
Available online at www.sciencedirect.com
ScienceDirec t 

Journal of Differential Equations 440 (2025) 113452
www.elsevier.com/locate/jde

Concavity and perturbed concavity for p-Laplace 

equations ✩

Marco Gallo, Marco Squassina ∗

Dipartimento di Matematica e Fisica, Università Cattolica del Sacro Cuore, Brescia, BS, Via della Garzetta 48, 
25133, Italy

Received 22 October 2024; revised 11 May 2025; accepted 15 May 2025

Abstract

In this paper we study convexity properties for quasilinear Lane-Emden-Fowler equations of the type

⎧⎪⎨
⎪⎩

−Δpu = a(x)uq in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

when Ω ⊂ RN is a convex domain. In particular, in the subhomogeneous case q ∈ [0,p − 1], the solution 
u inherits concavity properties from a whenever assumed, while it is proved to be concave up to an error 
if a is near to a constant. More general problems are also taken into account, including a wider class of 
nonlinearities. These results generalize some contained in [91] and [120].

Additionally, some results for the singular case q ∈ [−1,0) and the superhomogeneous case q > p − 1, 
q ≈ p − 1 are obtained. Some properties for the p-fractional Laplacian (−Δ)sp , s ∈ (0,1), s ≈ 1, are shown 
as well.

We highlight that some results are new even in the semilinear framework p = 2; in some of these cases, 
we deduce also uniqueness (and nondegeneracy) of the critical point of u.
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1. Introduction

1.1. Some background

Qualitative properties of solutions of PDEs are a classical topic, and often the features of the 
domain and of the nonlinearity are inherited by the solutions. Consider the equation

⎧⎪⎨
⎪⎩

−Δu = a(x)g(u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(1.1)

with Ω ⊂ RN : when Ω is the ball and a(x) is radially symmetric and decreasing, a seminal result 
by [58, Theorem 1’] (see also [44,113] for the p-Laplacian) states that the solution u itself is 
radially symmetric. Several generalizations of [58] have been taken into account considering, for 
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example, sets which are symmetric only in one direction. In this paper, we are interested in the 
case of convex domains Ω, with no a priori assumption of symmetry. We will mainly focus on 
the power case g(u) = uq -- namely, Lane-Emden-Fowler equations -- but more general cases 
will be taken into account.

Generally, for a Dirichlet problem set in a convex domain one may expect that the solutions of 
(1.1) are concave: when a(x) is constant and Ω is the ball, this is the case for the torsion problem 
−Δu = 1 (i.e. q = 0) where the solution is explicit; the result anyway holds also in more general 
domains, like deformations of ellipses [72,124] (see also [39] for other nontrivial examples).1

Actually, the result keeps holding also for singular equations q ≤ −1 (in arbitrary domains, see 
Theorem 1.1 below). On the other hand, when q > 0, the solution is seen to be never concave, 
no matter what the domain is [3, Remark 4.1]; this is essentially due to the fact that g(0) = 0.

For general convex sets the situation is worse even for q = 0: if Ω has some flat part, e.g. in 
triangles, u is never concave [90, Theorem 18 in Section 7] (see also [89, Section 11], [124]). 
What one can obtain is that some transformation of u is concave: in the case of the Laplacian, Ω
a general convex domain and a(x) constant, the story so far can be summarized in Theorem 1.1
below. To state it, we recall that a function v is concave if λv(x)+(1−λ)v(y) ≤ v

(
λx+(1−λ)y

)
for x, y ∈ Ω, λ ∈ [0,1], while it is strictly concave if the inequality is strict for λ ∈ (0,1) and 
x �= y; moreover, v is strongly concave if x �→ v(x) − m

2 |x|22 is concave for some m > 0. In 
addition, we recall that a function u > 0 is α-concave, α ∈R∪ {±∞}, if:

• u is constant, if α = +∞;
• 1 

α
uα is concave, if α ∈ (−∞,0) ∪ (0,+∞);

• log(u) is concave, if α = 0;
• u is quasiconcave (i.e. u−1([k,+∞)) are convex for any k ∈R, see also (2.1)), if α = −∞.

In particular, if α = −1, u is said harmonic concave. When α ∈ R we define similarly strict and 
strong α-concavity. Moreover, we recall that u α-concave implies u β-concave for every β ≤ α. 
Notice that the definition for α = 0 is coherent with 1 

α
(uα − 1) → log(u) as α → 0.

Here and after, by writing ∂Ω ∈ Ck,α for some k ∈ N , we will implicitly assume α ∈ (0,1]; 
moreover, 2∗ := 2N 

N−2 for N ≥ 3 and 2∗ := +∞ for N = 2, stands for the Sobolev critical expo
nent. See Section 7.1 for the definition of ground state.

Theorem 1.1. Let Ω ⊂ RN , N ≥ 2, be open, bounded and convex. Let u be a positive solution of

{
−Δu = λuq in Ω,

u = 0 on ∂Ω,

for some q ∈ R and λ > 0. We have the following assertions.

• If q ∈ (−∞,0) and ∂Ω ∈ C2,α , then u (unique) is locally strongly 1−q
2 -concave.

• If q ∈ [0,1], then u (unique) is locally strongly 1−q
2 -concave. If in addition Ω is strongly 

convex with ∂Ω ∈ C2,α , then u is strongly 1−q
2 -concave.

1 If −Δu = 1 in Ω, and u is shown to be concave in Ωk := {u ≥ k}, then vk := u − k solves −Δvk = 1 in Ωk with 
vk = 0 on ∂Ωk , and it is concave. Actually, a propagation from the boundary argument [39,89,124], typical of equations 
with g(0) > 0, ensures that concavity on ∂Ωk is enough to achieve concavity in the whole Ωk .
3 
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• If q ∈ (1,2∗ − 1), then
– if N = 2, then the (unique) ground state solution is locally strongly 1−q

2 -concave;
– if Ω is strongly convex with ∂Ω ∈ C2,α , then there exists a solution which is strongly 

1−q
2 -concave.

The nonstrict concavity part of Theorem 1.1 is a summary of several results: q = 0 [111], 
q = 1 [24], q ∈ (0,1) [91], q > 1 [105], and q < 0 [16]. The results are optimal in the following 
sense: for q ∈ [−1,0) [16, pages 329-330] (see also Remark 1.2 below), if Ω is the ball, then 
u is not α concave for any α >

1−q
2 . For q = 0 [91, Remark 4.2.3 and Theorem 6.2], [16, page 

328] there exists Ω, subset of a cone, such that u is not α-concave for any α > 1
2 . For q = 1 [90, 

Theorem 15 in Section 7], [16, pages 328-329], for each α > 0 there exists a suitably narrow Ωα

such that u is not α-concave: in particular it suggests that, for every Ω sufficiently good (e.g. 
regular and with some control on the curvature) u could be α-concave for some α = α(Ω) >

0 sufficiently small -- e.g., in the square, α = 1
2 -- and this seems an open question; see also 

[77] where it is conjectured a stronger 2-log-concavity for the eigenfunction. Let us moreover 
recall that, even if g ≥ 1 and it is smooth -- namely, a local perturbation of the torsion problem 
g = 1 -- and Ω is smooth and symmetric, the solutions might not even be quasiconcave [3,71]; 
additionally, even if Ω is starshaped and close to a convex set, then the level sets of the solution of 
the torsion problem need not to be even connected [62]. Finally, we also mention that assuming 
Ω convex in a single direction is not sufficient to get (quasi)concavity in that direction [129].

Anyway, if Ω is chosen good enough, one can recover better concavity properties: when Ω is a 
ball and q = 0, the torsional function u is such that 

√‖u‖∞ − u is concave (actually, this property 
– stronger than concavity -- characterizes ellipsoids [72]), while if q = 1 the eigenfunction is α

concave for some α ∈ ( 1 
N

,1) (for instance, α >
√

3+2
4 ≈ 0.93 when N = 2, see [107] for some 

explicit estimate of α).

Remark 1.2. It is easy to see that, whenever a ≡ 1, g is not too singular and a Hopf boundary 
lemma holds, solutions u ∈ C1(Ω) ∩ C2(Ω) of (1.1) are never α-concave with α > 1: indeed, a 
straightforward computation shows that

−Δuα = −α(α − 1)uα−2|∇u|2 + αuα−1g(u);

by staying close to ∂Ω we have |∇u| ≥ C > 0, while we may assume u(x) = ε with ε small. 
Thus

−Δuα ≤ −α(α − 1)εα−2C2 + αεα−1g(ε);

If εg(ε) = o(1) as ε → 0, we have thus −Δuα < 0 near the boundary; that is, uα is not concave. 
This remark in particular applies to g(t) = tq with q ≥ −1, coherent with the above statements.

Local strong concavity -- which implies strict concavity -- of Theorem 1.1 has been inves
tigated by several authors [1,123], [34, Theorem 4.4 and Corollary 4.6], [16, Corollary 3.6]: 
the proofs are mainly based on continuation arguments and the famous constant rank theorem 
[34, Theorem 1.1], which has been subsequently generalized by [95] (see also [17]). The ar

gument runs as follows: considered for any q �= 1 (resp. q = 1) w := −sign(1 − q)u
1−q

2 (resp. 
w := − log(u)), we have that w solves
4 
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Δw = −1 − q

w

(
1 + q 

(1 − q)2 |∇w|2 + 1

2

)
(resp. Δw = |∇w|2 + λ). (1.2)

In each case we have that the right hand side is positive (on the image of w, see [16, Lemma 
3.1] for q < −1) with inverse which is convex in w, thus by [95] the Hessian of w has constant 
rank: since there exist points with full rank -- near the extremal point [13, Lemma at page 207], or 
near the boundary (see Proposition 4.6) whenever this is strongly convex -- we obtain the global 
strict concavity (actually, the Hessian matrix has full rank everywhere in Ω); see also [23, page 
80] for an alternative argument based on developable graphs. In [101, Lemmas 2.5, 3.6 and 4.8] 
evolutive arguments are employed in presence of smooth strictly convex domains, and a strong 
concavity is obtained for q ≥ 0; we mention also [1,110] where estimates on the curvature of 
the level sets are given. We highlight that a remarkable consequence of the strict convexity is the 
uniqueness and nondegeneracy of the critical point -- namely, a maximum -- of the solution.

In the nonautonomous case, [91, Theorem 4.1] provided the following result: if u is a positive 
solution of the Dirichlet problem

{
−Δu = a(x) in Ω,

u = 0 on ∂Ω,

and a(x) is θ ≥ 1 concave, then u is θ
1+2θ

-concave; we see that for θ → +∞ we recover the 
torsion problem. We recall also the results by [24, Theorem 6.1] and [123, Appendix] (see also 
[93]), where eigenfunctions of −Δu = (λ − V (x))u are shown to be log-concave if the potential 
V is convex and nonnegative -- actually the concavity is strong if D2V > 0; see also [63] for 
some discussions in the superlinear case.

The theorem in [91] is sharp in the following sense [91, Theorem 6.2]: there exists Ω, subset 
of an open cone, such that for any θ ∈ [1,+∞] there exists a θ -concave function aθ and a 
corresponding solution u which is not α-concave for any α > θ

1+2θ
. Moreover, in [90, Theorem 

16 in Section 7], it is shown that the condition θ ≥ 1 cannot be relaxed to θ > 0; it remains open 
anyway to show if the threshold θ = 1 is sharp (see also Corollary 1.9).

When a(x) has no convexity property, we cannot expect concavity for u. A quantitative ver
sion of the convexity principle has been developed in [29] (see also [4, Proposition 3.2]): in a 
particular case it states that, if u is a positive solution of

{
−Δu = a(x)uq in Ω,

u = 0 on ∂Ω,

q ∈ [0,1), then there exists a convex function v̄ such that

‖u 1−q
2 − v̄‖∞ ≤ Cq‖∇a‖∞,

thus u
1−q

2 is close to a convex function if a is close to a constant, with a control on the error. 
Here Cq → +∞ as q → 1: this is essentially related to the fact that the transformed equation 
of the eigenfunction problem (1.2) has a nonlinearity which is not strictly monotonic in t (see 
Section 6.1 for more comments); a different, parabolic, approach to deal with the eigenfunction 
problem can be found in [55]. The results in [4,29] apply also to more general operators where 
classical regularity of solutions holds.
5 
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Let us mention that a similar result has been achieved in regards of radial symmetry: indeed 
in [40] the authors show (roughly speaking) that the solutions of (1.1) in a ball satisfy

|u(x) − u(y)| ≤ Cdef(a)α for each x, y ∈ B1, |x| = |y|,
where α ∈ (0,1] and def(a) is a quantity which measures how far a is from being radially sym
metric and decreasing. We believe that this kind of quantitative results may have also some 
interest from an engineering point of view.

The techniques on which the previous results are based mainly involve regularity of solutions 
and maximum principles on the concavity function related to a function v : Ω → R (namely, a 
transformation of the solution):

Cv(x, y,λ) := λv(x) + (1 − λ)v(y) − v
(
λx + (1 − λ)y

)
for x, y ∈ Ω, λ ∈ [0,1]. It is clear that v is concave if and only if Cv ≤ 0. When the solutions 
are sufficiently regular, the abovementioned results have been generalized also to fully nonlinear 
frameworks [18].

Anyway, due to the regularity restrictions, these techniques cannot be directly applied to p
Laplace equations: a classical idea, thus, is to regularize the operator, apply the result and pass 
to the limit. This procedure requires at least two delicate steps: the first is the uniqueness of the 
solution, which is needed to discuss concavity properties of a fixed solution. The second ingredi
ent is the form of the regularization: as a matter of fact, we need a regularization process which 
preserves the concavity structure of the original equation. This is what has been done by [120] 
for p ∈ (1,+∞) and q = 0,1, then generalized to q ∈ [0,1] by [22] (and more general cases, see 
(1.3) below). Namely, they obtain that solutions of −Δpu = uq are p−1−q

p
-concave; this power 

turns to be relevant also for regularity information in singular equations, see Theorem 6.6. See 
also [107, Section 3] and [85, Section 3] for explicit computations in the ball.

Regarding strict concavity, very little is known in the case of the p-Laplacian: indeed, it seems 
that a direct application of the constant rank theorem is not generally the case when p �= 2; 
nevertheless, in [23] the authors show that the concavity of the solutions is strict when Ω ⊂ R2

(actually strong far from the boundary and from the critical point). The proof is delicate: to 
reach the goal, the authors show first that the solution has a single critical point, and exploit 
this information to apply a constant rank theorem out of the critical point. Summing up, what is 
known [22,23,120] in the power case is the following result.

Theorem 1.3. Let Ω ⊂ RN be open, bounded and convex. Let u be a weak positive solution of

{
−Δpu = λuq in Ω,

u = 0 on ∂Ω,

for some q ∈ [0,p − 1] and λ > 0. Then u is p−1−q
p

-concave. If N = 2 and ∂Ω ∈ C2, then u

is strictly p−1−q
p

-concave in Ω, and locally strongly p−1−q
p

-concave in Ω \ {x̄}, where x̄ is the 
unique critical point of the solution.

A different approach, based on concave envelopes of viscosity solutions, can be found in [43] 
in the case of the eigenfunction (see also [5]).
6 
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Before presenting our results, let us recall briefly what happens when g(u) is assumed gen
eral in (1.1) and a(x) constant. A first result was given by [91, Theorem 3.3], who showed 
α-concavity of solutions under some assumptions on g(t) (see (6.4)). A more natural transfor
mation has been studied by [22] (see also [34,84,92]): namely, under some suitable assumptions 
on g (see Remark 5.8), the authors showed that, given a positive solution u of

{−Δpu = g(u) in Ω,

u = 0 on ∂Ω,
(1.3)

and set

ϕ(t) :=
t∫

1 

(G(τ))
− 1 

p dτ,

G(t): = ∫ t

0 g(τ)dτ , it results that ϕ(u) is concave -- actually strictly concave when N = 2, see 
[23]. This transformation seems to be relevant also in other frameworks, for instance the bound
ary behavior of solutions of singular equations [60, Section 2.6]. Moreover, this approach is 
quite effective in the study of concavity of quasilinear equations of the type −div(α(u)∇u) +
α(u)

2 |∇u|2 = g(u): indeed, when α �≡ const , here power concavity seems to be not the right 

choice (even if g is a power), while a transformation of the type ϕ(t) := ∫ t

1

(
α(τ) 
G(τ)

)1/p
dτ , shaped 

on α (and g) turns to be successful. Finally, we highlight that we will use this abstract ϕ to obtain 
a result on power transformations for the power singular equation (see Section 6.2).

We refer to [3,55] for more references on the topic of concavity.

1.2. Main results

Aim of the paper is to generalize some of the previous results to the case p ∈ (1,+∞), q ∈
[0,p − 1] and a (possibly) nonconstant, with or without concavity assumptions on it. We will 
further propose a general scheme which can be applied to more general nonlinearities g(u) (and 
even f (x,u)), which extends also the semilinear setting proposed in [22]. Additional results will 
be considered as well (including the cases q ∈ [−1,0) and q > p − 1 near p − 1, as well as 
fractional equations), briefly commented below but fully presented in Section 7. For the sake of 
clarity we focus in the introduction only to some of the results of the paper.

Consider the Lane-Emden-Fowler equation

⎧⎪⎪⎨
⎪⎪⎩

−Δpu = a(x)uq in Ω,

u > 0 in Ω,

u = 0 on ∂Ω;
(1.4)

we highlight that, by a suitable change of variable, this equation can be related also to the porous 
media equation or the fast diffusion equation (see e.g. [101]). In the whole paper by ``solution'' 
we will mean weak solution. We start by a result on the exact concavity of (a power of) u, when 
a is assumed concave as well.
7 
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Theorem 1.4 (Exact concavity). Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, with ∂Ω ∈ C1,α , 
and let p ∈ (1,+∞). Let q ∈ [0,p − 1], and assume a ∈ C

1,α
loc (Ω), α ∈ (0,1), and a > 0 on Ω, 

a θ -concave with θ ≥ 1. Then the solution of (1.4) is θ(p−1−q)
1+θp -concave. If a is constant (i.e. 

∞-concave), then the solution is p−1−q
p

-concave.

Notice that, θ(p−1−q)
1+θp → p−1−q

p
as θ → +∞; moreover for p = 2 the result is coherent with 

[91, Theorem 4.1], while for p �= 2 and a ≡ const it is coherent with [22,120].

Remark 1.5. We highlight that the C1,α regularity of the boundary is exploited in Theorem 1.4
(and its corollaries) only to gain the uniqueness of the solution. According to [14,87], if one 
focuses only to ground state solutions, or if q = p − 1, this assumption can be relaxed.

Remark 1.6. We observe that, due to the fact that we discuss the qualitative behavior of a fixed 
solution u, the result in Theorem 1.4 can be adapted also to other equations, e.g. Kirchhoff 
equations

−
⎛
⎝ρ +

∫
Ω 

|∇u|p
⎞
⎠Δpu = a(x)uq in Ω,

ρ ≥ 0, where the weight of the operator is actually a fixed positive number.

An application of the previous result is given by the (possibly nonradial) Hardy-Hénon type 
equations; see also [101, Remark 2.3] for further examples. Notice that the classical 2-norm |x|
is not even quasiconcave (in any subset of RN ): see [7] for symmetry breaking results in the ball, 
while [10] for symmetry results for singular powers of Hardy-Leray type.

Example 1.7 (Hardy-Hénon type equation). Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, 
with ∂Ω ∈ C1,α , and let p ∈ (1,+∞) and q ∈ [0,p − 1]. Assume that u is a solution of one of 
the following problems, with the conditions

u > 0 in Ω, u = 0 on ∂Ω.

• Assume ω ∈ [0,1]. Consider u solution of

−Δpu = d(x, ∂Ω)ωuq in Ω.

• Assume Ω ⊂ BR(0) for some R > 0, and let σ ≥ 1, ω ∈ [0,1]. Consider u solution of

−Δpu = (Rσ − |x|σ )ωuq in Ω.

• Assume Ω ⊂ BR(0) for some R > 0, and let k > 0, σ > 1, ω ∈ (0,1]. Assume R <(
k(σ−1)ω

2σ+ω 

) 2
s
. Consider u solution of

−Δpu = 1 
σ 2 uq in Ω.
(k + |x| )

8 
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Notice that for N = p = σ = 2, k = 1 and q = 0 the equation is related, via stereographic 
projection, to the torsion problem in small subdomains of S2 (see e.g. [93, Theorem 1.5 and 
its proof]).

• Assume Ω is a subset of the half-plane {x ∈ RN | ∑k
i=1 xi > 0}, k ∈ {1, . . . ,N}, and let 

ω ∈ [0,1]. Consider u solution of

−Δpu =
(

k∑
i=1 

xi

)ω

uq in Ω.

In particular, if Ω is a subset of the hyperoctant {x ∈ RN | xi > 0 for each i}, and u is a 
solution of

−Δpu = |x|ω1 uq in Ω

where |x|1 is the 1-norm in RN .
• Assume Ω ⊂ {(x, y) ∈ R2 | x, y > 0} and ω1,ω2 ≥ 0 with ω := ω1 + ω2 ∈ [0,1]. Consider 

u solution of

−Δpu = xω1yω2uq in Ω.

Then u is p−1−q
ω+p -concave.

We move now to perturbed concavity: by assuming a close to a constant function, then a 
power of u is close to a concave function with a comparable error. We present two possible 
approaches and results: see Remark 1.12 for a comparison. We highlight that the estimates on 
which the following result is based have an interest on their own (see Theorem 3.3).

Theorem 1.8 (Perturbed concavity I). Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, with ∂Ω ∈
C1,α , and let p ∈ (1,+∞). Assume a ∈ L∞(Ω), α ∈ (0,1). Let a∞ ∈ (0,+∞) be a constant and 
u∞ be a positive solution of

{
−Δpu∞ = a∞ in Ω,

u∞ = 0 on ∂Ω.

Then the solution u ∈ C0,β(Ω), β ∈ (0,1], of (1.4) with q = 0 satisfies

‖up−1
p − u

p−1
p∞ ‖∞ ≤ C‖a − a∞‖κ∞ (1.5)

for some C = C(p,Ω,a∞, α,‖a‖∞) > 0 and some κ = κ(p,N,β) ∈ (0,1).

We highlight that estimate (1.5) can be expressed also in terms of the concavity function 

of u
p−1
p , see Remark 1.12. When u∞ is merely concave, (1.5) cannot give precise information 

on the exact concavity of u. If u∞ is assumed strictly concave, then some information can be 
deduced on ε-uniform concavity (see Corollary 3.7). Nevertheless, when u∞ is strongly concave, 
and a family of solutions is assumed to converge in C2 to u∞, the concavity of u∞ is inherited 
9 
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definitely by such a family, for a(x) sufficiently close to a∞. This result highlights that concavity 
of solutions may occur also in presence of nonconcave sources, and this partially answers to a 
question raised in [90, Theorem 16 in Section 7]. Namely, in the semilinear case we combine the 
above result with the information on the limiting problem given by Theorem 1.1.

Corollary 1.9. Let Ω ⊂ RN , N ≥ 2, be open, bounded, strongly convex, with ∂Ω ∈ C2,α , and let 
p = 2. Consider (an)n : Ω →R, and assume that, for some a∞ > 0 constant

an → a∞ in C0,α(Ω) as n → +∞.

Then the positive solution un of

{
−Δun = an(x) in Ω,

un = 0 on ∂Ω,
(1.6)

is such that un is strongly 1
2 -concave for n ≥ n0 � 0. In particular, for these values of n, the 

level sets of un are strictly convex and un has a single (and nondegenerate) critical point in Ω.

We comment now a different concavity perturbation result. We recall, for some a ∈ L∞(Ω), 
the oscillation related to a

osc(a) := sup
Ω 

a − inf
Ω 

a.

Recall moreover the inner parallel set to Ω, for any δ > 0,

Ωδ := {x ∈ Ω | d(x, ∂Ω) > δ} .

Theorem 1.10 (Perturbed concavity II). Let Ω ⊂ RN , N ≥ 2, be bounded, strongly convex, with 
∂Ω ∈ C2,α , and let p ∈ (1,+∞). Let q ∈ [0,p − 1), and assume a ∈ C

1,α
loc (Ω) ∩ C0,α(Ω), α ∈

(0,1), and a > 0 on Ω. Then the solution of (1.4) satisfies

C
u

p−1−q
p

≤ Cosc(a) on Ω × Ω × [0,1]

where C = C(u, δ, a,p, q) > 0 is given by

C := Cp,q

( ‖u‖∞
minΩδ

u

) p−1−q
p

(
2 + osc(a) 

minΩδ
a

)
1 

minΩδ
a

(1.7)

and Cp,q := (q+1)
1 
p p

1− 1 
p

p−1−q ; here δ > 0 small is suitably chosen.

We highlight that, since on the left hand side of (1.7) we consider the concavity of u
p−1−q

p , it 
is natural for the oscillation osc(a) to appear on the right hand side; in [55] more general results 
– involving the concavity function of a -- are taken into account.
10 
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We notice that the constant appearing in (1.7) is bounded with respect to oscillation of a(x), 
in the sense that it could be implicitly expressed only in terms of maximum and minimum of 
a(x). As a consequence we have the following result.

Corollary 1.11. Let Ω ⊂ RN , N ≥ 2, be bounded, strongly convex, with ∂Ω ∈ C2,α , and let 
p ∈ (1,+∞). Let q ∈ [0,p − 1), and assume a∞ > 0 constant and (an)n ⊂ C

1,α
loc (Ω) ∩ C0,α(Ω), 

α ∈ (0,1), with ‖an − a∞‖∞ → 0 as n → +∞. Then solutions (un)n of (1.4) with a = an verify

C
u

p−1−q
p

n

≤ O(‖an − a∞‖∞) → 0 as n → +∞.

Remark 1.12. As a further consequence of Theorem 1.10, by Hyers-Ulam Theorem [75] we 
know that there exists a concave function v̄ such that

‖up−1−q
p − v̄‖∞ ≲ osc(a); (1.8)

notice that this is actually an equivalence, since the existence of such a function easily implies 
an estimate as the one in Theorem 1.10: indeed

C
u

p−1−q
p

= C
u

p−1−q
p −v̄

+ Cv̄ ≲ ‖up−1−q
p − v̄‖∞.

When q = 0, we can compare this statement with the one in Theorem 1.8: both the results tell us 

that u
p−1
p is near to a concave function v̄. Theorem 1.8 gives an exact information on who v̄ is, 

and requires only a ∈ C0,α(Ω) (and no restriction on the sign) since no approximation argument 
(see Section 5) is required to obtain the result; moreover, it can be generalized also to a(x) close 
to a concave function (rather than a constant one), see Corollary 3.5. Theorem 1.10, instead, 
obtains v̄ via an abstract result, but on the other hand gives a more accurate rate of convergence 

for the error, that is ∼ osc(a) (instead of ∼ osc(a)
θ

min{1,p−1}
p ); moreover, Theorem 1.10 is valid 

also for q �= 0. The two results seem thus complementary. It would be interesting anyway to 
investigate some properties of the function v̄ (e.g., if it satisfies some differential equation).

Remark 1.13. We believe that the condition a ∈ C
1,α
loc (RN) in Theorem 1.10 is merely technical 

(while a ∈ L∞(RN) is crucial), due to the regularity issues of the approximation process. Being 
a ∈ C1(Ω) we can rephrase the conclusion of Theorem 1.10 as

C
u

p−1−q
p

≤ C‖∇a‖∞ on Ω × Ω × [0,1]

for some constant C = Cp,qdiam(Ω)
( ‖u‖∞

minΩδ
u

) p−1−q
p

(
2 + diam(Ω)‖∇a‖∞

minΩδ
a 

)
1 

minΩδ
a

> 0, similarly to 

[29]; notice anyway that the estimate involving osc(a) is much sharper, for example by consid
ering fast oscillating weights a(x) = sin(k|x|) + 2 with k � 0.

The weakening of the regularity anyway is not only of technical interest: as a matter of fact, 
when studying bang-bang problems in dynamics of population [53], a discontinuous weight a(x)

appears naturally; the study of the shape of the solutions is thus strictly related to the shape of the 
portion where the resources are concentrated, and generally determining even the connectedness 
11 
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of this shape is an hard problem. See [55] for some results in the parabolic counterpart of this 
problem.

In the paper we show also several results which are mainly based on perturbation techniques: 
in particular, we treat the singular case q ∈ [−1,0) by an approximation process. Moreover, by 
exploiting some uniform convergence to the eigenfunction problem, we show that if q > p − 1 is 
sufficiently close to p − 1, or s ∈ (0,1) is sufficiently close to 1, then the solutions of −Δpuq =
u

q
q and

(−Δ)spus = λsu
p−1
s

actually enjoy some weaker form of log-concavity far from the boundary. Some comments on the 
literature of these topics and precise statements are given in the corresponding Sections 6.2--7.3. 
We highlight that some of the convergences provided have an interest on their own, and could be 
exploited for several other applications.

We comment now the main difficulties of the paper. The proofs of the main Theorems 1.4 and 
1.10 rely on a suitable approximation process; among other technical difficulties, differently from 
[22,29,91,120], the co-presence of the approximating components (the ``ε > 0 parts'', see Sec
tion 5) and the spatial-depending components (essentially a(x)) requires some fine management 
of the nonlinearities in play, in order to achieve the desired concavity and perturbed concavity 
results (see Section 5.1). Moreover, achieving the perturbed result by means of the approxima
tion process will require also a suitable analysis of the boundary (see the proof of Theorem 5.3). 
In addition, a singular multiplicative decomposition (see (6.1)) will be employed to deal with the 
case a(x)uq , q �= 0. Finally, the particular choice of the additive decomposition of the nonlin
earity (see (F1)) will also allow to unify some results contained in [91] and [22] (treating, for 
example, sum of powers uq + ur , see Corollary 6.3). Regarding the singular case, the idea is to 
approximate the nonlinearity with t �→ (t + 1 

n
)q and pass to the limit the abstract result which 

holds for general g; this approach is indeed different and easier compared with the one proposed 
in the semilinear case by [16]; see Remark 6.9 for some comparison.

Outline of the paper: in Section 2 we recall some properties on approximation of domains, 
on α-concave functions and concavity functions, together with a weaker notion of ε-uniform 
concavity. In Section 3 we provide some tools on the difference of two solutions in quasilinear 
frameworks: this topic is of independent interest, but it has some consequences related to con
cavity of functions. Then in Section 4 we present some general results regarding the maxima of 
concavity functions on the boundary or in the interior: some of the results are known, others are 
refinement of known results. In Section 5 we develop an approximation argument for nonregular 
equations, which is suitable for achieving concavity properties: the discussion is set in a general 
framework, and some abstract consequences are presented in Section 5.1; then we provide the 
proofs of the main theorems in Section 6, together with some comments on perturbed concavity 
for eigenfunctions and the case of singular equations, where a second approximation argument is 
set in motion. We collect then in Section 7 several additional results in other frameworks (super
homogeneous, p large, fractional), which would be interesting to develop further in the future. 
We conclude the paper with a collection in Appendix A of some (partially known) tools for the 
p-Laplacian.

Notations: we define |x|2 := |x|22 := ∑
i x

2
i , |x|1 := ∑

i |xi |, ‖u‖p
p := ∫

Ω
|u|p for p ∈

(1,+∞), and ‖u‖∞ := supessx∈Ω|u(x)|; p∗ := Np for p < N and p∗ := ∞ for p ≥

N−p

12 
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N will denote the Sobolev critical exponent. Moreover [u]C0,β := supx,y∈Ω, x �=y
|u(x)−u(y)|

|x−y|β
and ‖u‖C0,β := ‖u‖∞ + [u]C0,β for β ∈ (0,1], while D2u denotes the Hessian matrix. 
We define also osc(a) := supΩ a − infΩ a, d(x, ∂Ω) := infy∈∂Ω |x − y|, int(Ω) the inte
rior of Ω and Ωδ := {x ∈ Ω | d(x, ∂Ω) > δ}; we say that Ωn → Ω in Hausdorff distance if 
max{supx∈Ω d(x,Ωn), supx∈Ωn

d(x,Ω)} → 0 as n → +∞. The normal vector to the boundary 
ν will be always assumed to pointing inward. Definitions of strong convex domains, (harmonic, 
joint) concavity functions, and of ε-uniform concavity are given in Section 2 (see also Sec
tion 4.2); definition of ground state is given in Section 7.1 while uniform ellipticity of operators 
is defined in (4.8). Definitions of solution and of α-concavity are given above (see also Sec
tion 2).

2. Preliminary properties and definitions of concavity

We start by recalling some known properties on convex sets (which are always Lipschitz [67, 
Corollary 1.2.2.3]). We recall that a set is strictly convex if [x, y] \ {x, y} ⊂ Ω for each x, y ∈ Ω, 
while it is strongly convex if it is connected and the principal curvatures are well defined and 
strictly positive (see also [8, Definition 3.1.2] for discussions on weak curvatures); we highlight 
that strong convexity implies strict convexity [97, Proposition 6.1.6 and page 208]. Moreover, 
for a general C2 convex set, the curvatures are always nonnegative [74, Corollary 2.1.28] (see 
also [97, Proposition 6.18]); the inequality cannot generally be improved even for strictly convex 
sets (consider for example {y > x4}). We recall that any Lipschitz domain satisfies the uniform 
(interior and exterior) cone condition [73, Proposition 2.4.4 and Theorem 2.4.7] (see also [67, 
Theorem 1.2.2]), every domain Ω with ∂Ω ∈ C1,1 satisfies the uniform (interior and exterior) 
sphere condition [102]. For any δ > 0, we set

Ωδ := {x ∈ Ω | d(x, ∂Ω) > δ}

often called inner parallel bodies or (referring to ∂Ωδ) surfaces parallel to the boundary. We 
recall that every convex domain satisfies the unique nearest point property [74, Theorem 2.1.30], 
while every domain Ω with ∂Ω ∈ C2 has a neighborhood Ω \ Ωδ where this property holds [54].

We state some properties on Ωδ and some approximations of convex sets; see also [74, Lemma 
2.3.2], [12, Theorem 5.1], [51, Theorem 5.1] and [8, Theorem 3.2.1] for other relevant approxi
mations. Recall that quasiconcavity of v is equivalent to require

v
(
λx + (1 − λ)y

) ≥ min
{
v(x), v(y)} (2.1)

for each x, y ∈ Ω, λ ∈ [0,1].

Proposition 2.1 (Domain approximation and distance function). The following properties hold.

(i) Let Ω ⊂ RN be open, bounded and convex. Then there exists (Ωk)k∈N , Ωk ⊆ Ω, strongly 
convex, with ∂Ωk ∈ C∞, and such that Ωk ⊂ Ωk+1, Ω = ⋃

k Ωk and Ωk → Ω in Hausdorff 
distance as k → +∞.
13 
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(ii) Let Ω ⊂ RN be open, bounded, and convex [resp. strictly convex]. Then the distance 
function d(·, ∂Ω) is Lipschitz and concave [resp. also strictly quasiconcave].2 As a con
sequence, for any δ > 0, Ωδ is convex [resp. strictly convex].

(iii) Let Ω ⊂ RN be open and bounded, and let k ∈ N ∪ {∞}. If ∂Ω ∈ Ck , k ≥ 2 then d(·, ∂Ω) ∈
Ck(Ω \ Ωδ0) for some δ0

3;this means that, for δ > 0 sufficiently small, ∂Ωδ ∈ Ck (and Ωδ

can be seen as a smooth manifold). The same holds for k = 1 by assuming in addition that 
∂Ω satisfies the unique nearest point property (e.g., Ω is convex) and for a.e. δ > 0 small.4

Similar statements hold also for Ck,α .

Proof. Being the properties well known, we give just a sketch of the proof.
Claim (i) is given in [97, Corollary 6.3.10] by considering Ωk as the preimages of a suitable 

smooth, strongly concave exhaustion function (see also [19, Theorem 2.3], and [103, Theorem 
1.4] for regularized distance function arguments). We obtain thus that Ωk are increasing and 
cover Ω, and basic properties imply the Hausdorff convergence (see e.g. [73, Section 2.2.3.2]).

Claim (ii) follows by [74, Theorem 2.1.24], [48, Theorem 5.4]. We give some details on the 
strict quasiconcavity: consider x1, x2 ∈ Ω, x1 �= x2, and set di := d(xi, ∂Ω) ≥ 0, x̄ := x1+x2

2 ∈ Ω, 

and d̄ := d1+d2
2 ≥ 0. Fix now a direction ξ ∈ SN−1, and set yξ

i := xi + diξ ∈ Ω, ȳξ := y1+y2
2 =

x̄ + d̄ξ . By convexity, we have ȳξ ∈ Ω, thus varying ξ we obtain B(x̄, d̄) ⊂ Ω, which implies 
d(x̄, ∂Ω) ≥ d̄ ; this gives mid-concavity (and thus concavity). We now distinguish:

• d1 �= d2: in this case d(x̄, ∂Ω) ≥ d̄ > min{d1, d2}.
• d1 = d2: in this case yξ

1 �= y
ξ
2 for each ξ (otherwise x1 − x2 = (d1 − d2)ξ = 0, impossible), 

thus by strict convexity ȳξ ∈ Ω, that is B(x̄, d̄) ⊂ Ω, and hence d(x̄, ∂Ω) > d̄ = min{d1, d2}.

In both cases we have

d
(

x1+x2
2 , ∂Ω

)
> min {d(x1, ∂Ω), d(x2, ∂Ω)}

that is, strict mid-quasiconcavity, which implies strict quasiconcavity, and in particular strict 
convexity of the level sets [9, Corollary 3.36].

For (iii), when k ≥ 2, we rely on [59, Lemma 14.16], while for k = 1 we rely on [54]. See 
also [96] for Ck,α conclusions (k ≥ 2) and [48, Theorem 5.7] for C1,1

loc conclusions.
By the end of the proof of [59, Lemma 14.16] we also see that the distance is proper, that is 

for small δ < δ0 we have that d(x, ∂Ω) < δ implies ∇d(·, ∂Ω) �= 0; when k = 1 we rely instead 
on Sard’s lemma. By exploiting the implicit function theorem (as in the proof of [12, Theorem 
5.1], see end of page 13 therein), we achieve that, for such δ, ∂Ωδ ∈ Ck ; see also the preimage 
theorem [112, Corollary in Section 1.2.2, page 37] in combination with [67, Theorem 1.2.1.5] or 
[97, Section 1.2]. For Lipschitz boundaries see [51, Theorem 4.1]. �

2 We observe that the distance function is not strictly concave (even if Ω is strictly convex): for instance consider 
x1, x2 sufficiently close to ∂Ω, and such that both the points lie on the same perpendicular line to the boundary 
(namely, if d(xi , ∂Ω) = |xi − x∗

i
| then x∗

1 = x∗
2 =: x∗); then clearly x̄ = x1+x2

2 is such that d(x̄, ∂Ω) = |x̄ − x∗| =
d(x1,∂Ω)+d(x2,∂Ω)

2 .
3 We notice that a viceversa does not hold: a set satisfying d(·, ∂Ω) ∈ Ck(Ω \ Ωδ0 ) is also known as proximally Ck .
4 The size δ depends on the radius of the uniform interior sphere, or the positive reach of M , that is the size of the 

neighborhood where the unique nearest point property holds. The set of singular points of d(·, ∂Ω) is also called the 
ridge of Ω.
14 
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We recall some miscellanea results by [91, Properties 7 and 8, Lemma A.2] and [92, Lemma 
3.2] (see also [106, Theorems 1 and 3, Corollary 2]). We say that a function h : Λ ⊂ RN → R
(not necessarily positive) is harmonic concave if, for each z1, z2 ∈ Λ, λ ∈ [0,1],

h
(
λz1 + (1 − λ)z2

) ≥
{

h(z1)h(z2) 
λh(z2)+(1−λ)h(z1)

if λh(z2) + (1 − λ)h(z1) > 0,

0 if h(z1) = h(z2) = 0.

If h is positive, this definition coincides with (−1)-concavity, see [91].

Proposition 2.2 (Power concavity properties). We have the following properties.

• Let h > 0 be α-concave, and k > 0 be β-concave, with α,β ∈ [0,+∞]. Then hk is γ
concave, where 1 

γ
= 1 

α
+ 1 

β
.

• Let Ω ⊂ RN be convex and I ⊂ R be an interval, and let h = h(x, t) be positive and such 
that (x, t) ∈ Ω × I �→ t2h(x, t) is (jointly) concave. Then h is (jointly) harmonic concave.

• If h, k are α-concave functions for α ≥ 1, then h+ k is α-concave. If h is harmonic concave, 
then h − k is harmonic concave for every constant k ≥ 0.

• Let h = h(x) be α-concave, then (t, x) �→ h(x) is α (jointly) concave; similarly if h = h(t).

We consider now the concavity function, for a v : Ω → R, as

Cv(x, y,λ) := λv(x) + (1 − λ)v(y) − v
(
λx + (1 − λ)y

)
,

the joint concavity function, for a h = h(x, t) : Ω ×R→R, as

J Ch

(
(x, t), (y, s), λ

) := λh(x, t) + (1 − λ)h(y, s) − h
(
λx + (1 − λ)y,λt + (1 − λ)s

)
,

and, when h > 0, the (jointly) harmonic concavity function as

HCh

(
(x, t), (y, s), λ

) := h(x, t)h(y, s) 
λh(y, s) + (1 − λ)h(x, t)

− h
(
λx + (1 − λ)y,λt + (1 − λ)s

)
.

Notice that [29]

HC ≤ J C.

We recall some relations on HC which allows to deal with basic operations [29, Lemma A.1].

Proposition 2.3 ([29]). Let f,g such that f,g > 0. Then, for any x, y ∈ Ω, t, s ∈R, λ ∈ [0,1],

HCf +g

(
(x, t), (y, s), λ

) ≥ HCf

(
(x, t), (y, s), λ

) +HCg

(
(x, t), (y, s), λ

)
and, if moreover f − g > 0,

HCf −g

(
(x, t), (y, s), λ

) ≤HCf

(
(x, t), (y, s), λ

) −HCg

(
(x, t), (y, s), λ

)
.

15 
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We finally recall some definitions of generalized concavity and some related properties (see 
also Proposition 7.4 for quasiconcavity).

Definition 2.4 (ε-concavity). Let ε > 0. We say that v : Ω → R is ε-uniformly concave with 
continuous modulus ρ : (0,+∞) → (0,+∞) if

v

(
x + y

2 

)
≥ v(x) + v(y)

2 
+ ρ(|x − y|) for each x, y ∈ Ω, |x − y| ≥ ε,

namely Cv(x, y, 1
2 ) ≤ −ρ(|x − y|) for |x − y| ≥ ε. We say that v is ε-strongly concave with 

parameters m > 0 if ρ(t) = 1
8mt2.5 If ρ ≡ const we simply say that v is ε-uniformly concave 

(notice that the value of ρ depends a priori on ε). Finally, we say that v is uniformly concave if it 
is ε-uniformly concave for each ε > 0.

We highlight that an ε-uniform concave function is not necessarily concave [66, Example 2.5]; 
anyway this class of functions enjoy several properties, see again [66]. Clearly uniform concavity 
implies concavity (by assuming v continuous). Similarly, strong concavity implies both ε-strong 
concavity and strict concavity.

We are interested in properties inherited by a sequence of functions from their limit: we ob
serve that, if vn → v in Ck(Ω) and v is strictly convex, then it is not ensured that vn is strictly 

convex for n large. Indeed, consider vn(x) :=
{

x2k for x / ∈ [− 1 
n
, 1 

n
],

−x2k + 2 
n2k for x ∈ [− 1 

n
, 1 

n
], and v(x) := x2k ; 

clearly (by substituting vn with a smooth mollification) vn → v in C2k−1([−1,1]) and v is 
strictly convex, but vn are not even convex. With the same example, we see that for k = 1 vn → v

in C1([−1,1]) (but not in C2([−1,1])) and v(x) = x2 is strongly concave; thus C1 convergence 
is not sufficient to inherit convexity from strong convexity.

On the other hand, by looking at the Hessian matrix, it is clear the following result; we recall 
that, when v ∈ C2(Ω), strong concavity is equivalent to say that D2v ≽ mI , that is, D2v −mI is 
positive semi-definite (i.e., the eigenvalues of D2v lie in [m,+∞)).

Proposition 2.5. Assume vn : Ω → R converge in C2(Ω) to v, which is assumed to be strongly 
concave on Ω. Then vn is strongly concave for n sufficiently large.

A weaker property, anyway, is inherited by the sequence also in case of L∞-convergence, 
when v is assumed strictly concave.

Proposition 2.6. We have the following properties.

• Assume Ω bounded and v : Ω → R strictly concave, then v is uniformly concave.
• Assume vn : Ω → R converge in L∞(Ω) to v, which is assumed uniformly [resp. strongly] 

concave in Ω. Then, for each ε > 0, there exists nε � 0 such that, for each n ≥ nε , vn is 
ε-uniformly [resp. ε-strongly] concave.

5 The ``λ-version'' actually reads as: v(λx + (1 − λ)y) ≥ λv(x) + (1 − λ)v(y) + 1 λ(1 − λ)m|x − y|2.
2 2
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Proof. Set Λε := {
(x, y) ∈ Ω × Ω | |x − y| ≥ ε

}
, the first claim comes straightforwardly by 

considering ρε := − supΛε
Cv(x, y, 1

2 ) > 0. Consider the second point and fix ε > 0. Then for 
(x, y) ∈ Λε we have Cv(x, y, 1

2 ) ≤ −ρε(|x − y|). Since Cvn

(
x, y, 1

2

) → Cv

(
x, y, 1

2

)
uniformly 

on Λε , we have, for a fixed δ > 0 and n sufficiently large, Cvn

(
x, y, 1

2

) ≤ Cv

(
x, y, 1

2

) + δ ≤
−ρε(|x − y|) + δ on Λε . If ρε is constant, it is sufficient to fix δ < ρε . Otherwise, if ρε(t) =
1
8mεt

2, then Cvn

(
x, y, 1

2

) ≤ − 1
8mε|x − y|2 + δ

ε2 |x − y|2 and we choose δ < 1
8ε2mε . �

3. Estimates on the difference of two solutions

In this Section we want to compare the solutions of two problems, where the space component 
may act differently; this comparison will in particular lead to the proof of Theorem 1.8 and its 
generalizations. Since the problem is quasilinear, we cannot directly work on a problem solved 
by the difference of the two solutions. We start by some considerations on general functions. We 
recall the following result by [100, Theorems 1.1 and 1.2].

Lemma 3.1 ([100]). Let Ω ⊂ RN , N ≥ 1, be open and with the uniform interior cone condition. 
Consider a function u ∈ C0,β(Ω) ∩ Lq(Ω), β ∈ (0,1] and q ∈ [1,+∞). Then

‖u‖∞ ≤ C‖u‖1−κq

C0,β ‖u‖κq
q (3.1)

where

κq := κN,β,q := β

β + N
q

∈ (0,1)

and C = CN,β,q > 0 is given as follows:

• if Ω = RN , then CN,β,q = max{ N
N+β

,ω
− 1 

q

N } > 0 (here ωN is the volume of the unit ball);

• if Ω �= RN , let r0 be the radius of the (uniform) interior cone; then CN,β,q = max
{

N
N+β

, 

ω
− 1 

q

K , r
β
0

}
(here ωK is the volume of the cone scaled to radius 1).

As a consequence of Lemma 3.1, if u ∈ Ck,β(Ω) ∩ Wk,q(Ω), k ∈ N , β ∈ (0,1] and q ∈ [1,+∞), 
then

‖u‖Ck ≤ C‖u‖1−κq

Ck,β ‖u‖κq

Wk,q .

As a corollary of Lemma 3.1 we gain a preliminary estimate on the difference of two general 
functions. We notice that, if β ∈ (0,1], then κp∗ = pβ 

pβ+N−p
∈ (0,1) (for any p ∈ (1,N)) and 

κ2∗ = 2β 
2β+N−2 ∈ (0,1) (for any N ≥ 3).

Corollary 3.2. Let Ω ⊂ RN , N ≥ 1 be open, with the uniform interior cone condition, and let 
p ∈ (1,+∞). Let u,v ∈ C0,β(Ω) ∩ W 1,p(Ω), β ∈ (0,1], then

‖u − v‖∞ ≤ C
(‖u‖C0,β + ‖v‖C0,β

)1−κq ‖∇u − ∇v‖κq
p (3.2)
17 
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with q = p∗ and C = C(N,β,p,Ω) > 0 if p < N , while q < ∞ and C = C(N,β,p,Ω,q) > 0
if p ≥ N .6

Similarly, if u,v ∈ C0,β(Ω) with u − v ∈ D1,2(Ω), then

‖u − v‖∞ ≤ C
(‖u‖C0,β + ‖v‖C0,β

)1−κq ‖∇(u − v)‖κq

2 (3.3)

with q = 2∗ and C = C(N,β,Ω) > 0 if N ≥ 3, while q < ∞ and C = C(N,β,Ω,q) > 0 if 
N ≤ 2.

We want to prove Theorem 1.8. We discuss here a more general case.

Theorem 3.3. Let Ω ⊂ RN , N ≥ 1, be open, with the uniform interior cone condition, and let 
p ∈ (1,+∞). Consider a1, a2 ∈ Lm(Ω), m ∈ (1,+∞], and the problems

{
−Δpu1 = a1(x) in Ω,

u1 = 0 on ∂Ω,

{
−Δpu2 = a2(x) in Ω,

u2 = 0 on ∂Ω,
(3.4)

with positive solutions u1, u2 ∈ C0,β(Ω) for some β ∈ (0,1].

• If p ≥ 2 assume m ≥ p
p−2 . Then

‖u1 − u2‖∞ ≤ C‖a1 − a2‖
κq

p−1
m

where C = C(p,m,Ω,‖u1‖C0,β (Ω),‖u2‖C0,β (Ω), q) > 0, and q = p∗ if 2 ≤ p < N , while 
q < ∞ if p ≥ max{2,N}.

• If p ≤ 2 assume m ≥ 2 and u1, u2 ∈ W 1,∞(Ω). Then

‖u1 − u2‖∞ ≤ C‖a1 − a2‖κq
m

where C = C(p,m,Ω,‖u1‖C0,β (Ω),‖u2‖C0,β (Ω),‖∇u1‖∞,‖∇u2‖∞, q) > 0 and q = 2∗ if 
N ≥ 3, while q < ∞ if N ≤ 2.

Proof. By definition of weak solution we have, for any ϕ ∈ W
1,p
0 (Ω),

∫
Ω 

(
|∇u1|p−2∇u1 − |∇u2|p−2∇u2

)
· ∇ϕ =

∫
Ω 

(a1(x) − a2(x))ϕ;

we choose ϕ = u1 − u2 ∈ W
1,p

0 (Ω), so that

∫
Ω 

(
|∇u1|p−2∇u1 − |∇u2|p−2∇u2

)
· (∇u1 − ∇u2) ≤ ‖a1 − a2‖m‖u1 − u2‖r

6 Noticed that κN,β,q → 1 and CN,β,q → max
{

N
N+β

, r
β
0

}
> 0 as q → +∞, we see that the dependence of the 

constant on q is essentially given by the Sobolev embedding constant of W1,p(Ω) ↪→ Lq(Ω).
18 
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for 1 
m

+ 1
r

= 1, r ≤ max{p,2}. Let us now distinguish two cases.

If p ≥ 2, by [108, Section 12(I)], Hölder and Poincaré inequalities we have

22−p‖∇u1 − ∇u2‖p
p ≤ ‖a1 − a2‖m‖u1 − u2‖r ≤ |Ω| p−r

pr CΩ,p‖a1 − a2‖m‖∇u1 − ∇u2‖p;

here CΩ,p is the best Poincaré constant on W 1,p
0 (Ω). Thus

‖∇u1 − ∇u2‖p ≤
(

22−p|Ω| p−r
pr CΩ,p

) 1 
p−1 ‖a1 − a2‖

1 
p−1
m .

Set C1 := ‖u1‖C0,β (Ω) + ‖u2‖C0,β (Ω) by (3.2) we obtain

‖u1 − u2‖∞ ≲ C
1−κq

1 ‖a1 − a2‖
κq

p−1
m

with q = p∗ if 2 ≤ p < N , while q < ∞ if p ≥ max{2,N}.
If 1 < p ≤ 2 then, by [108, Section 12(VII)] we have

(p − 1)

∫
Ω 

|∇u1 − ∇u2|2
(1 + |∇u1|2 + |∇u2|2) 2−p

2 
≤ ‖a1 − a2‖m‖u1 − u2‖r

≤ |Ω| 2−r
2r CΩ,2‖a1 − a2‖m‖∇u1 − ∇u2‖2.

Set C2 := 1 + ‖∇u1‖∞ + ‖∇u2‖∞ we gain

C
− 2−p

2 
2 (p − 1)‖∇u1 − ∇u2‖2

2 ≤ |Ω| 2−r
2r CΩ,2‖a1 − a2‖m‖∇u1 − ∇u2‖2

thus

‖∇u1 − ∇u2‖2 ≤
(

1 
p−1C

2−p
2 

2 |Ω| 2−r
2r CΩ,2

)
‖a1 − a2‖m.

Therefore, exploiting (3.3),

‖u1 − u2‖∞ ≲ C
1−κq

1 C
2−p

2 
2 ‖a1 − a2‖κq

m ,

with q = 2∗ if N ≥ 3, while q < ∞ if N ≤ 2. �
Corollary 3.4. Let Ω ⊂ RN , N ≥ 2, be open, with the uniform interior cone condition, and let 
p ∈ (1,+∞). Let a1, a2 ∈ L∞(Ω) and u1, u2 be positive solutions of (3.4). Then

• Let p ≥ 2, and assume Ω satisfies the uniform (interior and exterior) cone condition. Then

‖u1 − u2‖∞ ≤ C‖a1 − a2‖
κq

p−1∞
19 
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where C = C(p,Ω,‖a1‖∞,‖a2‖∞, q) > 0, and q = p∗ if 2 ≤ p < N , while q < ∞ if p ≥
N ≥ 2.

• Let p ≤ 2 and assume ∂Ω ∈ C1,α . Then

‖u1 − u2‖∞ ≤ C‖a1 − a2‖κq∞

where C = C(p,Ω,α,‖a1‖∞,‖a2‖∞, q) > 0, and q = 2∗ if N ≥ 3, while q < ∞ if N = 2.

Proof. By [126, Corollary 4.2] (see also [31, Theorem 2.3]) we have the C0,β(Ω) regularity, 
while by [104, Theorem 1] (see also [70, Corollary 1.1] and [99, Section 4.4]) we have the 
C1,β(Ω) (and thus W 1,∞) regularity. Hence u satisfies the assumptions of Theorem 3.3 and we 
achieve the claim, noticing that the constants C therein depend in a positive power way from the 
norms of u1, u2, and these last two, thanks to the abovementioned regularity results (exploiting 
that the right hand side does not depend on u), can be estimated from above by the norms of 
a1, a2. �

We deal now with perturbed concavity properties that can be deduced by this perturbation re
sult; we recall by Remark 1.12 that such result can be express in terms of the concavity function.

Corollary 3.5. Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, and let p ∈ (1,+∞). Let a1, a2 ∈
L∞(Ω) and u1, u2 as in Corollary 3.4. Assume a2 > 0 to be θ -concave, θ ≥ 1. Then u2 is θ(p−1)

1+θp 
concave and the following facts hold.

• Let p ≥ 2. Then

‖u
θ(p−1)
1+θp 

1 − u

θ(p−1)
1+θp 

2 ‖∞ ≤ C‖a1 − a2‖
κq

p−1
θ(p−1)
1+θp ∞

where C = C(p,Ω,‖a1‖∞,‖a2‖∞, q) > 0, and q = p∗ if 2 ≤ p < N , while q < ∞ if p ≥
N ≥ 2.

• Let p ≤ 2 and assume ∂Ω ∈ C1,α . Then

‖u
θ(p−1)
1+θp 

1 − u

θ(p−1)
1+θp 

2 ‖∞ ≤ C‖a1 − a2‖κq
θ(p−1)
1+θp ∞

where C = C(p,Ω,α,‖a1‖∞,‖a2‖∞, q) > 0, and q = 2∗ if N ≥ 3, while q < ∞ if N = 2.

The same results apply for θ = ∞ by substituting θ(p−1)
1+θp with p−1

p
.

Proof. The claim follows from Corollary 3.4, Theorem 1.4 and the fact that, for γ ∈ (0,1),

‖uγ

1 − u
γ

2 ‖∞ ≤ ‖u1 − u2‖γ∞. �
3.1. Applications

Proof of Theorem 1.8. We see that the claim follows by Corollary 3.5, by considering a2 con
stant. �
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Proof of Corollary 1.9. Since the problem is linear, we have

−Δ(un − u) = an(x) − a∞ in Ω

with un − u = 0 on ∂Ω. It is well known that [52, Theorem 2.30]

‖un − u‖C2,α ≤ C‖an − a‖C0,α ;

thus, in particular, un → u in C2(Ω). Hence by Theorem 1.1, Corollary 3.5 and Proposition 2.5, 
we have the claim. �

Arguing as in Corollary 1.9, a weaker version can be stated also in general convex domains.

Corollary 3.6. Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, and let p = 2. Consider (an)n :
Ω →R, and assume that, for some a∞ > 0 constant

an → a∞ in C0,α(Ω) as n → +∞.

Then, for each δ > 0, the positive solution un of (1.6) is such that un is strongly 1
2 -concave in 

Ωδ , for n ≥ n0(δ) � 0. In particular, for these values of n, the level sets of un are strictly convex 
in Ωδ and un has a single (and nondegenerate) critical point in Ωδ.

A weaker version of Corollary 1.9 can be stated also in the quasilinear setting.

Corollary 3.7. Let Ω ⊂ R2, be open, bounded, strictly convex, with ∂Ω ∈ C1,α , and let p ∈
(1,+∞). Consider (an)n : Ω → R, equibounded in C0,α(Ω), α ∈ (0,1), and assume that, for 
some a∞ > 0 constant

an → a∞ in L∞(Ω) as n → +∞.

Then, for any ε > 0, the positive solution un of

{
−Δpun = an(x) in Ω,

un = 0 on ∂Ω,

is such that un is ε-uniformly 1
2 -concave for n ≥ n0(ε) � 0.

Proof. By Theorem 1.3 we have that v∞ = √
u∞ is strictly concave in Ω. By Hopf bound

ary lemma [127, Theorem 5], and Corollary 4.4 we observe that, being Ω strictly convex, 
Cv∞(x, y, 1

2 ) cannot be zero if |x − y| ≥ ε. Thus v∞ is strictly concave in Ω, and the claim 
follows by Corollary 3.5 and Proposition 2.6. �

We refer also to Corollary 6.1 for another application of Corollary 3.5, where a2 is noncon
stant, based on Theorem 1.4 and Example 1.7.
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Remark 3.8. We see that Corollary 3.4 can be applied to deduce some information on log
concavity. Indeed, as in the proof of Lemma A.1, we first have u1

u2
, u2

u1
∈ L∞(Ω). Thus, by the 

mean value theorem, there exists λ∗ ∈ (0,1) such that

|log(u1) − log(u2)| = 1
2

∣∣∣log
(

u1
u2

) − log
(

u2
u1

)∣∣∣ = 1 
2(λ∗ u1

u2
+ (1 − λ∗)u2

u1
)

∣∣∣u1
u2

− u2
u1

∣∣∣
≤ C

∣∣∣u1
u2

+ u2
u1

∣∣∣ |u1 − u2| ≤ C′|u1 − u2|,

with C′ = C′(‖u1
u2

‖∞,‖u2
u1

‖∞). Hence by Corollary 3.4, we have

‖ log(u1) − log(u2)‖∞ ≤ C‖a1 − a2‖κ∞

for some κ ∈ (0,1), and the constant C depends also on ‖u1
u2

‖∞ and ‖u2
u1

‖∞.
We notice that, clearly, log(u1), log(u2) / ∈ L∞(Ω), but the difference does so. On the other 

hand we have, for each δ > 0, log(u1), log(u2) ∈ L∞(Ωδ), thus, if an → a0 uniformly, then

log(un) → log(u0) in L∞(Ωδ);
if for example one is able to deduce that log(u0) is strictly or strongly concave in Ωδ , then some 
concavity information on Clog(un) for n large can be deduced as well, see Propositions 2.5 and 
2.6.

4. General lemmas about concavity

To discuss the concavity of a function v, we move the attention to the negativity of its concav
ity function Cv and, in particular, to its supremum. The discussion will be splitted according to 
the location of the maximum, that is, on (or near) the ``boundary'' or the ``interior'' of the domain. 
We highlight that the function v will take the place of the transformation of a solution u, see 
Corollary 4.4 below.

4.1. Concavity on the boundary

In this Section we discuss the possibility of the concavity function Cv to have a maximum 
on the boundary of its domain. Here we do not use the equation, but only the information on 
the boundary; see anyway [16, Lemma 3.3] where also the equation is exploited (in a singular 
framework).

We start by a result which deals precisely with the boundary of (a general) Ω, but gives no 
good quantitative information to be inherited by functions approximating v (compare it with 
Proposition 4.5 below and subsequent comments).

Lemma 4.1. Let Ω ⊂ RN , N ≥ 1, be open, bounded, convex. Let v : Ω → R and (x̄, ȳ, λ̄) ∈
Ω × ∂Ω ∈ [0,1]. Then the following facts hold.

a) if [x̄, ȳ] ⊂ ∂Ω, assume

v = const on [x̄, ȳ]; (4.1)
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then Cv(x̄, ȳ, λ̄) = 0;
b) if [x̄, ȳ] �⊂ ∂Ω and λ̄ ∈ (0,1), assume

Cv(x̄, ȳ, λ) < 0 for λ ≈ 0+; (4.2)

then (x̄, ȳ, λ̄) is not a global maximum of Cv |Ω×Ω×[0,1].

As a consequence, if conditions in a)-b) hold, then (x̄, ȳ, λ̄) is not a positive global maximum of 
Cv . As a further consequence, if Ω is strictly convex, λ̄ ∈ (0,1), x̄ �= ȳ and condition in b) hold, 
then (x̄, ȳ, λ̄) is not a global maximum of Cv .

Proof. We can assume λ̄ ∈ (0,1), otherwise Cv(x̄, ȳ, λ̄) = 0. Set z̄ := λ̄x̄ + (1 − λ̄)ȳ. If [x̄, ȳ] ⊂
∂Ω, then z̄ ∈ ∂Ω and hence by (4.1) we have v(x̄) = v(ȳ) = v(z̄), which implies Cv(x̄, ȳ, λ̄) = 0. 
Thus we focus on [x̄, ȳ] �⊂ ∂Ω.

Roughly speaking, by the assumptions v is concave along the segment [x̄, ȳ], near ȳ; by 
moving ȳ a little closer to x̄, but keeping their convex combination the same, we expect that this 
procedure increases the value of Cv . Let us see this in details. By (4.2), for some small λ∗ ∈ (0, λ̄), 
(λ∗ ≈ 0) we have

Cv(x̄, ȳ, λ∗) < 0.

Set ȳ∗ := λ∗x̄ + (1 − λ∗)ȳ, (ȳ∗ ≈ ȳ) it means

v(ȳ∗) > λ∗v(x̄) + (1 − λ∗)v(ȳ). (4.3)

Choose μ ∈ (0,1) in such a way μx̄ + (1 − μ)ȳ∗ = λ̄x̄ + (1 − λ̄)ȳ, that is

μ := λ̄ − λ∗

1 − λ∗ ∈ (0,1);

notice that ȳ∗, rather than ȳ, is closer to x̄, while μ maintains the middle combination constant. 
Moreover (4.3) clearly implies

μv(x̄) + (1 − μ)v(ȳ∗) > λ̄v(x̄) + (1 − λ̄)v(ȳ)

from which Cv(x̄, ȳ∗,μ) > Cv(x̄, ȳ, λ̄), that is the claim. We conclude by observing that case a) 
cannot occur on a strictly convex domain, unless x̄ = ȳ. �
Remark 4.2. In order to apply Lemma 4.1, we notice that (4.2) is equivalent to check

v
(
ȳ + λ(x̄ − ȳ)

) − v(ȳ)

λ 
> v(x̄) − v(ȳ) for λ ≈ 0+.

Thus it is sufficient to verify

lim sup
+

v
(
ȳ + λ(x̄ − ȳ)

) − v(ȳ)

λ 
> v(x̄) − v(ȳ) (4.4)
λ→0
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or equivalently, if v ∈ C1(Ω)

∂x̄−ȳv(ȳ) ≡ ∇v(ȳ) · (x̄ − ȳ) > v(x̄) − v(ȳ)

or similarly

v(x̄) < ∇v(ȳ) · (x̄ − ȳ) + v(ȳ).

Notice that, saying

v(x) < ∇v(ȳ) · (x − ȳ) + v(ȳ) for x ∈ Ω \ {ȳ}

means that v lies strictly beneath the plane tangent to v in the boundary point ȳ ∈ ∂Ω (see also 
(4.6)).

Remark 4.3. By assuming v ∈ C1(Ω) and the stronger assumption -- which clearly implies 
(4.4) --

lim sup
λ→0+

v
(
ȳ + λ(x̄ − ȳ)

) − v(ȳ)

λ 
= +∞ (4.5)

the proof of Lemma 4.1 can be simplified: indeed, in the case [x̄, ȳ] �⊂ ∂Ω, being for ε small 
ȳ + ε(ȳ − x̄) ∈ Ω and exploiting Cv(x̄, ȳ, λ̄) ≥ Cv

(
x̄, ȳ + ε(ȳ − x̄), λ̄

)
, we get

(1 − λ̄)
v(ȳ) − v

(
ȳ + ε(ȳ − x̄)

)
ε

≥ v
(
λ̄x̄ + (1 − λ̄)ȳ

) − v
(
λ̄x̄ + (1 − λ̄)ȳ + ε(1 − λ̄)(ȳ − x̄)

)
ε

.

Thus, sending ε → 0+, we obtain −∞ ≥ (1 − λ̄)∇v(λ̄x̄ + (1 − λ̄)ȳ) · (ȳ − x̄); being λ̄x̄ + (1 −
λ̄)ȳ ∈ Ω, we have a contradiction.

We can finally deal with transformations of a function u; notice that we are not requiring ϕ to 
be monotone nor concave.

Corollary 4.4. Let Ω ⊂ RN , N ≥ 1, be open, bounded and convex. Let k ∈R and u be a function 
with

u = k and ∂νu > 0 on ∂Ω;

here ν is the interior normal vector. Let ϕ : R→ R be such that ϕ ∈ C1(R \ {k}) and

lim sup
t→k 

ϕ′(t) = +∞.

Set v := ϕ(u). If (x̄, ȳ, λ̄) is a global maximum of Cv |Ω×Ω×[0,1], then Cv(x̄, ȳ, λ̄) = 0 or (x̄, ȳ) ∈
int

(
Ω × Ω

)
. In particular, if Ω is strictly convex, then Cv(x̄, ȳ, λ̄) = 0 may happen only if x̄ = ȳ

or λ̄ ∈ {0,1}.
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Proof. Assume by contradiction Cv(x̄, ȳ, λ̄) > 0 and (x̄, ȳ) / ∈ int
(
Ω × Ω

)
; with no loss of gen

erality, we assume ȳ ∈ ∂Ω, x̄ ∈ Ω; we want to ensure condition (4.4) (actually, (4.5)) in order to 
apply Lemma 4.1. Fixed such points, by ∂ν(ȳ)u(ȳ) > 0, we have that also ∂x̄−ȳu(ȳ) > 0 on ∂Ω

(here we use that [x̄, ȳ] �⊂ ∂Ω, thus x̄ − ȳ �⊥ ν is pointing inward). Thus

�x̄,ȳ := ∂x−ȳu(ȳ) = lim 
λ→0+

u(ȳ + λ(x̄ − ȳ)) − u(ȳ)

λ 
> 0;

in particular, u(ȳ +λ(x̄ − ȳ)) > u(ȳ) for λ small. As a consequence, by the mean value theorem, 
for each λ small there exists t (λ) ∈ (

u(ȳ +λ(x̄ − ȳ)), u(ȳ)
)

(and thus t (λ) → u(ȳ) = k as λ → 0) 
such that

lim sup
λ→0+

v
(
ȳ + λ(x̄ − ȳ)

) − v(ȳ)

λ 
= lim sup

λ→0+

ϕ
(
u
(
ȳ + λ(x̄ − ȳ)

)) − ϕ(u(ȳ))

λ 

= lim sup
λ→0+

(
ϕ′(t (λ))

u
(
ȳ + λ(x̄ − ȳ)

) − u(ȳ)

λ 

)
= +∞ > v(x̄) − v(ȳ). �

We move now to a result which gives better information on the concavity function in a tubular 
neighborhood of the boundary, whenever this is assumed strongly convex; namely, v = ϕ(u) is 
shown to be strictly convex near the boundary. We refer to [116, Propositions 2.2, 2.3 and 2.4] 
(see also [94, Lemmas 2.1 and 2.4], [34, Lemma 4.3], [120, Proposition 3.2]).

Proposition 4.5 ([116]). Let Λ ⊂ RN , N ≥ 1, be open, bounded, strictly convex, with ∂Λ ∈ C2,α . 
Let moreover v ∈ C1(Λ) be such that

v(x) > ∇v(y) · (x − y) + v(y) (4.6)

for any y ∈ ∂Λ and x ∈ Λ, x �= y. Then all the global positive maxima of Cv |Λ×Λ×[0,1] lie in 
int

(
Λ × Λ

) × [0,1].

Proposition 4.6 ([116]). Let Ω ⊂ RN , N ≥ 1, be open, bounded, strongly convex, with ∂Ω ∈
C2,α . Let moreover u ∈ C1(Ω) ∩ C2(Ω \ Ωη) for some η > 0, such that

u > 0 in Ω, u = 0 on ∂Ω, ∂νu > 0 on ∂Ω.

Let ϕ ∈ C2((0,+∞),R) be such that

ϕ′′ < 0 < ϕ′ near 0, lim 
t→0+ ϕ′(t) = +∞, lim 

t→0+
ϕ(t) 
ϕ′(t)

= lim 
t→0+

ϕ′(t)
ϕ′(t)

= 0.

Set v = ϕ(u). Then there exists δ ∈ (0, η) such that

D2v(x) is definite negative for any x ∈ Ω \ Ωδ (4.7)

and (4.6) holds for any y ∈ Ω \ Ωδ and x ∈ Ω, x �= y.
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In the previous result, D2v denotes the Hessian matrix of v. The strategy of application of 
the previous results is the following: while Ω is the domain of reference, Λ will be a smaller 
domain, where the inequality (4.6) holds actually up to the boundary ∂Λ ⊂ Ω \ Ωδ . Moreover, 
this information is inherited by C2 approximating sequences, as shown by the following result.

Proposition 4.7 ([116]). Let Λ ⊂ RN , N ≥ 1, be convex, bounded and satisfying the interior 
sphere condition. Let moreover vε be such that, as ε → 0, vε → v in C1(Λ) ∩ C2(Λ \ Λη) for 
some η > 0, where v satisfies (4.6) and (4.7). Then, for ε sufficiently small, all the global positive 
maxima of Cvε |Λ×Λ×[0,1] lie in int

(
Λ × Λ

) × [0,1].

Remark 4.8 (Propagation from the boundary). We notice that an information of the type (4.7), 
for some class of problems (requiring, in particular, p = 2, f (x, t) ≡ g(t) and g(0) > 0, such as 
the semilinear torsion problem) automatically implies the concavity of the solution on the whole 
domain [39,89,124].

4.2. Concavity and perturbed concavity in the interior

We deal now with the information on the concavity function in the interior of Ω; here the 
equation solved by u plays its role. We start by recalling some results on exact concavity, see 
[91, Theorem 3.1] and [116, Proposition 2.1].

Theorem 4.9. Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, and let v ∈ C2(Ω) ∩ C(Ω) be a 
solution of

−
∑
i,j 

aij (∇v)∂ij v = b(x, v,∇v) in Ω.

Assume aij is uniformly elliptic, that is

∑
i,j 

aij (ξ)ηiηj ≥ C|η|2 for each ξ ∈ (∇v)(Ω) and η ∈RN (4.8)

and

t ∈ v(Ω) �→ b(x, t, ξ) nonincreasing for ξ ∈ (∇v)(Ω),

(x, t) ∈ Ω × v(Ω) �→ b(x, t, ξ) jointly harmonic concave for ξ ∈ (∇v)(Ω).

Assume moreover one of the following:

• t ∈ v(Ω) �→ b(x, t, ξ) strictly decreasing for ξ ∈ (∇v)(Ω),
• (x, t) ∈ Ω × v(Ω) �→ b(x, t, ξ) strictly jointly harmonic concave for ξ ∈ (∇v)(Ω),
• aij and b smooth enough, namely aij ∈ C1(RN), ∇xb,∇ξ b ∈ L∞

loc(Ω ×R×RN).

Let (x̄, ȳ, λ̄) ∈ Ω × Ω × [0,1] be a maximum of Cv |Ω×Ω×[0,1]. Then

∇v(x̄) = ∇v(ȳ) = ∇v
(
λ̄x̄ + (1 − λ̄)ȳ

)
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and Cv(x̄, ȳ, λ̄) ≤ 0.

Proof. The same result for b strictly decreasing is given in [91, Theorem 3.1] (see also [83, 
Theorem 3.13]), from whose proof it is clear that b strictly harmonic concave works as well. To 
deal with the nonstrict case, the problem under aij ∈ C

1,α
loc (RN), b(·, t, ·) ∈ C

1,α
loc (Ω × RN) for 

some α ∈ (0,1) has been considered in [94, Lemma 1.5 and Theorem 1.3] and [35, Lemma 3.2], 
where the proof is based on a perturbation argument (see also [29, proof of Proposition 2.8]). A 
different and more direct proof, which allows to assume less regularity, has been given in [116, 
Proposition 2.1] (see also [65, Theorem 2.1]). �

We recall now some theorems about perturbed concavity. To state the results we will use the 
following notation: for u : Ω → R and b : Ω ×R→ R we write

J Cb(·,u(·))(x, y,λ) :=J Cb

(
(x,u(x)), (y,u(y)), λ

)
=λb(x,u(x)) + (1 − λ)b(y,u(y))

− b
(
λx + (1 − λ)y,λu(x) + (1 − λ)u(y)

)
,

HCb(·,u(·))(x, y,λ) :=HCb

(
(x,u(x)), (y,u(y)), λ

)
= b(x,u(x))b(y,u(y)) 

λb(y,u(y)) + (1 − λ)b(x,u(x))

− b(λx + (1 − λ)y,λu(x) + (1 − λ)u(y)
)
.

The following theorem is given in [29, Lemmas 2.3 and 2.9]; see also [4, Theorems 2.2 and 
2.3].7 See Section 6.1 for some comments on the case μ = 0.

Theorem 4.10 ([29]). Let Ω ⊂ RN be open, convex, and let v ∈ C2(Ω) ∩ C(Ω) be a solution of

−
∑
i,j 

aij (∇v)∂ij v = b(x, v,∇v)

with aij symmetric and uniformly elliptic. Assume that Cv assume a positive interior maximum 
(x̄, ȳ, λ̄) ∈ Ω × Ω × [0,1], in particular, set z̄ := λ̄x̄ + (1 − λ̄)ȳ, we have v(z̄) < λ̄v(x̄) + (1 −
λ̄)v(ȳ). Then

∇v(x̄) = ∇v(ȳ) = ∇v(z̄) =: ξ̄ .

Assume moreover that b strictly decreases over the interested segment, that is

∂tb(z̄, t, ξ̄ ) ≤ −μ < 0 for t ∈ [v(z̄), λ̄v(x̄) + (1 − λ̄)v(ȳ)].

7 We highlight that in [4,29] a different notation for J C and HC has been used: the concavity function has opposite 
sign (and also a reflection in λ in [4]), while the equation has the form aij (∇v) = b(x, v,∇v). To obtain what we state 
now, it is sufficient to consider v � −v, aij (ξ)� aij (−ξ), b(x, t, ξ)� b(x,−t,−ξ); in particular, the monotonicity in 
t of the source changes.
27 



M. Gallo and M. Squassina Journal of Differential Equations 440 (2025) 113452 
Then

Cv(x̄, ȳ, λ̄) ≤ 1 
μ
HCb(·,v(·),ξ̄ )(x̄, ȳ, λ̄) ≤ 1 

μ
J Cb(·,v(·),ξ̄ )(x̄, ȳ, λ̄).

Remark 4.11 (Comparison with mid-concavity). It is known that if v is continuous on an open 
set, then

Cv(x, y,λ) ≤ 0 for each λ ∈ [0,1] ⇐⇒ Cv(x, y, 1
2 ) ≤ 0;

that is, v is concave if and only if it is mid-concave

Cm
v (x, y) := v(x) + v(y)

2 
− v

(
x + y

2 

)
≤ 0.

It is thus possible to develop the above theory with λ fixed to 1
2 , as done e.g. in [65,80,83], but 

we use here the full Cv , since the statements on the perturbed concavity are stronger. We anyway 
highlight some differences now.

The arguments of Remark 4.3 still apply, thus Corollary 4.4 holds true. In [65, Theorem 2.1] 
Theorem 4.9 is shown for Cm, but the argument can be extended to C [116, proof of Proposition 
2.1]. See also [80, Theorems 3.4 and 3.5] for a result on viscosity solutions.

Moreover, in [65, Lemma 3.2] (see also [83, Lemma 3.12]), when v negatively explodes on 
the boundary (that is the case of v = log(u)), the authors provide a tool which ensures that Cm

v

cannot get positive while approaching the boundary, in the sense: for any xn, yn ∈ Ω

d
(
(xn, yn), ∂(Ω × Ω)

) → 0 =⇒ lim sup
n→+∞ 

Cm
v (xn, yn) ≤ 0; (4.9)

here they use that Ω is strictly convex and λ = 1
2 in a crucial way; see anyway [117, Lemma 

1.30] for a generalization.
This information is not necessary when working with exact concavity, since the argument is 

set on a fixed Ωδ , where v = ϕ(u) is bounded. On the other hand, this a priori information on 
the whole Ω is indeed used for perturbed concavity: thus, to get a perturbed concavity result 
on log(u) we need to work with Cm; see Theorem 6.5. By [118, Corollary 1], from a bound on 
Cm

log(u) we can obtain a bound also on Clog(u) up to doubling the error; this still allows to apply 
Hyers-Ulam Theorem [75]. See Remark 5.5 for details.

5. The approximation argument

We set up now our approximation argument, inspired by [22,116,120]. The aim of this Sec
tion (Steps 1--8) is to build a regularized problem to whose solutions the concavity results in 
Section 4 apply (up to a proper choice of the nonlinearity and of the transformation), and whose 
solutions convergence to the one of the original problem. In this process, we need to deal also 
with the dependence on x. Since the approximation problem can be adapted to a great variety of 
nonlinearities (which go beyond the examples we treat in this paper), we keep the argument for 
a general f = f (x, t) (set F(x, t) := ∫ t

f (x, τ )dτ )
0
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⎧⎪⎨
⎪⎩

−Δpu = f (x,u) in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(5.1)

with some additional assumptions listed below; see anyway Sections 5.1, 5.1.2 and 5.1.3 for the 
assumptions that will be considered in our main results Corollaries 5.6-5.7. Here we assume:

(f1) sub p-growth: |f (x, t)| ≤ C(tp−1 + 1);
(f2) Hopf boundary lemma holds: for the sake of simplicity we will assume f (x, t) > 0 for 

t > 08;
(f3) regularity of solutions, ensured by: f ∈ C

1,α
loc (Ω×(0,+∞)), and f (·, t) ∈ C0,α(Ω) for t >

0.

We consider also an invertible transformation ϕ = ϕ(t) ∈ C
2,α
loc ((0,+∞)), such that

lim 
t→0+ ϕ′(t) = +∞, ϕ′′ < 0 < ϕ′ near 0, lim 

t→0+
ϕ(t) 
ϕ′(t)

= lim 
t→0+

ϕ′(t) 
ϕ′′(t)

= 0, (ϕ1)

and the following technical assumptions hold

(ϕ′)−2 ∈ C
1,α
loc ((0,+∞)), 

∣∣ϕ′′(t)(ϕ′(t))−p−1
∣∣ ≤ C

(
1 + |t |p−1

)
for t > 0. (ϕ2)

Notice that ψ := ϕ−1 :R→ (0,+∞), but we are not requiring ϕ to be positive, nor well defined 
in 0. In this Section we also require:

• Ω strongly convex and with ∂Ω ∈ C2,α ,

and

(fs) coercivity and uniqueness, ensured by: |f (x, t)| ≤ C(1+ tq−1) for some q ∈ (0,p −1), and 
t �→ f (x,t)

tp−1 strictly decreasing.

We refer to Remark 5.1 for the eigenfunction case q = p − 1, while to Section 5.1 for the case 
of general convex Ω.

The approximation argument is developed in several steps.

Step 1. First we observe that, under our assumptions -- in particular (fs) -- actually a positive 
solution of the problem exists by a global minimization process: see e.g. [99, Theorem 2.1, 

Section 5.2]. If p > N then clearly u ∈ C
0,1− N

p (Ω) ⊂ L∞(Ω). Assume thus p ≤ N (see also 
Remark 5.1). Set

8 More general cases could be treated, for example, f (x, t) ≥ −ζ(t) with ζ(0) = 0, ζ continuous, nondecreasing 
and one of the following holds: ζ(t) = 0 for some t ∈ [0, t0) or 

∫ 1
0

1 
(ζ(t)t)1/p = +∞; in particular, one can assume 

f (x, t) ≥ −Ctp−1.
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G(x, t, ξ) := 1 
p

|ξ |p − F(x, t),

u is a minimizer of v �→ ∫
Ω

G(x, v,∇v). Thanks to [99, Theorem 3.2, Section 5.3], we have that 
the global minimizer u is in L∞(Ω).

Step 2. More generally, by [31, Theorem 2.1] (see also [70, Propositions 1.2 and 1.3]), all the 
solutions belong to L∞(Ω), and thus, being ∂Ω ∈ C1,α , thanks to [104, Theorem 1] (see also [70, 
Corollary 1.1]), all the solutions are in C1,β(Ω) for some β = β(p,N) ∈ (0,1); thus uniqueness 
holds by Lemma A.1. In particular, all the solutions are minima.

Step 3. We already observed that u ∈ C1,β(Ω). More precisely, we have

‖u‖C1,β (Ω) ≤ C
(
p,N,‖u‖∞,‖f (·, u)‖∞,Ω

)
.

By Hopf Lemma [127, Theorem 5] (see also [120, Lemma A.3], [70, Proposition 2.2]) we have

∂νu > 0 on ∂Ω;

thus there exists η > 0 such that

inf
Ωη

u > 0, inf 
Ω\Ωη

|∇u| > 0.

We observe that, being Ω convex, we have u ∈ W
2,2
loc (Ω\Ωη) by [82] (see also [99, Section 4.3, 

Theorem 5.2]). Thus, being ∂Ω ∈ C2,α and f (·, t) ∈ C0,α(Ω) we obtain thanks to [99, Section 
4.6, Theorem 6.3]

u ∈ C2(Ω \ Ωη).

We consider moreover δ ∈ (0, η) sufficiently small to be fixed (see Step 7) such that

Ωη ⊂ Ωδ ⊂ Ω;

with smooth boundaries. Similarly, for k = 1...5, we may assume Ωδ/k convex and smooth (see 
Proposition 2.1); notice that we actually can substitute these sets with nicer suitable approxima
tions, if needed.

Step 4. Consider the functional

J (v) := 1 
p

∫
Ω 

|∇v|p −
∫
Ω 

F(x, v)

to which u is a critical point. We consider a regularization Iε ≈ J defined as follows: let us 
introduce a function K = K(t) -- to be fixed, see Step 8 -- such that

• K ≥ 0, and K > 0 in (0,+∞),

• K ∈ C1((0,+∞)), and K
2 
p ∈ C

1,α
((0,+∞)),
loc
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• |K ′(t)| ≲ 1 + tp−1 for t > 0.

Then define, for each ε > 0

Iε(v) := 1 
p

∫
Ω 

(
εK(v)

2 
p + |∇v|2

) p
2 −

∫
Ω 

F(x, v);

clearly I0 ≡ J . Similarly to J , for each ε > 0 we gain the existence of uε ∈ W 1,p(Ω), global 
minimizer of Iε .

Step 4.1. By exploiting the equicoercivity and the fact that uε are minima, we obtain for 
ε ∈ (0,1)

C‖uε‖p

W
1,p
0 (Ω)

≤ Iε(uε) ≤ Iε(0) ≤ I1(0)

thus equibounded, which means that uε ⇀ ū in W 1,p
0 (Ω). As a consequence, exploiting that J is 

lower semicontinuous, J ≤ Iε , uε are minima, Iε → J (by dominated convergence theorem) and 
u is a minimum, we obtain

J (ū) ≤ lim inf
ε→0 

J (uε) ≤ lim inf
ε→0 

Iε(uε) ≤ lim inf
ε→0 

Iε(u) = J (u) ≤ J (ū).

Being J (u) = J (ū) and the minimum unique, we have ū = u and thus uε ⇀ u in W 1,p
0 (Ω). More

over we have, by the above computation, J (uε) → J (u) which, together with 
∫
Ω

F(x,uε) →∫
Ω

F(x,u) (given by the p-subhomogeneous growth), imply ‖∇uε‖p → ‖∇u‖p . Thus we have

uε → u in W 1,p

0 (Ω).

If p > N we have W 1,p(Ω) ↪→ C
0,1− N

p (Ω), thus ‖uε‖
C

0,1− N
p (Ω)

is equibounded. In the fol

lowing two steps, hence, we can restrict to p ≤ N .

Step 4.2. Set

Gε(x, t, ξ) := 1 
p

(
εK(t)

2 
p + |ξ |2

) p
2 − F(x, t),

uε is a minimizer of v �→ ∫
Ω

Gε(x, v,∇v). Due to the assumptions on K , by [99, Theorem 3.2, 
Section 5.3] we have that the minimizers uε are in L∞(Ω) for ε ∈ (0,1). More precisely

‖uε‖∞ ≤ C
(‖uε‖q,p,meas(Ω)

)
,

for q = p∗ (if p < N ) or some q < ∞ (if p = N ) and thus, by Step 4.1, they are equibounded. 
As a consequence

F(x,uε) ≤ C1, K(uε) ≤ C2 in Ω

for suitable C1,C2 > 0.
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Step 4.3. By Step 4.2 we have

1 
p

|ξ |p − C ≤ Gε(x, t, ξ) ≤ C|ξ |p + C

for |t | ≤ supε ‖uε‖∞, which by [57, Theorem 3.1] directly implies that the minimizers uε are 
Hölder continuous. To obtain a more explicit equibound, we see uε as solutions of the equation

−divξ

(
(∇ξGε)(x,uε,∇uε)

) + (∂tGε)(x,uε,∇uε) = 0 in Ω

that is

−div
(
Aε(uε,∇uε)

) = fε(x,uε,∇uε) in Ω

where

Aε(t, ξ) := (εK(t)
2 
p + |ξ |2) p−2

2 ξ,

fε(x, t, ξ) := f (x, t) − ε

p
(ε + |ξ |2K(t)

− 2 
p )

p−2
2 K ′(t).

We can thus apply [99, Theorem 4.1, Section 5.4] (see also [126, Corollary 4.2], [31, 
Theorem 2.3]) and obtain the existence of a β0 = β0(p,K, supε ‖uε‖∞) ∈ (0,1) and C =
C(p,K, supε ‖uε‖∞, δ), such that

‖uε‖C0,β0 (Ωδ/5)
≤ C;

we can assume β0 < β .9

Step 4.4. By exploiting the convergence in Step 4.1 and the uniform estimate in Step 4.3 (or 
at the end of Step 4.1), we obtain

uε → u in C0,β(Ωδ/5).

By this convergence and Step 3, there exists C = C(δ) such that

1 
C

≤ uε ≤ C in Ωδ/4

for ε small. As a consequence

1 
C1

≤ F(x,uε) ≤ C1, 1 
C2

≤ K(uε) ≤ C2 in Ωδ/4

for suitable C1,C2 > 0.

Step 5. Set aε
ij (t, ξ) := ∂ξj

Aε
i (t, ξ), and assumed ∂tK(uε) ≤ C2, by Step 4.3 and Step 4.4 we 

can apply [50,125] (see also [104], [99, Section 4.6]) to get the existence of β2 ∈ (0,1) such that 
uε ∈ C1,β2(Ω) and

9 Notice that actually ‖uε‖ 0,β ≤ C′ = C′(p,K, supε ‖uε‖∞,Ω) depending on the geometry of Ω.

C 0 (Ω)
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‖uε‖C1,β2 (Ωδ/3)
≤ C;

here β2 = β2(‖u‖∞,‖f (·, u)‖∞,C2,p) and C = C(δ,‖u‖∞,‖f (·, u)‖∞,C2,p). We can as
sume β2 ≤ β and β2 < α. By Ascoli-Arzelà theorem,

uε → u in C1,β2(Ωδ/3).

By this convergence and Step 3,

inf 
Ω\Ωη

|∇uε| > 0, sup 
Ωδ/3

|∇uε| ≤ C′

for ε > 0 small.

Step 6. By [99, Section 4.6, Theorem 6.4] we conclude that there exists β3 ∈ (0,1), β3 =
β3(C1,C2, α, δ), such that

uε ∈ C2,β3(Ωδ/3);
we can assume β3 ≤ β2. Moreover

‖uε‖C2,β3 (Ωδ/2\Ωδ)
≤ C

for some C = C(C1,C2, α, δ). From which, by Ascoli-Arzelà theorem, we obtain

uε → u in C1(Ωδ/2) ∩ C2(Ωδ/2 \ Ωδ).

Step 7. Consider the transformation ϕ as in (ϕ1).

Step 7.1. Set v := ϕ(u), from the estimate in Step 4 we get

1 
C′ ≤ v ≤ C′ in Ωδ/4,

where C′ = C′(δ). Moreover, since u ∈ C(Ω), together with u > 0 in Ω, u = 0 on ∂Ω and 
∂νu > 0 on ∂Ω, by Corollary 4.4 we obtain that Cv cannot attain a maximum (over Ω×Ω×[0,1]) 
on ∂(Ω × Ω) × [0,1].10

Moreover, since u ∈ C1(Ω) ∩ C2(Ω \ Ωη) by Step 3, and applying Proposition 4.6, we obtain 
that, for δ sufficiently small,

{
D2v < 0 in Ω \ Ωδ,

v(x) − v(x0) < ∇v(x0) · (x − x0) for each x0 ∈ Ω \ Ωδ , x ∈ Ω \ {x0}. (5.2)

Step 7.2. Set vε := ϕ(uε). From the estimates in Step 4 and Step 7.1 we get

1 
C′ ≤ vε ≤ C′ in Ωδ/4, |∇vε| ≤ C′′ in Ωδ/3

10 Notice that, up to now, v may be unbounded and Cv not well defined on the boundary.
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for some C′ = C′(δ) > 0 and C′′ = C′′(δ) > 0; this, combined with the convergence in Step 6, 
gives

vε → v in C1(Ωδ/2) ∩ C2(Ωδ/2 \ Ωδ).

Thanks to Proposition 4.7, Cvε cannot attain its positive maximum (over Ωδ/2 × Ωδ/2 × [0,1]) 
on ∂(Ωδ/2 × Ωδ/2) × [0,1], for ε small.

Step 8. Let us consider now the equation satisfied by vε. Consider ψ = ϕ−1, we have uε =
ψ(vε).

By assuming (ϕ2) and (ϕs), we make the following choice

K(ψ(t)) ≡ (ψ ′(t))p,

i.e. K(t) := 1 
(ϕ′(t))p . With this choice, set

Hε(ξ) :=
(
ε + |ξ |2

) p
2 

we have

−div
(
(∇Hε)(∇vε)

) = Bε(x, vε,∇vε)

where

Bε(x, t, ξ) := p
f (x,ψ(t)) 
(ψ ′(t))p−1 + pHε(ξ)

p−2
p

(
(p − 1)|ξ |2 − ε

) ψ ′′(t)
ψ ′(t) 

. (5.3)

Remark 5.1 (Eigenfunction case). Before proceeding to the main proofs, we comment here the 
case of the p-linear growth of f , when it has the particular form

f (x, t) = a(x)|t |p−2t.

We show here how to adapt the previous steps to this case. We further assume

if N ≥ 3 and p ∈ (2,N), then 
∣∣ϕ′′(t)(ϕ′(t))−3

∣∣ ≤ C

(
1 + |t |N+p

N−p

)
for t > 0, (ϕs)

which means, in terms of K ,

• if N ≥ 3 and p ∈ (2,N), then 
∣∣K(t)

− p−2
p K ′(t)

∣∣ ≲ 1 + t
N+p
N−p for t > 0.

Step 1 and 4, existence: both existence results for J and Iε can be made by considering (recall 
that a ∈ L∞(Ω))

inf

⎧⎨
⎩J (u) | u ∈ W

1,p

0 (Ω), 
∫

a(x)up = 1

⎫⎬
⎭ , inf

⎧⎨
⎩Iε(u) | u ∈ W

1,p

0 (Ω), 
∫

a(x)up = 1

⎫⎬
⎭ ;
Ω Ω 
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we notice that the functionals are coercive on the subspace where the weighted p-norm is pre
scribed. Thus we can find Lagrange multipliers λ and λε and solutions u and uε (see e.g. [15, 
Theorem 6.3.2]).

Step 2 and 4.1, uniqueness and convergence: we observe that, by compact embeddings, 
uε ⇀ ū in W 1,p

0 (Ω) implies uε → ū in Lp(Ω), thus (being a bounded) 
∫
Ω

a(x)u
p
ε → ∫

Ω
a(x)ūp ; 

in particular, 
∫
Ω

a(x)ūp = 1. To get u = ū we can thus repeat the same arguments, observing 
that we have uniqueness up to a scaling (thanks to Lemma A.1) and the noninvariant constraint ∫
Ω

a(x)up = 1.

Step 4.2, equiboundedness for the perturbed problem (when p ≤ N ): uε satisfies the equation

−div
(
Aε(uε,∇uε)

) = fε(x,uε,∇uε) in Ω,

where Aε(t, ξ) = (εK(t)
2 
p + |ξ |2) p−2

2 ξ but now

fε(x, t, ξ) := λεa(x)tp−1 − ε

p
(ε + |ξ |2K(t)

− 2 
p )

p−2
2 K ′(t).

First, we observe the equiboundedness of the Lagrange multipliers λε: indeed, for any positive 
ϕ ∈ W

1,p

0 (Ω), λε is given by

λε = 1 ∫
Ω

a(x)u
p−1
ε ϕ

⎛
⎝∫

Ω 

Aε(uε,∇uε) · ∇ϕ + ε

p

∫
Ω 

(
ε + |∇uε|2K(uε)

− 2 
p

) p−2
2 

K ′(uε)ϕ

⎞
⎠ .

Since uε → u in W 1,p

0 (Ω) and almost everywhere, by exploiting that uε and ∇uε are dominated 
by Lp functions, the Young inequality for products and the assumptions on K , we obtain that the 
right-hand side is bounded.

Next, by the assumptions on K , we can apply [99, Theorem 7.1, Section 4.7] (see also the 
proof therein and [99, Theorem 5.1, Section 2.5] for the case p = N ) and get uε ∈ L∞(Ω) with

‖uε‖∞ ≤ C

where C = C(N,p, |Ω|,‖uε‖q), q = p∗ if p < N and q < ∞ if p = N , and thus equibounded.

5.1. Proof of general results

We show now that the conclusions of Theorems 1.4 and 1.10 hold in more general cases; we 
will furnish the statements of general results for the sake of completeness, even if they appear a 
bit cumbersome. We refer to Corollaries 5.6 and 5.7 for statements with more explicit assump
tions, and to Section 6 for applications to specific nonlinearities, some of which mentioned in the 
introduction.

Let us consider the following abstract assumptions on Bε, introduced in (5.3):

t �→ Bε(x, t, ξ) nonincreasing, (B1)

∂tBε ≤ −μ for some μ > 0 (uniform in ε > 0), (B2)
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Bε > 0, (B3)

(x, t) �→ Bε(x, t, ξ) jointly harmonic concave. (B4)

The domain of reference is given by

(x, t, ξ) ∈ Ωδ/2× ∈ vε(Ωδ/2) × ∇vε(Ωδ/2) (5.4)

where t ∈ vε(Ωδ/2) ⊂ [ 1 
C′ ,C′] while |ξ | ∈ |∇vε|(Ωδ/2) ⊂ [0,C′′] (for ε small) thanks to Step 7.2. 

The main information given by C′ and C′′ is that ξ is bounded and t is bounded and far from 
zero, while x is far from the boundary.

For the sake of clearness, at some point (see Sections 5.1.2 and 5.1.3) we will require a par
ticular form of f , that is

f (x, t) ≡ h(x, t)g(t) + k(x, t) (F1)

where, set G(t) := ∫ t

0 g(τ)dτ , we require

G(t) > 0 for t > 0 (F2)

and11

h(x, t) > 0 for t > 0, x ∈ Ω; (F3)

notice that, differently from f , we do not require h to be finite in t = 0. Notice anyway that the 
arguments may be adapted to other kind of nonlinearities.12 In this setting we will require g and 
ψ to be related by

g(ψ(t)) 
(ψ ′(t))p−1 = ψ ′′(t)

ψ ′(t) 
(F4)

that is (up to additive constants and positive multiplicative constants) ϕ(t) = ∫ t

1 (G(s))
− 1 

p ds.
Thus Bε takes the form

Bε(x, t, ξ) = p
ψ ′′(t)
ψ ′(t) 

(
h(x,ψ(t)) + Hε(ξ)

p−2
p

(
(p − 1)|ξ |2 − ε

))
+ p

k(x,ψ(t)) 
(ψ ′(t))p−1 . (5.5)

In Section 5.1.3 we will give some sufficient conditions on ψ , k, and h to ensure (B1), (B2), (B3)
and (B4).

11 Notice that, in the regular case p = 2, that is ε = 0, we can allow h = 0.
12 Rather than (F1), other possible choices could be set up according to the specific problem. For instance, f (x, t) =
ζ(g(t)) for some suitable function ζ .
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5.1.1. Exact concavity
We can state now the main result about exact concavity. See also Corollary 5.6 below.

Theorem 5.2 (Exact concavity). Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, with ∂Ω ∈ C1,α , 
and let p ∈ (1,+∞). Let u be a solution of (5.1), and let f and ϕ satisfy (f1)--(f3), (ϕ1)-(ϕ2), and 
one among (fs) or f (x, t) = a(x)|t |p−2t and (ϕs). Assume moreover that (B1) and (B4) hold. 
Then ϕ(u) is concave.

Proof. Assume first Ω smooth and strongly convex. We start observing that, exploiting the 
boundedness of |∇uε| by Step 5, the equation verified by vε

−
∑
i,j 

ãε
ij (∇vε)∂ij vε = Bε(x, vε,∇vε),

where ãε
ij (ξ) := p(ε + |ξ |2) p−4

2 
(
(p − 2)ξiξj + (ε + |ξ |2)δij

)
, is uniformly elliptic.

We check the assumptions of Theorem 4.9: by (B1), (B4) and the regularity assumed on f (see 
also (5.8) for the strict monotonicity), together with vε ∈ C2(Ωδ/2) given by Step 6, we see that 
Theorem 4.9 applies and thus Cvε cannot assume a maximum in Ωδ/2 ×Ωδ/2 ×[0,1]. Combined 
with Step 7.2, we see that Cvε ∈ C(Ωδ/2 ×Ωδ/2 ×[0,1]) cannot have a positive maximum, which 
means that Cvε ≤ 0 on Ωδ/2 × Ωδ/2 × [0,1]. By the (pointwise) convergence obtained in Step 
4, we obtain that Cv ≤ 0 on Ωδ/2 × Ωδ/2 × [0,1]. This is on the other hand true for any δ > 0
(small): this means that Cv ≤ 0 on Ω × Ω × [0,1], that is ϕ(u) is concave.

To pass from a smooth, strongly convex domain to a more general convex Ω (with ∂Ω ∈ C1,α), 
we make an approximation process -- based on the uniqueness and minimality of the solution 
– as in [22, Section 4.1] (see also [120, Section 5]); we give some details in the case of the 
eigenfunction. First, being Ω convex, from [126, Corollary 4.2] (see also [36, Corollary 3.7]) 
all the solutions belong to C(Ω) and thus, being ∂Ω ∈ C1,α , thanks to [104, Theorem 1] all the 
solutions are in C1,β(Ω); thus uniqueness -- up to scaling -- holds by Lemma A.1. Let now u ∈
W

1,p
0 (Ω)∩C(Ω) be the solution on Ω -- obtained by minimization with constraint 

∫
Ω

a(x)up = 1
– and let Ωk ⊂ Ω be a sequence of smooth strongly convex sets which approximate Ω in the 
Hausdorff distance (see Proposition 2.1), and define Jk(v) := 1 

p

∫
Ωk |∇v|pp −∫

Ωk a(x)vp . We con

sider uk ∈ W
1,p
0 (Ωk) critical points of Jk obtained by constrained minimization 

∫
Ωk a(x)u

p
k = 1, 

and extend uk to Ω by uk = 0 on Ω \ Ωk .
We clearly have Jk(uk) = J (uk) and thus

1 
p

‖uk‖p

W
1,p
0 (Ω)

= J (uk) + 1 = Jk(uk) + 1 ≤ Jk(u1) + 1 ≤ J1(u1) + 1 = J (u1) + 1

which implies uk ⇀ ū in W 1,p
0 (Ω) and strongly in Lp(Ω); in particular 

∫
Ω

a(x)ūp = 1.
Let now εk := 2 supΩ\Ωk u, and define vk := (

∫
Ωk a(x)(u − εk)+)−1(u − εk)+. Notice that 

εk → 0, since maxΩ\Ωk u = u(xk) with d(xk, ∂Ω) ≤ supx∈Ω d(x,Ωk) → 0. Since vk → u in 

W
1,p

0 (Ω) we obtain

J (ū) ≤ lim infJ (uk) = lim infJk(uk) ≤ lim infJk(vk) = J (u) ≤ J (ū)

k k k
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from which, by uniqueness of the minimizer, ū = u. As a consequence, since the concavity claim 
holds for each uk , then by pointwise convergence it holds also for u. �
5.1.2. Perturbed concavity

We pass now to the statement and proof of a general result about perturbed concavity; see also 
Corollary 5.7 below. We assume here

ϕ ∈ C(Ω); (ϕ3)

see Remark 5.5 for more general ϕ unbounded, and Section 6.1 for the logarithmic case. For the 
sake of simplicity, we also assume (F1), (F3), (F4) and

k(x, t) ≡ 0 and h(x, t) ≡ h(x) (F5)

and set, for each δ > 0,

mδ := min 
x∈Ωδ/2

h(x) > 0, Mδ := max 
x∈Ωδ/2

h(x) > 0, (5.6)

in light of (F3). We also assume

t �→ ψ ′′(t)
ψ ′(t) 

harmonic concave. (F6)

Theorem 5.3 (Perturbed concavity). Let Ω ⊂ RN , N ≥ 2, be bounded, strongly convex, with 
∂Ω ∈ C2,α , and let p ∈ (1,+∞). Let u be a solution of (5.1), and let f and ϕ satisfy (f1)--(f3), 
(ϕ1)-(ϕ2), (F1), (F3), (F4) and (fs), together with (ϕ3), (F5) and (F6). Assume moreover that (B2)
holds. Then v = ϕ(u) satisfies

Cv ≤ 1 
μ

p

mδ

(
2 + Mδ −mδ

mδ

)
(Mδ −mδ) in Ω × Ω × [0,1] (5.7)

for some δ > 0, where

mδ := min 
x∈Ωδ/2

ψ ′(v(x)) 
ψ ′′(v(x))

> 0.

Proof. By Step 7.1 we have that the maximum (x0, y0, λ0) of Cv cannot be attained on the 
boundary, thus it belongs to Ω × Ω × [0,1]; in particular, there exists δ > 0 sufficiently small 
such that (x0, y0, λ0) ∈ Ωδ/2 ×Ωδ/2 ×[0,1]. Clearly, (x0, y0, λ0) is also the maximum point over 
Ωδ/2 × Ωδ/2 × [0,1].

Let now (xε, yε, λε) ∈ Ωδ/2 × Ωδ/2 × [0,1] be the point of maximum of Cvε ; by Step 7.2, 
for ε > 0 small, it cannot be on the boundary, thus (xε, yε, λε) ∈ Ωδ/2 × Ωδ/2 × [0,1]. More
over, by the convergence in Step 7.2, we have (xε, yε, λε) → (x0, y0, λ0); notice that (xε, yε, λε), 
differently from (x0, y0, λ0), depends also on δ. Then, by Theorem 4.10

∇vε(xε) = ∇vε(zε) = ∇vε(yε) =: ξε,
38 



M. Gallo and M. Squassina Journal of Differential Equations 440 (2025) 113452 
where zε := λεxε + (1 − λε)yε . By (B2) in particular we have

∂tBε(zε, t, ξε) ≤ −μ < 0 for t ∈ [vε(zε), λεvε(xε) + (1 − λε)vε(yε)].

Moreover

Cvε (xε, yε, λε) ≤ 1 
μ
HCBε(·,vε(·),ξε)(xε, yε, λε).

Being (B2) uniform in ε we can pass to the limit and obtain

Cv(x0, y0, λ0) ≤ 1 
μ
HCB0(·,v(·),ξ0)(x0, y0, λ0).

We need to estimate HCB0(·,v(·),ξ0)(x0, y0, λ0). We observe

B0(x, t, ξ) = p
ψ ′′(t)
ψ ′(t) 

(
h(x,ψ(t)) + (p − 1)|ξ |p) + p

k(x,ψ(t)) 
(ψ ′(t))p−1 .

In light of (F5)13 we have

B0(x, t, ξ) = bξ (x)

ρ(t) 

where

ρ(t) := ψ ′(t) 
ψ ′′(t)

bξ (x) := p
(
h(x) + (p − 1)|ξ |p);

here ρ is convex and positive for t > 0, and b is locally bounded and positive. Namely (we omit 
the subscripts) we have

HCB0(·,v(·),ξ0)(x, y,λ)

≡
b(x) 

ρ(v(x))
b(y) 

ρ(v(y))

λ
b(y) 

ρ(v(y))
+ (1 − λ)

b(x) 
ρ(v(x))

− b(λx + (1 − λ)y) 
ρ(λv(x) + (1 − λ)v(y))

= 1 
ρ(λv(x) + (1 − λ)v(y))

(
b(x)b(y)

ρ(λv(x) + (1 − λ)v(y)) 
λb(y)ρ(v(x)) + (1 − λ)b(x)ρ(v(y))

− b(λx + (1 − λ)y)
)

≤ 1 
ρ(λv(x) + (1 − λ)v(y))

(
M2

δ,ξ

mδ,ξ

ρ(λv(x) + (1 − λ)v(y)) 
λρ(v(x)) + (1 − λ)ρ(v(y))

−mξ,δ

)

13 Otherwise we can, respectively, estimate the HCB0(·,v(·),ξ0)(x, y,λ) by exploiting Proposition 2.3, and make some 
error estimates for h(x, t), or we factorize h(x, t) as c(x)h1(x, t), where c has small oscillations and h1 has some joint 
concavity property.
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≤ 1 
ρ(λv(x) + (1 − λ)v(y))

(
M2

δ,ξ −m2
δ,ξ

mδ,ξ

)

where

mδ,ξ := min 
x∈Ωδ/2

bξ (x) Mδ,ξ := max 
x∈Ωδ/2

bξ (x).

By definition of mδ > 0 we have (see also Step 7)

HCB0(·,v(·),ξ0)(x0, y0, λ0) ≤ 1 
mδ

(
2 + Mδ,ξ −mδ,ξ

mδ,ξ

)
(Mδ,ξ −mδ,ξ );

therefore

Cv(x0, y0, λ0) ≤ 1 
μ

p

mδ

(
2 + Mδ −mδ

mδ

)
(Mδ −mδ)

(notice indeed that Mδ,ξ −mδ,ξ = Mδ −mδ and that mδ,ξ ≥ mδ). This means that (5.7) holds. �
Remark 5.4. Consider (5.7). If we additionally assume h ∈ L∞(Ω) and infΩ h > 0, then the 
maximum and minimum of h on Ωδ can be estimated with the ones in Ω, that we call respectively 
M and m, leading to

Cv ≤ 1 
μ

p

mδ

(
2 + M−m

m 

)
(M−m) in Ω × Ω × [0,1];

notice that M−m= osc(h). Moreover, if h ∈ W 1,∞(Ω) then

Cv ≤ 1 
μ

p

mδ

(
2 + diam(Ω)‖∇h‖∞

m 

)
diam(Ω)‖∇h‖∞ in Ω × Ω × [0,1].

Remark 5.5 (Unbounded transformations). Consider the case ϕ negatively unbounded in the 
origin (e.g. the logarithm), i.e.

lim 
t→0

ϕ(t) = −∞.

Assume Ω strictly convex and with smooth boundary. By [65, Lemma 3.2] we have that the 
mid-concavity function Cm

v is nonpositive near the boundary (in the sense of (4.9)), thus it is 
bounded from above. If Cm

v ≤ 0 we are done, otherwise it admits a (positive) maximum point 
(x0, y0) ∈ Ω × Ω. Then we argue as in the general case (essentially with λ0 = 1

2 , by adapting 
Theorem 4.10 to Cm

v ) and obtain

Cm
v ≤ 1 

μ

p

mδ

(
2 + Mδ −mδ

mδ

)
(Mδ −mδ) in Ω × Ω.

By [118, Corollary 1] we can estimate the concavity function in terms of the mid-concavity 
function up to a factor 2, that is
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Cv ≤ 2 
μ

p

mδ

(
2 + Mδ −mδ

mδ

)
(Mδ −mδ) in Ω × Ω × [0,1].

To this relation we can apply Hyers-Ulam Theorem [75] (as in Remark 1.12).
We observe that this argument cannot be applied to the case of eigenfunctions (and logarithmic 

transformation): indeed, in this case μ = 0 and the above estimate cannot be set. See Section 6.1
for a different approach. On the other hand, different problems could be treated in this way, such 
as showing that the solutions of suitable perturbations of the eigenfunction equation, e.g.

f (x,u) = a(x)up−1 + σuq,

with q ∈ [0,p − 1) and σ small, are almost log-concave; see e.g. [4, Proposition 3.4]. We leave 
the details to the interested reader. Notice that it is natural to consider, in the choice of the 
transformation, the biggest power, which in this case is p − 1 (see also Corollary 6.3 and [109]).

5.1.3. Discussions on the assumptions and corollaries
To discuss the properties of Bε in (5.3), we notice that (p − 1)|ξ |2 − ε has a variable sign 

when ε �= 0. We thus simplify the argument by requiring (F1) together with (F2), (F3) and (F4), 
which imply that Bε takes the form (5.5).

Recalled the domain of reference given in (5.4), for these values of (x, t, ξ) we clearly have

h(x,ψ(t)) + Hε(ξ)
p−2
p

(
(p − 1)|ξ |2 − ε

)
> 0 for ε small.

Considered

0 < Θ < inf 
Ωδ/2×∈[ 1 

C′ ,C′]
h(x,ψ(t)) (A1)

Θ to be fixed (independent on ε), we have also

Θ + Hε(ξ)
p−2
p

(
(p − 1)|ξ |2 − ε

)
> 0 for ε small.

We restrict to such ε, and rewrite Bε as

Bε(x, t, ξ) = p
ψ ′′(t)
ψ ′(t) 

(
Θ + Hε(ξ)

p−2
p

(
(p − 1)|ξ |2 − ε

))
+ p

(
h(x,ψ(t)) − Θ

)ψ ′′(t)
ψ ′(t) 

+ p
k(x,ψ(t)) 
(ψ ′(t))p−1 .

• Monotonicity. If we assume

t �→ ψ ′′(t)
ψ ′(t) 

, t �→ ψ ′′(t)
ψ ′(t) 

(
h(x,ψ(t)) − Θ

)
and t �→ k(x,ψ(t)) 

(ψ ′(t))p−1 nonincreasing, (A2)

then (B1) holds; if one of the three above is strictly decreasing, then
41 



M. Gallo and M. Squassina Journal of Differential Equations 440 (2025) 113452 
t �→ Bε(x, t, ξ) strictly decreasing. (5.8)

If moreover

∂t

(
ψ ′′

ψ ′

)
(t) ≤ −μ̃ < 0, (A3)

for some μ̃ > 0, then there exists μ = μ(δ) > 0 such that (B2) holds.

• Positivity. If we assume

ψ ′′(t)
ψ ′(t) 

≥ 0, 
k(x,ψ(t)) 
(ψ ′(t))p−1 ≥ 0, 

ψ ′′(t)
ψ ′(t) 

+ k(x,ψ(t)) 
(ψ ′(t))p−1 > 0 (A4)

then (B3) holds.

• Concavity. The harmonic concavity request in (B4) is, in general, difficult to check, due 
to the sum of different terms (but in some particular cases it can be checked only through the 
harmonic concavity of t �→ ψ ′′(t)

ψ ′(t) , see Case 2 of the proof of Theorem 1.4, Remark 5.8 below 
and Remark 6.9 for some comments). To discuss the harmonic concavity of the sum, we rely on 
Proposition 2.2. Indeed, if we assume

t �→ t2 ψ ′′(t)
ψ ′(t) 

, (x, t) �→ t2 ψ ′′(t)
ψ ′(t) 

(
h(x,ψ(t)) − Θ

)
and

(x, t) �→ t2 k(x,ψ(t)) 
(ψ ′(t))p−1 jointly concave,

(A5)

then

(x, t) �→ t2Bε(x, t, ξ) jointly concave. (5.9)

If we assume Bε positive (see (A4)), by Proposition 2.2 we see that (5.9) is stronger than (B4).

As a consequence of the above discussion, we obtain the following corollaries of Theo
rems 5.2 and 5.3.

Corollary 5.6 (Exact concavity). Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, with ∂Ω ∈
C1,α , and let p ∈ (1,+∞). Let u be a solution of (5.1), and let f and ϕ satisfy (f1)--(f3), 
(ϕ1)-(ϕ2), (F1), (F2), (F3) (F4), one among (fs) or f (x, t) = a(x)|t |p−2t and (ϕs). Assume 
moreover that (A1) and (A2) hold, together with (B4) (implied e.g. by (A4)-(A5)). Then ϕ(u)

is concave.

Corollary 5.7 (Perturbed concavity). Let Ω ⊂ RN , N ≥ 2, be bounded, strongly convex, with 
∂Ω ∈ C2,α , and let p ∈ (1,+∞). Let u be a solution of (5.1), and let f and ϕ satisfy (f1)--(f3), 
(ϕ1), (ϕ2), (F1), (F3), (F4), (fs), together with (ϕ3), (F5) and (F6). Assume moreover that (A1), 
(A2) and (A3) hold. Then v = ϕ(u) satisfies

Cv ≤ 1 p
(

2 + Mδ −mδ

)
(Mδ −mδ) in Ω × Ω × [0,1]
μ mδ mδ
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for some δ > 0, where mδ = minx∈Ωδ/2

ψ ′(v(x)) 
ψ ′′(v(x))

> 0 and mδ,Mδ as in (5.6).

We observe that conditions (A2), (A3), (A4) and (A5) depend on f in an implicit way (with re
spect to g); stating general explicit assumptions on f which imply these conditions might be a bit 
cumbersome; in turn, we prefer to present various examples, including the one in Theorem 1.4, 
the ones in Remark 5.8 below, and the one in Corollary 6.3.

Remark 5.8. We observe that, if h ≡ 1 and k ≡ 0, that is

f (x, t) ≡ g(t),

(we avoid the presence of an x-dependent weight to keep the presentation simple) then (A2), 
(A4) and (B4) collapse to

t �→ ψ ′′(t)
ψ ′(t) 

nonincreasing and harmonic concave,

thus monotonicity (B1) and harmonic concavity (B4) of Bε are ensured by this request. A suf
ficient condition to fulfill this requirement can be expressed in terms of g (recall indeed the 
relation (F4)), and it is given in [22] (see also [34, Theorem 4.4], [84, Corollary 2]) which reads 
as follows:

(i) G1/p concave,
(ii) g

G
harmonic concave.

See [22, Section 4.5] for details. This ensures that ϕ(t) = ∫ t

1 (G(s))
− 1 

p ds is concave. Class of 
functions covered by this choice (but not by the assumptions in [91]) are, for example, g(t) =
log(1 + t) (allowing non-power nonlinearities), g(t) = 1 − t (allowing linear perturbation of the 
Laplacian); see also Section 6.2 for another interesting application to singular equations. We will 
see that the possibility of k(x, t) in (F1) of not being zero allows more general cases than [22], 
even in the autonomous semilinear framework (see Corollary 6.3).

6. Applications

As we saw in Corollaries 5.6 and 5.7, the machinery of the previous Sections allows to treat 
the case of a general g (in the spirit of [22,116], see Remark 5.8 and Corollary 6.3 below); we 
focus here our attention on the power case, that is

f (x, t) = a(x)tq

with q ∈ (0,p − 1], and a(x) > 0, which clearly satisfies (f1)--(f3) and one among (fs) and 
f (x, t) = a(x)tp−1.

We are now ready to prove the main theorems.

Proof of Theorem 1.4. We write (k ≡ 0)

f (x, t) = (
a(x)t−q1

)
tq2 ≡ h(x, t)g(t) (6.1)
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with q = q2 − q1, q1 ∈ [0,p − 1 − q] and q2 ∈ [q,p − 1]. Thus we have (F1)--(F4).
Case 1: q2 �= p − 1. By (F4) ϕ can be chosen as

ϕ(t) = ζ tγ (6.2)

with γ := p−1−q2
p

∈ (0,
p−1
p

) ⊂ (0,1) and ζ := ζ(p, q2) =
(

q2+1
p

)1/p
p

p−1−q2
; for exact con

cavity the constant ζ > 0 plays no role, while for the perturbed concavity it is involved in the 
coefficients of the estimate. By (6.2) we have ψ(t) = 1 

ζ 1/γ t1/γ and

ψ ′′(t)
ψ ′(t) 

= 1 − γ

γ

1

t

which is positive, decreasing, harmonic concave (thus (F6) holds), and such that t2 ψ ′′(t)
ψ ′(t) = 1−γ

γ
t

is concave. Moreover

ψ ′′(t)
ψ ′(t) 

(
h(x,ψ(t)) − Θ

) = 1 − γ

γ

1

t

(
1 

ζ−q1/γ
a(x)t−q1/γ − Θ

)

where we recall (see (A1)) that Θ is chosen in such a way 1 
ζ−q1/γ a(x)t−q1/γ − Θ is far from 

zero. In particular the above quantity is always positive. With no loss of generality we discuss 
monotonicity and concavity of

κ(x, t) := 1

t

(
a(x)t−q1/γ − Θ̃

)

where Θ̃ := ζ−q1/γ Θ.

Monotonicity: to meet the condition (A2) for (B1) we compute

∂tκ(x, t) = 1 
t2

(
−

(q1

γ
+ 1

)
a(x)t−q1/γ−1 + Θ̃

)
;

by assuming q1 < γ and Θ̃ sufficiently small (depending also on q1, q2, γ ), we have the claim 
(both (B1) and (B2)). Namely, choosing Θ̃ < 1

2

( q1
γ

+ 1
)
(infΩδ/2 a)‖v‖−q1/γ−1∞ (and consequently 

ε small), we have

∂tκ(x, t) ≤ −1

2

(q1

γ
+ 1

)(
inf 
Ωδ/2

a
)
‖v‖−q1/γ−1∞

and thus

∂tBε(x, t, ξ) ≤ −p

2 
1 − γ

γ

1 
ζ

(q1

γ
+ 1

)(
inf 
Ωδ/2

a
)
‖u‖−q1−γ∞ =: −μ.

Hence we actually obtain (A3), which implies the stronger (B2).
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Concavity: to meet the condition (A5) for (B4) we discuss the joint concavity of

(x, t) �→ t2κ(t) = a(x)t1−q1/γ − Θ̃t;

clearly it is sufficient to discuss the joint concavity of

(x, t) �→ a(x)t1−q1/γ .

We restrict to q1 ∈ [0, γ ] and exploit that x �→ a(x) is θ -concave, for some θ ∈ [1,+∞].
Consider first q1 ∈ (0, γ ): we observe that t �→ t1−q1/γ is ω = γ

γ−q1
∈ (0,+∞) concave. 

By Proposition 2.2 we have (x, t) �→ a(x)t1−q1/γ is jointly ( 1 
θ

+ 1 
ω
)−1-concave. By imposing 

( 1 
θ

+ 1 
ω
)−1 = 1 we get γ = θ(p−1−q)

1+θp and q1 = p−1−q
1+θp , q2 = p−1+θpq

1+θp ; in particular, by the 
restriction q1 < γ , we have θ > 1. If now q1 = γ , then ω = ∞ and the product function is 
concave if θ = 1; in this case γ = q1 = p−1−q

1+p , q2 = p−1+pq
1+p . If instead q1 = 0, then ω = 1 and 

the product function is concave if θ = ∞ (i.e. a is constant); in this case γ = p−1−q
p

, q2 = q . In 
all the above relations we have that γ > 0 forces p < q − 1. Under these assumptions we have 
(B4).

Case 2: q2 = p − 1, (possibly p < q − 1), i.e. q1 = p − 1 − q . Then ϕ(t) = log(t) (up to 
constants), and ψ(t) = et , thus ψ ′′(t)

ψ ′(t) = 1 which is positive and nonincreasing, but t2 ψ ′′(t)
ψ ′(t) = t2

is not concave. Moreover

ψ ′′(t)
ψ ′(t) 

(
h(x,ψ(t)) − Θ

) = a(x)e−q1t − Θ.

The function is nonincreasing (thus we have (B1)), but never harmonic concave if q1 �= 0. Thus 
we assume q1 = 0 (that is, q2 = q = p − 1) and hence ψ

′′(t)
ψ ′(t) 

(
h(x,ψ(t)) − Θ

) = a(x) − Θ which 
is (jointly, harmonic) concave if a(x) is so. Again, under these assumptions we have (B4).

We conclude by applying Corollary 5.6. �
We see that the statements in Example 1.7 follow by Theorem 1.4 and straightforward com

putations. Focusing on one of these results, we propose now another application of Corollary 3.5, 
where a2 is nonconstant; similar statements hold for the other examples.

Corollary 6.1 (Hardy-Hénon type equation). Let Ω open, bounded and convex be a subset of the 
hyperoctant {x ∈ RN | xi > 0 for each i}, N ≥ 2, and let p ∈ (1,+∞). Consider ω ∈ [0,1] and 
the positive solutions u and v of

{
−Δpu = |x|ω2 in Ω,

u = 0 on ∂Ω,

{
−Δpv = |x|ω1 in Ω,

v = 0 on ∂Ω.

Then v
p−1 
ω+p is concave (strictly, if p = 2) and

‖u p−1 
ω+p − v

p−1 
ω+p ‖∞ ≤ C

(
(Nω − 1)‖max{|x|ω, |x|ω}‖L∞(Ω)

)κq
1 

ω+p

2 1
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if p ≥ 2, C = C(p,Ω,‖|x|ω1 ‖∞,‖|x|ω2 ‖∞) > 0, q = p∗ if 2 ≤ p < N and q < ∞ if p ≥ N ≥ 2, 
while

‖u p−1 
ω+p − v

p−1 
ω+p ‖∞ ≤ C

(
(Nω − 1)‖max{|x|ω2 , |x|ω1 }‖L∞(Ω)

)κq
p−1 
ω+p

if p ≤ 2 and ∂Ω ∈ C1,α , C = C(p,Ω,α,‖|x|ω1 ‖∞,‖|x|ω2 ‖∞) > 0, q = 2∗ if N ≥ 3 and q < ∞
if N = 2. Here |x|1 is the 1-norm in RN and |x| = |x|2 is the Euclidean norm. In particular the 
difference goes to zero as ω → 0.

Proof. By the equivalence of the norms in RN we know that |x|1 ≤ N |x|2 ≤ N3/2|x|1, thus

‖|x|ω2 − |x|ω1 ‖L∞(Ω) ≤ (Nω − 1)‖max{|x|ω2 , |x|ω1 }‖L∞(Ω).

The claim follows from Example 1.7 and Corollary 3.5. �
Remark 6.2. We notice that, for each ω ∈ (0,1], highlighting the dependence on ω, we have that 

v

p−1 
ω+p
ω is concave, and moreover ‖v

p−1 
ω+p
ω ‖∞ ≤ C. Thus by [119, Theorem 10.9], up to a subse

quence, we have v
p−1 
ω+p
ω → v̄ as ω → 0 in L∞

loc(Ω), for some v̄ concave: by Corollary 6.1 we thus 

obtain that, up to a subsequence, u
p−1 
ω+p
ω converge to a concave function as ω → 0.

Proof of Theorem 1.10. The conclusion follows from the same arguments of proof of Theo
rem 1.4 and applying Corollary 5.7. In particular, by choosing q1 = 0 we obtain (v = uγ )

Cuγ (x0, y0, λ0) ≤ p
1 

μa,u

1 
mδ,u

(
2 + osc(a)

mδ

)
osc(a)

where

mδ,u := γ

1 − γ
min
Ωδ/2

u(x), mδ := min 
x∈Ωδ/2

a(x), μa,u,δ := p

2 
1 − γ

γ

1 
ζ
mδ‖u‖−γ∞ ,

with γ = p−1−q
p

, ζ =
(

q+1
p

)1/p
p

p−1−q
. That is

Cuγ (x0, y0, λ0) ≤ ζ

( ‖u‖∞
minΩδ/2

u(x)

)γ (
2 + osc(a)

mδ

)
osc(a)

mδ

. �

Proof of Corollary 1.11. First we observe that

‖an − a∞‖∞ = O(osc(an)).

Moreover we have, by the equiboundedness of ‖an‖∞ and regularity theory [31, Theorem 2.1], 
‖un‖∞ ≤ C and, by Corollary A.3, minΩδ/2

un ≥ C > 0. The claim thus follows by Theo
rem 1.10. �
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As a final result in this Section, we show an application in the case k �≡ 0 (see (F1)), which 
allows to include some cases covered by [91], but not by [22] (see Remark 5.8), of the type 
f (x, t) ≡ g(t) + k(t) (we avoid the presence of x-dependent weights for the sake of exposition). 
For simplicity we consider the sum of powers.

Corollary 6.3. Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, and let p ∈ (1,+∞). Let q, r ∈
(0,p − 1) and u be a positive solution of

{
−Δpu = uq + ur in Ω,

u = 0 on ∂Ω,

with r ≤ q and

(p + 1)q − pr ≤ p − 1. (6.3)

Then u
p−1−q

p is concave.

Proof. We clearly have (f1)--(f3) and (fs). Set g(t) = tq and k(t) = t r , we have (F1)--(F4) and 

(up to constants) ϕ(t) = t
p−q−1

p . We see that t �→ k(ψ(t)) 
(ψ ′(t))p−1 = t

pr−(p−1)q−(p−1)
p−q−1 is nonincreasing 

and t �→ t2 k(ψ(t)) 
(ψ ′(t))p−1 = t

pr−(p+1)q+(p−1)
p−q−1 is concave by the assumptions; thus we conclude. �

Remark 6.4. Notice that for p = 2, (6.3) gives 3q − 2r ≤ 1, which actually is the condition to 
impose in order to have

t �→ tγ f (t) strictly decreasing, t �→ t
3γ−1

γ f (t1/γ ) concave, (6.4)

γ = 1−q
2 , requested in [91, Theorem 3.3]. Additionally, we highlight that, in Corollary 6.3, it is 

the biggest exponent who leads the choice of the transformation function. Moreover, it remains 
open to determinate if the restrictions on q, r in Corollary 6.3 are sharp.

6.1. Weighted eigenfunctions

We consider

f (x, t) = a(x)|t |p−2t.

The approximation argument has been commented in Remark 5.1, while exact concavity has 
been considered in Case 2 of the proof of Theorem 1.4. We give now some insights on perturbed 
concavity.

When p = 2 and ϕ(t) = log(t) the equation solved by v = ϕ(u) is given by

−Δv = |∇v|2 + 1;
thus even in the semilinear case we see that the main issue is given by the fact that the nonlinearity 
of the transformed equation does not have a derivative in t far from zero. This problem has been 
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tackled in different ways: in [4, Proposition 3.4] the authors study a perturbed equation, with an 
additional term which allows to gain the desired assumption on the nonlinearity (see Remark 5.5). 
In [29, Proposition 2.8] they consider instead an approximation process, by staying far from the 
boundary; this approach would require cumbersome computations in order to be implemented 
in the nonregular quasilinear setting, since a double approximation process should be set up. 
Another possibility is to pass to the parabolic equation, see [55].

Here we propose a different approach, by estimating the concavity function of the transfor
mation

ϕσ (t) := log(u − σ)

in the set where it is well defined, i.e. {u > σ }; notice that, since we cannot ensure the quasi
concavity of u, this set is generally not a priori convex. Near the boundary we have instead an 
information on log(u). For the sake of simplicity we present the argument for p = 2, but it can 
be easily adapted to any p ∈ (1,+∞).

Theorem 6.5. Let Ω ⊂ RN , N ≥ 2, be open, bounded, strictly convex, with ∂Ω ∈ C2,α . Then 
there exists σ0 > 0 such that, for each σ ∈ (0, σ0], set

Λσ := {u > σ }

we have14

Cm
log(u)(x, y) ≤ max 

Λσ ×Λσ

Cm
log(u) for (x, y) ∈ (

Ω × Ω) \ (
Λσ × Λσ

)
and

Clog(u−σ)(x, y,λ)(x, y) ≤ 1 
σ

C osc(a)

for any (x, y) ∈ Λσ × Λσ with [x, y] ⊂ Λσ and λ ∈ [0,1], where

C = C(a,u, δ) := e‖u‖∞
(

2 + osc(a)

mδ

)
1 
mδ

.

Proof. By [65, Lemma 3.2] (see also (4.9) and [117]) Cm
log(u) does not attain a maximum near 

the boundary ∂(Ω × Ω). Thus there exists Ωδ0 such that

Cm
log(u)(x, y) ≤ max 

Ωδ0×Ωδ0

Cm
log(u) for (x, y) ∈ (

Ω × Ω) \ (
Ωδ0 × Ωδ0

)
.

14 Notice that, arguing as in Remark 5.5, we have also

Clog(u)(x, y,λ) ≤ 2 max 
Λσ ×Λσ

Clog(u) for (x, y,λ) ∈ (
Ω × Ω) \ (

Λσ × Λσ

) × [0,1].
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For σ sufficiently small we have Ωδ0 ⊂ Λσ . Consider the transformation ϕσ : (σ,+∞) → R, 
ϕσ (t) := log(t −σ), with inverse ψσ : R→ (σ,+∞) given by ψσ (t) = et +σ . Set vσ := ϕσ (u). 
The function vσ satisfies

−Δvσ = ψ ′′
σ (vσ )

ψ ′
σ (vσ )

|∇vσ |2 + f (x,ψσ (vσ ))

ψ ′
σ (vσ ) 

where ψ
′′
σ (t)

ψ ′
σ (t)

≡ 1, which is positive and nonincreasing, and

f (x,ψσ (t))

ψ ′
σ (t) 

= a(x)
et + σ

et
= a(x)

(
1 + σe−t

)

which is positive and decreasing in t . In particular ∂t

(
f (x,ψσ (t))

ψ ′
σ (t) 

)
= −σa(x)e−t and thus

∂t

(
f (x,ψσ (t))

ψ ′
σ (t) 

)
≤ −σe−‖u‖∞mδ =: −μσ < 0

which implies, by Theorem 4.10,

Clog(u−σ)(x, y,λ)(x, y,λ) ≤ 1 
μσ

(
2 + osc(a)

mδ

)
osc(a)

for each [x, y] ⊂ {u > σ }. �
6.2. Singular equations

We consider now singular equations, that is q < 0.15 To deal with this case, we introduce 
a regularized problem (with respect to the source), apply previous results and then pass to the 
limit. We start by recalling the following results in [38, Theorems 1.3 and 1.5] (see therein the 
definition of solution) and [36, Corollary 2.4]; see also [60, Teorema 2.3] for the case a(x) ≡ 1
and [20] for the case p = 2.

Theorem 6.6 ([36,38]). Let Ω ⊂ RN , N ≥ 2, be open, bounded, with ∂Ω ∈ C2,α , and let p ∈
(1,+∞). Assume q ∈ (−∞,0) and a ∈ L∞(Ω). Then there exists a unique solution u of (1.4). 

If q ∈ [−1,0) then u ∈ W
1,p
0 (Ω), while if q ∈ (−∞,−1) then u

p−1−q
p ∈ W

1,p
0 (Ω). Moreover, if a

is constant, then u ∈ C(Ω).

We focus on the case a(x) ≡ 1 and q ∈ [−1,0). Consider, for any η > 0, the regularized 
equation

⎧⎪⎨
⎪⎩

−Δpuη = (uη + η)q in Ω,

uη > 0 in Ω,

uη = 0 on ∂Ω,

15 We thank Lorenzo Brasco for having brought to our attention this problem.
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so that we have

f (x, t) ≡ g(t) = (t + η)q .

In this case, it is hard to deduce concavity properties of powers of uη, which makes the approach 
due to [91,94] difficult to apply. We will base the proof thus on the abstract approach developed 
here and in [22]. We obtain the following result.

Theorem 6.7. Let Ω ⊂ RN , N ≥ 2, be open, bounded, convex, with ∂Ω ∈ C2,α , and let p ∈
(1,+∞). Let u ∈ W

1,p

0 (Ω)∩C(Ω) be the solution of (1.4) with q ∈ [−1,0) and a(x) ≡ 1. Then 

u
p−1−q

p is concave.

Proof. By [38, Lemma 4.5 and proof of Theorem 4.6] we have that

uη → u in W 1,p

0 (Ω);

in particular almost everywhere and uη is dominated.
Assume first q ∈ (−1,0). It is straightforward to verify that g(t) = (t + η)q satisfies the 

assumptions of Corollary 5.6 (see in particular (ϕ1)-(ϕ2) and Remark 5.8 (i)-(ii)); in particular, 
since

G(t) = (t + η)q+1 − ηq+1

q + 1 

being q ∈ (−1,0), we have that G1/p is concave and g
G

is harmonic concave (since G
g

is convex). 
Therefore, for each η > 0 we have ϕη(uη) concave, where

ϕη(t) :=
t∫

1 

(
(s + η)q+1 − ηq+1

)−1/p

ds;

we notice that ϕη cannot be expressed in terms of elementary functions. By uη → u (notice that (
(s + η)q+1 − ηq+1

)−1/p ≤ s
− q+1

p ) we have (up to constants)

ϕη(uη) → u
p−1−q

p almost everywhere. (6.5)

Thus, being u continuous, we obtain that u
p−1−q

p is concave.
Consider now q = −1; we have

G(t) = log(t + η) − log(η)

and again G1/p is concave and g
G

is harmonic concave. Therefore, for each η > 0 we have ϕη(uη)

concave, where
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ϕη(t) :=
t∫

1 

(log(s + η) − log(η))−1/p ds;

again ϕη does not have an elementary expression. Being (observe that 
log( 1 

η
) 

log(s+η)−log(η)
≤ Ct for 

s ∈ (t,+∞))

(
log( 1 

η
)
) 1 

p ϕη(t) ∼ t − 1 as η → 0

we have (up to constants)

(
log( 1 

η
)
) 1 

p ϕη(uη) → u

and hence u is concave (notice p−1−q
p

= 1 when q = −1). �
Remark 6.8. Consider (6.5). Being ϕη(uη) concave on the bounded set Ω, converging almost 

everywhere pointwise to u
p−1−q

p , then a known result [119, Theorem 10.8] automatically implies 

that ϕη(uη) → u
p−1−q

p in L∞
loc(Ω). We highlight that one may use this result to directly obtain the 

concavity of u
p−1−q

p and gaining the continuity of u in Ω a posteriori, furnishing an alternative 
proof to [36].

Remark 6.9. (i) The case q < −1 was treated in the semilinear framework p = 2, in a different 
way by [16], by dealing with the boundary through a direct use of the equation itself and a 
maximum principle on the function x �→ |∇u|2 + 2 

q+1uq+1 (see [16, Lemmas 3.1 and 3.3]). 
In our setting, the range q < −1 creates more difficulties for the applicability of the concavity 

results; in particular t �→ t
p−1−q

p is no more concave with singular derivative.
We notice that also regularity issues arise when q < −1 (see Theorem 6.6 and [37,69]). In 

particular, the solution does not generally belong to W 1,p

0 (Ω), but u
p−1−q

p does, where the power 
is exact the same of the expected concavity.

(ii) Consider now a(x) nonconstant. To apply the arguments of Section 5.1, the very first thing 
to check is if t �→ t2 ψ ′′(t)

ψ ′(t) is concave, which is stronger (see also [55, Proposition B.3]) and more 

difficult than showing t �→ ψ ′(t) 
ψ ′′(t) convex (as done in [22], see also Remark 5.8); both leads to the 

harmonic concavity of ψ ′′(t)
ψ ′(t) , but in our case we need the above property to deal with sums (see 

(A5)). We have

t2 ψ ′′(t)
ψ ′(t) 

=
(
ϕ2G1/p g

G

)
(ψ(t))

which seems not easy to handle (recall that, in our case, ϕ and ψ are not explicit); some numerical 
simulations for q = −1 + 1 suggest indeed that the above function is not always concave.
n
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7. Further results

In this Section we furnish several results in different frameworks: the techniques mainly rely 
on perturbation arguments, based on fine estimates.

7.1. Superhomogeneous equations

In the superhomogeneous case f (x, t) = g(t) = tq with q > 1, quasiconcavity was already 
conjectured by Sacks (see [84, Remark 9]). As for the semilinear case [101,105], we expect 

the solutions to be p−1−q
p

-concave (i.e. u− q−p+1
p is convex) in Ω for any q ∈ (p − 1,p∗ − 1); 

notice that this is weaker than the log-concavity. We further remark that this power of u is related 
to the definition of pressure in the porous medium equation [101] and it has a relevant role in 
the classification of solutions of the Sobolev critical equation through the use of the so called 
P-function [41] (see also [42,122] for p < N and q = p∗ − 1).

When p = 2 we see that the equation solved by v = ϕ(u) = −u− q−1
2 (which we want to show 

being concave) is

−Δv = −1 
v

(
q + 1

q − 1
|∇v|2 + q − 1

2 

)
;

thus even in the semilinear case we see that the nonlinearity does not satisfy the basic assumption 
on the monotonicity of Theorem 4.9, i.e. it is not nonincreasing. Notice anyway that, being 
negative, it is harmonic concave by direct definition, and moreover limt→0 ϕ′(t) = +∞ (see 
Corollary 4.4).

The strategy employed by [105] is the following: the author exploits the strong log-concavity 
of the first eigenfunction to show that for q near 1 the solutions are quasiconcave, while through 
a continuation argument it is shown to hold for each q > 1 -- when the solution is a ground 
state -- see Remark 7.2. We recall that a ground state is (up to a scaling) a minimizer of 

inf
{∫

Ω
|∇u|p | u ∈ W

1,p
0 (Ω), 

∫
Ω

|u|q = 1
}

. We refer also to [101, Lemma 4.8] where an evo

lutive argument has been used (see also [92,109]).
We know by [105, Lemma 3] (see also [25, Proposition 4.3]) that there exists a unique positive 

solution whenever Ω is bounded and convex, p = 2 and q > 1, q close to 1. For a general p > 2, 
in [26, Corollary 1.4] they recently showed the uniqueness of the positive ground state when 
q > p − 1, q close to p − 1, and Ω is connected and ∂Ω ∈ C1,α . In a similar setting, here we 
show concavity properties of a general solution of the equation, through a uniform convergence 
(see also [68]).

Theorem 7.1. Let Ω ⊂ RN N ≥ 2, be open, bounded, ∂Ω ∈ C1,α , and let p ∈ (1,+∞). Consider

⎧⎪⎨
⎪⎩

−Δpuq = u
q
q in Ω,

uq > 0 in Ω,

uq = 0 on ∂Ω,

with q ∈ (p − 1,p∗ − 1). Then vq := uq

‖uq‖∞ → u in L∞(Ω) as q → p − 1, where u is the first 
eigenfunction of the p-Laplacian in Ω, normalized with ‖u‖∞ = 1.
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Assume now in addition Ω convex. Then log(u) is concave and

‖ log(vq) − log(u)‖∞ → 0 as q → p − 1

together with

log(vq) → log(u) in L∞(Ωδ)

for each δ > 0. As a consequence:

• if N = 2, then for each ε > 0 we have log(uq) is ε-uniform concave in Ωδ for q ∈ (p −
1, q0(Ω,p, ε, δ)).

• if p = 2, then log(uq) is strongly concave in Ωδ , for q ∈ (p − 1, q0(Ω,N, δ)); in particular, 
the level sets of uq in Ωδ are strictly convex and uq has a single (and nondegenerate) critical 
point in Ωδ .

Proof. By [126, Corollary 4.2] (see also [36, Corollary 3.7]) we have uq ∈ C(Ω). We employ a 
Gidas-Spruck blow-up procedure (see e.g. [11]). Set

Mq := ‖uq‖∞, vq := uq

Mq

> 0,

which solve

{
−Δpvq = M

q−p+1
q v

q
q in Ω,

vq = 0 on ∂Ω.
(7.1)

Notice that ‖vq‖∞ = 1. We want to show that Mq−p+1
q is equibounded. Assume by contradiction 

that Mq−p+1
q → +∞; let us set

u∗
q(x) := 1 

Mq

uq(εqx + xq), x ∈ Ω

where εq := M
− q−p+1

p
q → 0, xq ∈ Ω such that uq(xq) = ‖uq‖∞. We clearly have u∗

q(0) =
‖u∗

q‖∞ = 1. Moreover u∗
q > 0 solve

{
−Δpu∗

q = (u∗
q)q in Ωq,

u∗
q = 0 on ∂Ωq ,

where Ωq := 1 
εq

(Ω − xq). By [50,125] and Ascoli-Arzelà theorem we have that u∗
q converges in 

C
1,α
loc (Λ) to a function u∗ ≥ 0 which satisfies (weakly)

−Δpu∗ = (u∗)p−1 in Λ
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where Λ = RN+ or Λ = RN , depending on the fact that xq approaches or not ∂Ω. Since u∗(0) =
1 > 0, by the strong maximum principle [127, Theorem 5] we have that u∗ > 0. But this is in 
contradiction with [78, Lemma 2.1] (see also [122, Theorem II]). Thus Mq−p+1

q is equibounded.
Let us come back to (7.1). Arguing as before, one can show that, up to a subsequence, vq

converge in C1,α
loc (Λ) to some u, together with Mq−p+1

q → λ ∈R, which thus satisfy

{
−Δpu = λup−1 in Ω,

u = 0 on ∂Ω.

Being ‖u‖∞ = 1, we have u �≡ 0, thus u > 0 by the strong maximum principle. Hence u must 
coincide with the first eigenfunction, and λ with the first eigenvalue. By a classical topological 
argument, we see that the whole family vq converges to u.

The ε-uniform concavity comes from Theorem 1.3 and Proposition 2.6. The case p = 2 is 
already known, but let us give here some details: by the uniform estimates with respect to q (see 
also [26, Proposition 2.4 and Theorem 2.5]) and regularity theory for the classical Laplacian [52, 
Theorem 2.30], we know that log(uq) → log(u) in C2(Ωδ). Moreover, by Theorem 1.1 we have 
the strong concavity of log(u), and thus the claim by Proposition 2.5. �
Remark 7.2. As already mentioned, similarly to the semilinear case, we expect the solutions to 
be p−1−q

p
-concave for any q ∈ (p − 1,p∗ − 1), which is weaker than log-concavity. Anyway, to 

conclude as in [105], we would need the following three ingredients:

(i) the first eigenfunction u is strongly log-concave and vq → u in C2
loc(Ω);

(ii) the map q ∈ (p − 1,p∗ − 1) �→ uq is well defined (that is, uq is unique) and continuous (in 
C2

loc topology, see also [26]);
(iii) an Hessian constant rank theorem in the spirit of [95] holds, which allows to obtain strict 

concavity (strongly far from the boundary) from concavity.

We refer to [56,105] for details. Due to (i)--(iii) this recipe seems not the right way to proceed for 
the quasilinear framework (see also comments in [23] regarding (iii)).

Remark 7.3. We highlight that a uniform bound from below on |∇uq| (see [26, Theorem 2.5]) 
could be used, together with a strict quasiconcavity on Ωδ (if proved), to ensure that the critical 
point of uq is unique and nondegenerate in the whole Ω, somehow extending Theorem 1.3 to 
the superhomogeneous case. We recall that in the semilinear case p = 2 [32] (see also [45]) the 
authors showed that every semistable solution has a unique critical point when q ≤ p − 1 and 
a(x) ≡ 1, but for q > p − 1 every solution is unstable [88, Theorem 2]. When q is sufficiently 
close to the critical exponent p∗ − 1, anyway, uniqueness of the critical point has been achieved 
by [61]. We refer also to [121, Theorem 6.1] for results in the quasilinear setting in presence of 
symmetric domains.

7.2. Large p: towards strict quasiconcavity

By [85, Theorem 1], as p → +∞ we know that solutions up of the torsion problem −Δpup =
1 satisfy
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lim 
p→+∞up = d(·, ∂Ω) in L∞(Ω) (7.2)

which is a concave function; this is coherent with p−1
p

→ 1. When Ω is strictly convex we have 
that the distance function is also strictly quasiconcave (see Proposition 2.1). Moreover, when 
∂Ω ∈ C2 and it is strongly convex, then (7.2) can be improved [85, Theorem 2]. We further 
mention that some partial concavity results when p = +∞ are contained in [80, Section 4].

For any p we already know that up is quasiconcave: exploiting the ideas of the previous 
Sections, the strict quasiconcavity and the uniform convergence (7.2) we obtain the following 
result (see [66, Definition 2.8]).

Proposition 7.4. Let Ω ⊂ RN , N ≥ 1, be open and strictly convex. Let ε > 0. Then there exists 
p0 = p0(Ω,N, ε) ∈ (1,+∞) such that, for any p ∈ [p0,+∞), the positive solution of the torsion 
problem {

−Δpup = 1 in Ω,

up = 0 on ∂Ω,

is ε-uniformly quasiconcave, that is for some ρ = ρ(Ω,N, ε,p) > 0

up

( x+y
2 

) ≥ min
{
up(x),up(y)

} + ρ for each x, y ∈ Ω, |x − y| ≥ ε.

Proof. It is sufficient to recall that up converge uniformly to d(·, ∂Ω), which is strictly quasi
concave, and argue as in Proposition 2.6 (notice that a quasiconcavity function can be defined 
straightforwardly). �

We highlight again that, if one could show that the relation obtained in Proposition 7.4 holds 
for ε = 0, then uniqueness and nondegeneracy of the critical point would hold for large p in any 
dimension N , extending [23] in the case of strictly convex domains.

Remark 7.5. The behavior as p → 1 of the solutions of −Δpup = 1 is quite more nasty, es
sentially blowing up at +∞ or flattering to 0 depending on the Cheeger constant of Ω, see [85, 

Section 3 and 4] and [30]; in particular, if Ω is a ball BR(0), then u
p−1
p

p → R
N

.
Regarding the eigenfunction problem, by [86, Remark 10] the solutions up of −Δpup =

λpup as p → 1 essentially converge in BV to the characteristic function of the Cheeger set 
(recall that, by [6], such set is convex, thus such characteristic function is quasiconcave); the 
convergence as p → +∞ has been instead investigated in [81].

7.3. Fractional equations

Very few is known regarding concavity results for fractional equations: some partial results 
are contained in [64] (see also [79] and references therein). Anyway, the only result, close to our 
framework and known to the authors, is contained in [98]: here, when N = 2, p = 2, s = 1

2 and 
f ≡ 1, the author shows that the positive solution of the torsion problem{√−Δu = 1 in Ω,

u = 0 on Ωc,
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on Ω ⊂ R2, is concave in Ω (actually strictly concave, for some class of domains Ω). The advan
tage of this case is that the solution is exactly concave, thus there is no need of a transformation 
ϕ(u), for which is not known if ϕ(u) solves a different fractional PDE (since Leibniz rule does 
not hold for (−Δ)s ); moreover, when s = 1

2 the equation satisfied by the s-harmonic extension 
is simpler. On the other hand, the lack of a transformation with singular derivative, together with 
the Neumann boundary condition of the extended equation, brings to much more difficulties in 
handling the boundary.

By looking at the cases s = 1
2 and s = 1, we conjecture as in [98] that for (−Δ)su = 1 the 

solution is 1 
2s

-concave (which is coherent with 1 = (−Δ)su
s→0→ u, u constant, i.e. ∞-concave), 

or more likely min{ 1 
2s

,1}-concave. More generally, one may expect that the concavity properties 
of (−Δ)sus = g(us) are better than the ones of −Δu = g(u): in particular, one may expect that 
if u is α-concave, than us is α-concave as well. What we do in this Section is some partial results 
in this direction, through perturbation arguments.

Indeed, consider the p-fractional Laplacian

(−Δ)spu(x) :=
∫
RN

|u(x) − u(y)|p−2(u(x) − u(y))

|x − y|N+sp
dy for x ∈ RN

where the integral is in the principal value sense. We highlight that the choice of the constant in 
front of the integral (in this case, equal to 1) influences the statements of the following results. 
Through a perturbation argument, we show the following.

Theorem 7.6. Let Ω ⊂ RN , N ≥ 2, be open, bounded, with ∂Ω ∈ C1,1, and let p ∈ (1,+∞). Let 
us ∈ W

s,p

0 (Ω) be positive solutions of

{
(−Δ)spus = λsu

p−1
s in Ω,

us = 0 on Ωc,

normalized at ‖us‖p = 1. Then

‖us − u‖∞ → 0 as s → 1

where u is the positive solution of

{−Δpu = λup−1 in Ω,

u = 0 on ∂Ω,

normalized at ‖u‖p = 1. Assume now Ω convex. Then log(u) is concave and, for every δ > 0, we 
have

‖ log(us) − log(u)‖L∞(Ωδ) → 0.

As a consequence:
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• if N = 2, then for each ε > 0 we have log(us) is ε-uniformly concave in Ωδ for s ∈
(s0(Ω,p, ε, δ),1).

• if p = 2, then for each ε > 0 we have log(us) is ε-strongly concave in Ωδ for s ∈
(s0(Ω,N, ε, δ),1).

Proof. Since ‖us‖p ≡ 1, by [27, Theorem 1.2] we have that

(1 − s)λs ≤ C

as s → 1. By [27, Theorem 2.10] (see also [76, Corollary 4.2]) we know that us ∈ L∞(Ω), and 
more precisely

‖us‖∞ ≤
(
C

1 
(N − sp)p−1 s(1 − s)λs

) N

sp2 ‖us‖p if p < N (thus sp < N ),

‖us‖∞ ≤ (
Cdiam(Ω)N(s− 1

2 )s(1 − s)λs

) 2 
N ‖us‖p if p = N (and s ≥ 3

4
),

‖us‖∞ ≤
(
Cdiam(Ω)sp−N(1 − s)λs

) 1 
p ‖us‖p if p > N (and s >

N

p
),

where C = C(N,p) > 0. In particular,

‖us‖∞ ≤ C for s ≥ 3

4
(and s >

N

p
if p > N ). (7.3)

By [27, (2.27) in proof of Theorem 2.10] we also know that

[us]
C

0,s− N
p (Ω)

≤ (
C(1 − s)λs

) 1 
p ‖us‖p if p > N (and s >

N

p
)

thus ‖us‖
C

0,s0− N
p (Ω)

≤ C for s ≥ s0 (s0 > N
p

however fixed). We need to deal with p ≤ N .

We know [76, Theorem 1.1] that us ∈ C0,αs (Ω) for some αs = αs(p,N) ∈ (0, s), and more 
precisely, set fs := λsu

p−1
s , we have

‖us‖C0,αs (Ω) ≤ Cs‖fs‖
1 

p−1∞

for some Cs = Cs(Ω,p,N); from the proof therein we easily see that αs and Cs are equibounded 
for s → 1. On the other hand ‖fs‖∞ are not equibounded in s, thus we give a closer inspection 
of the proof: we know indeed that

K1 := 0 ≤ (−Δ)spus ≤ λs‖us‖p−1∞ =: Ks
2 .

The role of K1 is played in [76, Theorem 5.2 and Lemma 5.3] (and used in [76, Theorem 5.4]), 
while the role of Ks

2 is played in the proof of [76, Theorem 1.1] (implicitly also in [76, Theorem 
5.4 and Corollary 5.5]) only to bound ‖us‖∞: we can thus substitute this bound with the finer 
(7.3), which is uniform in s. Hence, for some α ∈ (0,1) we have
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‖us‖C0,α(Ω) ≤ C

for each s large. By (3.1) we have

‖us − u‖∞ ≤ (‖us‖C0,αs (Ω) + ‖u‖C0,α(Ω)

)1−θp‖us − u‖θp
p

where θp = α

α+ N
p

, thus

‖us − u‖∞ ≤ C‖us − u‖θp
p .

By [27, Theorem 1.2] we have that there exists sk → 1 such that usk → u in Lp(Ω), thus

‖usk − u‖∞ → 0.

Actually we can say better: by [21, Theorem 5.1]16 we know that, for each sk → 1, being (1 −
sk)λsk → λ, there exists uskn

→ ū in Lp(Ω), where ū = u by uniqueness of the problem and the 
Lp-constraint; by topological arguments, we have us → u as s → 1 in Lp(Ω), which implies 
(by the previous argument) the convergence in L∞(Ω). In particular, for each δ > 0,

‖ log(us) − log(u)‖L∞(Ωδ) → 0 as s → 1.

We conclude by Theorem 1.3, Theorem 1.1 and Propositions 2.5 and 2.6. �
Remark 7.7. Arguing as in the end of the proof of Proposition 7.1, we observe that a C2 conver
gence us → u (if proved) would imply that us is actually strongly convex for s ∈ (s0(δ),1), and 
thus uniqueness and nondegeneracy of the critical point of us . We notice that a C2,β estimate, 
uniform in s, is given for p = 2 in [33, Lemma 4.4] for equations in RN ; see also [27, Remark 
4.1] for further comments.

Remark 7.8. Differently from Remark 3.8, a global convergence of the type ‖ log(us) −
log(u)‖L∞(Ω) → 0 is here not possible: indeed, considered (−Δ)s1u1 = f (u1) and (−Δ)s2u2 =
g(u2) with suitable f and g, by regularity results [76, Theorem 4.4] and fractional Hopf bound
ary lemma [46, Theorem 1.5(2)], we have 0 < 1 

C
≤ u1

d(·,Ω)s1
, u2

d(·,Ω)s2
≤ C, thus u1

u2
, u2

u1
∈ L∞(Ω)

if s1 = s2; for the same reason, this does not happen if s1 �= s2.

Remark 7.9. Similar arguments could be employed for p-subhomogeneous problems

(−Δ)spus = u
q
s

with q < p − 1, by exploiting some estimate uniform in s and [21, Theorem 4.5]. Furthermore, 
in the case q = 0, one could exploit [128, Theorem 3.11] to deduce concavity properties for 
nonautonomous equations, i.e. (−Δ)sp = a(x), when a is close to a constant, in the spirit of 
Section 3. If one has a stability argument also for sk → s∗ ∈ (0,1), then one could use the 
result by [98] to say that, for p = 2 and s < 1

2 , close to 1
2 , the solutions of the torsion problem 

16 Notice the difference in the notation in that paper, where (−Δ)sp is substituted with (1 − s)(−Δ)sp .
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(−Δ)su = 1, Ω ⊂ R2 are ε-uniformly concave, at least for some class of smooth domains [98, 
Definition 2.1].

Finally, we point out that it could be interesting to study the fractional concavity of solutions 
of fractional equations, where the notion has been introduced in [47].
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Appendix A. Some facts on the p-Laplacian

In what follows, we recall some results in the literature folklore, but of which the authors 
were not able to find a proof. We will state the results in the case of a general f = f (x, t), that 
is equation (5.1).

A.1. Uniqueness

We state a uniqueness result when f (x,t)

tp−1 is strictly decreasing (see also [70, Theorem 2.1]). 
When f (x, t) ≡ g(t), we refer also to [22, Proposition 3.8] which essentially says that the same 
uniqueness holds if g(t) 

tp−1 is nonincreasing and decreasing only on a small region [0, δ]; see also 
[115] for further comments. See also [14,87] where the interesting tool of hidden convexity has 
been used to deal with general Ω. Finally, we refer to Section 7.1 for the superhomogeneous 
case.

Lemma A.1 (Brezis-Oswald uniqueness). Let Ω ⊂ RN , N ≥ 1, be open, bounded, connected, 
satisfying the interior sphere condition, and let p ∈ (1,+∞). Assume that f : Ω× (0,+∞) → R
satisfies

• t �→ f (x,t)

tp−1 is nonincreasing,
• f is bounded on bounded sets,

and let u,v ∈ W
1,p

0 (Ω) ∩ C1(Ω) be two solutions of (5.1). Then

v = ku for some k ∈ (0,+∞).

Assume moreover that

• t �→ f (x,t)

tp−1 is strictly decreasing.

Then v = u.
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Proof. First, we notice that Δpu,Δpv ∈ L∞(Ω) and that u
v
, v

u
∈ L∞(Ω): indeed, being u ∈

C1(Ω), by Hopf boundary lemma [127, Theorem 5] we have ∂νu, ∂νv > 0 on ∂Ω, and thus by 
de l’Hopital rule we have, for any x ∈ ∂Ω,

lim sup
t→0 

u(x + tν)

v(x + tν) 
≤ lim sup

t→0 

∂tu(x + tν)

∂tv(x + tν) 
= lim sup

t→0 

∇u(x + tν) · ν
∇v(x + tν) · ν = ∂νu(x)

∂νv(x) 
< +∞,

thus the claim. Hence we can apply [49, Lemma 2] and obtain

∫
Ω 

(
f (x,u)

up−1 − f (x, v)

vp−1

)
(up − vp) =

∫
Ω 

(−Δpu

up−1 − −Δpv

vp−1

)
(up − vp) ≥ 0.

Since t �→ f (x,t)

tp−1 is nonincreasing, we have

f (x,u)

up−1 = f (x, v)

vp−1 ; (A.1)

notice that, if t �→ f (x,t)

tp−1 is strictly decreasing, we have the second claim. By Picone’s inequality 
[2] we gain

|∇v|p−2∇v · ∇
(

up

vp−1

)
≤ |∇u|p (A.2)

where the equality is attained if and only if u and v are proportional. Integrating, we get

∫
Ω 

|∇v|p−2∇v · ∇
(

up

vp−1

)
≤

∫
Ω 

|∇u|p.

Notice that up

vp−1 = (u
v
)p−1u ∈ L∞(Ω) ⊂ Lp(Ω) and ∇

(
up

vp−1

)
= p

(
u
v

)p−1 ∇u + (p − 

1)
(

u
v

)p ∇v ∈ Lp(Ω), thus up

vp−1 ∈ W
1,p
0 (Ω) and by the equations and the above relation we 

obtain

∫
Ω 

f (x, v)
up

vp−1 =
∫
Ω 

|∇v|p−2∇v · ∇
(

up

vp−1

)
≤

∫
Ω 

|∇u|p =
∫
Ω 

|∇u|p−2∇u · ∇u =
∫
Ω 

f (x,u)u

that is

∫
Ω 

(
f (x, v)

vp−1 − f (x,u)

up−1

)
up ≤ 0.

On the other hand, due to (A.1), the last is an equality, and so it must be (A.2), which implies the 
claim. �
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A.2. Comparison principle

We show now a comparison principle for quasilinear equations in presence of a p
subhomogeneous function; notice that we are not requiring f itself to be decreasing. The proof 
is inspired by [114, Theorem 1.5]; notice moreover that the result was obtained, when f is a 
power, by [28, Theorem 4.1] in a more general setting through the use of hidden convexity. See 
also [44, Theorems 1.3 and 3.3], [23, Lemma 2.1].

Finally, notice that the uniqueness result part of Lemma A.1 can be deduced from this com
parison principle.

Lemma A.2 (Comparison principle). Let Ω ⊂ RN , N ≥ 1, be open, bounded, connected, sat
isfying the interior sphere condition, and let p ∈ (1,+∞). Assume that f : Ω × (0,+∞) → R
satisfies

• t �→ f (x,t)

tp−1 strictly decreasing,
• f is bounded on bounded sets,

and let u,v ∈ C1(Ω) be a subsolution and a supersolution, namely

−Δpu − f (x,u) ≤ −Δpv − f (x, v) in Ω

with

u,v > 0 in Ω, u ≤ v on ∂Ω.

Then

u ≤ v in Ω.

Proof. Set w := (up − vp)+, we need to prove that w ≡ 0. Consider Ω+ := supp(w) = {u ≥ v}. 
As in the proof of Lemma A.1 we have u

v
, v

u
∈ L∞(Ω), thus we compute

∇
(

w
up−1

)
= χΩ+

(
∇u − ∇

(
vp

up−1

)
+ δ(p − 1)∇u

)
;

this first tells us that w
up−1 ∈ W

1,p
0 (Ω). Moreover

|∇u|p−2∇u · ∇
(

w
up−1

)
= χΩ+

(
|∇u|p − |∇u|p−2∇u · ∇

(
vp

up−1

))
;

similarly

∇
(

w
vp−1

)
= χΩ+

(
−∇v + ∇

(
up

vp−1

))
,

thus w
vp−1 ∈ W

1,p
0 (Ω) and

|∇v|p−2∇v · ∇
(

w
p−1

)
= χΩ+

(
−|∇v|p + |∇v|p−2∇v · ∇

(
up

p−1

))
.

v v
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Therefore

|∇u|p−2∇u · ∇
(

w
up−1

)
− |∇v|p−2∇v · ∇

(
w

vp−1

)
= χΩ+

(
|∇v|p − |∇u|p−2∇u · ∇

(
vp

up−1

))
+ χΩ+

(
|∇u|p − |∇v|p−2∇v · ∇

(
up

vp−1

))
≥ 0

by Picone’s inequality (A.2). In particular, being w
up−1 , w

vp−1 nonnegative test functions,

∫
Ω 

(
f (x,u)

w

up−1 − f (x, v)
w

vp−1

)

≥
∫

Ω+

(
|∇u|p−2∇u · ∇

(
w

up−1

)
− |∇v|p−2∇v · ∇

(
w

vp−1

))
≥ 0.

On the other hand, by the monotonicity f (x,u)

up−1 − f (x,v)

vp−1 ≤ 0 on Ω+, thus

(
f (x,u)

up−1 − f (x, v)

vp−1

)
w ≡ 0 on Ω.

Finally, by the strict monotonicity, we gain w ≡ 0, that is the claim. �
As a consequence we obtain a uniform bound from below.

Corollary A.3. Let Ω ⊂ RN , N ≥ 1, be open, bounded, connected, satisfying the interior sphere 
condition, and let p ∈ (1,+∞). Assume that fn,f0 : Ω × (0,+∞) →R satisfy

• t �→ f0(x,t)

tp−1 strictly decreasing,
• f0 is bounded on bounded sets,
• fn(x, t) ≥ f0(x, t).

Let un ∈ W
1,p

0 (Ω) ∩ C1(Ω) be positive solutions of −Δun = fn(x, t), −Δu0 = f0(x, t) with 
Dirichlet boundary conditions. Then, for each δ > 0, there exists C = C(Ω,N, δ) > 0 such that

inf
Ωδ

un ≥ C > 0.

Remark A.4. We observe that, in the specific case f (x, t) ≡ a(x), we can obtain the uniqueness 
result of Lemma A.1 as a consequence of Corollary 3.4, as well as the estimate in Corollary A.3
in the specific case fn(x, t) ≡ an(x) ≥ a0.
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No data was used for the research described in the article.
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