g, that

x0 == (x, 0, 10) € Ty. (B.9)

Setting
Un(x) == v, (X", X" + x,), xn),
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it holds v, € Sy and
11))“" (-x;/'[s 0’ tﬂ) < O? ﬁl’l(-x;lv Os tn) 2 8 > 0 (Blo)

where as usual w,, is derived from v,,. By Step 1, up to a not relabelled subsequence,
we can suppose that v, — v € S, U {0} in CI%C (2) and in C120C(S2). In particular,
(B.10) passes to the limit to give (recall (B.9))

wi (x0) <0, v(xg) >8>0

and the second inequality ensures that actually v € S,. Since A € E by assumption,
it holds w; > 0 in T) and thus the first inequality in the previous display ensures
that x¢ is a minimum point for wy on T;. By (B.8) it must hold xo € 375, but from
v(xg) > 0 we actually have xop € {xy = A > g(x')}, thus dyv(xp) > 0. In particular
xo € 2 and by the Clzoc(Q) convergence of v, to v, it must hold dyv, > 0 in a
neighbourhood of x¢ for all sufficiently large n. Since (x},, 0, #,) — xg = (x(’), 0, 1),
this forces dn U, (x;,, 0, 1) to be positive for all n sufficiently large and all 7 sufficiently
near A. In particular

2 )\)1 —In
i, .00 = [ oG, 0.5)ds = 0,
In
for all sufficiently large n, contradicting the first inequality in (B.10) and completing
the proof of (B.4).

Step 5: nonexistence.
We finally prove the non-existence statement. If v is a bounded solution of (B.1), let

ulx’', x"y = t_l)igrnoo v(x’, x",t)

which exists by (B.4) and is bounded on R¥~!. Then, arguing as in [29, proof of
Theorem 12 ], u is a positive stable bounded solution of —Au = u? on RY=1 which
does not exist—when N > 3—under the conditions stated in [29, Theorem 1]; if
N =2, —u” = u? has no positive solutions in R by elementary means. O

We are ready to prove the Liouville result on convex epigraphs.

Proof of Theorem 1.4 By Lemma A.2 and the invariance of the equation by orthogo-
nal transformations, we can reduce after a rotation to the case where H = {xy >
g(x1,...,xy—1)} with g convex and semicoercive. By Lemma 3.4 any bounded solu-
tion v of (B.1) actually belongs to C“ (H) for a suitable @ > 0 only depending on
llv]l oo, thus in particular it belongs to the class Cg‘. Noting that the exponent g, given
in (B.3) is always greater than 2* — 1, Theorem B.2 gives the claim. O

Acknowledgements S.M. would like to thank Fabio Zanolin for suggesting the proof of Lemma 6.7. M.G.
thanks Riccardo Moraschi and Francesco Ballarin for some help in numerical simulations. The authors
wish to thank the anonymous referee for the fruitful comments.

Funding Open access funding provided by Universita Cattolica del Sacro Cuore within the CRUI-CARE

Agreement. All authors are member of INAAM-GNAMPA. The first author is supported by INdAM-
GNAMPA Projects Metodi variazionali per problemi dipendenti da operatori frazionari isotropi e anisotropi

@ Springer



21 Page 58 of 60 M. Gallo et al.

(CUP E5324001950001), Aspetti geometrici e qualitativi di equazioni ellitiche e paraboliche (CUP
E53C25002010001). The second author is supported by INAAM-GNAMPA project Problemi non locali di
tipo stazionario ed evolutivo (CUP E53C23001670001), projects PIACERI linea 2/3 of the University of
Catania and PRIN project 2022ZXZTN?2.

Data Availability We declare that the manuscript has no associated data.

Declarations

Conflict of interest The authors have no conflict of interest to declare for this article.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Ambrosetti, A., Arcoya, D.: An introduction to nonlinear functional analysis and elliptic problems.
Progr. Nonlinear Differ. Equ. Appl. 82, Birkhéuser, Boston (2011)

2. Almousa, N.M., Assettini, J., Gallo, M., Squassina, M.: Concavity properties for quasilinear equations
and optimality remarks. Differ. Integral Equ. 37(1-2), 1-26 (2024)

3. Alvarez, O., Lasry, J.-M., Lions, P.-L.: Convex viscosity solutions and state constraints. J. Math. Pures
Appl. 76(3), 265-288 (1997)

4. Basener, R.F.: Nonlinear Cauchy-Riemann equations and g-pseudoconvexity. Duke Math. J. 43(1),
203-213 (1976)

5. Beuvin, N., Farina, A., Sciunzi, B.: Monotonicity for solutions to semilinear problems in epigraphs. J.
Math. Pures Appl. 210(103868), 44 (2026)

6. Bialynicki-Birula, I., Mycielski, J.: Nonlinear wave mechanics. Ann. Phys. 100(1-2), 62-93 (1976)

7. Bian, B., Guan, P.: A microscopic convexity principle for nonlinear partial differential equations.
Invent. Math. 177(2), 307-335 (2009)

8. Bian, B., Guan, P., Ma, X.-N., Xu, L.: A constant rank theorem for quasiconcave solutions of fully
nonlinear partial differential equations. Indiana Univ. Math. J. 60(1), 101-119 (2011)

9. Bianchini, M., Salani, P.: Power concavity for solutions of nonlinear elliptic problems in convex
domains. In: Geometric Properties for Parabolic and Elliptic PDE’s, eds. R. Magnanini, S. Sakaguchi,
A. Alvino, pp. 3548, Springer INdAM Series 2, Springer, Rome (2013)

10. Bingham, N.H., Goldie, C.M., Teugels, J.L.: Regular Variation. Encyclopedia of Mathematics and its
Applications, vol. 27. Cambridge University Press, Cambridge (1987)

11. Borrelli, W., Mosconi, S., Squassina, M.: Concavity properties for solutions to p-Laplace equations
with concave nonlinearities. Adv. Calc. Var. 17(1), 79-97 (2022)

12. Brascamp, H.J., Lieb, E.H.: On extensions of the Brunn-Minkowski and Prékopa-Leindler theorems,
including inequalities for log concave functions, and with an application to the diffusion equation. J.
Funct. Anal. 22(4), 366-389 (1976)

13. Brasco, L., Franzina, G.: An overview on constrained critical points of Dirichlet integrals. Rend. Semin.
Mat. Univ. Politec. Torino 78(2), 7-50 (2020)

14. Brezis, H., Oswald, L.: Remarks on sublinear elliptic equations. Nonlinear Anal. 10(1), 55-64 (1986)

15. Cabre, X., Chanillo, S.: Stable solutions of semilinear elliptic problems in convex domains. Select.
Math. (N.S.) 4(1), 1-10 (1998)

16. Caffarelli, L.A., Friedman, A.: Convexity of solutions of semilinear elliptic equations. Duke Math. J.
52(2), 431-456 (1985)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Power law convergence and concavity... Page 59 0f 60 21

17.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Carles, R.: Logarithmic Schrodinger equation and isothermal fluids. EMS Surv. Math. Sci. 9(1), 99-134
(2022)

. Cazenave, T.: Stable solutions of the logarithmic Schrodinger equation. Nonlinear Anal. 7(10), 1127-

1140 (1983)

. Chen, H., Luo, P,, Liu, G.: Global solution and blow-up of a semilinear heat equation with logarithmic

nonlinearity. J. Math. Anal. Appl. 422(1), 84-98 (2015)

D’Avenia, P., Montefusco, E., Squassina, M.: On the logarithmic Schrddinger equation. Commun.
Contemp. Math. 16(2), 1350032 (2014)

Damascelli, L., Grossi, M., Pacella, F.: Qualitative properties of positive solutions of semilinear elliptic
equations in symmetric domains via the maximum principle. Ann. Inst. H. Poincaré C Anal. Non
Linéaire 16(5), 631-652 (1999)

Damascelli, L., Pacella, F.: Morse index of solutions of nonlinear elliptic equations. Ser. Nonlinear
Anal. Appl. 30, De Gruyter, Leck (2019)

Dancer, E.N.: Some notes on the method of moving planes. Bull. Aust. Math. Soc. 46(3), 425434
(1992)

Dancer, E.N.: On the uniqueness of the positive solution of a singularly perturbed problem. Rocky
Mountain J. Math. 25(3), 957-975 (1995)

de Figueiredo, D.G., Lions, P.-L., Nussbaum, R.D.: A priori estimates and existence of positive solutions
of semilinear elliptic equations. J. Math. Pures Appl. 61, 41-63 (1982)

Dolbeault, J., Felmer, P.: Monotonicity up to radially symmetric cores of positive solutions to nonlinear
elliptic equations: local moving planes and unique continuation in a non-Lipschitz case. Nonlinear Anal.
58(3—4), 299-317 (2004)

Dupaigne, L., Farina, A., Petitt, T.: Liouville-type theorems for the Lane-Emden equation in the half-
space and cones. J. Funct. Anal. 284(10), 109906 (2023)

Esteban, M.J., Lions, P.-L.: Existence and nonexistence results for semilinear elliptic problems in
unbounded domains. Proc. Roy. Soc. Edinburgh Sect. A 93(1-2), 1-14 (1982)

Farina, A.: On the classification of solutions of the Lane-Emden equation on unbounded domains of
RN J. Math. Pures Appl. 87(5), 537-561 (2007)

Gallo, M., Moraschi, R., Squassina, M.: Quantitative and exact concavity principles for parabolic and
elliptic problems. arXiv:2504.09494, pp. 39 (2025)

Gallo, M., Squassina, M.: Concavity and perturbed concavity for p-Laplace equations. J. Differ. Equ.
440(113452), 67 (2025)

Gidas, B., Ni, W.-M., Nirenberg, L.: Symmetry and related properties via the maximum principles.
Commun. Math. Phys. 68(3), 209-243 (1979)

Gidas, B., Spruck, J.: A priori bounds for positive solutions of nonlinear elliptic equations. Commun.
Partial Differ. Equ. 6(8), 883-901 (1981)

Gomes, J.M.: Sufficient conditions for the convexity of the level sets of ground-state solutions. Arch.
Math. (Basel) 88(3), 269-278 (2007)

Greco, A., Kawohl, B.: Log-concavity in some parabolic problems. Electron. J. Differ. Equ. 1999(19),
1-12 (1999)

Guerrero, P., Lopez, J.L., Nieto, J.: Global H 1 solvability of the 3D logarithmic Schrodinger equation.
Nonlinear Anal. Real World Appl. 11(1), 79-87 (2010)

Hamel, F., Nadirashvili, N.: Log-concavity and anti-maximum principles for semilinear and linear
elliptic equations. C. R. Math. Acad. Sci. Paris 363, 1555-1574 (2025)

Hamel, F., Nadirashvili, N., Sire, Y.: Convexity of level sets for elliptic problems in convex domains
or convex rings: two counterexamples. Am. J. Math. 138(2), 499-527 (2016)

Han, Q., Lin, F.: Elliptic partial differential equations, second edition, Courant Lect. Notes Math. 1,
AMS, USA (2011)

Hefter, E.F.: Application of the nonlinear Schrodinger equation with a logarithmic inhomogeneous
term to nuclear physics. Phys. Rev. A 32(2), 1201-1204 (1985)

Hofer, H.: A note on the topological degree at a critical point of mountain-pass type. Proc. Am. Math.
Soc. 90(2), 309-315 (1984)

Ishige, K., Salani, P.: Parabolic power concavity and parabolic boundary value problems. Math. Ann.
358(3-4), 1091-1117 (2014)

Ishige, K., Salani, P., Takatsu, A.: To logconcavity and beyond. Commun. Contemp. Math. 22(2),
1950009 (2020)

@ Springer


http://arxiv.org/abs/2504.09494

Page 60 of 60 M. Gallo et al.

44.

45.

46.

47.

48.

49.

50.

51

52.

53.

54.

55.

56.

57.

58.

59.

60.
61.

62.

63.

64.

65.

66.
67.

68.

Ishige, K., Salani, P., Takatsu, A.: New characterizations of log-concavity via Dirichlet heat flow. Ann.
Mat. Pura Appl. 201, 1531-1552 (2022)

Ishige, K., Salani, P., Takatsu, A.: Characterization of F-concavity preserved by the Dirichlet heat
flow. Trans. Am. Math. Soc. 377(8), 5705-5748 (2024)

Jeanjean, L., Zhang, J., Zhong, X.: A global branch approach to normalized solutions for the
Schrodinger equation. J. Math. Pures Appl. 183, 44-75 (2024)

Kardtson, J., Simon, P.L.: On the stability properties of nonnegative solutions of semilinear problems
with convex or concave nonlinearity. J. Comput. Appl. Math. 131(1-2), 497-501 (2001)

Korevaar, N.J.: Convex solutions to nonlinear elliptic and parabolic boundary value problems. Indiana
Univ. Math. J. 32(4), 603-614 (1983)

Korevaar, N.J.: Convexity of level sets for solutions to elliptic ring problems. Commun. Partial Differ.
Equ. 15(4), 541-556 (1990)

Korevaar, N.J., Lewis, J.L.: Convex solutions of certain elliptic equations have constant rank Hessian.
Arch. Ration. Mech. Anal. 97(1), 19-32 (1987)

Kennington, A.U.: Power concavity and boundary value problems. Indiana Univ. Math. J. 34(3), 687—
704 (1985)

Ladyzhenskaya, O.A., Ural’tseva, N.N.: Linear and Quasilinear Elliptic Equations, vol. 46. Academic
Press, New York (1968)

Lee, K.-A., Vazquez, J.L.: Parabolic approach to nonlinear elliptic eigenvalue problems. Adv. Math.
219(6), 2006-2028 (2008)

Lin, C.-S.: Uniqueness of least energy solutions to a semilinear elliptic equation in R2. Manuscr. Math.
84(1), 13-19 (1994)

Lindqvist, P.: A note on the nonlinear Rayleigh quotient. In Analysis, algebra, and computers in
mathematical research: proceedings of the twenty-first Nordic congress of mathematicians(Lulea,
1992), eds. M. Gyllenberg, L.E. Persson, pp. 223-231, Lecture Notes in Pure and Appl. Math. 156,
Marcel Dekker, Inc., New York (1994)

Lions, PL.: Two geometrical properties of solutions of semilinear problems. Appl. Anal. 12(4), 264—
272 (1981)

McKenna, PJ., Pacella, F., Plum, M., Roth, D.: A uniqueness result for a semilinear elliptic problem:
a computer-assisted proof. J. Differ. Equ. 247(7), 2140-2162 (2009)

Makar-Limanov, L.G.: Solution of Dirichlet’s problem for the equation Au = —1 in a convex region.
Mat. Zametki 9(1), 89-92 (1971)

Mosconi, S., Riey, G., Squassina, M.: Concave solutions to Finsler p-Laplace type equations. Discrete
Contin. Dyn. Syst. Ser. A 44(12), 3669-3697 (2024)

Pardy, M.: The incompleteness of the Schrodinger equation. Ratio Math. 52 (2024)

Pucci, P, Serrin, J.: The maximum principle. Progr. Nonlinear Differential Equations Appl. 73,
Birkhiuser, Berlin, (2007)

Quittner, P., Souplet, P.: Superlinear Parabolic Problems: Blow-up, Global Existence and Steady States,
2nd edn. Birkhiuser/Springer, Cham (2019)

Rockafellar, R.T.: “Convex analysis”, Princet. Math. Ser. 28, Princeton University Press, Princeton
(1996)

Sakaguchi, S.: Concavity properties of solutions to some degenerate quasilinear elliptic Dirichlet
problems. Ann. Sci. Norm. Super. Pisa Cl Sci. (4) 14(3), 403—421 (1987)

Sanchez, J., Ubilla, P.: Uniqueness results for the one-dimensional m-Laplacian considering superlinear
nonlinearities. Nonlinear Anal. 54(5), 927-938 (2003)

Soltan, V.: Polarity and separation of cones. Linear Algebra Appl. 538, 212-224 (2018)

Wang, Z.-Q., Zhang, C.: Convergence from power-law to logarithmic-law in nonlinear scalar field
equations. Arch. Rational Mech. Anal. 231(6), 45-61 (2019)

Zloshchastiev, K.G.: Logarithmic nonlinearity in theories of quantum gravity: origin of time and
observational consequences. Gravit. Cosmol. 16(4), 288-297 (2010)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Power law convergence and concavity for the logarithmic Schrödinger equation
	Abstract
	1 Introduction
	1.1 Overview
	1.2 Main results
	1.3 Comments on the results
	1.4 Structure of the paper and sketch of the proofs

	2 Preliminaries on the constant rank theorem
	3 The Lane–Emden equation
	3.1 Ground states and energy estimates
	3.2 Uniform bounds

	4 Asymptotic behaviour of Lane–Emden 
	4.1 Convergence to the first eigenfunction
	4.2 Uniqueness and connected component of solutions
	4.3 Convergence to the logarithmic Schrödinger equation

	5 Concavity properties
	6 Further results
	6.1 Bounds for solutions 
	6.2 Radial symmetry
	6.3 The one-dimensional case: optimality

	Appendix A  Convex epigraphs
	Appendix B  Liouville theorems
	Acknowledgements
	References





