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Abstract

In this paper we study convexity properties for quasilinear Lane-Emden-Fowler equations of the type

—Apu=a(x)ul in ,
u=>0 in €,
u=0 on 0L2,

when © ¢ RY is a convex domain. In particular, in the subhomogeneous case g € [0, p — 1], the solution
u inherits concavity properties from a whenever assumed, while it is proved to be concave up to an error
if a is near to a constant. More general problems are also taken into account, including a wider class of
nonlinearities. These results generalize some contained in [91] and [120].

Additionally, some results for the singular case g € [—1, 0) and the superhomogeneous case g > p — 1,
q ~ p — 1 are obtained. Some properties for the p-fractional Laplacian (—A)‘;,, s €(0,1),s =1, are shown
as well.

We highlight that some results are new even in the semilinear framework p = 2; in some of these cases,
we deduce also uniqueness (and nondegeneracy) of the critical point of u.
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1. Introduction
1.1. Some background

Qualitative properties of solutions of PDEs are a classical topic, and often the features of the
domain and of the nonlinearity are inherited by the solutions. Consider the equation

—Au=a(x)g(u) in €2,
u=>0 in €2, (1.1)
u=>0 on 082,

with @ € RY: when Q is the ball and a(x) is radially symmetric and decreasing, a seminal result
by [58, Theorem 1’] (see also [44,113] for the p-Laplacian) states that the solution u itself is
radially symmetric. Several generalizations of [58] have been taken into account considering, for
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example, sets which are symmetric only in one direction. In this paper, we are interested in the
case of convex domains €2, with no a priori assumption of symmetry. We will mainly focus on
the power case g(u) = u? — namely, Lane-Emden-Fowler equations — but more general cases
will be taken into account.

Generally, for a Dirichlet problem set in a convex domain one may expect that the solutions of
(1.1) are concave: when a(x) is constant and €2 is the ball, this is the case for the torsion problem
—Au =1 (i.e. ¢ = 0) where the solution is explicit; the result anyway holds also in more general
domains, like deformations of ellipses [72,124] (see also [39] for other nontrivial examples).l
Actually, the result keeps holding also for singular equations g < —1 (in arbitrary domains, see
Theorem 1.1 below). On the other hand, when ¢ > 0, the solution is seen to be never concave,
no matter what the domain is [3, Remark 4.1]; this is essentially due to the fact that g(0) = 0.

For general convex sets the situation is worse even for g = 0: if 2 has some flat part, e.g. in
triangles, u is never concave [90, Theorem 18 in Section 7] (see also [89, Section 11], [124]).
What one can obtain is that some transformation of u is concave: in the case of the Laplacian, 2
a general convex domain and a(x) constant, the story so far can be summarized in Theorem 1.1
below. To state it, we recall that a function v is concave if Av(x) + (1 —X)v(y) <v (Ax +(1- A)y)
for x,y € 2, A € [0, 1], while it is strictly concave if the inequality is strict for A € (0, 1) and
X # y; moreover, v is strongly concave if x — v(x) — %|x|§ is concave for some m > 0. In
addition, we recall that a function u > 0 is @-concave, o € R U {£00}, if:

e u is constant, if o = 400;

° éu“ is concave, if o« € (—o0, 0) U (0, +00);

e log(u) is concave, if « = 0;

e u is quasiconcave (i.e. u~'([k, +00)) are convex for any k € R, see also (2.1)), if @ = —o0.
In particular, if « = —1, u is said harmonic concave. When o € R we define similarly strict and

strong «-concavity. Moreover, we recall that u a-concave implies u B-concave for every < «.
Notice that the definition for @ = 0 is coherent with é(u“ —1) — log(u) as o — 0.
Here and after, by writing 0Q2 € C ke for some k € N, we will implicitly assume « € (0, 1];

moreover, 2* 1= % for N > 3 and 2* := +o0 for N = 2, stands for the Sobolev critical expo-

nent. See Section 7.1 for the definition of ground state.

Theorem 1.1. Let Q C RN, N > 2, be open, bounded and convex. Let u be a positive solution of

—Au = u in S,
u=0 on 012,

for some g € R and A > 0. We have the following assertions.

e Ifqg € (—00,0) and 3Q € C>2, then u (unique) is locally strongly 1%‘f—concave.
e If q €0, 1], then u (unique) is locally strongly 1%q-concave. If in addition 2 is strongly

convex with dQ € C*®, then u is strongly l_Tq-concave.

L If —Au=11in €, and u is shown to be concave in Q. :={u > k}, then vy :=u — k solves —Avy =1 in  with
vr =0 on 9€2, and it is concave. Actually, a propagation from the boundary argument [39,89,124], typical of equations
with g(0) > 0, ensures that concavity on 92 is enough to achieve concavity in the whole .
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e Ifge (1,2 —1), then
— if N =2, then the (unique) ground state solution is locally strongly 1%q-concave;
— if Q is strongly convex with 3Q € C>%, then there exists a solution which is strongly
%-concave.

The nonstrict concavity part of Theorem 1.1 is a summary of several results: ¢ =0 [111],
g=1[24],q € (0,1) [91], g > 1 [105], and g < O [16]. The results are optimal in the following
sense: for g € [—1,0) [16, pages 329-330] (see also Remark 1.2 below), if Q2 is the ball, then
u is not o concave for any o > 1%:1 For ¢ =0 [91, Remark 4.2.3 and Theorem 6.2], [16, page
328] there exists €2, subset of a cone, such that u is not «-concave for any o > % For g =1 [90,
Theorem 15 in Section 7], [16, pages 328-329], for each « > 0 there exists a suitably narrow 2y
such that u is not «-concave: in particular it suggests that, for every 2 sufficiently good (e.g.
regular and with some control on the curvature) u could be a-concave for some o = ¢ (2) >
0 sufficiently small — e.g., in the square, o = % — and this seems an open question; see also
[77] where it is conjectured a stronger 2-log-concavity for the eigenfunction. Let us moreover
recall that, even if g > 1 and it is smooth — namely, a local perturbation of the torsion problem
g =1 - and Q is smooth and symmetric, the solutions might not even be quasiconcave [3,71];
additionally, even if €2 is starshaped and close to a convex set, then the level sets of the solution of
the torsion problem need not to be even connected [62]. Finally, we also mention that assuming
Q2 convex in a single direction is not sufficient to get (quasi)concavity in that direction [129].

Anyway, if €2 is chosen good enough, one can recover better concavity properties: when €2 is a
ball and g = 0, the torsional function u is such that /|[u |0 — u is concave (actually, this property
— stronger than concavity — characterizes ellipsoids [72]), while if g = 1 the eigenfunction is «-

concave for some o € (%, 1) (for instance, o > @ ~ 0.93 when N =2, see [107] for some
explicit estimate of ).

Remark 1.2. It is easy to see that, whenever a = 1, g is not too singular and a Hopf boundary
lemma holds, solutions u € C'(Q) N C2() of (1.1) are never a-concave with & > 1: indeed, a
straightforward computation shows that

—Au® = —a(a — Du2|Vul? + au® ' g(u);

by staying close to 92 we have |Vu| > C > 0, while we may assume u(x) = ¢ with & small.
Thus

—Au® < —a(oe — De*2C? + ac® g (e);

If eg(e) = o(1) as ¢ — 0, we have thus —Au® < 0 near the boundary; that is, u* is not concave.
This remark in particular applies to g(¢) = ¢4 with ¢ > —1, coherent with the above statements.

Local strong concavity — which implies strict concavity — of Theorem 1.1 has been inves-
tigated by several authors [1,123], [34, Theorem 4.4 and Corollary 4.6], [16, Corollary 3.6]:
the proofs are mainly based on continuation arguments and the famous constant rank theorem
[34, Theorem 1.1], which has been subsequently generalized by [95] (see also [17]). The ar-

gument runs as follows: considered for any g # 1 (resp. ¢ = 1) w := —sign(l — q)uFTq (resp.
w := —log(u)), we have that w solves
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l—q [ 1 I
Aw= 2 (1FD gyl (resp. Aw = [Vw|? + 1). (1.2)
w \(1=¢q)? 2

In each case we have that the right hand side is positive (on the image of w, see [16, Lemma
3.1] for g < —1) with inverse which is convex in w, thus by [95] the Hessian of w has constant
rank: since there exist points with full rank — near the extremal point [ 13, Lemma at page 207], or
near the boundary (see Proposition 4.6) whenever this is strongly convex — we obtain the global
strict concavity (actually, the Hessian matrix has full rank everywhere in 2); see also [23, page
80] for an alternative argument based on developable graphs. In [101, Lemmas 2.5, 3.6 and 4.8]
evolutive arguments are employed in presence of smooth strictly convex domains, and a strong
concavity is obtained for ¢ > 0; we mention also [1,110] where estimates on the curvature of
the level sets are given. We highlight that a remarkable consequence of the strict convexity is the
uniqueness and nondegeneracy of the critical point — namely, a maximum — of the solution.

In the nonautonomous case, [91, Theorem 4.1] provided the following result: if u is a positive
solution of the Dirichlet problem

—Au=a(x) in €2,
u=0 on 92,

and a(x) is 8 > 1 concave, then u is 1fw—concave; we see that for 6 — +00 we recover the
torsion problem. We recall also the results by [24, Theorem 6.1] and [123, Appendix] (see also
[93]), where eigenfunctions of —Au = (A — V(x))u are shown to be log-concave if the potential
V is convex and nonnegative — actually the concavity is strong if D?*V > 0; see also [63] for
some discussions in the superlinear case.

The theorem in [91] is sharp in the following sense [91, Theorem 6.2]: there exists €2, subset
of an open cone, such that for any 6 € [1, +o00] there exists a §-concave function ag and a
corresponding solution # which is not a-concave for any o > HZL%). Moreover, in [90, Theorem
16 in Section 7], it is shown that the condition 8 > 1 cannot be relaxed to 6 > 0; it remains open
anyway to show if the threshold 6 =1 is sharp (see also Corollary 1.9).

When a(x) has no convexity property, we cannot expect concavity for u. A quantitative ver-
sion of the convexity principle has been developed in [29] (see also [4, Proposition 3.2]): in a
particular case it states that, if  is a positive solution of

—Au=a(x)ul in €,
u=0 on 0%2,

q €10, 1), then there exists a convex function v such that

-
flu2

—Ulloe = CqllValloo,

thus ul%q is close to a convex function if a is close to a constant, with a control on the error.
Here C; — +o00 as g — 1: this is essentially related to the fact that the transformed equation
of the eigenfunction problem (1.2) has a nonlinearity which is not strictly monotonic in ¢ (see
Section 6.1 for more comments); a different, parabolic, approach to deal with the eigenfunction
problem can be found in [55]. The results in [4,29] apply also to more general operators where
classical regularity of solutions holds.
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Let us mention that a similar result has been achieved in regards of radial symmetry: indeed
in [40] the authors show (roughly speaking) that the solutions of (1.1) in a ball satisfy

lu(x) —u(y)| < Cdef(a)® foreachx,y € By, x| =yl,

where « € (0, 1] and def(a) is a quantity which measures how far a is from being radially sym-
metric and decreasing. We believe that this kind of quantitative results may have also some
interest from an engineering point of view.

The techniques on which the previous results are based mainly involve regularity of solutions
and maximum principles on the concavity function related to a function v : Q2 — R (namely, a
transformation of the solution):

Co(x, ¥, 4) 1= 20 (x) + (1 = Mv(y) = v(x + (1 = 1)y)

for x,y € Q, A € [0, 1]. It is clear that v is concave if and only if C, < 0. When the solutions
are sufficiently regular, the abovementioned results have been generalized also to fully nonlinear
frameworks [18].

Anyway, due to the regularity restrictions, these techniques cannot be directly applied to p-
Laplace equations: a classical idea, thus, is to regularize the operator, apply the result and pass
to the limit. This procedure requires at least two delicate steps: the first is the uniqueness of the
solution, which is needed to discuss concavity properties of a fixed solution. The second ingredi-
ent is the form of the regularization: as a matter of fact, we need a regularization process which
preserves the concavity structure of the original equation. This is what has been done by [120]
for p € (1, +00) and g = 0, 1, then generalized to g € [0, 1] by [22] (and more general cases, see
(1.3) below). Namely, they obtain that solutions of —A ,u = u? are =124 _concave; this power
turns to be relevant also for regularity information in singular equations, see Theorem 6.6. See
also [107, Section 3] and [85, Section 3] for explicit computations in the ball.

Regarding strict concavity, very little is known in the case of the p-Laplacian: indeed, it seems
that a direct application of the constant rank theorem is not generally the case when p # 2;
nevertheless, in [23] the authors show that the concavity of the solutions is strict when  C R?2
(actually strong far from the boundary and from the critical point). The proof is delicate: to
reach the goal, the authors show first that the solution has a single critical point, and exploit
this information to apply a constant rank theorem out of the critical point. Summing up, what is
known [22,23,120] in the power case is the following result.

Theorem 1.3. Let Q@ C RN be open, bounded and convex. Let u be a weak positive solution of

—Apu = ru? in S,
u=0 on 02,

or some q € [0, p — 1] and A > 0. Then u is P=129 _concave. If N =2 and 9Q € C2, then u
P

p—1l-q p—1-¢q
p

is strictly -concave in 2, and locally strongly
unique critical point of the solution.

-concave in 2\ {x}, where X is the

A different approach, based on concave envelopes of viscosity solutions, can be found in [43]
in the case of the eigenfunction (see also [5]).
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Before presenting our results, let us recall briefly what happens when g(u) is assumed gen-
eral in (1.1) and a(x) constant. A first result was given by [91, Theorem 3.3], who showed
«-concavity of solutions under some assumptions on g(¢) (see (6.4)). A more natural transfor-
mation has been studied by [22] (see also [34,84,92]): namely, under some suitable assumptions
on g (see Remark 5.8), the authors showed that, given a positive solution u of

—Aj,u=gu) in €2,
i (1.3)
u=>0 on 082,

and set

t

o(t) = / (G Fdr,

1

G(t): = fot g(t)dr, it results that ¢(u) is concave — actually strictly concave when N = 2, see
[23]. This transformation seems to be relevant also in other frameworks, for instance the bound-
ary behavior of solutions of singular equations [60, Section 2.6]. Moreover, this approach is
quite effective in the study of concavity of quasilinear equations of the type —div((u)Vu) +
%Wul2 = g(u): indeed, when o s const, here power concavity seems to be not the right

choice (even if g is a power), while a transformation of the type ¢(¢) := |, lt ( g((?))l/pd 7, shaped
on « (and g) turns to be successful. Finally, we highlight that we will use this abstract ¢ to obtain
a result on power transformations for the power singular equation (see Section 6.2).

We refer to [3,55] for more references on the topic of concavity.
1.2. Main results

Aim of the paper is to generalize some of the previous results to the case p € (1, +00), g €
[0, p — 1] and a (possibly) nonconstant, with or without concavity assumptions on it. We will
further propose a general scheme which can be applied to more general nonlinearities g(«) (and
even f(x,u)), which extends also the semilinear setting proposed in [22]. Additional results will
be considered as well (including the cases g € [—1,0) and ¢ > p — 1 near p — 1, as well as
fractional equations), briefly commented below but fully presented in Section 7. For the sake of
clarity we focus in the introduction only to some of the results of the paper.

Consider the Lane-Emden-Fowler equation

—Apu=a(x)u? in €2,
u>0 in 2, (1.4)
u=0 on 082;

we highlight that, by a suitable change of variable, this equation can be related also to the porous
media equation or the fast diffusion equation (see e.g. [101]). In the whole paper by “solution”
we will mean weak solution. We start by a result on the exact concavity of (a power of) u, when
a is assumed concave as well.
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Theorem 1.4 (Exact concavity). Let Q C RN, N >2, be open, bounded, convex, with 02 € C La
and let p € (1,+00). Let g € [0, p — 1], and assume a € Cl’“(Q), ae(0,1), and a > 0 on L,

loc

a 0-concave with 6 > 1. Then the solution of (1.4) is (%%(;’”-cancave. If a is constant (i.e.
p=l—g
p

oco-concave), then the solution is -concave.

Notice that, e(q;é;q) — 27179 459 s 1 00; moreover for p = 2 the result is coherent with
[91, Theorem 4.1], while for p # 2 and a = const it is coherent with [22,120].

Remark 1.5. We highlight that the C!:% regularity of the boundary is exploited in Theorem 1.4
(and its corollaries) only to gain the uniqueness of the solution. According to [14,87], if one
focuses only to ground state solutions, or if ¢ = p — 1, this assumption can be relaxed.

Remark 1.6. We observe that, due to the fact that we discuss the qualitative behavior of a fixed
solution u, the result in Theorem 1.4 can be adapted also to other equations, e.g. Kirchhoff
equations

- p+/|Vu|p Apu=a(x)u? inQ,
Q

p >0, where the weight of the operator is actually a fixed positive number.

An application of the previous result is given by the (possibly nonradial) Hardy-Hénon type
equations; see also [101, Remark 2.3] for further examples. Notice that the classical 2-norm |x|
is not even quasiconcave (in any subset of RY): see [7] for symmetry breaking results in the ball,
while [10] for symmetry results for singular powers of Hardy-Leray type.

Example 1.7 (Hardy-Hénon type equation). Let @ C RY, N > 2, be open, bounded, convex,

with 99 € C12, and let p € (1,400) and g € [0, p — 1]. Assume that u is a solution of one of
the following problems, with the conditions

u>0 inQ, u=0 onoQ.
o Assume w € [0, 1]. Consider u solution of
—Apu=d(x,32)%u? inQ.
e Assume 2 C Bg(0) for some R > 0, and let o > 1, w € [0, 1]. Consider u solution of
—Apu=(R° —[x|)u? inQ.
e Assume Q C Br(0) for some R > 0, and let £k >0, 0 > 1, w € (0,1]. Assume R <

2
k(c—Dw s . .
(W) . Consider u solution of

1

—A,u=————u? inQ.
P27 (k + |x)o)?

8
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Notice that for N = p =0 =2, k =1 and ¢ = 0 the equation is related, via stereographic
projection, to the torsion problem in small subdomains of S? (see e.g. [93, Theorem 1.5 and
its proof]).

e Assume Q is a subset of the half-plane {x € RY | Zle x; >0}, ke{l,..., N}, and let
w € [0, 1]. Consider u solution of

k w
—Apu= (in) u? in Q.
i=1

In particular, if € is a subset of the hyperoctant {x € R" | x; > 0 for each i}, and u is a
solution of

—Apu=Ix|{u? inQ
where |x| is the 1-norm in RV,

e Assume 2 C {(x,y) € R2 | x,y >0} and w1, wp > 0 with w := w1 + wy € [0, 1]. Consider
u solution of

. p—1—
Then u is Z==%-concave.
w+p

We move now to perturbed concavity: by assuming a close to a constant function, then a
power of u is close to a concave function with a comparable error. We present two possible
approaches and results: see Remark 1.12 for a comparison. We highlight that the estimates on
which the following result is based have an interest on their own (see Theorem 3.3).

Theorem 1.8 (Perturbed concavity I). Let @ C RN, N > 2, be open, bounded, convex, with 9Q2 €
Ch and let p € (1, +00). Assume a € L®(Q), o € (0, 1). Let aso € (0, +00) be a constant and
Uso be a positive solution of

—ApUeo =deo in 2,
Uoo =0 on 082.

Then the solution u € C%P (), B € (0, 11, of (1.4) with g = 0 satisfies

p—1

-1 r—_

lu 7" —usd lloo < Clla — a5, (1.5)
for some C =C(p, 2, dx, &, ||a]loc) > 0 and some k =k (p, N, B) € (0, 1).

We highlight that estimate (1.5) can be expressed also in terms of the concavity function
of u » , see Remark 1.12. When u, is merely concave, (1.5) cannot give precise information

on the exact concavity of u. If us, is assumed strictly concave, then some information can be
deduced on g-uniform concavity (see Corollary 3.7). Nevertheless, when u, is strongly concave,
and a family of solutions is assumed to converge in C? to u«, the concavity of us is inherited
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definitely by such a family, for a(x) sufficiently close to ax.. This result highlights that concavity
of solutions may occur also in presence of nonconcave sources, and this partially answers to a
question raised in [90, Theorem 16 in Section 7]. Namely, in the semilinear case we combine the
above result with the information on the limiting problem given by Theorem 1.1.

Corollary 1.9. Let Q2 C RN, N >2, be open, bounded, strongly convex, with 02 € C 2@ and let
p = 2. Consider (ay), : 2 — R, and assume that, for some aso > 0 constant

ap — aoo  in CU*(Q) as n — +o0.
Then the positive solution u,, of

—Au, = ay(x) in Q,

1.6
Uy :0 on 89, ( )

is such that u,, is strongly %-concave for n > ng > 0. In particular, for these values of n, the
level sets of u,, are strictly convex and u, has a single (and nondegenerate) critical point in <.

We comment now a different concavity perturbation result. We recall, for some a € L*°(£2),
the oscillation related to a

osc(a) :=supa — infa.
Q Q
Recall moreover the inner parallel set to €2, for any 6 > 0,

Qs ={xeQ|d(x, ) > d}.

Theorem 1.10 (Perturbed concavity II). Let @ C RN, N > 2, be bounded, strongly convex, with
92 € C>%, and let p € (1,400). Let q € [0, p — 1), and assume a € C;%(2) N C*¥(Q), a €
(0, 1), and a > 0 on 2. Then the solution of (1.4) satisfies

C po1qg <Cosc(a) onQxQxI0,1]
u P

where C = C(u, 8, a, p,q) > 0 is given by

p=l-q
— llzelloo P osc(a) 1
C:= Cp,q <min§u) <2 + minga) min@a (L.7)
byt
and Cp 4 = %; here § > 0 small is suitably chosen.

r=1-q

We highlight that, since on the left hand side of (1.7) we consider the concavity of u 7 it
is natural for the oscillation osc(a) to appear on the right hand side; in [55] more general results
— involving the concavity function of a — are taken into account.

10
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We notice that the constant appearing in (1.7) is bounded with respect to oscillation of a(x),
in the sense that it could be implicitly expressed only in terms of maximum and minimum of
a(x). As a consequence we have the following result.

Corollary 1.11. Let Q C RN, N > 2, be bounded, strongly convex, with 02 € C%% and let
p € (1,+00). Let g € [0, p — 1), and assume as, > 0 constant and (a,), C CZIO’?(Q) Nncoe(Q),
o € (0, 1), with ||a, — asolloo — 0 as n — 400. Then solutions (u,), of (1.4) with a = a, verify

C p-1-¢ < O0(lap — acolloc) > 0 asn — +oo.
P
Un

Remark 1.12. As a further consequence of Theorem 1.10, by Hyers-Ulam Theorem [75] we
know that there exists a concave function v such that

I 7 = bl < 05c(a); (1.8)

notice that this is actually an equivalence, since the existence of such a function easily implies
an estimate as the one in Theorem 1.10: indeed

p— =9 _
C p—1l—gq :C p—1l—q B +C‘l—) S ”M p - U”OO
v

u P u roo—

When g = 0, we can compare this statement with the one in Theorem 1.8: both the results tell us
=1 . . . . .
that u 7 is near to a concave function v. Theorem 1.8 gives an exact information on who v is,

and requires only a € C%* () (and no restriction on the sign) since no approximation argument
(see Section 5) is required to obtain the result; moreover, it can be generalized also to a(x) close
to a concave function (rather than a constant one), see Corollary 3.5. Theorem 1.10, instead,

obtains v via an abstract result, but on the other hand gives a more accurate rate of convergence
. . min{l,p—1} . .
for the error, that is ~ osc(a) (instead of ~ osc(a)9 p); moreover, Theorem 1.10 is valid

also for ¢ # 0. The two results seem thus complementary. It would be interesting anyway to
investigate some properties of the function v (e.g., if it satisfies some differential equation).
Remark 1.13. We believe that the condition a € Cllo‘f,‘ (RY) in Theorem 1.10 is merely technical
(while a € L®(R") is crucial), due to the regularity issues of the approximation process. Being
a € C'(Q) we can rephrase the conclusion of Theorem 1.10 as

C pmiog <C|Va|ee onQxQxI[0,1]
p

u

r=l—g .
for some constant C = Cp,qdiam(Q)<w) r (2 + d‘am@)w“”m> L_ > 0, similarly to

minm u ming-a minﬂf{S a
[29]; notice anyway that the estimate involving osc(a) is much sharper, for example by consid-
ering fast oscillating weights a(x) = sin(k|x|) + 2 with k > 0.

The weakening of the regularity anyway is not only of technical interest: as a matter of fact,
when studying bang-bang problems in dynamics of population [53], a discontinuous weight a(x)
appears naturally; the study of the shape of the solutions is thus strictly related to the shape of the
portion where the resources are concentrated, and generally determining even the connectedness

11
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of this shape is an hard problem. See [55] for some results in the parabolic counterpart of this
problem.

In the paper we show also several results which are mainly based on perturbation techniques:
in particular, we treat the singular case ¢ € [—1, 0) by an approximation process. Moreover, by
exploiting some uniform convergence to the eigenfunction problem, we show thatif g > p —1is
sufficiently close to p — 1, or s € (0, 1) is sufficiently close to 1, then the solutions of —A puy =
ud and

(=AY us = Aul ™!

actually enjoy some weaker form of log-concavity far from the boundary. Some comments on the
literature of these topics and precise statements are given in the corresponding Sections 6.2—7.3.
We highlight that some of the convergences provided have an interest on their own, and could be
exploited for several other applications.

We comment now the main difficulties of the paper. The proofs of the main Theorems 1.4 and
1.10 rely on a suitable approximation process; among other technical difficulties, differently from
[22,29,91,120], the co-presence of the approximating components (the “e > 0 parts”, see Sec-
tion 5) and the spatial-depending components (essentially a(x)) requires some fine management
of the nonlinearities in play, in order to achieve the desired concavity and perturbed concavity
results (see Section 5.1). Moreover, achieving the perturbed result by means of the approxima-
tion process will require also a suitable analysis of the boundary (see the proof of Theorem 5.3).
In addition, a singular multiplicative decomposition (see (6.1)) will be employed to deal with the
case a(x)u?, g # 0. Finally, the particular choice of the additive decomposition of the nonlin-
earity (see (F7)) will also allow to unify some results contained in [91] and [22] (treating, for
example, sum of powers u? 4+ u”, see Corollary 6.3). Regarding the singular case, the idea is to
approximate the nonlinearity with ¢t — (¢t + %)q and pass to the limit the abstract result which
holds for general g; this approach is indeed different and easier compared with the one proposed
in the semilinear case by [16]; see Remark 6.9 for some comparison.

Outline of the paper: in Section 2 we recall some properties on approximation of domains,
on «-concave functions and concavity functions, together with a weaker notion of e¢-uniform
concavity. In Section 3 we provide some tools on the difference of two solutions in quasilinear
frameworks: this topic is of independent interest, but it has some consequences related to con-
cavity of functions. Then in Section 4 we present some general results regarding the maxima of
concavity functions on the boundary or in the interior: some of the results are known, others are
refinement of known results. In Section 5 we develop an approximation argument for nonregular
equations, which is suitable for achieving concavity properties: the discussion is set in a general
framework, and some abstract consequences are presented in Section 5.1; then we provide the
proofs of the main theorems in Section 6, together with some comments on perturbed concavity
for eigenfunctions and the case of singular equations, where a second approximation argument is
set in motion. We collect then in Section 7 several additional results in other frameworks (super-
homogeneous, p large, fractional), which would be interesting to develop further in the future.
We conclude the paper with a collection in Appendix A of some (partially known) tools for the
p-Laplacian.

Notations: we define |x|* := |x[3 := >, x7, |x|1 :== >, |xil, llullh == [ |ul? for p €

(1, 400), and |[ulleo := supess,cqlu(x)|; p* = NN—_”p for p < N and p* := oo for p >

12
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N will denote the Sobolev critical exponent. Moreover [u]cos = SUPy yeq xy %
and |lullcos := llullec + [ulcop for B € (0,1], while D?u denotes the Hessian matrix.

We define also osc(a) := supga — infga, d(x,dL2) := infyeyq |x — y|, int(L2) the inte-
rior of Q and Qs = {x € Q| d(x,0R) > §}; we say that Q, — Q in Hausdorff distance if
max{sup,.q d(x, Qn), sup,cq, d(x,2)} — 0 as n — +o00. The normal vector to the boundary
v will be always assumed to pointing inward. Definitions of strong convex domains, (harmonic,
joint) concavity functions, and of e-uniform concavity are given in Section 2 (see also Sec-
tion 4.2); definition of ground state is given in Section 7.1 while uniform ellipticity of operators
is defined in (4.8). Definitions of solution and of «-concavity are given above (see also Sec-
tion 2).

2. Preliminary properties and definitions of concavity

We start by recalling some known properties on convex sets (which are always Lipschitz [67,
Corollary 1.2.2.3]). We recall that a set is strictly convex if [x, y]\ {x, y} C Q foreach x, y € Q,
while it is strongly convex if it is connected and the principal curvatures are well defined and
strictly positive (see also [8, Definition 3.1.2] for discussions on weak curvatures); we highlight
that strong convexity implies strict convexity [97, Proposition 6.1.6 and page 208]. Moreover,
for a general C? convex set, the curvatures are always nonnegative [74, Corollary 2.1.28] (see
also [97, Proposition 6.18]); the inequality cannot generally be improved even for strictly convex
sets (consider for example {y > x*}). We recall that any Lipschitz domain satisfies the uniform
(interior and exterior) cone condition [73, Proposition 2.4.4 and Theorem 2.4.7] (see also [67,
Theorem 1.2.2]), every domain Q with 92 € C L1 qatisfies the uniform (interior and exterior)
sphere condition [102]. For any é > 0, we set

Qs:={xe|dx,0R) >}

often called inner parallel bodies or (referring to 025) surfaces parallel to the boundary. We
recall that every convex domain satisfies the unique nearest point property [74, Theorem 2.1.30],
while every domain © with 92 € C? has a neighborhood 2 \ €5 where this property holds [54].

We state some properties on 25 and some approximations of convex sets; see also [74, Lemma
2.3.2], [12, Theorem 5.1], [51, Theorem 5.1] and [8, Theorem 3.2.1] for other relevant approxi-
mations. Recall that quasiconcavity of v is equivalent to require

v(Ax 4+ (1= A)y) = min {v(x), v(y)} Q.1)
foreach x,y € Q, A € [0, 1].
Proposition 2.1 (Domain approximation and distance function). The following properties hold.

(i) Let Q@ C RN be open, bounded and convex. Then there exists () en, QF C Q, strongly
convex, with dQ* € C*, and such that Q% C Q1 @ =, @~ and Q% — Q in Hausdorff
distance as k — +o0.

13
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(i) Let Q@ C RN be open, bounded, and convex [resp. strictly convex]. Then the distance
function d(-, ) is Lipschitz and concave [resp. also strictly quasiconcave].” As a con-
sequence, for any § > 0, Qg is convex [resp. strictly convex].

(iii) Let @ C RN be open and bounded, and let k € N U {00}. If 92 € CX, k > 2 then d(-, dR) €
Ck(Q \ Q5,) for some 80> ;this means that, for & > 0 sufficiently small, 025 € ck (and Qs
can be seen as a smooth manifold). The same holds for k = 1 by assuming in addition that
dQ satisfies the unique nearest point property (e.g., 2 is convex) and for a.e. 8 > 0 small.*
Similar statements hold also for C*.

Proof. Being the properties well known, we give just a sketch of the proof.

Claim (i) is given in [97, Corollary 6.3.10] by considering 2 as the preimages of a suitable
smooth, strongly concave exhaustion function (see also [19, Theorem 2.3], and [103, Theorem
1.4] for regularized distance function arguments). We obtain thus that Q¥ are increasing and
cover €2, and basic properties imply the Hausdorff convergence (see e.g. [73, Section 2.2.3.2]).

Claim (ii) follows by [74, Theorem 2.1.24], [48, Theorem 5.4]. We give some details on the
strict quasiconcavity: consider x1, x» € Q, x; # xy,and setd; :=d(x;,0%2) >0, x := @ €,
and d := # > 0. Fix now a direction £ € S¥~!, and set yf =X +diE€Q, ¥ = % =
¥ 4+ d&. By convexity, we have y¢ € Q, thus varying & we obtain B(x,d) C Q, which implies
d(x,9K2) > d; this gives mid-concavity (and thus concavity). We now distinguish:

e di #dy: in this case d(x, 992) > d> min{dy, d»}.
e d| = d>: in this case ylS #+ yi for each £ (otherwise x| — x3 = (d; — d»)& = 0, impossible),
thus by strict convexity y¢ € €, thatis B(¥, d) C 2, and hence d(X, Q) > d = min{d|, dy}.

In both cases we have
d (@ BSZ) > min{d(x1,0),d(x2, 02)}

that is, strict mid-quasiconcavity, which implies strict quasiconcavity, and in particular strict
convexity of the level sets [9, Corollary 3.36].

For (iii), when k > 2, we rely on [59, Lemma 14.16], while for k = 1 we rely on [54]. See
also [96] for C*2 conclusions (k > 2) and [48, Theorem 5.7] for Cll(;g conclusions.

By the end of the proof of [59, Lemma 14.16] we also see that the distance is proper, that is
for small § < 8o we have that d(x, d2) < § implies Vd(-, 9Q2) 7~ 0; when k = 1 we rely instead
on Sard’s lemma. By exploiting the implicit function theorem (as in the proof of [12, Theorem
5.1], see end of page 13 therein), we achieve that, for such §, 025 € Ck: see also the preimage
theorem [ 112, Corollary in Section 1.2.2, page 37] in combination with [67, Theorem 1.2.1.5] or
[97, Section 1.2]. For Lipschitz boundaries see [51, Theorem 4.1]. O

2 We observe that the distance function is not strictly concave (even if Q is strictly convex): for instance consider
x1, x sufficiently close to 92, and such that both the points lie on the same perpendicular line to the boundary
(namely, if d(x;, 9Q) = |x; — xl.*l then x{ = xJ =: x*); then clearly X = Xl;xz is such that d(x, 0Q) = |x — x*| =
d(xl,aQ)-;d(xz,BQ).

3 We notice that a viceversa does not hold: a set satisfying d (-, 02) € Ck(Q \ §25)) is also known as proximally ck.

4 The size § depends on the radius of the uniform interior sphere, or the positive reach of M, that is the size of the
neighborhood where the unique nearest point property holds. The set of singular points of d(-, d€2) is also called the
ridge of Q.

14



M. Gallo and M. Squassina Journal of Differential Equations 440 (2025) 113452

We recall some miscellanea results by [91, Properties 7 and §, Lemma A.2] and [92, Lemma
3.2] (see also [106, Theorems 1 and 3, Corollary 2]). We say that a function 4 : A C RY > R
(not necessarily positive) is harmonic concave if, for each z1,z2 € A, A € [0, 1],

hzDh(z) -
h(hzi+ (1= 2)z) > Tes-oren M)+ (1= Wh@E) >0,
= 1o if h(z1) = h(z2) = 0.

If & is positive, this definition coincides with (—1)-concavity, see [91].
Proposition 2.2 (Power concavity properties). We have the following properties.

e Let h > 0 be a-concave, and k > 0 be B-concave, with a, 8 € [0, +00]. Then hk is y-
concave, where % = é + %

e Let Q@ C RN be convex and I C R be an interval, and let h = h(x,t) be positive and such
that (x,1) € Q x I — 12h(x, 1) is (jointly) concave. Then h is (jointly) harmonic concave.

e Ifh, k are a-concave functions for a > 1, then h + k is «-concave. If h is harmonic concave,
then h — k is harmonic concave for every constant k > 0.

e Let h = h(x) be a-concave, then (t,x) — h(x) is o (jointly) concave; similarly if h = h(t).
We consider now the concavity function, forav:Q — R, as
Co(x,y,0):=2v(x)+ (1 —1v(y) — v(Ax + 1 - A)y),
the joint concavity function, forah=h(x,t) : 2 x R - R, as
TCh((x, 1), (v, ), ) ;= Ah(x, 1) + (1 = WDh(y,s) — h(hx + (1 = )y, At + (1 — D)s),
and, when & > 0, the (jointly) harmonic concavity function as

_ hGDh(e) B B
Hch((x’t)’(y’s)’)\)'_Ah(y,s)+(1—,\)h(x,;) h(Ax + (1 =2y, A+ (1 = 1)s).

Notice that [29]
HC < JC.
We recall some relations on HC which allows to deal with basic operations [29, Lemma A.1].
Proposition 2.3 ([29]). Let f, g such that f, g > 0. Then, forany x,y € Q, t,s € R, A € [0, 1],
HC prg((x, 1), (v, ), &) = HC p((x, 1), (v, 8), &) + HCyq ((x, 1), (y,5), 1)
and, if moreover f — g > 0,

HCp_g((x, 1), (v,5), 1) S HCf((x, 1), (y,5), 1) — HCo((x, 1), (¥, ), A).

15
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We finally recall some definitions of generalized concavity and some related properties (see
also Proposition 7.4 for quasiconcavity).

Definition 2.4 (¢-concavity). Let ¢ > 0. We say that v : Q — R is e-uniformly concave with
continuous modulus p : (0, 4+00) — (0, +00) if

’ <x +y> > X F0) +p(x—y))  foreachx,yeQ,|x —y|>e¢,

2 - 2

namely C,(x, y, %) < —p(]x — y]) for |x — y| > &. We say that v is e-strongly concave with
parameters m > 0 if p(t) = %mtz.5 If p = const we simply say that v is e-uniformly concave
(notice that the value of p depends a priori on ¢). Finally, we say that v is uniformly concave if it
is e-uniformly concave for each ¢ > 0.

We highlight that an e-uniform concave function is not necessarily concave [66, Example 2.5];
anyway this class of functions enjoy several properties, see again [66]. Clearly uniform concavity
implies concavity (by assuming v continuous). Similarly, strong concavity implies both e-strong
concavity and strict concavity.

We are interested in properties inherited by a sequence of functions from their limit: we ob-
serve that, if v, > vin C k (£2) and v is strictly convex, then it is not ensured that v, is strictly

2k 11
convex for n large. Indeed, consider v, (x) := o n 2 forx¢ [ ’1“ ’f]’ and v(x) := x2;
—x%+ 5 forxe[—;. 5],
clearly (by substituting v, with a smooth mollification) v, — v in C*~!([—1,1]) and v is
strictly convex, but v, are not even convex. With the same example, we see that fork =1 v, — v
in C'([—1, 1]) (but not in C2([—1, 1])) and v(x) = x?% is strongly concave; thus C! convergence
is not sufficient to inherit convexity from strong convexity.

On the other hand, by looking at the Hessian matrix, it is clear the following result; we recall
that, when v € C%(Q), strong concavity is equivalent to say that D?v = ml, thatis, D*v —ml is
positive semi-definite (i.e., the eigenvalues of D2y lie in [m, +00)).

Proposition 2.5. Assume v, : 2 — R converge in C*(2) to v, which is assumed to be strongly
concave on 2. Then vy, is strongly concave for n sufficiently large.

A weaker property, anyway, is inherited by the sequence also in case of L°°-convergence,
when v is assumed strictly concave.

Proposition 2.6. We have the following properties.
o Assume Q bounded and v : Q@ — R strictly concave, then v is uniformly concave.
e Assume v, : Q2 — R converge in L*°(2) to v, which is assumed uniformly [resp. strongly]

concave in Q. Then, for each & > 0, there exists ng > 0 such that, for each n > ng, v, is
e-uniformly [resp. e-strongly] concave.

5 The “A-version” actually reads as: v(Ax + (1 = 1)y) = Av(x) + (1 — Mv(y) + %A(l — Mml|x — ylg.
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Proof. Set A, := {(x, V)eEQLXQ||x—y > s}, the first claim comes straightforwardly by
considering p, := —sup, Cy(x, y, %) > 0. Consider the second point and fix ¢ > 0. Then for
(x,y) € A, we have Cy(x, y, 3) < —pe(Jx — y|). Since Cy, (x,y,3) = Cy (x, y, 3) uniformly
on A, we have, for a fixed § > 0 and n sufficiently large, Cy, (x, y, %) <Cy(x,y. %) +5<
—ps(|x — y|) + 8 on A,. If p. is constant, it is sufficient to fix § < p.. Otherwise, if p.(¢) =
gmgtz, then Cy, (x, v, %) < —%m€|x —y? + 8‘3—2|x — y|? and we choose § < %821’)’[8. O

3. Estimates on the difference of two solutions

In this Section we want to compare the solutions of two problems, where the space component
may act differently; this comparison will in particular lead to the proof of Theorem 1.8 and its
generalizations. Since the problem is quasilinear, we cannot directly work on a problem solved
by the difference of the two solutions. We start by some considerations on general functions. We
recall the following result by [100, Theorems 1.1 and 1.2].

Lemma 3.1 (//00]). Let 2 C H&N , N > 1, be open and with the uniform interior cone condition.
Consider a function u € COB(Q)NLIRQ), Be€(0,1]and g €[1,+00). Then
l—kq

litlloo < Cllull g g’ (3.1

where

Kg '=KN B,q = €(©,1)
q B.q ,3+%

and C = Cy g4 > 0 is given as follows:

_1
o if Q=R then CnNpg= max{NLﬂS, wy?} >0 (here wy is the volume of the unit ball);

o if Q#RYN, let ro be the radius of the (uniform) interior cone; then Cn,p,q = max {NL_HS,

_1
g’ r(/)g} (here wk is the volume of the cone scaled to radius 1).

As a consequence of Lemma 3.1, ifu € CkB(QNWkI(Q), k e N, B€(0,1]and q €[1, +00),
then

1—« K,
lullcr < Cllull qies' Nl s -

As a corollary of Lemma 3.1 we gain a preliminary estimate on the difference of two general

functions. We notice that, if 8 € (0, 1], then kp = % € (0,1) (for any p € (1, N)) and

Koyr = mf% € (0,1) (for any N > 3).

Corollary 3.2. Let @ C RV, N =1 be open, with the uniform interior cone condition, and let
pe(l,400). Letu,v e COP(Q)NnWhP(Q), B (0, 1], then

1—
lt = vlloo < C (lullcos + Ivllcos) " Vu = Vol (3.2)
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withqg =p*and C=C(N,B,p,R) >0if p <N, whileq <ooand C=C(N,B,p,Q2,q)>0
ifp>=N.° B
Similarly, ifu, v € C%P(Q) with u — v € D"“2(Q), then
1—
lu = vlloo < C (lullcos + llvlcos) IV @ —v)l5" (3.3)

with ¢ =2* and C = C(N, ,2) > 0 if N >3, while ¢ <oco and C =C(N,B,2,q) >0 if
N <2.

We want to prove Theorem 1.8. We discuss here a more general case.

Theorem 3.3. Let Q@ C RN, N > 1, be open, with the uniform interior cone condition, and let
p € (1, +00). Consider ay,ap € L™ (2), m € (1, +00], and the problems

—Apuy =ay(x) in Q, —Apur =ax(x) in Q,

34
ur =0 on 082, upr =0 on 082,

with positive solutions uy, uy € CYB(Q) for some B € (0, 1].

o If p>2 assume m > ﬁ. Then

Kq
p—1
lur —uzlloe < Cllar — a2l

where C = C(pama Q7 ||M1||C0ﬁ(Q)7 ||M2||C0ﬂ(ﬂ)7 Q) > 01 and q = p* l.f2 = p < N: while

g <ooif p>max{2, N}.
o If p<2assumem >2anduy,uy € WI*OO(Q). Then

K,
lur —uzlloo < Cllar — azlln

where C = C(p,m, 2, lluillcosq), luzllcos @) IVrlleo, IVuzlloo, ¢) > 0 and g = 2* if
N >3, whileqg < o0 if N <2.

Proof. By definition of weak solution we have, for any ¢ € Wé P (),
[ (1917290 = 190217 292) - Vo = [(@r) - axtones
Q Q

we choose ¢ =uj —us € Wol’p(Q), so that

/ (IVullp_zvm - IVuzl”_ZVMz) -(Vup —Vup) < llay — azllmllur — uzll,
Q

6 Noticed that KN.Bqg > 1 and Cy g g — max{NLHg,rg} >0 as ¢ — 400, we see that the dependence of the
constant on ¢ is essentially given by the Sobolev embedding constant of wlr(Q) — L9(Q).
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for % + % =1, r <max{p, 2}. Let us now distinguish two cases.

If p > 2, by [108, Section 12(I)], Holder and Poincaré inequalities we have

’ p=r
2°7P||Vuy — Vusllhy < llai — axllmllur — uzll, < 19 7 Ca,pllar — azllm | Vur — Vuz |l p;

here Cq, p is the best Poincaré constant on WO1 ‘P (). Thus

1 1

2— p—r p—1 =1
1Vir = Vaall < (22771217 Cap) " llar —ally

Set C1 := ||uy ||C0,ﬂ(Q> + ||u2||co‘ﬁ(g) by (3.2) we obtain

Kq
1—k, -1
lur —uzllo SC; llar —azlim

with g = p*if 2 < p < N, while g < o0 if p > max{2, N}.
If 1 < p <2 then, by [108, Section 12(VII)] we have

[Vuy —Vu2|2
(p—1) — < llar — azllwllur — uz]l,
o A+ Vui |2+ |Vua|2) 2
2-r
<27 Cqpallar —allm | Vur — Vualla.

Set C2: =1+ ||Vuilloo + [Vuz|lco we gain

2—p

=P 2—r
C, 7 (p—DIVur — Vuz|3 < 1917 Capllai — allmllVur — Vuoll2

thus
|~ o
Vur = Vuzlla = | 56,7 1917 Caa ) llar — azlim.

Therefore, exploiting (3.3),

ek, 2P
lur —uslloo SC; 1C,7 Nlar — azll,
with g =2* if N >3, while g <00 if N <2. O

Corollary 3.4. Let Q2 C RN, N >2, be open, with the uniform interior cone condition, and let
p € (1,400). Let ay, ap € L°°(R2) and uy, up be positive solutions of (3.4). Then

e Let p > 2, and assume 2 satisfies the uniform (interior and exterior) cone condition. Then

Kq
=1
lur —uzlloo < Cllar — azll&
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where C = C(p, Q, llatlloos la2lloo, q¢) >0, and q = p* if2 < p < N, while g < o0 if p >
N >2.
e Let p <2 and assume 02 € Cl% Then

lur — w2lloo < Cllar — a2l
where C = C(p, Q, a, |ai oo, la2lco, q) >0, and g =2* if N > 3, while g < 0o if N = 2.

Proof. By [126, Corollary 4.2] (see also [31, Theorem 2.3]) we have the Co’ﬂ(ﬁ) regularity,
while by [104, Theorem 1] (see also [70, Corollary 1.1] and [99, Section 4.4]) we have the
CLB(Q) (and thus W) regularity. Hence u satisfies the assumptions of Theorem 3.3 and we
achieve the claim, noticing that the constants C therein depend in a positive power way from the
norms of u1, up, and these last two, thanks to the abovementioned regularity results (exploiting
that the right hand side does not depend on u), can be estimated from above by the norms of
aj,a. 0O

We deal now with perturbed concavity properties that can be deduced by this perturbation re-
sult; we recall by Remark 1.12 that such result can be express in terms of the concavity function.

Corollary 3.5. Let Q2 C RN, N >2, be open, bounded, convex, and let p € (1, +00). Letay,a; €
L () and uy, uy as in Corollary 3.4. Assume ap > 0 to be 6-concave, 0 > 1. Then us is Ql(ig;) -
concave and the following facts hold.

e Let p>2. Then

el(igu Ql(p;l) K_qlf?l(p;D
+ - +60p
lu, ™ —uy ™ oo < Cllar — a2l !

where C = C(p, @, llailloo, la2llcc, ¢) > 0, and g = p* if 2 < p < N, while g < o0 if p >
N >2.
e Let p <2 and assume 02 € ClY Then

91([191) 91<p01 qﬁl( 91>
+ + +
lu, ™ —uy ™" oo < Cllar —a2llc "

where C = C(p, Q, , ||ai|lcos la2]lcos ¢) > 0, and g =2* if N > 3, while g < o0 if N = 2.
. L O(p=1) p iy
The same results apply for 6 = 0o by substituting "5~ 0p with
Proof. The claim follows from Corollary 3.4, Theorem 1.4 and the fact that, for y € (0, 1),
lu} —ullloo < llur —uzllds. ©

3.1. Applications

Proof of Theorem 1.8. We see that the claim follows by Corollary 3.5, by considering a, con-
stant. O
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Proof of Corollary 1.9. Since the problem is linear, we have

—A(uy —u) =a,(x) —ds in Q

with u,, — u = 0 on 0L2. It is well known that [52, Theorem 2.30]

it — ull 2 < Cllan — allcoa

thus, in particular, u, — u in C2(2). Hence by Theorem 1.1, Corollary 3.5 and Proposition 2.5,
we have the claim. O

Arguing as in Corollary 1.9, a weaker version can be stated also in general convex domains.

Corollary 3.6. Let @ C RN, N > 2, be open, bounded, convex, and let p = 2. Consider (ay), :
Q — R, and assume that, for some ax, > 0 constant

apn — doo  in CO¥¥(Q) as n — +o0.
Then, for each § > 0, the positive solution u, of (1.6) is such that u, is strongly %-concave in
Qs, for n = no(8) > 0. In particular, for these values of n, the level sets of u,, are strictly convex
in Qs and uy, has a single (and nondegenerate) critical point in Qs.
A weaker version of Corollary 1.9 can be stated also in the quasilinear setting.
Corollary 3.7. Let Q C R?, be open, bounded, strictly convex, with 9Q € C“%, and let p €

(1, +00). Consider (a,), : 2 — R, equibounded in CY*(Q), « € (0, 1), and assume that, for
some dso > 0 constant

ap —> dso  in L®°(R) as n — +o00.

Then, for any & > 0, the positive solution u, of

_Apun:an(x) in 2,
u, =0 on 082,

is such that u,, is e-uniformly %-concavefor n>no(e) > 0.

Proof. By Theorem 1.3 we have that vy, = /U is strictly concave in 2. By Hopf bound-
ary lemma [127, Theorem 5], and Corollary 4.4 we observe that, being Q2 strictly convex,
Cooo (X, y, 5) cannot be zero if |x — y| > . Thus v is strictly concave in €2, and the claim
follows by Corollary 3.5 and Proposition 2.6. O

We refer also to Corollary 6.1 for another application of Corollary 3.5, where a; is noncon-
stant, based on Theorem 1.4 and Example 1.7.
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Remark 3.8. We see that Corollary 3.4 can be applied to deduce some information on log-
concavity. Indeed, as in the proof of Lemma A.l, we first have l’;—; z—? € L*°(R2). Thus, by the
mean value theorem, there exists A* € (0, 1) such that

1
S22+ (=)

Uy
uz iy

|10g(u1) — log(u2)| = % ‘log(%) _ 10g (Z_?)

<C

lur —uz| < C'luy — us|,

uyp 4 w2
u2+u|

with C' = C'(J| 2 |l 0o, |l z—f lloo)- Hence by Corollary 3.4, we have

uy
[log(u1) —log(uz)llee < Cllar — az|l5,

for some « € (0, 1), and the constant C depends also on || Z—; lloo and || Z—T loo-
We notice that, clearly, log(u1), log(uz) ¢ L°°(£2), but the difference does so. On the other
hand we have, for each § > 0, log(u1), log(uz) € L*°(2s), thus, if a, — ag uniformly, then

log(un) — log(ug)  in L™(Qs);

if for example one is able to deduce that log(ug) is strictly or strongly concave in €25, then some
concavity information on Ciog(y,) for n large can be deduced as well, see Propositions 2.5 and
2.6.

4. General lemmas about concavity

To discuss the concavity of a function v, we move the attention to the negativity of its concav-
ity function C, and, in particular, to its supremum. The discussion will be splitted according to
the location of the maximum, that is, on (or near) the “boundary” or the “interior” of the domain.
We highlight that the function v will take the place of the transformation of a solution u, see
Corollary 4.4 below.

4.1. Concavity on the boundary

In this Section we discuss the possibility of the concavity function C, to have a maximum
on the boundary of its domain. Here we do not use the equation, but only the information on
the boundary; see anyway [16, Lemma 3.3] where also the equation is exploited (in a singular
framework).

We start by a result which deals precisely with the boundary of (a general) €2, but gives no
good quantitative information to be inherited by functions approximating v (compare it with
Proposition 4.5 below and subsequent comments).

£emma 41.Let QC RN, N > 1, be open, bounded, convex. Let v : Q — R and x,¥, )_\) €
Q x Q2 € [0, 1]. Then the following facts hold.

a) if [x, y] C 02, assume
v =const on[x,yl; 4.1
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then Cy(X, 3, 1) =0;
b) if [x,y] ¢ 0 and A € (0, 1), assume

Co(%,7,4) <0 forr~0t; 4.2)

then (X, ¥, ) is not a global maximum ova|§X§X[0 -

As a consequence, if conditions in a)-b) hold, then (x, y, 1) is not a positive global maximum of
Cy. As a further consequence, if 2 is strictly convex, A € (0, 1), X # y and condition in b) hold,
then (x, y, A) is not a global maximum of C,,.

Proof. We can assume X € (0, 1), otherwise Cy (%, v, X)) =0.Setz:=rx+ (1 — X))_}. If [x,y] C
0%2, then z € 92 and hence by (4.1) we have v(x) = v(y) = v(z), which implies Cy (x, y, 2 =0.
Thus we focus on [x, y] Z 9€2.

Roughly speaking, by the assumptions v is concave along the segment [x, y], near y; by
moving  a little closer to x, but keeping their convex combination the same, we expect that this
procedure increases the value of C,. Let us see this in details. By (4.2), for some small A* € (0, 2,
(A* =~ 0) we have

Cy(X,5,1%) <O0.
Set y*:=A*x + (1 =A%)y, (y* ~ y) it means
v(3*) > () + (1 — A5 (). 4.3)

Choose 1 € (0, 1) in such a way ux 4+ (1 — u)y* = AX + (1 — 1), that is

*

M= €0, 1)

1 —A*

notice that ¥*, rather than y, is closer to X, while u maintains the middle combination constant.
Moreover (4.3) clearly implies

1o @) + (1= Wu(*) > 2@ + (1 = Vo)

from which C, (x, y*, u) > Cy(x, y, 1), that is the claim. We conclude by observing that case a)
cannot occur on a strictly convex domain, unless x =y. O

Remark 4.2. In order to apply Lemma 4.1, we notice that (4.2) is equivalent to check

v(y +AE =) —v(»)

- >v(X) —v(y) forax0T.

Thus it is sufficient to verify

. v(y +AE =) —v()
lim sup
A—0t A

> v(X) —v(y) 4.4
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or equivalently, if v € C!(Q)
dx—5v(Y) =Vo(y) - (X —y) > v(x) —v(y)
or similarly
v(x) <Vo(y) - (x —y) +v(y).
Notice that, saying
V() < VU@ - (x =) +v() forx e\ (7}

means that v lies strictly beneath the plane tangent to v in the boundary point y € 92 (see also

(4.6)).

Remark 4.3. By assuming v € C'() and the stronger assumption — which clearly implies
4.4)-

v(y+AX—Y))—v(Q
limsup WO HAE—D) 0@ _ |
A—>07T A

(4.5)

the proof of Lemma 4.1 can be simpliﬁec_l: indeed, in the case [)E,_)"}] ¢ 0L2, being for & small
y 4+ e(y — x) € Q and exploiting C,(x, y, 1) > CU()E, y+e(y—x), k), we get

a- i)v(&) —v(i+e({ —) . v(x+ 1 =0y) —v(x+ A =Ny +e(l =) (G — X))
e - € '

Thus, sending & — 0T, we obtain —co > (1 — L) Vu(AX + (1 — 1)¥) - (J — X); being A% + (1 —
L)y € Q, we have a contradiction.

We can finally deal with transformations of a function «; notice that we are not requiring ¢ to
be monotone nor concave.

Corollary 4.4. Let Q2 C RN, N > 1, be open, bounded and convex. Let k € R and u be a function
with

u==k and oyu >0 onoQ;

here v is the interior normal vector. Let ¢ : R — R be such that ¢ € C'(R \ {k}) and

limsup ¢’ (¢) = +oo.

t—k

Set v := ). If (X, ¥, 1) is a global maximum of Cojggixgo.1p then Cu(, 3, M) =0o0r(x,y) €
int (§ X 5) In particular, if  is strictly convex, then Cy(X, y, A) = 0 may happen only if ¥ = y
orx €{0,1}.
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Proof. Assume by contradiction C,(x, ¥, ) > 0 and (X, y) ¢ int (§ X 5); with no loss of gen-
erality, we assume y € 02, X € Q; we want to ensure condition (4.4) (actually, (4.5)) in order to
apply Lemma 4.1. Fixed such points, by 9,5 u(y) > 0, we have that also 0z _5u(y) > 0 on 32
(here we use that [x, y] & 9€2, thus x — y L v is pointing inward). Thus

b b u() = tim “GHRE=I) =G
X,y T Xy -

0;
r—0t A

in particular, u(y + A(x — y)) > u(y) for A small. As a consequence, by the mean value theorem,
for each A small there exists () € (u()’) +A(x—Yy)), u()'))) (and thus (M) - u(y) =k asr — 0)
such that

V(F+AGE ) —vG) _ pgo(u(ﬁ+k(i—§))) —ou(y))

lim sup limsu
A—0t+ A A—0t A
S LA — ) —uG
=limsup(¢/(t(k))u(y (x AY)) u(y)>:+oo>v()_c)_v@). -
A—0t

We move now to a result which gives better information on the concavity function in a tubular
neighborhood of the boundary, whenever this is assumed strongly convex; namely, v = ¢ (u) is
shown to be strictly convex near the boundary. We refer to [116, Propositions 2.2, 2.3 and 2.4]
(see also [94, Lemmas 2.1 and 2.4], [34, Lemma 4.3], [120, Proposition 3.2]).

Proposition 4.5 ([116]). Let A C RN, N > 1, be open, bounded, strictly convex, with d A € C>“.
Let moreover v € CL(A) be such that

v(x) > Vo(y) - (x —y) +v(y) (4.6)

for any y_e OA and x € A, x # y. Then all the global positive maxima of C, [AxAx[0.1] lie in
int (A X A) x [0, 1].

Proposition 4.6 ([/16]). LeL QC RIE N > 1, be open, bounded, strongly convex, with Q2 €
C%9. Let moreover u € CH(Q)NC2(Q\ Q) for some n > 0, such that

u>0inQ, wu=0o0n0dR, du>0 ono.

Let ¢ € C%((0, 400), R) be such that

t (¢t
0" <0<¢ near0, lim ¢'(t)=4o00, lim a0 = lim AY) =0.
=0t =0t @' (t) =0+ @'(¢)

Set v =@ (u). Then there exists § € (0, n) such that
D*v(x) s definite negative for any x € Q \ Qs “.7
and (4.6) holds for any y € Q\ Q5 and x € Q, x # y.
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In the previous result, D?v denotes the Hessian matrix of v. The strategy of application of
the previous results is the following: while €2 is the domain of reference, A will be a smaller
domain, where the inequality (4.6) holds actually up to the boundary d A C 2\ ;5. Moreover,
this information is inherited by C? approximating sequences, as shown by the following result.

Proposition 4.7 ([116]). Let A C RN, N > 1, be convex, bounded and satisfying the interior
sphere condition. Let moreover v, be such that, as ¢ — 0, v — v in cl(a)nc? (X\ Ay) for
some n > 0, where v satisfies (4.6) and (4.7). Then, for ¢ sufficiently small, all the global positive
maxima of C,, [AxAx[0,1] lie in int (K X K) x [0, 1].

Remark 4.8 (Propagation from the boundary). We notice that an information of the type (4.7),
for some class of problems (requiring, in particular, p =2, f(x,t) = g(¢) and g(0) > 0, such as
the semilinear torsion problem) automatically implies the concavity of the solution on the whole
domain [39,89,124].

4.2. Concavity and perturbed concavity in the interior
We deal now with the information on the concavity function in the interior of 2; here the
equation solved by u plays its role. We start by recalling some results on exact concavity, see

[91, Theorem 3.1] and [116, Proposition 2.1].

Theorem 4.9. Ler Q C RN, N > 2, be open, bounded, convex, and let v € C 2 @ NCQ) bea
solution of

- Zaij(vq))aijv =b(x,v,Vv) inQ.
ij

Assume a;; is uniformly elliptic, that is

Zaij(f)nmj > C|n|2 foreach & € (Vv)(RQ) and n € RY 4.8)
ij

and

t € v(Q2Q) — b(x,t, &) nonincreasing for & € (Vv)(L2),
(x,1) € 2 x V() — b(x,t, ) jointly harmonic concave for & € (Vv)(R2).
Assume moreover one of the following:
o t cv(Q) > b(x,t,§) strictly decreasing for & € (Vv)(L2),
o (x,1) € Q2 xv(2) — b(x,t,§&) strictly jointly harmonic concave for § € (Vv)(R2),
e a;j and b smooth enough, namely a;; € C!(RN), Vb, Vebe L (2 xR x RM).
Let (x,y, 2 €Q x Q x [0, 1] be a maximum 0va|§x§><[0,1]' Then
Vu(X) = Vu(3) = Vu(Ax + (1 — )F)
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and Cy(%,7,1) <0.

Proof. The same result for b strictly decreasing is given in [91, Theorem 3.1] (see also [83,
Theorem 3.13]), from whose proof it is clear that b strictly harmonic concave works as well. To

deal with the nonstrict case, the problem under a;; € C 110’?’ @®RMY, b(-,t,) e C 11(;? (2 x RY) for

some « € (0, 1) has been considered in [94, Lemma 1.5 and Theorem 1.3] and [35, Lemma 3.2],
where the proof is based on a perturbation argument (see also [29, proof of Proposition 2.8]). A
different and more direct proof, which allows to assume less regularity, has been given in [116,
Proposition 2.1] (see also [65, Theorem 2.1]). O

We recall now some theorems about perturbed concavity. To state the results we will use the
following notation: for u : 2 — R and b: 2 x R — R we write

TChu(n (¥, 3, 1) :=TCp((x, u(x)), (v, u(y)), 1)
=Ab(x, u(x)) + (1 —=1)b(y, u(y))
—b(Ax + (1 =)y, Au(x) + (1 — Mu(y)),
HCh(u(y (6, ¥, A) i=HC ((r, u(x)), (v, (1)), A)

_ b(x, u(x))b(y, u(y))
Ab(y, u(y)) + (I = 2)b(x, u(x))

—bOx + (1 =Ny, Au(x) + (1= Vu(y)).

The following theorem is given in [29, Lemmas 2.3 and 2.9]; see also [4, Theorems 2.2 and
2.3].7 See Section 6.1 for some comments on the case p = 0.

Theorem 4.10 (/29]). Let @ C RN be open, convex, and let v e C*(2) N C(RQ) be a solution of

— Zaij(Vv)E)ijv =b(x,v,Vv)
ij
with a;; symmetric and uniformly elliptic. Assume that C, assume a positive interior maximum

EJE, v, NeQxQxI0,1], in particular, set 7 1= AX+ (11— X)y, we have v(Z) < )_»v()f) + (1 —
AMv(y). Then

Vu(x) = Vo) = Vu(z) =: &.
Assume moreover that b strictly decreases over the interested segment, that is

bz, 1, E)<—u<0 fortev@), wE) + (1 - D).

7 We highlight that in [4,29] a different notation for JC and HC has been used: the concavity function has opposite
sign (and also a reflection in 2 in [4]), while the equation has the form a;; (Vv) = b(x, v, Vv). To obtain what we state
now, it is sufficient to consider v ~ —v, a;; (§) ~ a;;(=§), b(x, t,&) ~ b(x, —t, —§); in particular, the monotonicity in
t of the source changes.
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Then
_ = 1 - 1 -
Cv(xv Y, )") = ;ch(.v()’g)('xi Y, )") = ;jcb(’v(),g) (xa Y, )")'

Remark 4.11 (Comparison with mid-concavity). It is known that if v is continuous on an open
set, then

Cy(x,y,A) <0 foreach A € [0,1] < Cy(x, v, %) <0;

that is, v is concave if and only if it is mid-concave

<0.

C7(x, y) = vx) +vl) <x +y)

2 2

It is thus possible to develop the above theory with A fixed to %, as done e.g. in [65,80,83], but
we use here the full C,, since the statements on the perturbed concavity are stronger. We anyway
highlight some differences now.

The arguments of Remark 4.3 still apply, thus Corollary 4.4 holds true. In [65, Theorem 2.1]
Theorem 4.9 is shown for C™, but the argument can be extended to C [116, proof of Proposition
2.1]. See also [80, Theorems 3.4 and 3.5] for a result on viscosity solutions.

Moreover, in [65, Lemma 3.2] (see also [83, Lemma 3.12]), when v negatively explodes on
the boundary (that is the case of v = log(u)), the authors provide a tool which ensures that C}!
cannot get positive while approaching the boundary, in the sense: for any x,, y, €

d((n, yn), 3(R X Q) = 0 = limsupC” (x,, ya) < 0; 4.9)

n—+00
here they use that €2 is strictly convex and A = % in a crucial way; see anyway [117, Lemma
1.30] for a generalization.

This information is not necessary when working with exact concavity, since the argument is
set on a fixed 25, where v = ¢(u) is bounded. On the other hand, this a priori information on
the whole €2 is indeed used for perturbed concavity: thus, to get a perturbed concavity result
on log(u) we need to work with C™; see Theorem 6.5. By [118, Corollary 1], from a bound on
Cl’gg(u) we can obtain a bound also on Cieg(,) up to doubling the error; this still allows to apply
Hyers-Ulam Theorem [75]. See Remark 5.5 for details.

5. The approximation argument

We set up now our approximation argument, inspired by [22,116,120]. The aim of this Sec-
tion (Steps 1-8) is to build a regularized problem to whose solutions the concavity results in
Section 4 apply (up to a proper choice of the nonlinearity and of the transformation), and whose
solutions convergence to the one of the original problem. In this process, we need to deal also
with the dependence on x. Since the approximation problem can be adapted to a great variety of
nonlinearities (which go beyond the examples we treat in this paper), we keep the argument for
ageneral f = f(x,1) (set F(x,t) := fot f(x,t)dT)
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—Apu= f(x,u) in €,
u>0 in €2, 5.1
u=>0 on 0€2,

with some additional assumptions listed below; see anyway Sections 5.1, 5.1.2 and 5.1.3 for the
assumptions that will be considered in our main results Corollaries 5.6-5.7. Here we assume:

(f1) sub p-growth: | f(x,?)| < CaP~ 1+ 1);
(f2) Hopf boundary lemma holds: for the sake of simplicity we will assume f(x,?) > O for

t> 08
(f3) regularity of solutions, ensured by: f € Cllo’(‘f(Qx (0, +00)), and f(-, 1) € C**(Q) for t >
0.

We consider also an invertible transformation ¢ = ¢(t) € Cfo’g((O, +00)), such that

t (¢
lim ¢/(1)=-+oo, ¢”<0<¢ near0, lim o0 i LD o (o)
t—

= |1m =
=0t @' (1) 10t ¢"(1)

and the following technical assumptions hold
@) e Clt(0.400)),  [¢" W@ = (1+1077) fore>0.  (p)

Notice that ¥ := ¢~ ! : R — (0, 4+00), but we are not requiring ¢ to be positive, nor well defined
in 0. In this Section we also require:

e  strongly convex and with Q2 € C>¢,
and

(fs) coercivity and uniqueness, ensured by: | f(x,#)| < C(1 + t9~1) for some qe0,p—1),and

t > ft Ef,’f) strictly decreasing.

We refer to Remark 5.1 for the eigenfunction case ¢ = p — 1, while to Section 5.1 for the case
of general convex €.

The approximation argument is developed in several steps.
Step 1. First we observe that, under our assumptions — in particular (fs) — actually a positive
solution of the problem exists by a global minimization process: see e.g. [99, Theorem 2.1,

N
Section 5.2]. If p > N then clearly u € CO’I_F(Q) C L*°(£2). Assume thus p < N (see also
Remark 5.1). Set

8 More general cases could be treated, for example, f(x,7) > —¢(¢) with ¢(0) = 0, ¢ continuous, nondecreasing
and one of the following holds: ¢(¢) = 0 for some ¢ € [0, fg) or fol m = 4-o00; in particular, one can assume

flx,0)>—CrP~L,
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1
G(xatvé) = ;'EVJ - F(xat)v

u is a minimizer of v — fQ G(x, v, Vv). Thanks to [99, Theorem 3.2, Section 5.3], we have that
the global minimizer u is in L*°(2).

Step 2. More generally, by [31, Theorem 2.1] (see also [70, Propositions 1.2 and 1.3]), all the
solutions belong to L°°(£2), and thus, being 92 € C1@, thanks to [104, Theorem 1] (see also [70,
Corollary 1.1]), all the solutions are in C LB(Q) for some B = B(p, N) € (0, 1); thus uniqueness
holds by Lemma A.1. In particular, all the solutions are minima.

Step 3. We already observed that u € C!# (). More precisely, we have

lullcrag < C(p N lelloos 1f . 0)lloo. ).
By Hopf Lemma [127, Theorem 5] (see also [120, Lemma A.3], [70, Proposition 2.2]) we have
dyu >0 on od2;

thus there exists n > 0 such that

infu >0, inf |Vu|>0.
n Q\2,

We observe that, being 2 convex, we have u € Wfo’f({l \ £2,)) by [82] (see also [99, Section 4.3,
Theorem 5.2]). Thus, being Q2 € C>% and f(-,1) € C¥%(Q) we obtain thanks to [99, Section
4.6, Theorem 6.3]

ueC(Q\ Q).
We consider moreover § € (0, ) sufficiently small to be fixed (see Step 7) such that
Q, C Qs CQ;
with smooth boundaries. Similarly, for k = 1...5, we may assume Q23,, convex and smooth (see

Proposition 2.1); notice that we actually can substitute these sets with nicer suitable approxima-
tions, if needed.

Step 4. Consider the functional

to which u is a critical point. We consider a regularization I, ~ J defined as follows: let us
introduce a function K = K (¢) — to be fixed, see Step 8 — such that

e K>0,and K > 0in (0, +00),
2
o K €C((0,+00)),and K 7 € C.;*((0, +00)),
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o |[K'())|<141tP~  fort>0.

Then define, for each ¢ > 0

I, (v) :=lf<£K(v)%+|Vv|2)7 —/F(x,v);
p

Q Q

clearly Iy = J. Similarly to J, for each ¢ > 0 we gain the existence of u, € W7 (Q), global
minimizer of I.

Step 4.1. By exploiting the equicoercivity and the fact that u, are minima, we obtain for
ee (0,1

Cltell1p, g = Teute) < 1:(0) < 11(0)
0

thus equibounded, which means that u, — u in W(;’p (£2). As a consequence, exploiting that J is
lower semicontinuous, J < I, u, are minima, I, — J (by dominated convergence theorem) and
u is a minimum, we obtain

J (@) < liminf J (ue) < Timinf I (ue) < liminf I ) = J () < J (@).
E—> E—> E—>

Being J (u) = J (i) and the minimum unique, we have u = i and thus u, — u in W(}’p(Q). More-
over we have, by the above computation, J(u,) — J(u) which, together with fQ F(x,u,) >
fQ F(x,u) (given by the p-subhomogeneous growth), imply ||[Vu,|, — [|Vul|,. Thus we have

ue > u in WyP(Q).
If p> N we have WP(Q) — 1=

lowing two steps, hence, we can restrict to p < N.
Step 4.2. Set

N
7 (R2), thus |lugll ,,_~  is equibounded. In the fol-
cmoP ()

Getx,1,8) 1=~ (eK )7 +16P)" — F(x,0),
p

U is a minimizer of v — fQ G:(x,v, Vv). Due to the assumptions on K, by [99, Theorem 3.2,
Section 5.3] we have that the minimizers u, are in L*°($2) for € € (0, 1). More precisely

luellos < C(lluellg, p, meas($2)),

for g = p* (if p < N) or some g < oo (if p = N) and thus, by Step 4.1, they are equibounded.
As a consequence

F(x,ue) <Cy, K(ug) <Cy inQ
for suitable Cy, C; > 0.
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Step 4.3. By Step 4.2 we have
1
;Iélp —C=<G:(x,1,6) <ClEI" +C

for |t| < sup, ||u¢ |00, Which by [57, Theorem 3.1] directly implies that the minimizers u, are
Holder continuous. To obtain a more explicit equibound, we see u, as solutions of the equation

—dive (Ve Ge) (x, ug, Vi) + (9;Ge)(x, e, Viug) =0 in Q
that is
—diV(Aa(us,Vug)) = fe(x,ue, Vug) in Q2
where
& 2 2,22
A"(t,8) = (K@) +1§]7) 7§,
e _2 p2
Je(x,1,8) = f(x,t)—;(8+I$|2K(t) P) 2 K'(1).
We can thus apply [99, Theorem 4.1, Section 5.4] (see also [126, Corollary 4.2], [31,

Theorem 2.3]) and obtain the existence of a By = Bo(p, K, sup, |luclloc) € (0,1) and C =
C(p, K, sup, |luglloo, 8), such that

||us||co~ﬂo(w/5) <C;

we can assume So < B.°

Step 4.4. By exploiting the convergence in Step 4.1 and the uniform estimate in Step 4.3 (or
at the end of Step 4.1), we obtain

Ug —> u in Co’ﬂ(Qg/s).
By this convergence and Step 3, there exists C = C(§) such that

<u,<C in 95/4

al=

for & small. As a consequence

& <Fru)<Ci, & <Kwu)<Cr inQu

for suitable Cy, C, > 0.

Step 5. Set afj (t,8) :=0g; A7 (t,&), and assumed 0; K (ue) < C2, by Step 4.3 and Step 4.4 we
can apply [50,125] (see also [104], [99, Section 4.6]) to get the existence of B, € (0, 1) such that
us € CH#2(Q) and

9 Notice that actually Hugllco,,go @ <C'=C'(p, K, sup, |luglloo, 2) depending on the geometry of Q.
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||“8||c1,ﬁ2(W) <C;

here ,32 = 182(”1’{”00’ ||f(7 M)”OO? C27 p) and C= C((Sv ”u“OO’ ||f(9 u)”OOs C21 p) We can as-
sume B> < B and B < «. By Ascoli-Arzela theorem,

ue —u in CP2(Qs/3).
By this convergence and Step 3,

inf |Vug| >0, sup |[Vug| < C’
Q\Q, %5

for € > 0 small.

Step 6. By [99, Section 4.6, Theorem 6.4] we conclude that there exists 83 € (0, 1), 3 =
B3(C1, Ca, , 8), such that

us € CP(Qs)3);

we can assume 83 < 8. Moreover

||u€||c2»ﬁ3(95/2\95) <C

for some C = C(Cq, C2, @, §). From which, by Ascoli-Arzela theorem, we obtain
ue —u in C1(Qs2) N C* (2 \ ).

Step 7. Consider the transformation ¢ as in (¢1).

Step 7.1. Set v := ¢(u), from the estimate in Step 4 we get

1

z<v=C" inQsp,

where C’ = C'(8). Moreover, since u € C(Q), together with u > 0 in , u = 0 on 9 and
d,u > 0 on 32, by Corollary 4.4 we obtain that C, cannot attain a maximum (over Q x Q x [0, 1])
on (2 x ) x [0, 1].19

Moreover, since u € C!1(Q) N C>(Q\ 2,) by Step 3, and applying Proposition 4.6, we obtain
that, for § sufficiently small,

D%*v <0 in Q\ Qs,

v(x) —v(xo) < Vu(xg) - (x — xg) for each xp € 2\ 25, x € Q\ {x0}. (52)

Step 7.2. Set v := ¢(u;). From the estimates in Step 4 and Step 7.1 we get

|

;<. <C' in Q4. |Vus| <C”  in Qg3

Q

10" Notice that, up to now, v may be unbounded and Cy not well defined on the boundary.
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for some C' = C’(8) > 0 and C” = C”(8) > 0; this, combined with the convergence in Step 6,
gives

Ve —> v In Cl(Qa/z) N CZ(Q(;/Z \ Qs).

Thanks to Proposition 4.7, C,, cannot attain its positive maximum (over Qs,2 X Q252 x [0, 1])
on 9(82s/2 x 252) x [0, 1], for & small.

Step 8. Let us consider now the equation satisfied by v,. Consider ¥ = ¢!, we have u, =
Y (ve).
By assuming (¢>) and (¢s), we make the following choice
K@y®)=w'm)?’,
re. K(t) := Wlt)),,. With this choice, set
g
He (€)= (o + ¢ )
we have
_diV((VHe)(VUs)) = Be(x, v, Vug)
where
fx, @) =2 2 v (1)
Be(x,t,&) =p—-———" H, —1 — . 5.3
0t 8) = p S pH®) T (0= DIEF —e) 5 (5.3)

Remark 5.1 (Eigenfunction case). Before proceeding to the main proofs, we comment here the
case of the p-linear growth of f, when it has the particular form

flx,0)=ax)|tP .

We show here how to adapt the previous steps to this case. We further assume
: " ’ -3 Nip
if N>3and p € (2, N), then |g0 ) (@'(1)) |§C 14 |t|¥-p ) fort >0, (ps)

which means, in terms of K,

2 N+
o if N>3and pe (2 N), then |[K(t)" 7 K'(1)] <1417 fort > 0.

Step 1 and 4, existence: both existence results for J and I, can be made by considering (recall
that a € L>®(Q2))

inf J(u)|ueW(}”’(Q),fa(x)ul’=1 , inf Ig(u)|u€WOl’p(Q),/a(x)upzl :
Q Q
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we notice that the functionals are coercive on the subspace where the weighted p-norm is pre-
scribed. Thus we can find Lagrange multipliers A and A, and solutions u and u, (see e.g. [15,
Theorem 6.3.2]).

Step 2 and 4.1, uniqueness and convergence: we observe that, by compact embeddings,
Uy, — i in Wol’p(fz) implies ug — i in L?(S2), thus (being a bounded) [, a(x)uf — [ a(x)u?;
in particular, fga(x)ﬁ/’ = 1. To get u = u we can thus repeat the same arguments, observing
that we have uniqueness up to a scaling (thanks to Lemma A.1) and the noninvariant constraint

fQ a(x)uP =1.
Step 4.2, equiboundedness for the perturbed problem (when p < N ): u. satisfies the equation

—div(A® (ug, Vug)) = fe(x,ue, Vug)  inQ,
where A, (. &) = (eK ()7 + |£]2)"T°£ but now
& _2 p=2
fe(x,t,8) = rea(x)t? ! — St EFK 17 7) T K'(1).

First, we observe the equiboundedness of the Lagrange multipliers A : indeed, for any positive
pe Wol’p(Q), e is given by

p=2

1 € 2
[ A% v o+ £ [ (e PR T Ky

o=
-1
Joaui™ ¢

Since u, — u in Wol’p (£2) and almost everywhere, by exploiting that u, and Vu, are dominated
by L? functions, the Young inequality for products and the assumptions on K, we obtain that the
right-hand side is bounded.

Next, by the assumptions on K, we can apply [99, Theorem 7.1, Section 4.7] (see also the
proof therein and [99, Theorem 5.1, Section 2.5] for the case p = N) and get u, € L°°(2) with

luelloo =C
where C = C(N, p, |2, lucllg), ¢ = p* if p < N and g < o0 if p = N, and thus equibounded.
5.1. Proof of general results

We show now that the conclusions of Theorems 1.4 and 1.10 hold in more general cases; we
will furnish the statements of general results for the sake of completeness, even if they appear a
bit cumbersome. We refer to Corollaries 5.6 and 5.7 for statements with more explicit assump-
tions, and to Section 6 for applications to specific nonlinearities, some of which mentioned in the
introduction.

Let us consider the following abstract assumptions on Bg, introduced in (5.3):

t+— Bg(x,t,£) nonincreasing, (B1)

0;B. < —pu for some p > 0 (uniform in & > 0), (By)
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B >0, (B3)
(x,1) > Bg(x,t,&) jointly harmonic concave. (By)

The domain of reference is given by
(x,1,8) € Q52 x € v:(25/2) X Ve (R25/2) 5.4

where t € v, (R25/2) C [%, C’l while || € |[Vv,[(25/2) C [0, C"] (for & small) thanks to Step 7.2.
The main information given by C’ and C” is that & is bounded and ¢ is bounded and far from
zero, while x is far from the boundary.

For the sake of clearness, at some point (see Sections 5.1.2 and 5.1.3) we will require a par-
ticular form of f, that is

SO, ) =h(x,0)g(t) +k(x, 1) (F1)
where, set G(t) .= fot g(t)dt, we require
G({t)>0 fort>0 (F»)
and'!
hix,t) >0 fort>0,xeQ; (F3)

notice that, differently from f, we do not require 4 to be finite in # = 0. Notice anyway that the
arguments may be adapted to other kind of nonlinearities.'” In this setting we will require g and
Y to be related by

g @) _ v
A0

(Fy)

1
that is (up to additive constants and positive multiplicative constants) ¢(f) = f lt (G(s)) rds.
Thus B, takes the form

Y % 2
Bg<x,r,s>—pm(h(x,w<z)>+Hg<5) (0=l —e))+

k(x, ¥ (1)

_— 5.5
Pyt O

In Section 5.1.3 we will give some sufficient conditions on v, k, and & to ensure (B1), (B2), (B3)
and (By).

11 Notice that, in the regular case p = 2, that is ¢ = 0, we can allow 2 = 0.
12 Rather than (F)), other possible choices could be set up according to the specific problem. For instance, f(x,t) =
£(g(1)) for some suitable function ¢.
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5.1.1. Exact concavity
We can state now the main result about exact concavity. See also Corollary 5.6 below.

Theorem 5.2 (Exact concavity). Let Q C RN, N >2, be open, bounded, convex, with Q2 € C Lo
and let p € (1, +00). Let u be a solution of (5.1), and let f and ¢ satisfy (f1)—(3), (p1)-(¢2), and
one among (fs) or f(x,t) = a(x)|t|’~%t and (¢s). Assume moreover that (By) and (Bs) hold.
Then ¢(u) is concave.

Proof. Assume first 2 smooth and strongly convex. We start observing that, exploiting the
boundedness of |Vu,| by Step 5, the equation verified by v,

- Z&f] (Vve)aijve = B:(x, vg, V),
i,J

where af; (§) := p(e + |§|2)% ((p — 2)&i&; + (e + |£]*)8;;), is uniformly elliptic.

We check the assumptions of Theorem 4.9: by (B)), (B24) and the regularity assumed on f (see
also (5.8) for the strict monotonicity), together with v, € C 2(Q2s ,2) given by Step 6, we see that
Theorem 4.9 applies and thus C,, cannot assume a maximum in ;5,7 X £5/2 x [0, 1]. Combined
with Step 7.2, we see that C,,, € C(25/2 x Q52 x [0, 1]) cannot have a positive maximum, which
means that C,, <0 on Q52 x Qsy2 x [0, 1]. By the (pointwise) convergence obtained in Step
4, we obtain that C, <0 on 5,2 x Qs/2 x [0, 1]. This is on the other hand true for any § > 0
(small): this means that C, <0 on Q x Q x [0, 1], that is ¢(u) is concave.

To pass from a smooth, strongly convex domain to a more general convex 2 (with Q2 € C1%),
we make an approximation process — based on the uniqueness and minimality of the solution
— as in [22, Section 4.1] (see also [120, Section 5]); we give some details in the case of the
eigenfunction. First, being 2 convex, from [126, Corollary 4.2] (see also [36, Corollary 3.7])
all the solutions belong to C(€) and thus, being 92 € C1 thanks to [104, Theorem 1] all the
solutions are in C#(); thus uniqueness — up to scaling — holds by Lemma A.1. Let now u €
WO1 ()N C(Q) be the solution on £ — obtained by minimization with constraint [, a(x)u? = 1
— and let QF C © be a sequence of smooth strongly convex sets which approximate  in the
Hausdorff distance (see Proposition 2.1), and define Ji (v) := % ka Vv |§ — ka a(x)vP. We con-

sider uy € W(;’p (S critical points of J; obtained by constrained minimization ka a(x)u,f =1,
and extend uy to Q by uxy =0 on 2\ Qk.
We clearly have J (ux) = J(ux) and thus

1
—luxll?y, =T @)+ 1= Je(up) +1 < JeQuy) + 1< Ji(u) +1=J(up) + 1
p' W@

which implies uy — u in W(;’p(SZ) and strongly in L?(£2); in particular fQ a(x)u? =1.

Let now & 1= 2supg, o« u, and define vy := (ka a(x)(u — ex)4) " (u — er) . Notice that
& — 0, since maxg, ok U = u(xr) with d(xg, 0R) < sup,.qd(x, Q) — 0. Since vy — u in
W(}’p(Q) we obtain

Jw) < lin}cinfj(uk) = lin}(inf.lk(uk) < lin}(inf.lk(vk) =Ju) <J)
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from which, by uniqueness of the minimizer, u = u. As a consequence, since the concavity claim
holds for each uy, then by pointwise convergence it holds also foru. O

5.1.2. Perturbed concavity
We pass now to the statement and proof of a general result about perturbed concavity; see also
Corollary 5.7 below. We assume here

¢ e C(Q); (¢3)

see Remark 5.5 for more general ¢ unbounded, and Section 6.1 for the logarithmic case. For the
sake of simplicity, we also assume (F1), (F3), (F4) and

k(x,t)=0 and h(x,t)=h(x) (Fs)
and set, for each § > 0,
ms:= min h(x) >0, Ms:= max h(x) >0, (5.6)
X€Qs) XEQS/Z

in light of (F3). We also assume

V(1)
Y1)

t—

harmonic concave. (Fp)

Theorem 5.3 (Perturbed concavity). Let 2 C RN, N > 2, be bounded, strongly convex, with
AQ € C%2 and let p € (1,400). Let u be a solution of (5.1), and let f and ¢ satisfy (f1)—(f3),
(01)-(92), (F1), (F3), (F1) and (fs), together with (¢3), (Fs) and (Fg). Assume moreover that (B>)
holds. Then v = ¢ (u) satisfies

1 — .
cv§—£(2+ M)(m—m) inQ x Q% [0.1] (5.7)
1 ms ms

for some § > 0, where

Y w)
mg:= min ————— >0
xeﬂg/z w//(v(x))

Proof. By Step 7.1 we have that the maximum (xg, yp, Ag) of C, cannot be attained on the
boundary, thus it belongs to 2 x € x [0, 1]; in particular, there exists § > O sufficiently small
such that (xo, Yo, Ao) € R5/2 X Q2572 % [0, 1]. Clearly, (xo, yo, Ao) is also the maximum point over
Qa/z X Qg/z X [0, l].

Let now (xg, ye, Ag) € W X W/z x [0, 1] be the point of maximum of C,,; by Step 7.2,
for & > 0 small, it cannot be on the boundary, thus (x¢, e, Ae) € Q2572 X 252 x [0, 1]. More-
over, by the convergence in Step 7.2, we have (xg, y¢, As) = (X0, Yo, Ao); notice that (xg, ye, Ag),
differently from (x¢, yo, 10), depends also on §. Then, by Theorem 4.10

Vve(xe) = Vg (ze) = Ve () =: &,
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where z; 1= Agxe + (1 — Ag)ys. By (B>) in particular we have

01 Be(zg,t,8) < —pu <0 fort €[ve(ze), heve(xe) + (1 — A)ve(ye)].

Moreover
1
CuS (Xg, Ye, Ae) < ;HCBSQ,UE(-),‘;‘E)(X& Ves Ag).
Being (B>) uniform in ¢ we can pass to the limit and obtain
1
Cy(x0, Y0, 2o) < ;HCBQ(-,U(-),fo)(x()’ Y0, Ao).

We need to estimate HC gy (.,v(.),&) (X0, Y0, Ao). We observe

N AO) _ » k(x, ¥ (1))
Bo(x,t,%')—pw/(t) (h(x, ¥ @)+ (p— DIE] )+p—(w,(t))p,1~
In light of (F5)'3 we have
_ bg(x)
Bo(xvtvs)_ p(t)
where
"t
p(1) = :Z((t)) be(x) = p(h(0) + (p — DIEI?);

here p is convex and positive for ¢ > 0, and b is locally bounded and positive. Namely (we omit
the subscripts) we have

HC By (v(),60) (X, ¥5 A)

b(x) _b()
p((x) p() b(ax + (1 —=ANy)

T a0 4 -yt pAv(x) + (1 —2)v(y))

ICI))) pw())
_ 1 p(Av(x) + (1 =v(y))
p(Av(x) + (1 = 2)v(y)) Ab(y)p(w(x)) + (1 —=1)b(x)pw(y))

—bhOx (1 — A)y))

(b

B 1 Mg _pOo)+d=hpe)
— ) + (1 =Auy) \ msg Aox) + (1 =2)pw(y)

13 Otherwise we can, respectively, estimate the HC g (.,v(.),¢,) (X, ¥, ) by exploiting Proposition 2.3, and make some
error estimates for i (x, t), or we factorize h(x,t) as c(x)h(x,t), where ¢ has small oscillations and /1 has some joint
concavity property.
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- 1 imsz,g - mg,s
T o) + (1 =) ms ¢

where

ms e = min bg(x) Ms e = max bg(x).

XEQ5/2 XEQ(S/Z
By definition of ms > 0 we have (see also Step 7)

gﬁg)g - mg,g

1
HE By(-v(),5) (X0, Y0, Ao) < - <2 + )(93?5,& —msg);

ms, g

therefore

1 Ms —m,
Cuv(x0, yo, 2o) < - (2 g 5)(9715 —my)
oms ms

(notice indeed that M5 ¢ —ms ¢ = IMs —ms and that ms ¢ > ms). This means that (5.7) holds. O
Remark 5.4. Consider (5.7). If we additionally assume i € L*°(Q2) and infg s > 0, then the

maximum and minimum of 4 on 5 can be estimated with the ones in €2, that we call respectively
It and m, leading to

| m— o
<L ( m)(zm—m) in S x S x [0, 1]:
umms m

notice that 90t — m = osc(h). Moreover, if h € W1*°(Q) then

1£<2+diam(9)||Vh||oo>
m

Cpy < — diam(Q)||Vh|lee in Q2 x Q x [0, 1].

wms

Remark 5.5 (Unbounded transformations). Consider the case ¢ negatively unbounded in the
origin (e.g. the logarithm), i.e.

lim ¢(t) = —o0.
t—0

Assume 2 strictly convex and with smooth boundary. By [65, Lemma 3.2] we have that the
mid-concavity function C}' is nonpositive near the boundary (in the sense of (4.9)), thus it is
bounded from above. If C} < 0 we are done, otherwise it admits a (positive) maximum point
(x0, y0) € 2 x Q. Then we argue as in the general case (essentially with Ao = %, by adapting
Theorem 4.10 to C;') and obtain

Cm<li

Ms — _
m < <2+‘37m‘3)(zm5—m5) inQx Q.
1 ms ms

By [118, Corollary 1] we can estimate the concavity function in terms of the mid-concavity
function up to a factor 2, that is
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M5 —ms

2
cvg—i<2+
ms

)(9)?5 —mg) inQxNxI[0,1].
wms

To this relation we can apply Hyers-Ulam Theorem [75] (as in Remark 1.12).

We observe that this argument cannot be applied to the case of eigenfunctions (and logarithmic
transformation): indeed, in this case u = 0 and the above estimate cannot be set. See Section 6.1
for a different approach. On the other hand, different problems could be treated in this way, such
as showing that the solutions of suitable perturbations of the eigenfunction equation, e.g.

fouw) =a(u?™ +oul,
with ¢ € [0, p — 1) and o small, are almost log-concave; see e.g. [4, Proposition 3.4]. We leave
the details to the interested reader. Notice that it is natural to consider, in the choice of the
transformation, the biggest power, which in this case is p — 1 (see also Corollary 6.3 and [109]).
5.1.3. Discussions on the assumptions and corollaries
To discuss the properties of B, in (5.3), we notice that (p — 1)|£|?> — & has a variable sign
when ¢ # 0. We thus simplify the argument by requiring (F7) together with (F>), (F3) and (Fy),

which imply that B, takes the form (5.5).
Recalled the domain of reference given in (5.4), for these values of (x, ¢, £) we clearly have

p—2
hQx, ¥ (1) + He (€)' 7 ((p —1)EP - s) ~0 fore small.
Considered

0<B®< inf h(x, ¥ (1)) (A1)
Qspxel¢r.C'

O to be fixed (independent on ¢), we have also

p=2
O+ H (&) 7 ((p —Dg)? —8) >0 for e small.

We restrict to such ¢, and rewrite B, as

_ v e N0
Be(x.1.6)=p s (®+H8<s) (v =gl e))+p(h<x,w<r)) )
kv )
ZO)E

e Monotonicity. If we assume

Y (1) v (1)

=

v’ v (1)

k(x, ¢ (1))
W' @)r~!

t—

(h(x, % () —©) and tr>

nonincreasing, (A2z)

then (B) holds; if one of the three above is strictly decreasing, then
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t+— Bg(x,t,&) strictly decreasing. (5.8)
If moreover
I//.//
3z<7) () <—p <0, (A3)

for some i > 0, then there exists ;& = u(8) > 0 such that (B») holds.
e Positivity. If we assume

v kG @) v (1) n k(x, ¥ (1))

>0, > >
v(t) W' @)r-! Y@ @)

(Ag)

)

then (B3) holds.

e Concavity. The harmonic concavity request in (Ba) is, in general, difficult to check, due
to the sum of different terms (but in some particular cases it can be checked only through the
harmonic concavity of t '{Z,//((t’)) , see Case 2 of the proof of Theorem 1.4, Remark 5.8 below
and Remark 6.9 for some comments). To discuss the harmonic concavity of the sum, we rely on

Proposition 2.2. Indeed, if we assume

¥ (1) (1) ~
t—>t 70 (x,t) >t ) (h(x, Y (1)) @) and "
(x,t) > tz% jointly concave,
then
(x,1) —> tzBs (x,t,&) jointly concave. 5.9

If we assume B, positive (see (A4)), by Proposition 2.2 we see that (5.9) is stronger than (B.).

As a consequence of the above discussion, we obtain the following corollaries of Theo-
rems 5.2 and 5.3.

Corollary 5.6 (Exact concavity). Let Q C RN, N > 2, be open, bounded, convex, with Q2 €
cl and let p € (1,400). Let u be a solution of (5.1), and let f and ¢ satisfy (f1)—(f3),
(p1)-(@2), (F1), (F2), (F3) (F1), one among (fs) or f(x,t) = a(x)ltlf’_zt and (¢s). Assume
moreover that (A1) and (A>) hold, together with (Ba) (implied e.g. by (A4)-(As)). Then ¢(u)

is concave.

Corollary 5.7 (Perturbed concavity). Let Q2 C RN, N > 2, be bounded, strongly convex, with
AQ € C2* and let p € (1, 400). Let u be a solution of (5.1), and let f and ¢ satisfy (f1)—(f3),
(p1), (@), (F1), (F3), (Fy), (fs), together with (¢3), (Fs) and (Fg). Assume moreover that (A1),
(A2) and (A3) hold. Then v = ¢(u) satisfies

] _ o
cvs—i(z+M)(m—m) in xS x [0, 1]
wms m;
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—in — Y K) ;
for some & > 0, where ms = mmer,;/z m > 0 and mg, Ms as in (5.6).

We observe that conditions (A7), (A3), (A1) and (As) depend on f in an implicit way (with re-
spect to g); stating general explicit assumptions on f which imply these conditions might be a bit
cumbersome; in turn, we prefer to present various examples, including the one in Theorem 1.4,
the ones in Remark 5.8 below, and the one in Corollary 6.3.

Remark 5.8. We observe that, if 2 = 1 and k = 0, that is

fx,t)=¢g@),

(we avoid the presence of an x-dependent weight to keep the presentation simple) then (A»),
(A4) and (B4) collapse to

v (1)
Y1)
thus monotonicity (B1) and harmonic concavity (B4) of B, are ensured by this request. A suf-
ficient condition to fulfill this requirement can be expressed in terms of g (recall indeed the

relation (F4)), and it is given in [22] (see also [34, Theorem 4.4], [84, Corollary 2]) which reads
as follows:

1=

nonincreasing and harmonic concave,

(i) GYP concave,
ii) £ harmonic concave.
G

See [22, Section 4.5] for details. This ensures that ¢(t) = flt(G(s))fids is concave. Class of
functions covered by this choice (but not by the assumptions in [91]) are, for example, g(¢) =
log(1 + t) (allowing non-power nonlinearities), g(¢) = 1 — ¢ (allowing linear perturbation of the
Laplacian); see also Section 6.2 for another interesting application to singular equations. We will
see that the possibility of k(x, ) in () of not being zero allows more general cases than [22],
even in the autonomous semilinear framework (see Corollary 6.3).

6. Applications
As we saw in Corollaries 5.6 and 5.7, the machinery of the previous Sections allows to treat

the case of a general g (in the spirit of [22,116], see Remark 5.8 and Corollary 6.3 below); we
focus here our attention on the power case, that is

f ) =a@)r?
with g € (0, p — 1], and a(x) > 0, which clearly satisfies (f1)—(f3) and one among (fs) and
flx,t)=a(x) P!,
We are now ready to prove the main theorems.
Proof of Theorem 1.4. We write (k = 0)
Fe, )= (a()t™ M)t = h(x,1)g(1) (6.1)
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withg=¢2> —q1,91 €0, p —1 —g] and ¢q2 € [¢, p — 1]. Thus we have (F1)—(F24).
Case 1: ¢» # p — 1. By (F4) ¢ can be chosen as

p(t) =¢t” (6.2)

i _ 1/p
with y = % € (0, %) C(0,1) and ¢ :=¢(p,qo) = (%) pi{’iqz; for exact con-

cavity the constant { > 0 plays no role, while for the perturbed concavity it is involved in the
coefficients of the estimate. By (6.2) we have ¢/ () = th/ Y and

v _y,
v Ty

which is positive, decreasing, harmonic concave (thus (F) holds), and such that 12
is concave. Moreover

0 1yl
i )= 0) = T?<

c—aly a1 - ®>

where we recall (see (A1)) that ® is chosen in such a way ‘“/ya(x)t a/Y — @ is far from

zero. In particular the above quantity is always positive. Wlth no loss of generality we discuss
monotonicity and concavity of

k(x,t):= ;(a(x)f‘“/y - (:))

where © := ¢ ~91/7 ©.

Monotonicity: to meet the condition (A») for (B]) we compute
1 o
Ok (x,1) = —2<— (ﬂ + 1)(1(}6)[_‘“/)’_l + @);
t 14

by assuming g; < y and ©) sufficiently small (depending also on g1, g2, y) we have the claim
(both (B1) and (B»)). Namely, choosing O<1 (q1 + 1)(1nfg25/2 a)||v]l o aly= (and consequently
& small), we have

1 _ _
e, 0) < = (L 1) (inf @) o
2 Y Q52
and thus

1—y1 o
9, B, (x. 1, g)<—3—7’—( +1>(infa>||u||ooq' Y= .
2y ¢ Q2

Hence we actually obtain (A3), which implies the stronger (B>).
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Concavity: to meet the condition (As) for (B4) we discuss the joint concavity of
(x,1) > 12k (t) = a(x)t' =Y — @r;
clearly it is sufficient to discuss the joint concavity of
(x,1) > a(x)t!—n/v,

We restrict to g € [0, y] and exploit that x — a(x) is 8-concave, for some 6 € [1, 4+00].
Consider first g1 € (0, y): we observe that 7 — t1=91/7 is @ = yqu

By Proposition 2.2 we have (x, t) = a(x)t'~%/7 is jointly (1 + 4 )_l-concave. By imposing
G+ T=1wegety= 79("1’;5@ and g1 = p1+19pq, g = =270 ]ﬁf)”q, in particular, by the
restriction g1 < y, we have 6 > 1. If now ql =y, then w = © and the product function is

concave if 6 = 1 in this case y = g = £ 1 4, g, =122 1+”q .If instead g1 =0, then w = 1 and

the product function is concave if 6 = oo (1.e. ais constant), inthiscasey =2—4, gp=¢q.In
all the above relations we have that y > 0 forces p < g — 1. Under these assumptions we have
(B4).

Case2: g =p — 1, (possibly p<gq—1),ie.q=p—1—gq. Then ¢(t) = log(t) (up to
constants), and 1/f(t) =¢', thus v ((tt)) = 1 which is positive and nonincreasing, but tz'f// ((t)) =12
is not concave. Moreover

v (1)

70 (h(x Y(t)) — )_a(x)e_q‘t - 0.

The function is nonincreasing (thus we have (B))), but never harmonic concave if g; 7% 0. Thus

we assume g1 = 0 (that is, g2 = ¢ = p — 1) and hence ¥ g; (h(x,¥(1)) — ©) = a(x) — © which

is (jointly, harmonic) concave if a(x) is so. Again, under these assumptions we have (Ba).

We conclude by applying Corollary 5.6. O

We see that the statements in Example 1.7 follow by Theorem 1.4 and straightforward com-
putations. Focusing on one of these results, we propose now another application of Corollary 3.5,
where a> is nonconstant; similar statements hold for the other examples.

Corollary 6.1 (Hardy-Hénon type equation). Let Q2 open, bounded and convex be a subset of the
hyperoctant {x € RN | x; > Oforeachi}, N >2, and let p € (1,+00). Consider w € [0, 1] and
the positive solutions u and v of

—Apu = x| in 2, —Apv=[x|{ in Q,
u=0 on 092, v=0 on 092.
p=l
Then ve+r is concave (strictly, if p=2) and

p—1 —1 1
oL
||M“’+” — v lloo < C ((N® = )|l max{|x[§, [x|{}H Lo @) P
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fp=2 C=C(p, 2 lx{lloo, I1x5lec) >0, g =p* if2<p<Nandgq <ocoif p>N >2,
while

=1 =1 » © 1o g 2L
lue¥? —vo® oo < C ((N® — Dl max{|x|5, [x]{}H Lo (@) 7

if p<2and 3Q e C'*, C=C(p,Q, a, [[1x{llo, I1X5loc) >0, ¢ =2% if N >3 and g < o0
if N =2. Here |x| is the 1-norm in RN and |x| = |x|> is the Euclidean norm. In particular the
difference goes to zero as w — 0.

Proof. By the equivalence of the norms in RY we know that |x|; < N|x|, < N3/?|x|;, thus
lx13 = |x|¥ oo (@) < (N® — Dl max{]x|5, [x|{} Lo (g)-
The claim follows from Example 1.7 and Corollary 3.5. O

Remark 6.2. We notice that, for each w € (0, 1], highlighting the dependence on w, we have that
p—1 p—1
vy " is concave, and moreover ||vy " ||oo < C. Thus by [119, Theorem 10.9], up to a subse-
p—1

quence, we have vy’ — v asw — 0in L,

p—1

(£2), for some v concave: by Corollary 6.1 we thus

obtain that, up to a subsequence, ug, " converge to a concave function as @ — 0.

Proof of Theorem 1.10. The conclusion follows from the same arguments of proof of Theo-
rem 1.4 and applying Corollary 5.7. In particular, by choosing g; = 0 we obtain (v =u")

1 1 osc(a)
Cur (x0, Y0, 20) < p 2+ - osc(a)
)

Ma,u M§ u
where
. 4 . ) . o pl=yl —y
ms,y = ——— minu(x), ms = min a(x), MUaus:=-——-Msllull ,
—-Y Qs/2 x€Qs2 2 Y ;

1 1/p i
with y = PTI”, ¢ = (%) ﬁ' That is

14
Oy S o AL

ming -~ u (x) mg mg

Proof of Corollary 1.11. First we observe that

llan — aoolloo = O(0sc(an)).

Moreover we have, by the equiboundedness of ||a, |« and regularity theory [31, Theorem 2.1],
lunllco < C and, by Corollary A.3, minmun > C > 0. The claim thus follows by Theo-

rem 1.10. O
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As a final result in this Section, we show an application in the case k £ 0 (see (F7)), which
allows to include some cases covered by [91], but not by [22] (see Remark 5.8), of the type
f(x,t)=g(t)+k(t) (we avoid the presence of x-dependent weights for the sake of exposition).
For simplicity we consider the sum of powers.

Corollary 6.3. Let Q C RN, N > 2, be open, bounded, convex, and let p € (1,400). Let q,r €
0, p — 1) and u be a positive solution of

—Apu=ud+u" in S,
u=0 on 092,

withr < q and

(p+1Dg—pr=p-—1 (6.3)

p=l=q
Thenu P is concave.

Proof. We clearly have (f1)— (f3) and (fs). Set g(¢) =7 and k(¢t) =", we have (F)—(Fy) and

(u ¢ P=q-1 W h k@) pr= (p] l)ql<p D

p to constants) ¢(¢) =t 7 e see that 1 W = t P=q is nonincreasing
2 k@ _ et -

and t > t°— 2 r=q is concave by the assumptions; thus we conclude. 0O

W' @yr=t =

Remark 6.4. Notice that for p = 2, (6.3) gives 3¢ — 2r < 1, which actually is the condition to
impose in order to have

3y—1
t— 1" f(t) strictly decreasing, f+> tyT £y concave, (6.4)

y = l%q, requested in [91, Theorem 3.3]. Additionally, we highlight that, in Corollary 6.3, it is
the biggest exponent who leads the choice of the transformation function. Moreover, it remains
open to determinate if the restrictions on ¢, r in Corollary 6.3 are sharp.
6.1. Weighted eigenfunctions

We consider

fx, 1) =a(x)|t|P %

The approximation argument has been commented in Remark 5.1, while exact concavity has
been considered in Case 2 of the proof of Theorem 1.4. We give now some insights on perturbed
concavity.

When p =2 and ¢(¢) = log(z) the equation solved by v = ¢(u) is given by

—Av=|Vv]® +1;

thus even in the semilinear case we see that the main issue is given by the fact that the nonlinearity
of the transformed equation does not have a derivative in ¢ far from zero. This problem has been
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tackled in different ways: in [4, Proposition 3.4] the authors study a perturbed equation, with an
additional term which allows to gain the desired assumption on the nonlinearity (see Remark 5.5).
In [29, Proposition 2.8] they consider instead an approximation process, by staying far from the
boundary; this approach would require cumbersome computations in order to be implemented
in the nonregular quasilinear setting, since a double approximation process should be set up.
Another possibility is to pass to the parabolic equation, see [55].

Here we propose a different approach, by estimating the concavity function of the transfor-
mation

¢o (1) :=log(u — o)
in the set where it is well defined, i.e. {u > o}; notice that, since we cannot ensure the quasi-
concavity of u, this set is generally not a priori convex. Near the boundary we have instead an
information on log(u). For the sake of simplicity we present the argument for p = 2, but it can
be easily adapted to any p € (1, +00).

Theorem 6.5. Let Q@ C RN, N > 2, be open, bounded, strictly convex, with 3Q € C>%. Then
there exists oy > 0 such that, for each o € (0, o¢], set

Ay :={u> o}

we have'*

Cﬁ')lg(u)(x, y) =< Aflfﬁg C{gg(u) for (x,y) € (Q x Q)\ (Ag X Aa)
and
1
Clog(u—a) (X, y, M) (x, y) < ;Cosc(a)

forany (x,y) € Ay X Ay with [x,y] C Ay and X € [0, 1], where

m(;'

1
C=Cl(a,u,s) =ell» (2+ &(a)>_
mg

Proof. By [65, Lemma 3.2] (see also (4.9) and [117]) Cl"gg(u) does not attain a maximum near

the boundary 9(€2 x €2). Thus there exists 25, such that

Clog) *: ¥) < o max Clogy  for (x,y) € (2 x )\ (225 x Qsy)-
50 X 259

14 Notice that, arguing as in Remark 5.5, we have also

Clog(u)(x, ¥, M) < 2Am>i1§ Cloguy for (x,y,2) € (R x )\ (As x Ag) x [0, 1].
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For o sufficiently small we have Qs, C A,. Consider the transformation ¢; : (0, +00) — R,
@o (t) :=log(t — o), with inverse ¥, : R — (o, +00) given by ¥, (1) = ¢’ + 0. Set v, := ¢y ().
The function v, satisfies

Vs (Ug) Voo 2+ Jx, Y5 (v5))

—Avy =
(/;(Ua) %(va)

Yo _

where o =

1, which is positive and nonincreasing, and

fa o) dto

=a(x)

Vg (1) e

=a(x)(l+oe™)

which is positive and decreasing in ¢. In particular 9, (W) = —oa(x)e” " and thus

81(%) < —ge Mloomy =y, <0

which implies, by Theorem 4.10,

1 osc(a)
Clogu—o) (X, ¥, M) (x, y,A) < —<2+ >OSC(a)
Ko ms

foreach [x,y]C{u>0o}. O
6.2. Singular equations

We consider now singular equations, that is g < 0.1 To deal with this case, we introduce
a regularized problem (with respect to the source), apply previous results and then pass to the
limit. We start by recalling the following results in [38, Theorems 1.3 and 1.5] (see therein the
definition of solution) and [36, Corollary 2.4]; see also [60, Teorema 2.3] for the case a(x) =1
and [20] for the case p = 2.

Theorem 6.6 ([36,38]). Let Q C RN, N > 2, be open, bounded, with 02 € C%% and let pE

(1, 400). Assume q € (—00,0) and a € L°°(R2). Then there exists a unique solution u of (1.4).
p—1-

Ifq €[—1,0) thenu € WP (Q), while if g € (—o0, —1) thenu' 7 € Wy (). Moreover; ifa
is constant, then u € C(Q).

We focus on the case a(x) =1 and g € [—1,0). Consider, for any n > 0, the regularized
equation

—Apuy = (uy +n)? in €2,
uy >0 in 2,
u, =0 on 0%2,

15 We thank Lorenzo Brasco for having brought to our attention this problem.
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so that we have

f,n=g®)=@+n?.

In this case, it is hard to deduce concavity properties of powers of u,, which makes the approach
due to [91,94] difficult to apply. We will base the proof thus on the abstract approach developed
here and in [22]. We obtain the following result.

Theorem 6.7. Ler Q C RY, N > 2, be open, bounded, convex, with 02 € C 29 and let pE
(1, +00). Let u € WOI’P(Q)OC(ﬁ) be the solution of (1.4) with q € [—1,0) and a(x) = 1. Then

p=l=q
u r Ls concave.

Proof. By [38, Lemma 4.5 and proof of Theorem 4.6] we have that
Uy —>u in Wol’p(Q);

in particular almost everywhere and u,; is dominated.

Assume first g € (—1,0). It is straightforward to verify that g(z) = (¢t + )9 satisfies the
assumptions of Corollary 5.6 (see in particular (¢1)-(¢2) and Remark 5.8 (i)-(ii)); in particular,
since

(¢ 4+t =t

G(t) = o

being g € (—1, 0), we have that G/ is concave and % is harmonic concave (since g is convex).

Therefore, for each n > 0 we have ¢, (4,) concave, where

t

-1/p
on(0) :=/ ((s +m?* - nq“) ds;
1
we notice that ¢,, cannot be expressed in terms of elementary functions. By u, — u (notice that

_ _g+tl
((s + )+t — nq+1) 1/p <s 7 ) we have (up to constants)

r—1—q

Op(uy) —>u » almost everywhere. (6.5)

i S

Thus, being u continuous, we obtain that u 7  is concave.
Consider now g = —1; we have

G(1) =log(t +n) —log(n)

and again G!/? is concave and £& is harmonic concave. Therefore, for each 7 > 0 we have @, ()
concave, where
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t
on0) = / (log(s + 1) — log(m)~"/7 ds:
1

. . . log(;)
again ¢, does not have an elementary expression. Being (observe that hg(ﬁf#f;(n) < C; for
s € (t,+00))

1
(mgﬁﬁ%myw—1 asn — 0
we have (up to constants)
R
(log(;))? @y (uy) > u

p_;_q =1wheng=-1). O

and hence u is concave (notice

Remark 6.8. Consider (6.5). Being ¢;(u;) concave on the bounded set €2, converging almost

.
everywhere pointwise to u = , then a known result [119, Theorem 10.8] automatically implies
.
that ¢, (u,) = u = in L7? (£2). We highlight that one may use this result to directly obtain the
r=l-q

concavity of # 7 and gaining the continuity of u in 2 a posteriori, furnishing an alternative
proof to [36].

Remark 6.9. (i) The case g < —1 was treated in the semilinear framework p = 2, in a different

way by [16], by dealing with the boundary through a direct use of the equation itself and a

maximum principle on the function x — |Vul? + q%u‘“l (see [16, Lemmas 3.1 and 3.3]).

In our setting, the range g < —1 creates more difficulties for the applicability of the concavity
r=l—g

results; in particular 7 + ¢ 7 is no more concave with singular derivative.
We notice that also regularity issues arise when g < —1 (see Theorem 6.6 and [37,69]). In
r=l—g

particular, the solution does not generally belong to W(} "P(Q),butu 7 does, where the power
is exact the same of the expected concavity.
(ii) Consider now a(x) nonconstant. To apply the arguments of Section 5.1, the very first thing

to check is if £ — £2 ‘fpl,/((tt)) is concave, which is stronger (see also [55, Proposition B.3]) and more

difficult than showing ¢ — % convex (as done in [22], see also Remark 5.8); both leads to the

. . 11/”([)
harmonic concavity of Ok

(As)). We have

but in our case we need the above property to deal with sums (see

2 V(1) _
Y (1)

(#2677 E) W)

which seems not easy to handle (recall that, in our case, ¢ and i are not explicit); some numerical
simulations forg = —1 + % suggest indeed that the above function is not always concave.
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7. Further results

In this Section we furnish several results in different frameworks: the techniques mainly rely
on perturbation arguments, based on fine estimates.

7.1. Superhomogeneous equations

In the superhomogeneous case f(x,t) = g(t) =t9 with ¢ > 1, quasiconcavity was already

conjectured by Sacks (see [84, Remark 9]). As for the semilinear case [101,105], we expect
—p+l1
the solutions to be 2=1=% _concave (i.e. u_q 0 is convex) in Q for any ¢ € (p — 1, p* — 1);

notice that this is weaker than the log-concavity. We further remark that this power of u is related
to the definition of pressure in the porous medium equation [101] and it has a relevant role in
the classification of solutions of the Sobolev critical equation through the use of the so called
P-function [41] (see also [42,122] for p < N and ¢ = p* — 1).

When p = 2 we see that the equation solved by v = ¢ (u) = —u_% (which we want to show
being concave) is

1 1 -1
—Av=—— (iwvﬁjt q—);
vi\g-—1 2

thus even in the semilinear case we see that the nonlinearity does not satisfy the basic assumption
on the monotonicity of Theorem 4.9, i.e. it is not nonincreasing. Notice anyway that, being
negative, it is harmonic concave by direct definition, and moreover lim;_. ¢'(f) = +00 (see
Corollary 4.4).

The strategy employed by [105] is the following: the author exploits the strong log-concavity
of the first eigenfunction to show that for ¢ near 1 the solutions are quasiconcave, while through
a continuation argument it is shown to hold for each ¢ > 1 — when the solution is a ground
state — see Remark 7.2. We recall that a ground state is (up to a scaling) a minimizer of

inf[fQ |Vul? |u e Wol’p(Q), fQ |ul = 1}. We refer also to [101, Lemma 4.8] where an evo-

lutive argument has been used (see also [92,109]).

We know by [105, Lemma 3] (see also [25, Proposition 4.3]) that there exists a unique positive
solution whenever €2 is bounded and convex, p =2 and g > 1, g close to 1. For a general p > 2,
in [26, Corollary 1.4] they recently showed the uniqueness of the positive ground state when
qg>p—1,qcloseto p—1, and 2 is connected and 92 € C12 In a similar setting, here we
show concavity properties of a general solution of the equation, through a uniform convergence
(see also [68]).

Theorem 7.1. Let @ C RN N > 2, be open, bounded, 32 € C1%, and let p € (1, +00). Consider

—Apuy = ”Z in Q,
ug >0 in 2,
ug =0 on 0%2,

withq € (p — 1, p* = 1). Then v, := M,ﬁ — u in L®°(Q) as ¢ — p — 1, where u is the first
eigenfunction of the p-Laplacian in 2, normalized with ||u] s = 1.
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Assume now in addition 2 convex. Then log(u) is concave and

[l log(vy) —log()lloo =0 asg— p—1

together with

log(vy) — log(u) in L*°(Qy)
foreach § > 0. As a consequence:

o if N =2, then for each € > 0 we have log(uy) is e-uniform concave in Qs for q € (p —
1,q0(82, p, €,0)).

o if p =2, then log(uy) is strongly concave in Qs, for g € (p — 1, qo(2, N, §)); in particular,
the level sets of uy in Qs are strictly convex and uy has a single (and nondegenerate) critical
point in Q5.

Proof. By [126, Corollary 4.2] (see also [36, Corollary 3.7]) we have u, € C(Q). We employ a
Gidas-Spruck blow-up procedure (see e.g. [11]). Set

u
M, = , VU =— >0,
q ””q”oo q Mq
which solve
_ApquMg_pva in €, 7.1)
v, =0 on 9§2. '

Notice that ||vg [|cc = 1. We want to show that Mg ARETS equibounded. Assume by contradiction
that Mg_PH — 400; let us set

1
Uy (x) 1= unq(sqx +x4), Xx€Q

g=p+1
P

where ¢, := M; — 0, x4 €  such that uy(xy) = llugllco. We clearly have uZ(O) =

||uZ lloo = 1. Moreover uZ > 0 solve

—Apuz = (uZ)‘f in Q,
u(’; =0 on 982,

where Q, := é(Q — x4). By [50,125] and Ascoli-Arzela theorem we have that “Z converges in

C ll(;g (A) to a function u* > 0 which satisfies (weakly)
—Apu*=wHP™! in A
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where A = Rﬁ or A =R", depending on the fact that x4 approaches or not 92. Since u*(0) =
1 > 0, by the strong maximum principle [127, Theorem 5] we have that u* > 0. But this is in
contradiction with [78, Lemma 2.1] (see also [122, Theorem II]). Thus Mg il equibounded.

Let us come back to (7.1). Arguing as before, one can show that, up to a subsequence, v,

converge in C;*(A) to some u, together with M " *1 5 X € R, which thus satisfy

—Apuzkup’l in 2,

u=0 on 9€2.
Being ||u||co = 1, we have u £ 0, thus u > 0 by the strong maximum principle. Hence u must
coincide with the first eigenfunction, and A with the first eigenvalue. By a classical topological
argument, we see that the whole family v, converges to u.

The e-uniform concavity comes from Theorem 1.3 and Proposition 2.6. The case p =2 is
already known, but let us give here some details: by the uniform estimates with respect to g (see
also [26, Proposition 2.4 and Theorem 2.5]) and regularity theory for the classical Laplacian [52,
Theorem 2.30], we know that log(u,) — log(u) in C 2(Qs). Moreover, by Theorem 1.1 we have
the strong concavity of log(u), and thus the claim by Proposition 2.5. O

Remark 7.2. As already mentioned, similarly to the semilinear case, we expect the solutions to
be 2124 _concave for any g € (p — 1, p* — 1), which is weaker than log-concavity. Anyway, to
conclude as in [105], we would need the following three ingredients:

(i) the first eigenfunction u is strongly log-concave and v, — u in CfOC(Q);
(i) themap g € (p — 1, p* — 1) = uy is well defined (that is, u,, is unique) and continuous (in
Clzoc topology, see also [26]);
(iii)) an Hessian constant rank theorem in the spirit of [95] holds, which allows to obtain strict
concavity (strongly far from the boundary) from concavity.

We refer to [56,105] for details. Due to (i)—(iii) this recipe seems not the right way to proceed for
the quasilinear framework (see also comments in [23] regarding (iii)).

Remark 7.3. We highlight that a uniform bound from below on |[Vu,| (see [26, Theorem 2.5])
could be used, together with a strict quasiconcavity on 25 (if proved), to ensure that the critical
point of u, is unique and nondegenerate in the whole €2, somehow extending Theorem 1.3 to
the superhomogeneous case. We recall that in the semilinear case p = 2 [32] (see also [45]) the
authors showed that every semistable solution has a unique critical point when ¢ < p — 1 and
a(x) =1, but for g > p — 1 every solution is unstable [88, Theorem 2]. When ¢ is sufficiently
close to the critical exponent p* — 1, anyway, uniqueness of the critical point has been achieved
by [61]. We refer also to [121, Theorem 6.1] for results in the quasilinear setting in presence of
symmetric domains.

7.2. Large p: towards strict quasiconcavity

By [85, Theorem 1], as p — +o00 we know that solutions u , of the torsion problem —A pu, =
1 satisfy
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lim u,=d(-,9Q) in L™®(RQ) (7.2)
p——+00

which is a concave function; this is coherent with 2=l | When Q is strictly convex we have
that the distance function is also strictly quasiconcave (see Proposition 2.1). Moreover, when
dQ € C? and it is strongly convex, then (7.2) can be improved [85, Theorem 2]. We further
mention that some partial concavity results when p = +o00 are contained in [80, Section 4].

For any p we already know that u, is quasiconcave: exploiting the ideas of the previous
Sections, the strict quasiconcavity and the uniform convergence (7.2) we obtain the following
result (see [66, Definition 2.8]).

Proposition 7.4. Let @ C RN, N > 1, be open and strictly convex. Let ¢ > 0. Then there exists
po = po(S2, N, ¢) € (1, +00) such that, for any p € [ po, +00), the positive solution of the torsion
problem

—Apup=1 in 2,
up,=0 on 092,

is e-uniformly quasiconcave, that is for some p = p(2, N, &, p) >0

up (%) > min {up(x), up(y)} +p foreachx,y € Q, |x —y| >e.
Proof. It is sufficient to recall that u, converge uniformly to d(-, 9€2), which is strictly quasi-

concave, and argue as in Proposition 2.6 (notice that a quasiconcavity function can be defined
straightforwardly). O

We highlight again that, if one could show that the relation obtained in Proposition 7.4 holds
for ¢ = 0, then uniqueness and nondegeneracy of the critical point would hold for large p in any
dimension N, extending [23] in the case of strictly convex domains.

Remark 7.5. The behavior as p — 1 of the solutions of —A,u, =1 is quite more nasty, es-

sentially blowing up at 4+o0 or flattering to 0 depending on the Cheeger constant of €2, see [85,
p—1

Section 3 and 4] and [30]; in particular, if €2 is a ball Bg(0), then u p” — %.

Regarding the eigenfunction problem, by [86, Remark 10] the solutions u, of —A,u, =
Apup as p — 1 essentially converge in BV to the characteristic function of the Cheeger set
(recall that, by [6], such set is convex, thus such characteristic function is quasiconcave); the
convergence as p — +oo has been instead investigated in [81].

7.3. Fractional equations

Very few is known regarding concavity results for fractional equations: some partial results
are contained in [64] (see also [79] and references therein). Anyway, the only result, close to our
framework and known to the authors, is contained in [98]: here, when N =2, p =2, s = % and
f =1, the author shows that the positive solution of the torsion problem

V—Au=1 in €,

u=0 on Q°,
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on Q C R?, is concave in Q (actually strictly concave, for some class of domains ). The advan-
tage of this case is that the solution is exactly concave, thus there is no need of a transformation
¢(u), for which is not known if ¢ (1) solves a different fractional PDE (since Leibniz rule does
not hold for (—A)®); moreover, when s = % the equation satisfied by the s-harmonic extension
is simpler. On the other hand, the lack of a transformation with singular derivative, together with
the Neumann boundary condition of the extended equation, brings to much more difficulties in
handling the boundary.

By looking at the cases s = % and s = 1, we conjecture as in [98] that for (—A)*u =1 the

. . . . . s—0 .
solution is ;—S—concave (which is coherent with 1 = (—A)*u — u, u constant, i.e. co-concave),

or more likely min{zix, 1}-concave. More generally, one may expect that the concavity properties
of (—A)*uy; = g(uy) are better than the ones of —Au = g(u): in particular, one may expect that
if u is a-concave, than u; is «-concave as well. What we do in this Section is some partial results
in this direction, through perturbation arguments.

Indeed, consider the p-fractional Laplacian

s , () —uWIP~>@x) — u(y))
(=A)u(x) = / P dy forxeRN
RN

where the integral is in the principal value sense. We highlight that the choice of the constant in
front of the integral (in this case, equal to 1) influences the statements of the following results.
Through a perturbation argument, we show the following.

Theorem 7.6. Let @ C RN, N > 2, be open, bounded, with 3Q € C!, and let p € (1, 4+00). Let
Us € Wg‘p(Q) be positive solutions of

(=A)us = gl ™! in Q,

us =0 on QF,
normalized at ||us|| p = 1. Then
lus —tlloo—>0 ass—1

where u is the positive solution of

—Al,uz)uu”_l in 2,

u=20 on 082,

normalized at ||ull, = 1. Assume now Q convex. Then log(u) is concave and, for every § > 0, we
have

[l log(us) — log(u) Lo (g4 — 0.
AS a consequence:

56



M. Gallo and M. Squassina Journal of Differential Equations 440 (2025) 113452

o if N =2, then for each ¢ > 0 we have log(us) is e-uniformly concave in Qs for s €
(s0(£2, p,&,0), 1).

e if p =2, then for each ¢ > 0 we have log(us) is e-strongly concave in Qs for s €
(50(£2, N, &,6), 1).

Proof. Since ||us|, =1, by [27, Theorem 1.2] we have that
(I—-s)rs<C

as s — 1. By [27, Theorem 2.10] (see also [76, Corollary 4.2]) we know that u; € L>°(2), and
more precisely

1 N
lluslloo < <CWS(1 - S))»s)wz lusllp if p <N (thus sp < N),
2 3
s oo = (Ciam(@)¥ O~ Ds(1 = )2) ¥ sl if p=N (and s = J).

1
- N
lusloo < (Ciam(@)7 N (1 =) ) uslly i p> N (and's > ),
p
where C = C(N, p) > 0. In particular,
3 N .
luslloo < C forszz(ands>—1fp>N). (7.3)
p
By [27, (2.27) in proof of Theorem 2.10] we also know that
1 . N
[us]coysf%@ <(C =5)As)7 llusll, if p> N (and s > ;)

thus ||ug ”CO“‘O_ < C for s > 59 (s¢ > % however fixed). We need to deal with p < N.

N
o) B

We know [76, Theorem 1.1] that ug € e (2) for some a5 = a5(p, N) € (0, s), and more
precisely, set f, := A;u” "', we have

1
=
[lees ”CO,as ) <Gl fslld

for some Cy = C4 (2, p, N); from the proof therein we easily see that oy and Cy are equibounded
for s — 1. On the other hand || f; || are not equibounded in s, thus we give a closer inspection
of the proof: we know indeed that

Ki:=0< (= AYhus < Aslug 5 =: K3.
The role of K is played in [76, Theorem 5.2 and Lemma 5.3] (and used in [76, Theorem 5.4]),
while the role of K3 is played in the proof of [76, Theorem 1.1] (implicitly also in [76, Theorem
5.4 and Corollary 5.5]) only to bound ||u;||oc: We can thus substitute this bound with the finer

(7.3), which is uniform in s. Hence, for some « € (0, 1) we have
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”us”(;O,oz(ﬁ) <C

for each s large. By (3.1) we have

1-6 [
lus — ulloo < (”“s”cO.as(§) + ||“||C0,ot(§)) Pllus — “”pp

.«
where 0, = Y % , thus

0
lus —ulloo < Cllus — u”pp-
By [27, Theorem 1.2] we have that there exists sy — 1 such that uy, — u in L? (), thus
lus, — ullooc = O.

Actually we can say better: by [21, Theorem 5.1]'® we know that, for each sy — 1, being (1 —
Sk)As, —> A, there exists Us, —> u in LP(R2), where u = u by uniqueness of the problem and the
L?-constraint; by topological arguments, we have ug; — u as s — 1 in L?(2), which implies
(by the previous argument) the convergence in L°°(£2). In particular, for each § > 0,

[l log(us) —log(u)|lLo(;) — 0 ass— 1.
We conclude by Theorem 1.3, Theorem 1.1 and Propositions 2.5 and 2.6. O

Remark 7.7. Arguing as in the end of the proof of Proposition 7.1, we observe that a C? conver-
gence ugy — u (if proved) would imply that u; is actually strongly convex for s € (s9(6), 1), and
thus uniqueness and nondegeneracy of the critical point of u;. We notice that a C># estimate,
uniform in s, is given for p =2 in [33, Lemma 4.4] for equations in RN: see also [27, Remark
4.1] for further comments.

Remark 7.8. Differently from Remark 3.8, a global convergence of the type | log(us) —
log(u)||zoo(@) — 0 is here not possible: indeed, considered (—A)*'u; = f(u1) and (—A)2uy =
g(u») with suitable f and g, by regularity results [76, Theorem 4.4] and fractional Hopf bound-
ary lemma [46, Theorem 1.5(2)], we have 0 < % < d("w d(”ﬁ < C, thus z—; Z—f € L*®(Q)
if s1 = s7; for the same reason, this does not happen if 51 # s7.

Remark 7.9. Similar arguments could be employed for p-subhomogeneous problems

(—AYuy =u!
with ¢ < p — 1, by exploiting some estimate uniform in s and [21, Theorem 4.5]. Furthermore,
in the case ¢ = 0, one could exploit [128, Theorem 3.11] to deduce concavity properties for
nonautonomous equations, i.e. (—A)‘; = a(x), when a is close to a constant, in the spirit of

Section 3. If one has a stability argument also for s — s* € (0, 1), then one could use the
result by [98] to say that, for p =2 and s < %, close to %, the solutions of the torsion problem

16 Notice the difference in the notation in that paper, where (—A)“;, is substituted with (1 — s)(—A)Jp.
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(—AYu=1,QcR?are e-uniformly concave, at least for some class of smooth domains [98,
Definition 2.1].

Finally, we point out that it could be interesting to study the fractional concavity of solutions
of fractional equations, where the notion has been introduced in [47].
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Appendix A. Some facts on the p-Laplacian

In what follows, we recall some results in the literature folklore, but of which the authors
were not able to find a proof. We will state the results in the case of a general f = f(x,t), that
is equation (5.1).

A.l. Uniqueness

We state a uniqueness result when L (Px_f) is strictly decreasing (see also [70, Theorem 2.1]).
When f(x,t) = g(¢), we refer also to [22, Proposition 3.8] which essentially says that the same
uniqueness holds if ﬁ,@l is nonincreasing and decreasing only on a small region [0, 6]; see also
[115] for further comments. See also [14,87] where the interesting tool of hidden convexity has
been used to deal with general 2. Finally, we refer to Section 7.1 for the superhomogeneous

case.

Lemma A.1 (Brezis-Oswald uniqueness). Let @ C RN, N > 1, be open, bounded, connected,
satisfying the interior sphere condition, and let p € (1, +00). Assume that f : Q x (0, +00) - R
satisfies
oIt ! g,x,’f) is nonincreasing,

e [ is bounded on bounded sets,

and letu,v € Wé’p(Q) N CY(Q) be two solutions of (5.1). Then

v=ku forsomek e (0,+00).
Assume moreover that

e [+

f(x’f)

T S strictly decreasing.

Then v =u.
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Proof. First, we notice that A,u, Apyv € L°(Q) and that 3, 7 € L°°(): indeed, being u €
C l(§), by Hopf boundary lemma [127, Theorem 5] we have d,u, d,v > 0 on 92, and thus by
de I’Hopital rule we have, for any x € 9€2,

. u(x +tv) . oru(x +tv) . Vu(x +tv)-v  oyu(x)
limsup ——— <limsup ——— = =limsu =
1—0 V(x+1v) 1—0 Orv(x +1v) 1—»0 Vux+iv)-v o 9,v(x)

thus the claim. Hence we can apply [49, Lemma 2] and obtain

) ; —A —A
[ (G === [ (G =S ) =y zo
Q Q

1
Since > L ({ D is nonincreasing, we have

fw)  fx)

ub—l — yp—l

; (A1)

notice that, if # — f (x D

[2] we gain

is strictly decreasing, we have the second claim. By Picone’s inequality

IVolP~2Vy - v( u? 1) < |Vul? (A2)

where the equality is attained if and only if u and v are proportional. Integrating, we get

/|W|P vy v 2 /|W|P

Notice that 4+ = (4)P~lu e L%(Q) C LP(Q) and v( u? 1) =p(4)"'Vu + (p —

vp—1 v

1) (%)p Vv € L?(R2), thus ”pl € W0 P(Q) and by the equations and the above relation we

obtain

/f(x v) /|vv|p 2vy . v( 4 1)§/|Vu|p=/|Vu|P—2Vu-Vu=ff(x,u)u
Q Q Q

that is

fOv) O by
vr-l ur=1 -
Q

On the other hand, due to (A.1), the last is an equality, and so it must be (A.2), which implies the
claim. O
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A.2. Comparison principle

We show now a comparison principle for quasilinear equations in presence of a p-
subhomogeneous function; notice that we are not requiring f itself to be decreasing. The proof
is inspired by [114, Theorem 1.5]; notice moreover that the result was obtained, when f is a
power, by [28, Theorem 4.1] in a more general setting through the use of hidden convexity. See
also [44, Theorems 1.3 and 3.3], [23, Lemma 2.1].

Finally, notice that the uniqueness result part of Lemma A.l can be deduced from this com-
parison principle.

Lemma A.2 (Comparison principle). Let Q2 C RN, N > 1, be open, bounded, connected, sat-

isfying the interior sphere condition, and let p € (1, 400). Assume that f : Q x (0, +00) - R
satisfies

e > 7: (x.1) strictly decreasing,

o fis bounded on bounded sets,
and let u,v € C'(Q) be a subsolution and a supersolution, namely
—Apu— fx,u) <—=Apv— f(x,v) nQ
with
u,v>0inQ, u<vonof.
Then
u<v inS.

Proof. Set w:= (u? —vP)™, we need to prove that w = 0. Consider Q. := supp(w) = {u > v}.
As in the proof of Lemma A.1 we have ¥, 2 € L*°(), thus we compute

v (u,%) = Xxa. (Vu -V (,j,—'_.) +8(p - I)Vu> ;

this first tells us that WL_I € WO1 "7 (Q). Moreover

Vul?2Vu -V () = xo, (IVal? = 1Val?29u- v (2

'il>>;

similarly

“(st) e (v (32),
thus —27 € Wy'” () and

IVo[P~2Vy . v( ) o (—|W|P+|Vv|1’ 2vy. v( 7,”1)).

61



M. Gallo and M. Squassina Journal of Differential Equations 440 (2025) 113452
Therefore

IVulP 2V - v( w ) — |Vu[P2Vp. v (U%)

up—1

— xa, <|Vv|1’ VP2V -V (ugil)) + xa, (|Vu|” —VuP 2V v (U’;fl)) >0

by Picone’s inequality (A.2). In particular, being -+, —“; nonnegative test functions,

[ (rean = reeo)

Q
> / (|W|P—2w.v<u;{1) _ |Vu|P—2vU-v<v;”—,l)) >0.

Q4

On the other hand, by the monotonicity % — % <O0on 4, thus

(f(x,u)__f(x,v)

w=0 on<.
up=1 vP~l

Finally, by the strict monotonicity, we gain w = 0, that is the claim. O
As a consequence we obtain a uniform bound from below.

Corollary A.3. Let 2 C RN, N > 1, be open, bounded, connected, satisfying the interior sphere
condition, and let p € (1, +00). Assume that fy, fo: Q2 x (0, +00) — R satisfy

o[> f%%lt) strictly decreasing,

e fo is bounded on bounded sets,

L4 fn(xst) Z fO(X’t)

Let u, € WO]’P(Q) NCL(Q) be positive solutions of —Au, = fr(x,t), —Aug = fo(x,t) with
Dirichlet boundary conditions. Then, for each § > 0, there exists C = C(2, N, §) > 0 such that

infu, > C > 0.
Qs

Remark A.4. We observe that, in the specific case f(x,t) =a(x), we can obtain the uniqueness
result of Lemma A.1 as a consequence of Corollary 3.4, as well as the estimate in Corollary A.3
in the specific case f; (x,t) = a,(x) > ap.
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