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Abstract

We propose a model with economic and environmental domains that interact with each
other. The economic sphere is described by a Solow growth model, in which produc-
tivity is not exogenous but negatively affected by the stock of pollution that stems from
the production process. A regulator can charge a tax on production, and the resources
collected from taxation are used to reduce pollution. The resulting model consists of
a two dimensional discrete dynamical system, and we study the role of taxation from
both a static and a dynamical point of view. The focus is on the determination of the
conditions under which taxation has a positive effect on the environment and leads to
economic growth. Moreover, we show that a suitable environmental policy can allow
recovering both local and global stability of the steady states. On the contrary, we
show that, if the policy is not adequate, the system can exhibit endogenous oscillating
and chaotic behavior and multistability phenomena.

Keywords Economic-environmental modelling - Environmental policy - Complex
dynamics - Multistability - Nonlinear analysis

JEL codes 044, Q56, C62

1 Introduction

Capital represents one of the essential factors of production, and a primary element in
every nation’s economy. Its impact on the economic growth is out of the question, but,
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at the same time, this fundamental aspect has to deal with the need of the environmen-
tal protection. Indeed, pollution becomes a (necessary) by-product of the economic
sphere, and its effects on environment cannot be ignored. Economic and environmental
sphere are intrinsically interconnected. This occurs not just because production gen-
erates pollution, which is at the same time undesirable and inevitable. In fact, a more
subtle but likewise unwanted effect is that also pollution, in turn, affects production
and hence economic growth. Reasons are manifold. A first, apparent evidence is that
labor force suffers the damages of pollution, in terms of health, and its well-being is
affected by a climate-friendly or -unfriendly context. The literature concerning this
topic is wide, with a special focus on production processes, industries and classes of
pollutants. We limit to mentioning the contribution by Graff Zivin and Neidell (2012),
Chang et al. (2016), Ebenstein et al. (2016) and we refer the interested reader to the
review by Aguilar-Gomez et al. (2022). However, the capital productivity itself is
directly affected by the environmental pollution. The most clear evidences come from
agriculture, as air and water pollution has direct effects on both the soil and the plant,
thus affecting crops (see e.g. Spash 1997, Fare et al. 2006, Liu and Lu 2023), but
can be extended, for example, to the efficiency of power plants, as in Tyagi and Khan
(2010). More in general, the reduction of performance of manufacturing machinery
due to pollutants is widely documented as well. For example, pollution can accelerate
degradation and induce corrosion, leading to the so called environmental drag, which
results in a reduction of economic growth (see the discussion in Bruvall et al. 1999).

It becomes evident that economic analysis cannot disregard environmental issues,
which in turn are directly affected by the economic activity, in a scenario of recip-
rocally interacting domains. This outlines an intrinsically dynamical setup in which,
from time to time, economic decisions affect the evolution of the environmental qual-
ity, and this, in turn, has an impact on the economic growth. The theoretical economic
literature addressed these questions from several points of view, starting from differ-
ent assumptions and focusing on different topics. A first seminal contribution is that
by John and Pecchenino (1994), who developed an overlapping generation model in
which the agent’s consumption choices are affected (and, in turn, affect) the quality
of the environment they live in. Environmental quality deteriorates proportionally to
the consumption level of the old agents, and improves thanks to the action of young
people. This results in a dynamical model that, as shown later by Zhang (1999), can
give rise to complex dynamics and chaos. Subsequently, Seegmuller and Verchere
(2004) and Fodha and Seegmuller (2013) reconsidered the model in John and Pec-
chenino (1994), by assuming, with respect to the original setting, that the emission of
pollutants is a consequence of production rather than of consumption. Menuet et al.
(2020) showed that different patterns and links in pollution and economic growth can
arise, including poverty traps, multiple equilibria, cyclical and/or complex dynamics,
still taking into account threats to the environment caused by the emissions of the
production processes. This aspect has been investigated in a prolific literature strand,
we limit to mentioning the contribution by Brock and Scott Taylor (2010), who studied
a Solow model in which a growth path is sustainable only when is combined with a
suitable progress in reducing pollution, and Constant and Davin (2019), who studied,
in an overlapping generations economy, the effectiveness of allocating resources for
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the financing of specific funds to education devoted to the improvement of the environ-
mental awareness. We also mention (Antoci et al. 2021), who analyze an intertemporal
optimization problem in which the utility function of the agents encompasses also the
environmental good, and they show the occurrence of global indeterminacy. Caravag-
gio and Sodini (2023) reconsider the original model by John and Pecchenino, by using
a different specification for the environmental index evolution. Dynamical aspects are
studied, in particular the occurrence of border collisions. Grassetti et al. (2024) con-
sider an integrated economic-environmental model in which they take into account
carrying capacity for the natural resource. In order to improve the quality of the envi-
ronment, the government can either introduce restrictions on the possibility of using
resources or try to improve the awareness of the agents on the environmental issue.
They show that this latter policy may be much more effective than the other one.

Finally, along with the aforementioned macroeconomic literature, we recall some
microeconomic contributions, like those by Matsumoto and Szidarovszky (2020) and
Matsumoto et al. (2022), which focus on the dynamical effects of environmental poli-
cies in oligopolies, and the evolutionary approaches to the green transition problem,
like those by Zeppini (2015) and Cavalli et al. (2023).

Common elements that can be inferred from this literature are the relevance of
dynamical aspects in addressing the economic-environmental problem and the crucial
role of suitable policies for pollution control. We cannot be surprised if environmental
protection has become a subject of policy discussion, and one of the key objectives
of the regulator intervention. A typical environmental policy can take the form of
a tax on the production, and this has multiple aims. It acts as a sort of price of the
permission to pollute, and can be used by the policy maker to implement solutions in
order to improve the environmental quality. Indeed, taxation has a direct impact on
the accumulation of capital, so the discussion regards the opportunity of introducing
such an instrument, and its effects on economic growth and on the evolution of the
environmental quality.

The present contribution falls into the macroeconomic literature strand regarding
the effects of pollution that results from the production process. We investigate the
effectiveness of an environmental policy in providing a sustainable economic growth,
with a particular focus on its effects on local and global dynamical aspects. The model
we propose is inspired by that of Matsumoto and Szidarovszky (2011), which, in
turn, is based on two seminal researches by Day (1982, 1983). In all these works
the economic side is described by a Solow growth model in which the production
function takes into account the negative effects of pollution, which is a by-product of
capital. The idea is that the higher the capital level, the larger the pollution level in
the environment, and this negatively affects the production process. Despite the model
by Matsumoto and Szidarovszky (2011) consists of differential equations, and that by
Day (1982, 1983) of difference equations, they both conclude about the occurrence
of unstable dynamics. We modify the models in Matsumoto and Szidarovszky (2011),
Day (1982, 1983) in two directions. Firstly, we explicitly model the dynamics of the
environmental side, with the introduction of a state variable that describes the stock of
pollution in the environment, and which evolves over time as a result of new emissions,
natural decay and abatement policies. To take into account the well-known negative
effects of pollution on both the well-being of workers and the efficiency of capital,
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described empirically in the specialized literature, we assume that pollution reduces
the total factor productivity. Moreover, we introduce the possibility for a regulator to
charge an environmental tax on production, and we study the effects of this policy
choice on the environment and its repercussions on the economic growth.

The key research questions regard the possibility to encourage, through a suitable
policy, an economic growth that is also sustainable from an environmental point of
view. We show that, to address this issue, the evolution of the environmental side
cannot be disregarded but, on the contrary, must be explicitly taken into account. In
particular, we show that the effectiveness of the abatement technology is crucial for
achieving this goal. Moreover, we confirm that the interaction between the economic
and the environmental spheres can be the source of unstable dynamics, which prevents
the convergence toward a long run equilibrium. This occurs, in particular, when the
production process is significantly pollutant. Finally, we prove that an appropriate
environmental policy is a key tool in stabilizing dynamics, both from a local and
global point of view.!

The remainder of the manuscript is organized as follows. In Sect.2 we describe
the model, which is then analyzed from a general perspective in Sect.3. In Sects. 4
and 5 we study the effects of two particular shapes of the total factor productivity,
provide specialized analytical results for these functions and perform some numerical
simulations. In Sect. 6 we conclude and offer some insights for future research. We
report in the Appendix the proofs of all the propositions.

2 The baseline model

We consider amodel in which we describe two reciprocally interacting spheres, namely
the economic and the environmental ones. In particular, we study the evolution of the
amount of (per-capita) capital k, and the amount of pollution p,, where time ¢ is
discrete.

Economic domain

For the reader’s sake, we briefly summarize how the classic Solow model is
obtained. The economy consists of a single sector in which labor L; > 0 and capital
K; > 0 are the two essential factors for the production of a good. The output level Y; is
described by means of production function F : (0, +00)> — (0, 4+00), (L;, K;) >
Y; = F(L;, K;), with constant returns to scale. Labor grows at a constant rate n > 0,

1 We remark that, even if some of these results can be found in the existing literature, this simple model
provides a novel contribution that allows focusing on the roles of emissions and abatement on the effec-
tiveness of the environmental policy. In addition to the basic structural differences from Matsumoto and
Szidarovszky (2011), Day (1982, 1983), the present research diverts from John and Pecchenino (1994),
Zhang (1999) both for the macroeconomic setting and the source of pollution, which in these works is a con-
sequence of the consumption of goods, and from Seegmuller and Verchere (2004), Fodha and Seegmuller
(2013) because pollution affects consumer preferences and not the production function. Moreover, public
expenditure per worker for pollution abatement is exogenous. Finally, Brock and Scott Taylor (2010) do
not explicitly consider dynamics for the environmental side, and the analysis is merely static, while in the
work by Constant and Davin (2019) only convergent dynamics can arise. For this reasons, in the remainder
of the paper we do not relate our results to those in the literature, as they could not be compared from an
interpretative point of view.
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ie. Lyy1 = (1 4+ n)L,, whereas capital depreciates at a constant rate u € (0, 1], so
that its law of motion is

Kiy1 =K+ I — uk;, (1)

where I, represents the investments. Agents have an average propensity to save rep-
resented by s € [0, 1] and consume a constant fraction 1 — s of the net income
Y; — uK;, i.e. consumption is C; = (1 — s)(¥; — wK;). The economy is in
equilibrium when supply equals demand, i.e. ¥; = C; + I;. If we substitute I;
with its expression obtained from (1), as well as the definition of C;, we obtain
F(L;, K;) = (1 —s)(F(Ly, Ky) —uK;)+ Ki+1 — K; + 1K, which can be rephrased
as

K1 =K, +s(F(Ly, Ky) — nKy). (2)

According to the classic Solow model, we assume a Cobb-Douglas production function
F(L;, K;) = AK;"L,I*“, where a € (0, 1) is the output elasticity of capitaland A > 0
is the total factor productivity. If we replace this formulation of F in (2), divide both
sides by L, set k; = K;/L; and recall that L, = (1 4+ n)L,, we obtain

1 1
k AkY — k) =
n+1(t+5( 1 — k) P

ki1 = (sAk + (1 = spwki). (€)

In the present model, we take into account the effect of pollution on production, by
assuming that the pollution level p; > 0 negatively affects the total factor productivity.
To do that, we assume that A is not constant but described by a decreasing function
A : [0, +00) — [0,+00), p — A(p).In particular, we assume that A is strictly
decreasing and strictly positive on [0, p4) for either p4 € (0, +00) or pgy = +00,
continuous and twice differentiable for any p # p4 and such thatlim,_. ,, A(p) =0.
In addition, we assume that the regulator charges an environmental tax on the output
at the rate t. To do this, we replace Y; with (1 — 7)Y; in the original Solow growth
model. This implies that the law of motion for k becomes

1
n—+1

kiy1 = (s(I = D APk + (1 = spky). “)

We observe that the first term in brackets differs from the corresponding one in Eq.
(3), and, in particular, we emphasize the presence of the coefficient 1 — 7.2 Note that
T = 0 corresponds to the situation in which no environmental taxation is charged,
while 7 = 1 means that production is fully taxed. It is straightforward to see that

2 The equation for k recalls the law of motion considered by Matsumoto and Szidarovszky (2011), where
the total factor productivity decreases in k; . Therefore A is endogenous in Eq. (4), unlike the original Solow
model, as happens in the corresponding equation in the work by Matsumoto and Szidarovszky (2011). The
main difference is that here A depends explicitly on another state variable, with its own dynamics, which
describes the environmental domain. Further, we recall that Matsumoto and Szidarovszky (2011) do not
take into account the role of taxation.
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T = 1 would imply k; — 0, for which reason we do not further investigate this
scenario. Hence, in what follows, we assume 7 € [0, 1).
Environmental domain

We assume that the law of motion of the stock of pollution is given by

pr1 = max{p; — 8p; + 0y — yryr, 0} = max{(1 — &) p; + (0 — y1)A(p)k;’, 0}
(&)

where y; is the output per capita. According to (5), the stock of pollution at time
t + 1 depends on the last period pollution level p;, whereas term —§ p; describes the
natural absorption of pollution, which decays at the rate § € (0, 1). Thus, the limit
situation § — 0 describes the scenario in which nature alone is not capable to absorb
any quantity of pollution whereas § = 1 is the situation in which nature, at each time
period, has the possibility to eliminate the entire pre-existing stock of pollution even
without an external intervention. Pollution increases at the rate & > 0 and emissions
are proportional to the produced output y,. Finally, the evolution of p; is regulated, as
indicated in the last term, also by the efficiency y > 0 of the resources (i.e., the amount
of taxation) invested for the protection and the improvement of the environmental
situation. Parameter y represents the exogenous effectiveness of the technology of
abatement. In particular, y describes the stock of pollution that is removed from the
environment for each unit of collected resources. The limit case y — 0 thus describes
a completely ineffective intervention in favor of the environment, while the greater
y, the larger the stock of pollution that is removed from the environment. In line
with the literature (see e.g. Fodha and Seegmuller 2013), we assume a direct, linear
dependence of the abated pollution level on the amount of collected resources, i.e.
ty; = TA(p)ky. As a consequence, y T represents the amount of pollution that is
removed as a result of the taxation of each unit of output produced. This means that
6 — y T represents the balance between emissions and abated pollution for each unit of
output. Hence, if & — y 7 is positive (respectively, negative), the pollution level in the
environment, net of natural decay, increases (respectively, decreases) from ¢ to t + 1.

Note that the minimal level of pollution, or virgin state, representing the situation in
which there is no contamination in the environment, is set to be equal to zero. Indeed,
the stock of pollution that is abated and/or naturally absorbed cannot be larger than
the amount of pollution present at time ¢ in the environment. If the stock of pollution
that could be potentially removed were larger than p;, then at time ¢ + 1 we would
recover the virgin state. This explains the presence of max{-, .} in (5).

The model is thus represented by the two-dimensional discrete dynamical system
M : [0, +00)? — [0, +00)2, (k;, 1) = M (k;, py), where

ki = - n = APk + (1 — sk 6)

pr+1 = max{(1 — &) p, + (6 — y1)A(pk{, 0}
In what follows, we first analyze this model in a general setting, and then we explore

these results more in depth by assuming two particular, and significant, shapes for
function A.
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3 Analysis of the baseline model

We first study steady states and some of their properties. Later on, we investigate their
dynamical stability.

3.1 Static analysis

We do not take into consideration a steady state with null capital level, as it does not
have economic relevance. Further, it results to be repelling, and hence it does not have
any dynamical role.

Proposition 1 Model (6) has a unique steady state §* = (k*, p*) characterized by a
positive level of capital. If0 < t < 0/y we have

1
s(1—1)A(p*)\ T
P e pa), K = (—p) , ™)
n—+su
whereas if0/y <t < 1, we have
1
1 —1)A0)\ T~
P =0, K= <—S( DAC )) . ®)
n—+su

Proposition 1 states that the steady state exists, and is unique, for each level of 7.
However, on the basis of 7, it could take the form (7) or (8), respectively describing an
environment characterized by the presence or the absence of pollutants. Since v < 1,
this latter scenario is possible only when y > 6, which implies a suitably effective
technology of abatement.

The threshold of 7 that separates these two situations is represented by 7, = 6/y,
which is the relative strength of the rate of emission of pollution with respect to
the effectiveness of the resources invested for the protection of the environment. The
particular case T = t, represents the situation in which the amount € of new emissions
for each unit of output and the amount y t,, of pollutants that are eliminated for each unit
of output are perfectly balanced. In this case, the new emissions would be completely
absorbed, and the natural decay would then allow recovering the virgin state in the
long run. Clearly, threshold 1, is meaningful if it ranges between 0 and 1, i.e. when
6 < y, conversely, if the emissions overtake the abatement, the virgin state cannot be
recovered. We start discussing in what situations it would be possible to achieve the
goal of recovering the virgin state, and what this entails, so we consider 8 < y and
we focus on the two limit scenarios for Proposition 1, i.e. when 7, is close to either 0
orl.

The worst situation occurs when the threshold 7, is very high, in the limit case, close
to 1, which corresponds to close values of 6 and y, namely emissions of new pollutants
and their abatement take place roughly at the same rates. In this case, a policy designed
with the purpose of eliminating pollution and leading the system towards the virgin
state, that is towards (8), would be necessarily consistent with an extremely high level
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of taxation. If on one hand the economic sphere benefits from a higher productivity,
on the other hand may be harmed by poor investments.

On the other side, in presence of both a very small emission of pollutants and very
effective technologies for the protection of the environment, t, can be very small, in
the limit case, close to 0. In this case, a public policy with the objective of eliminating
pollution is consistent with a wide range of tax rates T > 71, and the reduction of
pollution becomes plausible even in presence of a relatively small level of 7.

As a consequence, these two limit situations are somehow unrealistic and extreme,
and in real situations the long run objective of the policy maker is that of sustainability,
that is, counteracting pollution and preserving the environment, with a corresponding
target p* that is not necessarily consistent with the virgin state. The general content
of Proposition 1 is that this can be achieved only in case of a suitable level of taxation,
but this has a twofold effect on the capital level, since from (7) the value of k* directly
depends on 7 and indirectly on the effect of taxation on A(p™*).

This is due to, and makes evident, the interdependence between the economic and
the environmental sphere. Indeed, when choosing the level of 7, the regulator has
to counterbalance two conflicting, but connected, needs. The need, on the production
side, of making investments, which results in the request of lowering taxation. And the
need, on the environmental side, of collecting resources in favor of the environment,
that pushes the tax rate T up. However, this could also have the indirect effect of
increasing production, as a consequence of the positive effect of the environmental
quality on the productivity.

To conclude, what appears evident from Proposition 1 is that taxation can represent
an effective tool in counteracting pollution, but this choice has to be informed, by
considering not only the negative direct effects that t has on the investments, but also
its positive indirect consequences on productivity.

To go into depth, itis worth noting, in Proposition 1, the lack of an explicit expression
of the steady state.> The equilibrium level of the capital depends on the equilib-
rium level of the pollution which, on its turn, affects the productivity. However, this
dependence is not evident at this stage.

In what follows, the analysis will focus above all on the scenario described by (7),
i.e. for & — yt > 0. The reason of this is simply the ineffectiveness of raising t once
the virgin state is reached, as the pollution level could no more decrease, while the
capital level would be negatively affected. Accordingly, in the next proposition we
just focus on the case in which the parameters fulfill @ — y7 > 0. To this end, we
introduce the pollution elasticity of the total factor productivity, which is defined for

p €10, pa) by

pA'(p)

Ea(p) = Ap)

In what follows, we refer to E 4 simply as elasticity of A or elasticity of the total
factor productivity.

3In particular, it is related to the implicit definition of p*, given by expression (17) in the proof of
Proposition 1.
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Proposition 2 Let us consider a parameter configuration for which 6 — yt > 0. We
have that p* increases and k* decreases with respect to 0, while p* decreases and k*
increases with respect to y .

On increasing T, we have that p* decreases, while k*

(a) increases if 6 <y and

60—yt

E *
A(p?) < -

C))

(b) decreases, if either 6 > y, or if 6 < y and (9) holds true with the opposite
inequality >.

From Proposition 2, the behavior of the equilibrium level of pollution is quite
natural. We note that since p* € [0, pa), elasticity E4(p*) is well-defined. Indeed,
as one expects, the quantity of pollutants p* increases in its rate of emission, 6,
and decreases in the effectiveness of the abatement technology y and in the level of
resources addressed to the environment, which are measured by t. On the contrary,
the behavior of the equilibrium level of capital k* is not univocal. On the one hand,
k* decreases in the rate of emission 6 and increases in the effectiveness of the envi-
ronmental policies, y, and this is easily explained by the corresponding effects on the
quantity of pollution, p*, and their consequences on productivity. On the other hand,
the effect of T on k* is twofold. Indeed, the negative effect of the taxation on k*, rep-
resented by the reduction of the resources devoted to investments, is counterbalanced
by the positive effect, represented by a lower amount of pollutants, which results in a
more healthy environment, and thus in an increase in productivity. The overall effect
on the behavior of k* depends on which of these two opposite effects prevails.

In this play of forces, an important role is that of elasticity of the total factor
productivity, which can be above or below a certain threshold, represented by E =
(@ —y1)/(@ — y). Note that, when 6 < y, E is clearly negative, as well as E4(p™*),
because of the monotonicity of A.

Therefore, when 6 —y < Oand |E4(p*)| > |E |, total factor productivity A is very
sensitive to a variation in the amount of pollution. Consequently, after an increase of
T which determines a 1% decrease in pollution, the result is a more than 1% rise in
productivity. This impact on productivity is strong enough to compensate the negative
effect of the increase of T on the investments, thus leading eventually to an increase
on the capital k*. On the contrary, when 6§ — y < 0 and |EA(p*)| < |E|, the total
factor productivity is relatively insensitive to a variation in the level of pollution, in
other words, productivity changes proportionally less than pollution. This effect cannot
counterbalance the variation in the amount of resources invested for the production,
and the overall effect on k* is negative. It is worth noting that what has been said so
far is consistent with 6 < y, that is, with a rate of emission of pollutants less than the
effectiveness of environmental policies. Otherwise, as we already noted, the effect of
arise in T always results in a decrease of capital k*. We recap the previous comments
in the next remark.
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Outcome 1 Capital level raises as taxation increases if the total factor productivity is
suitably sensitive to a variation in the level of pollution, so that the gain in productivity
compensates the negative effect of the increase of taxation.

A more detailed discussion of what described in Proposition 2 requires to consider
the particular shape of A, and its exact dependence on p. We refer to Sects.4 and 5
for this further investigation.

3.2 Dynamical analysis

Now we turn our attention toward the study of the stability of £*. We stress that in
what follows we avoid to detail what happens when a stability condition is violated
for just one parameter value.

Proposition 3 Ift € [0, 0/y), then £* is locally asymptotically stable provided that

2—8 n4+2—us+a@+ wns)

Es(p*) > —E = —
A(p®) > 5 P S

(10)

while if T € [0/y, 1] then §* is locally asymptotically stable. When condition (10) is
violated, instability can occur just by means of a flip bifurcation.
If function A(p) is such that for p € [0, pa) we have

(A'(p)*  A(p)
A(p) P

A'(p) < , (1D

increasing T has a stabilizing effect. We can either have that §* is locally asymptotically
stable for T € [0, 1] or there is Ty € (0, y/0) such that &* is unstable on [0, Ty) and
locally asymptotically stable on (ty, 1].

Proposition 3 shows that also for stability, a key role is played by the elasticity of
the total factor productivity. Consider a sufficiently high level of 7, that is, the case in
which 7 is above the threshold t,,. According to Proposition 1, the steady state takes the
form (8) and the environment is clean and free from pollution. Proposition 3 states that
this equilibrium is dynamically stable. High taxation not only guarantees a desirable
scenario from an environment point of view, but also allows for the convergence, in
the long period, to this equilibrium.

On the other side, consider a level of 7 below the threshold t,. According to Propo-
sition 1, the steady state takes the form (7) and the environment is characterized by
the presence of pollutants. In this case, Proposition 3 states that it is not necessar-
ily stable, and the dimension that could make the difference is the elasticity of the
total factor productivity. Indeed, the steady state turns out to be asymptotically stable
when productivity is not very sensitive to a variation in the level of pollution, being
|E4(p*)| < E.On the contrary, when productivity is sensitive enough to a variation in
pollution, the steady state becomes unstable. We will return on the explanation of this
point in Sects. 4 and 5, but, basically, large elasticity for A can induce strong variations
in the total factor productivity as the pollution level changes. The capital level inherits
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these fluctuations as well, and, through taxation, this reflects on the amount of abated
pollution, which can jump from time to time. This process then self-sustains and gives
rise to persistent oscillations that prevent convergence.

Conversely, if |E4(p*)| is small, a variation in the amount of pollutants does not
affect production significantly; therefore, the resources obtained from taxation, and
devoted to lowering pollution, changes except in minimal part, and so does the pollution
level. Any possible oscillating behavior is then softened.

At a first sight, it may seem that stability does not depend on the taxation rate, as
well as on the emission rate and on the effectiveness of pollution abatement. However,
parameters t, 6 and y affect p* and hence E 4 (p*) so their influence on stability is
linked to their role on determining the steady state pollution level. If we assume that
the total factor productivity is concave or not too convex, so that (11) holds true, the
steady state may be either stable for any level of 7, or unstable for low levels of T and
stable for sufficiently high levels of 7. If (11) is valid, taxation has then a stabilizing
effect.

4 A case of study with a concave function A
We consider function

_ [ Aopa — p)P p < pa.
A(p) = {0 p > pa, (12)

with Ag > 0 and B < 1. According to Proposition 1, the steady state belongs to
the interval [0, p4), where function A is strictly concave. Function? (12) attains its
maximum value Ag pﬁ when the environment reaches the virgin state, i.e. when p = 0.

Moreover, when p < p4, the elasticity of A at the steady state is equal to

Br*

Ex(p®) = T

) 13)

and E 4 (p) is then strictly decreasing on [0, pa).

To discuss the results presented in this section we use some numerical examples,
which are obtained by setting5 n=05s=09 u=08a =02 6§ =02, Ag =
1, pa = 1 and B = 0.3. Note that, in this case, the maximum total factor productivity
is A(0) = 1. In panel (a) of Fig. I we report the graph of the function A(p) obtained
with the parameter setting above. Since A(p) is concave, the marginal effect on the
total factor productivity increases with p. If the pollution level is small enough, the
increment in productivity has only a slight effect on the production, but this growth

4 The functional shape of the total factor productivity in (12) is in line with the per-capita production
function in Matsumoto and Szidarovszky (2011), where a power-like correction of the original Solow
production function is used.

5 We do not consider growing labour force. We stress that we repeated all the simulations reported in what
follows considering n > 0. For suitably small growth rates in line with those empirically significant, we
obtain very similar results, in particular from the qualitative and interpretative points of view.
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Fig. 1 a Graph of function (12) for B < 1. b Regions of the parameter space (y, ) in which we have
different monotonicity behaviors of k* as t increases. Light blue, green and yellow colors respectively
represent scenarios (i),(ii) and (iii) of Corollary 1, while dark blue region corresponds to y < 6. (Color
figure online)

becomes significant as p increases further, with a sharp fall when p is close enough
to pa.

4.1 Static analysis

We study comparative statics for the level of capital when A is represented by (12),
thus making condition (9) in Proposition 2 explicit. Since k* is decreasing for 6 > y
or T > 0/y (see the remark before Proposition 2, we limit ourselves only to the
discussion of the case < y ort < 6/y.

Proposition 4 Let function A be defined as in (12), with B € (0, 1) and t increasing
on[0,0/y). Then

(i) k* is strictly decreasing when
817 P+ ) — AoBPs% (v — )P 0 + By — O)' T > 0;
(ii) there exists T such that k* is strictly increasing on [0, T) and strictly decreasing

on (t,0/y) when

81 p P n + pus)* — AopPs(y — )P (@ + By — BO)' *F <0,
81y p P (n 4 us)® — 4B 5% (y — 0) > 0;
(iii) k* is strictly increasing when

817y T (4 o) — AoB' s (y —0) < 0.

According to Proposition 4, the concavity of the total factor productivity (12) on
[0, pa), i.e. the assumption B < 1, leads to three possible scenarios.
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In scenario (i) any environmental policy has a depressing effect on the economic
sphere, as any increase in the tax rate results in a reduction of the amount of capital.
In this case, the benefit due to the reduction of pollution, and thus to the higher
productivity, is more than offset by the harm caused by taxation on the investments.
In scenario (ii) when the level of the tax rate is small enough, increasing taxation
is beneficial for the level of capital; however, for sufficiently large values of 7, a
further increase in the tax rate becomes detrimental for the economy. Therefore, the
largest amount of capital corresponding to the steady state is achieved when imposing
T =1 € (0,0/y). Finally, in scenario (iii) the positive effect of taxation in enhancing
the environmental conditions and, consequently, raising the total factor productivity
always prevails on the negative effect of draining resources for taxation. Hence, in this
case the maximum capital level is obtained when t = 7, = 6/y.

To better understand how the three scenarios evolve as the economic and envi-
ronmental situations change, in the next corollary we put in evidence the role of the
effectiveness of the abatement y.

As it is evident from Proposition 4, the conditions that permit to identify the three
scenarios are quite hard to be interpreted. In the next corollary we stress the role of
parameter y in understanding what determines the transition from one case to the
other.

Corollary 1 Let function A be defined as in (12), with B € (0, 1) and t increasing
on the interval [0, 6/y). Then there exist two thresholds y\ and y,, which depend on
0,8,n,u,s,a, Ay, pa and B, such that

(i) k* is strictly decreasing when y < yi;
(ii) there exists T € [0, 0/y) such that k* is strictly increasing on [0, T) and strictly
decreasing on (T,0/y) when y1 <y < y2;
(iii) k* is strictly increasing when y > ;.

According to Corollary 1, the behavior of k* as T increases is strictly connected to
the efficacy of the technology for the abatement.® Consider, for example, panel (b) in
Fig. 1. Each point of the diagram corresponds to a pair (y, 6) and its color depends on
the monotonicity of k* with respect to 7. In particular, a light blue point corresponds
to scenario (i) in Corollary 1, where k* is strictly decreasing on [0, 6/y), a green point
to scenario (ii), where k* changes its monotonicity on [0, 8/y), and a yellow point
to scenario (iii), where k* is strictly increasing on [0, 6/y). Finally, a dark blue point
represents a pair (y, 8) with y < 6: in this case k* is strictly decreasing. If we fix a
value for 6 and cut horizontally the diagram in Fig. 1, then, according to Corollary 1,
lower values of y are consistent with those scenarios in which the level of capital k*
is decreasing (dark blue and light blue regions); an increase in y moves afterwards
towards a situation in which k* increases for small values of t (green region); finally,
a further increase in y becomes consistent to the scenario in which k* increases for
any T € [0, 8/y) (yellow region).

In Fig.2 we set & = 0.5 (panel (a)) and & = 1.5 (panel (b)), and report the
graphs of p* and k* for r € [0, 1] for three different values of the abatement rate.

6 Thresholds y1 and y; are implicitly defined, respectively, in equations (25), which can be found in the
proof of Corollary 1 provided in the Appendix.
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Fig. 2 Comparative statics of p* and k* with 8 < 1 for small (panel a) and large (panel b) values of 6.
Related to Corollary 1, black, blue and red colors are respectively used for scenario (i), (ii) and (iii). The
small circles in each graph of k* represent points at which 7 = 6/y. (Color figure online)

Consider for example panel (a). If y is small (black curve), then p* decreases slowly
when t increases. The marginal benefits on total factor productivity resulting from
the reduction of the pollution level require a significant increase of taxation to reduce
pollution in an effective way, and this drags down the economic sphere. When the
technology of abatement is quite ineffective, it becomes hard for the regulator to plan
a policy that results to be adequate in dealing with both economic and environmental
issues. The reason is that an environmental policy always turns out to be convenient
for the environmental domain. Thus, one of the two aspects, either the economy or the
environment, is bound to be disregarded, with the result of being compelled to live
either in a polluted environment or with the consequences of a depressed economic
sphere.

Consider now an intermediate value of ¢ (blue curve). In this case p* decreases at a
rate faster if compared to the situation in which y takes a small value (black curve). The
resources from taxation improve the environment more than in the previous case, so,
recalling Outcome 1 in the Static Analysis, the benefits on total factor productivity are
able to counterbalance the loss of resources from taxation and therefore k* grows, at
least initially. However, the concavity of A implies that the benefits on the production
function are decreasing, therefore the negative effects of an increase in taxation become
dominant if compared to the benefits in the quality of life due to the decrease in
pollution. Although the ranking of the possible outcomes in terms of §* = (k*, p*)
and the resulting optimal policy for the regulator go beyond the scopes of the present
model, it is straightforward to observe that in scenario (ii) the optimal tax rate belongs
to [T, 8/y]. The policy adopted depends on the weight given in social utility to the
environmental issue, with respect to which the optimal choice would be T = 8/y, and
to the economic condition, with respect to which the optimal choice would be T = 7.
Finally, if the level of y is very high (red curve), p* decreases quickly as taxation
increases, and this allows for a significant benefit on the total factor productivity,
which fully compensates the negative effect of taxation. As a consequence, the steady
state level of capital increases as long as the level of emissions reduces, i.e. until the
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virgin state is reached. In this case, focusing on the static analysis, the optimal taxation
level wouldbe T = 6/y.

What said above also applies to the example displayed in panel (b) of Fig.2, where
we set@ = 1.5. The main difference is that the larger emission of pollutants (1.5 rather
than 0.5) results in more pollution in absence of an intervention of the policy maker,
and a decrease of pollution at a slower rate. This leads to a lower level of capital at
the steady state, even if its increase is significant when the technology of abatement
is effective. We summarize the previous discussion in the following outcome.

Outcome 2 From a static point of view, an environmental policy can provide favor-
able results for both environmental and economic sides only in presence of an effective
abatement technology. Indeed in this case it is possible to significantly mitigate the
negative impact of pollution on production and have positive spillovers on the eco-
nomic sphere, with an increment of the capital level even when the amount of taxation
charged by the policy maker is particularly high.

4.2 Dynamical analysis

In what follows we discuss the main results on stability. Function (12) fulfills condition
(11), therefore, when §* is stable for T = 0, it remains stable for any T > 0, whereas,
if £ is unstable for t = 0, it becomes stable at some 7¢ € (0, 6/y). For the function
in (12), we provide the condition that has to be satisfied by the parameters to guarantee
unconditional stability for any 7.

Corollary 2 Let A be the function defined in (12), with B € (0, 1) and E defined in
(10). Then §* is locally asymptotically stable for any t provided that

= PAE

0 <0=25 (14)

-

Aé’%’ B+ E) (,lﬁm)ﬁ (M)t

B+E

Stability condition (14) shows that &£ * might be locally asymptotically stable, regard-
less of 7, only for sufficiently low levels of the emission rate. Once we set a value of
v, and choose a level of @ larger than the threshold 8, dynamics become unstable in
presence of a non-adequate environmental policy. As a consequence, only a suitable
level of taxation may allow recovering stability: the reason is that the level of pollu-
tion p* decreases when y increases. Further, the higher the level of y, the smaller the
tax rate T required for the stabilization of the dynamics. Indeed, the elasticity of A
is strictly decreasing (see Eq. 13), therefore, ceteris paribus, condition (10) is more
likely fulfilled as y increases.

The economic rationale of the destabilizing role of the emission rate has to do
with the reciprocal interaction between the environmental and the economic sides.
We refer to Fig. 3, where we report the time series for both p and k corresponding to
6 = 1.5,y =2 and t = 0.265, for the explanation of this latter. With the parameter
configuration used in this figure, the threshold of 6 in (14) is 6 ~ 0.619, consistent
with the scenario in which dynamics are unstable when the level of tax rate is small
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Fig.3 Time series obtained for & = 1.5 and y = 2, showing chaotic endogenous oscillations. (Color figure
online)

enough. If we assume for example a high level of capital, firstly the production, and
hence the emission of pollutants, is large. In the presence of a combination of an
inadequate environmental policy and an ineffective abatement technology, the result
is the deterioration of the environment, with a raise of the pollution level and the
consequent decline of productivity. The consequence is a reduction of the level of
capital and output. However, less production means lower emissions, and hence the
amount of pollution p decreases. Total factor productivity benefits from a reduction
in the level of pollution, and the output level raises again, giving rise to endogenous
self-sustained fluctuations. Small deviations from the steady state values of p and k
initially give rise to small oscillations that quickly increase, with the possibility of
sudden jumps in the levels of pollutants and of the production. If the rate of emissions
0 and of abatement y t are such to lead to a large variation of the stock of pollution
in the environment, the consequence is represented by endogenous fluctuations which
appear nervous and chaotic like those reported in Fig.3. If the policy maker raises
the tax rate 7, or the abatement technologies are improved (thus raising y), so that
y T and 6 are closer than in the previous case, the result is a scenario consistent with
more regular oscillations, which exhibit a cyclical behavior. If 6 — y T becomes even
smaller, such oscillations die out and disappear, and the system may converge toward
the steady state. We remark that oscillations around &, in case of instability, are quite
significant. Even when the average pollution and capital level are quite close to the
steady state values, a peak for p or a fall for k can give rise to irreversible phenomena,
that we do not take into account in the present model, as a consequence of social
and/or healthcare emergencies. This suggests, once again, that static analysis alone
is not enough if the aim is the implementation of an adequate policy: this requires,
necessarily, a dynamical perspective too.

The situation is further complicated by the nonlinear interactions between the two
spheres. The red and black bifurcation diagrams reported in Fig. 4, which are obtained’
for different initial data (kg, po), show the possibility of coexistence among different
attractors. In particular, panels (c) and (d) display a blow-up of the region in which
multistability occurs. Depending on 7, a period-3 cycle can coexist with the steady

7 Both the bifurcation diagrams are obtained “following the attractor”, that is, we choose the initial datum
of the simulation carried out for 7; | suitably close to a point of the attractor reached with the simulation
performed for 7;. The black bifurcation diagrams are obtained consistently to the values of 7 decreasing
from 1 to 0, whereas the red ones to the values of t increasing from 0 to 1. Although the choice of the initial
data for the starting bifurcation parameters are basically irrelevant, we set pg = 1 and kg = 0.15.
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Fig. 4 Bifurcation diagrams for variable p (left column) and k (right column). Different initial data are
considered, showing the coexistence of distinct attractors (red and black bifurcation diagrams). In the top
row 7 ranges over the entire interval [0, 1), whereas in the bottom row we report a blow up on the interval
(0.33, 0.39). (Color figure online)

state, with another periodic attractor or with a complex chaotic attractor®. For this
reason, the implementation of an adequate policy becomes quite complicated even with
astable steady state. Indeed, if we rely only on the static analysis, there is the possibility
of convergence toward an unexpected outcome. In addition, the shapes of the basins of
attraction, reported in Fig. 5, are quite complicated. A small deviation from an initial
configuration can drive trajectories toward different attractors. Moreover, the basins
of attraction change with t, which means that the same initial situation can evolve
in different ways according to the policy adopted. At least, the numerical evidences,
collected by considering a number of parameter settings, show that an adequate policy
T may turn out to be beneficial also from a global stability point of view. The reason is
that coexisting attractors seem to exist only for small values of t while they disappear
as the tax rate increases. We summarize the various issues concerning the dynamical
aspects, and emerged above, in the following outcome.

8 We note that the chaotic attractor arisen from the flip bifurcation of £* as T decreases disappears when it
collides with threshold p = p4 = 1, value at which function A has a corner point.
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Fig.5 Basins of attraction related to the attractors shown in the bifurcation diagrams of Fig. 4, for different

values of 7. The blue region is the basin of the period-3 cycle (depicted in red), while the yellow region is
related to the black attractor. (Color figure online)

Outcome 3 Large rates of emission enhance instability, which can be mitigated by
adopting an appropriate environmental policy. When the rate of abatement increases,
stability is recovered by reducing the tax rate. An adequate level of taxation also allows
eliminating coexistence between stable attractors.

5 A case of study with a convex function A

In this section we assume again that total factor productivity is defined as in (12), but
now B > 1, i.e. function (12) is convex on [0, +00). The numerical simulations are
carried out with the same parameter setting reported in Sect. 4, with the only exception
of B, which is now set equal to 1.25. Panel (a) of Fig. 6 displays the graph of function
A(p). The convexity of the total factor productivity ensures that an increase in p has
decreasing marginal effects. This means that the benefits on production of removing
a certain amount of pollutants from a polluted environment are smaller than those of
removing the same quantity of pollutants from a less polluted environment. Note that
even if we assume a “slightly” convex function A(p) the effects of switching from a
concave to a convex function are still significant.

5.1 Static analysis

We start focusing on different comparative statics scenarios for k*.
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Fig. 6 a Graph of function (12) for B > 1. b Regions of the parameter space (y, ) in which we have
different monotonicity behaviors of k* as t increases. Light blue, green and yellow colors respectively
represent scenarios (i),(ii) and (iii) of Corollary 3, while dark blue region corresponds to y < 6. (Color
figure online)
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Proposition 5 Let function A be defined as in (12), with B > 1 and t increasing on
[0,6/y). Then

(i) k* is strictly decreasing when

317 p P+ ws)* — ABPs(y —0)F (0 + By — BOY)' %P > 0
81y ph P+ ) — Ao s (v — 0) < 0;

(ii) there is a threshold T such that k* is strictly decreasing on [0, T) and strictly
increasing on (T, 0/y) when

517y (n + ws)® — AgB sy —0)pSTP T <0
3179 (n 4 us)® (6 + By — )T~ — AgpPse(y —0)FpitP! s 0,

(iii) k* is strictly increasing when

81 py "4 o) — A0pPs(y —0) (0 + By — ) P <0
814y pl P (n + ps)® — AoB s (v — ) < 0.

According to Proposition 5, and likewise Proposition 4, three possible scenarios
may occur even under the assumption of convexity. The main difference are that
now the non monotonic scenario consists of a level of capital k* that decreases for
small values of t and then increases if 7 is sufficiently large. Just like scenario (ii) in
Proposition 4 follows from the assumption of concavity of A, here it is a consequence
of the assumption of convexity. Further, since a key role for comparative statics under
the assumption of concavity is played by the rate of abatement, we now make explicit
the role of y in case of convexity.

@ Springer



616 F. Cavalli et al.

0=1: v=1,7=1.25,,=1.275, 9=10: 7=10.2,7=10.4,7=10.5,
1 0.95 1 0.06
0.8 0.2 ' 0.8 0.05
0.04
0.6 015 0.6
2, % 2, % 0.03 |
0.4 0.4 *_%
0.1 0.02
0.2 0.05 0.2 0.01 ¢
0 0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
T T T T

Fig. 7 Comparative statics of p* and k* with 8 > 1 for small (panel a) and large (panel b) values of 6.
Related to Corollary 3, black and yellow colors are respectively used for scenario (i) and (iii), while blue
and red colors are used for two different situations related to scenario (ii). The small circles in each graph
of k* represent points at which = 0/y. (Color figure online)

Corollary 3 Let function A be defined as in (12), and assume B > 1. If t
increases on [0,0/y), then there exist two thresholds y, and y», which depend on
0,68, Ay, pa, n, i, s,a and B, such that

(i) k* is strictly decreasing when y < yi;
(ii) there exists T € [0, 0/y) such that k* is strictly decreasing on [0, T) and strictly
increasing on (T,0/y) when y1 <y < y2;
(iii) k* is strictly increasing when y > max{yy, y2}.

Once again, the transition from a scenario to another one is driven by parameter
.2 In panel (b) of Fig.6 we report a diagram similar to that in panel (b) of Fig. 1,
the unique difference lying in the fact that a point (y, 6) in the green region, and
corresponding to scenario (ii), represents a level of capital k* which is decreasing for
small values of 7, and then increasing.

As in Corollary 1, the level of capital is strictly decreasing for small values of
y and strictly increasing for large values of y. Recalling Outcome 1, the reason of
that is the same as in the concave case. When y is small then pollution decreases
slowly as 7 increases, and the positive spillovers on the production resulting from the
improvement of the environmental quality are too poor to counterbalance the negative
effect of taxation. On the contrary, if y is large, then pollution decreases rapidly as t
increases, and the direct negative effect of taxation vanishes as a consequence of the
improved total factor productivity. In scenarios (i) and (iii), the level of capital attains
its maximum when the tax rate is, respectively, T = 0 and T = 6/y, that is exactly
what happens under the assumption of concavity.

In Fig.7 we report the numerical simulations for p* and k*, with = € [0, 1]. In
particular, we set & = 1 (panel (a)) and & = 10 (panel (b)) and, in both the situations, y

9 Thresholds y1 and y; are implicitly defined right after System (26), reported in the proof of Corollary 3
in Appendix.
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varies over four possible values.'? The black and yellow curves represent, respectively,
scenario (i) and (iii), and are discussed along the lines of the concave case. On the
other hand, the numerical simulations of scenario (ii) are represented by the blue and
red curves.

The convexity of A means that the effect on productivity of adopting an effective
environmental policy, when the tax rate is small and the pollution level is high, is not
significant at the very beginning. Therefore, the direct effect of taxation more than
compensates the benefit on the production of the improved environmental quality.

The increasing marginal benefits on the total factor productivity of the reduced
pollution becomes dominant as the taxation rate increases, to such an extent that k*
starts to grow. The main difference between scenarios (ii) in the two Propositions 1
and 3 is that in Proposition 1 the maximum level of the steady state capital is reached
at some value of 7 belonging to the interval (0, 6/y), whereas in Proposition 3 the
maximum is attained at either T = 0 (see the blue curve) or t = 6/y (see the red
curve). This means that the tax rate that provides the optimal level of capital does not
depend continuously on the abatement rate y, and therefore, even a small change of
this parameter could have a significant effect.

Moreover, we observe that also the behavior of p* is quite similar in the four
graphs: for instance, the red and the blue curves in the left picture of panel (b) are
almost coincident. This, basically, has to do with the small changes in the values of
y used for the simulations. However, it is worth noting that this is not true for k*:
the corresponding graphs are significantly different, and the reason lies in the high
sensitivity of the environmental and economic spheres to the level of y. This is a
consequence of the convexity of A: indeed, the effect is that the progressive decrease
of p* significantly accelerates the increase of total factor productivity. We remark that
the content of Outcome 2 is basically the same even under the assumption of convexity.

5.2 Dynamical analysis

We note that Corollary 2 is still valid for a convex function A because the proof of
(14) holds true both for 8 < 1 and 8 > 1. As a consequence, what has been said for
the concave case applies again, and the results related to the effects of t on stability
are robust. About the parameter setting, here the choice is & &~ 5.22 in condition
(14), along with a stability threshold larger than in the concave case, so that instability
occurs only for large values of 8. In Fig. 8 we report two bifurcation diagrams, from
which it is evident the stabilizing effect of 7. We remark that the values of y and 6
used for the bifurcation diagrams identify a point in the yellow region of Fig.7b, and
hence k* increases as the taxation rate grows. This scenario falls within the behaviors
described by Outcomes 1 and 2, with the positive effect of pollution abatement on the
total factor productivity that counterbalances the direct disruptive effect of taxation on

10 1n these numerical simulations, the values of the emission rates 6 are larger than those considered under
the assumption of concavity. This has less to do with the static analysis, with respect to which the next
results may be obtained even if 6 is smaller, as with the dynamical analysis. As explained later, instability
is triggered by large values of 0 if A is assumed to be convex.
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Fig. 8 Bifurcation diagrams for variable p (left column) and k (right column)

the capital level. Moreover, in this case the non-smoothness of function A has a small
effect on the route to chaos occurring as the taxation rate decreases.

Finally, we note that we can observe multistability phenomena also with the assump-
tion of convexity for A, in particular for large values of 6 and y, and the coexistence
of attractors occurs for those values of T that make &* unstable. To conclude, Outcome
3 is still true.

6 Conclusions

The effects of the environmental issues on the economy of a nation necessarily require
an integrated approach. Production choices have direct impact on the environmental
quality, and this damage could compress the economy’s production capabilities, as a
result of the degradation of the production factors. The static analysis highlights how
the role of the regulator is crucial; as a matter of fact, an inaccurate environmental
policy choice may have negative effects on the economy without producing signifi-
cant benefits on the environment. On the contrary, an adequate policy can combine
environmental improvement and a sustainable growth. However, such an integrated
approach cannot disregard dynamical aspects, as the reciprocal influence between the
economic and environmental spheres is the source of non convergent dynamics. Static
analysis alone can become misleading in the presence of multistability phenomena,
in which case it may result hard to plan an appropriate policy.

The present contribution represents a first step into the analysis of integrated
economic-environmental problems. A natural evolution is to explicitly take into
account health issues, in order to consider the role of epidemiological dynamics on the
labor productivity. In this extended setting the regulator should allocate the resources
collected from taxation between healthcare and environmental protection. Moreover,
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a policy is adequate if can react promptly to different scenarios that can be encoun-
tered, and should be designed in order to adapt endogenously the share of resources
to be devoted to each urgency. In this perspective, the regulator should not take a
decision myopically, but has to take into account, and evaluate carefully, the history
and the evolution of the environmental and epidemiological situations. However, a
framework like this latter would require more refined analytical and statistical tools,
relying on comparative dynamics and on the development of suitable indicators that
allow discriminating against the different possible attractors along which dynamics
occur.

Appendix

In what follows, we report the proofs of the proposition.

Proof of Proposition 1 Substituting p;11 = p; = pand k;11 = k; = kin (6),ifk #0
then the equation for k yields

ot _ s
Ak = (15)

which has no solution if A(p) = 0 and hence p € [0, p4). We solve (15) for k as

1
k= (M) e (16)
n—+su

and we replace (16) in the equation for p (6). We obtain

1 —DA(p)\ 7=
pzmax[p—8p+(0—yt)A(p) <%> ,O}.

Letus define g : [0, pa) > R, pr— g(p) =p(1 -8+ @ —yr)A(p)
(s(lfrwp))ﬁ
n+su .

Consider the case 8 — yt < 0. If g(p) < 0, we have that max{g(p), 0} = 0,
while if g(p) > 0, we have g(p) < p, so the unique solution to max{g(p), 0} = p is
p*=0.

Consider now 6 — yt > 0. In this case g(p) > 0 and hence max{g(p), 0} = g(p).
From p = g(p) we get into

_G—yt £ s(1—r1) a
P=— A(p)T (—n+su> (17)

where the right hand side is a strictly decreasing function for which

1 . % . _ 1 e(1= %o(
CFEAO) T (_A,Ei;;)y > 0 and lim,_, ,, ©E A(p) T <_br§}i-s;)>l = 0, so
p = g(p) has always a unique solution p* € (0, p4).
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Note that when 6 — yt > 0, replacing p* in (16) we obtain (7). m]

Proof of Proposition 2 To study the monotonicity of p*, we write equation (17) as
f(p) =@, y,1),where f : [0, ps) - Randg : (0, +00)x (0, +00)x (0, 1) - R
are defined by

o — 1—7)\ T
fp=—2L— and ¢@.y.7)= 8’” (S( r)> . 8)
A(p)T= "k

Function f is increasing with respect to p and function ¢ is increasing with respect
to 6, and decreasing both with respect to y and t. Since p* is implicitly defined by
f(p) =¢(0,v, 1), then p* is increasing with respect to 6, and decreasing both with
respect to y and t.

The monotonicity for k* with respect to y or 6 is the opposite of that of p* as
evident from (16), in which the right hand side does not directly depend on y or 6
while A(p) is decreasing.

We note from (16) that the monotonicity of k* with respect to t is the same of that
of (1 — 1)A(p*), for which we have

d . . dp* .,
d_[(l —-DAPIH=—-APpH+ A -1)——A(p").
T drt

Note that % is implicitly defined by (17) and we have

o\ Ta 1
dp* (y —ay +af —y1) (ifi;ﬁ) A(p*)T==

[3(1 - (9 —yr(prE (W) A’(p*)] (1-1)

dv

Then, the sign of —A(p*) + (1 — I)%A/(p*) is positive when

a 1—1)\Te
— 8+ A(p)T= (u) A'(p")(0 —y) > 0. 19)
n—+ us
If 6 > y, the second addend is negative, and the inequality cannot be satisfied. This
provides the first condition in case b).

Equation (17) yields (s,g;;;g)m — %" and hence (19) becomes
-y DA™ &

5 *
E  _ApHE -y >0 -1
6 — yDA(p*) T

A'(p1)©O —y) >0

—85+ A(p*)Te

*

p
e —70A0m

which provides (9) and the last condition in case b). O
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Proof of Proposition 3 Let t € (6/y,1). On a suitably small neighborhood of the
steady state model, (6) is described by

{kz+1 = 1 (51 = DA + (1 = sk,
pi+1 =0.

The analysis of the derivative of the one dimensional map describing the dynamics
of k shows that k* is locally asymptotically stable for any t € (8/y, 1). Note that
k* is locally asymptotically stable also when the map is extended to t = 6/y, and
trajectories are monotonic.

Let T € [0,0/y). In this case we have § — yt > 0 and p* > 0. The Jacobian
matrix, for k* as in (7), becomes

o
S(]*‘[)(“I_T)A(p*)) I—a A/(p*)

1—ps+a(n+us) n+ps
J* = n+1 n+1 .
a(ntus)(@—y1) sA=DAP*) \T=a 4/
s(I-1) =8+ -y7) ( n+us ) A'(p®)

Note that since p* < py, function A is differentiable at p*. Using the stability
conditions reported by Elaydi (2007), from a direct computation of tr(J*) and det(J*)
we obtain

1 —tr(J*) +det(J*) >0
1+tr(J*) +det(J*) >0 <&
1 —det(J*) >0

(n+us)[(1—a)5—<9—yr)(k*>ﬁA’(p*)] 0
>

n+l1
(2 _ 8)n+2—uzi¢i¢(n+us) + (9 _ Vf)n—tf—lus (k*)aA/(p*) >0

(1—us)[(1—a)(1—a)+(k*)1?u A’(p*)(e—yr)]
n+l

1—a(l—8) —

Condition A’(p*) < 0 ensures that the first condition is fulfilled, because a € (0, 1).
The third condition is fulfilled since, from the substitution of k* asin (7) and A’ (p*) <
0, it is possible to show that the left hand side is greater than §.

In the second condition, which is the one related to the emergence of a flip
bifurcation, if we replace k* with its expression in (7), we have

(SA(P*)(l —7)
n—+us
+a(n+su)) > 0,

)1—0‘ O —y)n+2—us)A'(PH+Q2—8n+2—us

which, after rearranging and using (17), leads to (10).

Moreover, we easily find that all the stability conditions are fulfilled as 7 —
(0/y)*, and, together with the considerations for t > 6/y, this allows concluding
that §* is locally asymptotically stable for T = 0/y.
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PAPA" (P)=p(A' (p))*+A(P)A' (p)

Finally, since (E4(p)) = A and p* decreases with
respect to 7, condition (11) ensures that E4(p(t)) is strictly increasing with respect
to 7, and this allows concluding. O

Proof of Proposition 4 and Corollary 1 From (17) we have

b —yt P
P= 1 o\ (A )Py
—_— s(t— o= — —a
8(Ao(pa — p)P)aT (_ o ) (Ao(pa—p
_9—yr s(1—r1) a
B 1) n—+ us
The function f : [0, pa) — R, p > f(p) defined by f(p) = ——L——+ is

T
L ) (Ao(pa—p)P) T
strictly increasing, and

e o [0—yT (s—D\T=
pr=r ( 5 (nﬂw) ) (20)

Letd < yandf —yt > 0.From E4(p) = — ﬂf , condition (9) reads as p(—B(0 —
P PA=D

y)+60—y1) > (0 —y1r)pa.Since —B(0 —y) +6 — yt > 0 the previous inequality
is fulfilled provided that p > —9=YDPA__ <4 using (20) we find

—-BO—y)+o—yT’
oo ® —y1)pa <:>f_1 0—vyt (s(l—r))la
—BO—-y)+0 -yt 8 n -+ us
(0 —yT)pa

> .
—-BO—-y)+0—y1

The monotonicity of f and some algebraic manipulations yield

atp—1 l1-a
sd—1) (BO—-—y)+0—yr) @ b=
p(t) = n+ s - | atp—1 >0,
A BB p, T (y — )P

where p : [0,0/y] —> R, T — p(7).

This means that condition (9), which guarantees that k* is strictly increasing, is
fulfilled when p(7) > 0. As a consequence, k* is strictly decreasing when p(t) < 0,
whereas a monotonicity change occurs when p(t) = 0. Direct computations show
that

oo y(@+p—1Dsa s
p'(t) = T ] % nt s
A apblep, « (y —0)F/e(—BO —y)+6 —y1) =
oo (1= )+ B — D5+
p(t) = —1

atp-l a—ptl’

AY @Bl p, (= 0P (O — ) +0 — yT)
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2n

so, depending on the sign of « + B — 1, p(7) is either convex, linear, or concave and
p(t) = 0 has at most two solutions. Moreover we have

+ﬁ 1 lfoc
s 0+ By — ﬁ9) «
PO = e
Ay BPlep, (J/ o)ila
_ s(y —0) B 87
p(@/y) - j/(n—i—[LS) 1/0{ [ OH,g 1 (22)
Ay B e py (v— 6)'«
and
1-a
(0 = yla+pB—1)5« K . 23)

l/a n-+ us

A=
apPlep, S (v —0)P/=(0 + By — ﬂ9)7

(Sl_ap/li‘_ﬂ_a (n_,’_us)a
BP5* (y=0)F 0+By—BO) 7

Note that p(0) > Oifand onlyif Ag > while p(8/y) >

1— l—a—p a
0 if and only if Ag > 2 );lp g ("(;)_M) Moreover, 0'(0) > 0 if and only if
l-a
Al < 8 = “”WS}&“W—” 5 , and p/(t) = 0 is solved only at

B
aplas(y—0)Flap, @ (O+By—po) @

0 +ﬂ(V—9) 14 “ *“ (n+ us)=# ﬂ(a—l—ﬂ—l)l ﬁ(SW

e = 1 5 b1

(24)

In what follows we study the sign of p (and its zeros) in the open interval (0, 6/y),
as the cases in which it vanishes at (some of) the ending points do not affect the
monotonicity of k*.

We report the sketch of the last part of the proof, more details about these two cases
can be found in Cavalli et al. (2024). We consider two cases.

Ifa+B8—1<0, pisconcave (see (21), being a straight line fora + 8 — 1 = 0).
From (23) we have p'(0) < 0, p is strictly decreasing for any 7, and hence p(t) =0
has at most a unique solution. Exactly one solution 7 € (0, 8/y) exists if and only if
p(0) > 0and p(@/y) < 0, i.e. from (22). This provides case (ii) in Proposition 4 and
the related case in Corollary 1. For this latter case, the two thresholds y; and y, are
implicitly defined by

8 p Pt sy -6
(y —0)°(0 + By — po) AopPse Ja

e
- AOIBI—aSa : (25)
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Conversely, if p(0) < 0, p is negative on (0, 8/y) and this provides case (i) in
Proposition 4 and the corresponding one in Corollary 1. Finally, if p(8/y) > 0, p is
positive on (0, 6/y) this provides case (iii) in Proposition 4 and the corresponding
one in Corollary 1. This concludes the first part of the proof.

In the second case, when « + 8 — 1 > 0, p is convex and it can be either increasing
or decreasing at T = 0. We distinguish two situations.

If p’(0) > 0, since p is convex, it is strictly increasing for any t and hence p(7) = 0
has at most a unique solution. Exactly one solution 7 € (0, 6/y) exists if p(0) < 0
and p(0/y) > 0. Actually, a direct check rules out the possibility of p'(0) > 0 and
p(0/y) > 0, therefore p cannot be zero and it is negative, from which we obtain case
@).

Conversely, if p'(0) < 0, there exist two solutions to p(t) = 0 if and only if
p0) >0, p@/y) >0and 7, € (0,60/y), with p(z.) < 0. However, a direct check
shows that this cannot occur.

The existence or the non-existence of a solution to p(t) = 01in (0, 6/y) is then
determined by the signs of p(0) and p(6/y). A unique solution exists if p(0) >
0,p(0/y) < 0and p'(0) < 0, which gives (ii). The solution would be unique also if
p(0) < O0and p(@/y) > 0, but this would happen only if 7, < 6/y, which cannot
occur. Therefore there are no zeros and p is positive, which falls in case (iii). The
scenarios occurring for « 4+ 8 — 1 > 0 overlap with those we have already studied for
o+ B —1 <0, so we can conclude. O

Proof of Proposition 5 and Corollary 3 1In this proof we make use of the same function p
defined in the proof of Proposition 4, as well as of its derivatives and related properties.
Also in this case we focus on T > 0, as T = 0 does not affect the results, and we
report the sketch of the proof, the interested reader can find more details in Cavalli
et al. (2024). From (21), function p is concave. Let us consider two cases.

If o' (0) > 0, two zeros may occurin (0, 8/y) ifand only if p(0) < 0, p(8/y) < O,
0 <1 <8/yand p(t.) > 0, where 7, is defined in (24). However, this leads to a
contradiction.

Only one zero may occur in (0, 6 /y) if and only if p(0) < Oand p(6/y) > 0. Note
that p(0) > 0 and p(8/y) < 0 cannot occur since we have just showed that the latter
condition would require that either t, > 6/y or its non-existence, hence p would be
increasing in (0, 6/y), which could not provide p(0) > O and p(6/y) < O.

We have that p(0) < 0 implies p’(0) > 0, and, from p(0) < 0 and p(6/y) > 0,
we find case (ii) of Proposition 5 and case (ii) of Corollary 3. Note that we can rewrite
the previous inequalities as

»e Aoﬁl""s“pi;w’l
y—0 81— (n4-pus)e
(9+ﬁy—ﬁ9)a+ﬁ_l - A()Bﬁso‘pfrﬂ*l (26)
(y—0)# 8= (n4-pus)*

in which we can easily check that the left hand sides are strictly decreasing in y,
positively diverging as y — 67 and vanishing as y — +o00. As in the proof of
Corollary 1, this allows introducing functions y; and y» implicitly defined by the
corresponding equalities in (26), and this provides case (ii) of Corollary 3.
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There are no solutions and p is negative if p(0) and p(6/y) are negative. Since
p(@/y) < 0,either t, > 6/y oritdoes not exist, function p is increasing and negative.

Since p(0/y) < 0 we have p’(0) > 0. Conditions p(0) < 0 and p(@/y) < 0
provide case (i) of Proposition 5, from which we obtain the corresponding case of
Corollary 3.

Finally, there are no solutions and p is positive if both p (0) and p(8/y) are positive,
which provides case (iii) of Proposition 5, from which we can obtain the corresponding
case of Corollary 3.

The second case occurs for o' (0) < 0, which implies that p is decreasing. There is
one solution if p(0) > 0 and p(0/y) < 0, but this cannot occur because o’(0) must
be positive if p(8/y) < 0. For the same reason p cannot be negative. Finally, there are
no zeros and p is positive if p(6/y) > 0 (in fact, p is decreasing) and this corresponds
to case (iii). O

Proof of Corollary 2 Let t = 0. Replacing the expression (12) of A in (18) we have

pr=f"1 (% (nﬁm) l”) , where f is defined by the right hand side of the former

identity in (18). From (10) and (13), the steady state is stable provided that p* < M.

B+E

Using the previous relations and recalling that f is increasing, we have % (#m) e _
pak

f <ﬁ+5) and thus (14). 0
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