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ABSTRACT. Axial algebras of Monster type («, 3) are a class of non-associative
algebras that includes, besides associative algebras, other important examples
such as the Jordan algebras and the Griess algebra. 2-generated primitive axial
algebras of Monster type (a, 8) naturally split into three cases: the case when
a & {28,458}, the case @ = 48 and o = 2. In this paper we give a complete
classification all 2-generated primitive axial algebras of Monster type (28, 3).

1. INTRODUCTION

This paper is part of a programme aimed at classifying all 2-generated axial alge-
bras of Monster type (a, 8) over a field of characteristic other than 2. Such algebras
appear in different areas of mathematics and physics and are of particular interest
for the study of several classes of finite simple groups, such as the 3-transposition
groups, and many of the sporadics, including the Monster (see [2, 14] and the in-
troductions of [20, 13], and [5]). Just like for Lie algebras, a fundamental step
towards the understanding of axial algebras of Monster type is the classification of
the 2-generated ones. This project has its origins in work by S. Norton (see [18]),
who classified the 2-generated subalgebras of the Griess algebra (which is a real
axial algebra of Monster type (i %)) The general case was first attacked by
F. Rehren [20, 19], who proved that every 2-generated primitive axial algebra of
Mouster type (a, 8) over a ring R in which 2, a, 8, « — 8, « — 23, and a — 40 are
invertible can be generated as R-module by 8 vectors and computed the structure
constants with respect to these elements. In that paper the main case subdivision
for this project is implicitly indicated, namely:

- the a € {28,48} case;

- the a = 20 case;
- the a =40 case.
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Each of these cases is divided into two further subcases, depending whether the
algebra admits an automorphism that swaps the two generating axes (the symmetric
case) or not (the non symmetric case).

At present, results of T. Yabe [24], C. Franchi, M.Mainardis, S. Shpectorov, and
J. McInroy [6, 3, 4], give a complete understanding of the symmetric case.

The non symmetric case is still wide open. A first result in this direction is
the classification of the 2-generated primitive axial algebras over Q(«, ), where «
and [ are algebraically independent indeterminates over Q obtained in [5]. In that
case it turns out that every such algebra is symmetric. There are, however, non
symmetric examples, e.g. the algebra Q2() constructed in [12, 8], by V. Joshi.
Another family of examples, pointed out by Michael Turner [23], comes from the
Matsuo algebras 3C(«). Such an algebra has basis bg, b1, b2 and multiplication
defined by ab = $(a + b — c), whenever {a,b,c} = {bo,b1,b2}; each b; is an axis
of Jordan type a and in fact the algebra itself is a primitive 2-generated algebra
of Jordan type a. Provided a # —1, it has an identity 1 = ﬁ(bo + b1 + bo).
It is straighforward to see that, for i € {1,2,3}, a; := 1 — b; is an axis of Jordan
type 1 — a. Hence, for a # %, with respect to the generators a;,b; (with ¢ # j
and 7,7 € {1,2,3}), the algebra is a primitive 2-generated algebra of Monster type
(o, 1—a) and it is clearly non symmetric. We'll denote this algebra as 3C(«, 1 — ).

In this paper we deal with the case a = 28 and give a complete classification of
such algebras, namely we prove

Theorem 1.1. Let V' be a primitive azial algebra of Monster type (23, 5) over a
field F of characteristic other than 2. Then one of the following holds

(1) V is symmetric;
(2) V is isomorphic to Q2(8), or, when 8 = —%, to the 3-dimensional quotient

of u); N
(3) V is isomorphic to the algebra 3C (3, 3).

The paper is organised as follows: in Section 2 we recall the basic definitions
and properties of axial algebras which will be needed in the sequel. In Section 3 we
construct a universal object for the category of 2-generated primitive axial algebras
of Monster type (24, 3), in a similar way as we did in [5, Section 4] for the case
where o & {28,408}, and we prove that it is linearly spanned by 8 vectors. In
Section 4 we apply the machinery developed in [5, Section 5] to the case a = 2.
Precisely, we consider a ring R of characteristic other than 2, we denote by Ry
the prime subring of R and let Ro[%,ﬂ, %][x,y,z,t] be the polynomial ring in 4
variables over RO[%,ﬁ, %] For a subset T' of RO[%,B, %][z,y,z,t], let V(T') be the
variety associated to (the ideal generated by) T'. Finally we denote by My (28, 8, R)
a set of representatives of the isomorphism classes of 2-generated primitive axial
algebras of Monster type (23, 8) over R. With such notation, we prove the following
result.

Theorem 1.2. Assume R is a ring of characteristic other than 2. Then there
exists a subset T C Ro(a, )|z, y, 2,t] of size 5 and a map

5: M2(2B7B7R) - V(T)

such that, for every P in the image of &, there exists an element Vp of M2(28, 8, R)
with the property that every element in £~1(P) is a quotient of Vp.
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TABLE 1. Fusion law M(a, )

In Section 5 we show how Theorem 1.2 can be used to obtain an alternative
and independent proof of Yabe’s classification of the primitive symmetric axial
algebras of Monster type (23, 3) over a field (see Theorem 5.7). Having at hand
the classification in the symmetric case, in Section 6 we deal with the non symmetric
case and prove Theorem 1.1. The key observation is that, for a primitive 2-generated
axial algebra of Monster type V with generating axes ag and ap, the orbit under
the Miyamoto group of each a; (i € {1,2}) generates a primitive 2-generated axial
subalgebra of Monster type which is symmetric.

We thank the referee for the careful reading, corrections, and useful comments.

2. BAsics

We start by recalling the definition and basic features of axial algebras. Let R
be a ring with identity and let S be a finite subset of R with 1 € S. A fusion law
on S is a map

xS xS — 25
An azxial algebra over R with spectrum S and fusion law * is a commutative non-
associative R-algebra V generated by a set A of nonzero idempotents (called azes)
such that, for each a € A,
(Ax1) ad(a) : v — av is a semisimple endomorphism of V' with spectrum contained
in S;
(Ax2) for every \,u € S, the product of a A-eigenvector and a u-eigenvector of
ad, is the sum of d-eigenvectors, for § € A x p.
Furthermore, V' is called primitive if
(Ax3) Vi = (a).
An axial algebra over R is said to be of Monster type (a, () if it satisfies the fusion
law M(a, 8) given in Table 1, with a, 5 € R\ {0,1}, and a # S.

Let V be a primitive axial algebra of Monster type («,3) and let a € A. Let
St :={1,0,a} and S := {B}. The partition {S*,S~} of S induces a Zy-grading
on S which, in turn, induces a Zy-grading {V,V*} on V, where Vi := V*+ V' + V¢
and V® = Vg It follows that, if 7, is the map from the disjoint union R UV to
R UV such that 7, is the multiplication by ¢ on V* for € € {£1} and 7, is the
identity, then 7, is an involutory automorphism of V' (see [10, Proposition 3.4]).
The map 7, is called the Miyamoto involution associated to the axis a. By definition
of 74, the element av — Bv of V is 7,-invariant and, since a lies in V¥ < Cy(7,),
also av — B(a + v) is 7,-invariant. In particular, by symmetry,

Lemma 2.1. Let a and b be axes of V. Then ab—[(a+D) is fized by the 2-generated
group (Ta, Tp).
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If V is generated by the set of axes A := {ao, a1}, for i € {1,2}. Set p := 74,7,
and for i € Z, ag; := agl and ag;y1 = afl (Note that the orbits can be finite and
even of different lengths, so there can be multiple labels for the same axis). Since
p is an automorphism of V, for every j € Z, a; is an axis. Denote by 7; := 7, the
corresponding Miyamoto involution.

Lemma 2.2. For everyn € N, and ¢,j € Z such that i = 7 mod n we have
iGiyn — B(ai + Qiyn) = ajaj4n — Blaj + ajin),
Proof. This follows immediately from Lemma 2.1. ]

Forn e Nand r e {0,...,n— 1} set

(1) Srn 1= Qrrgn — B(Ar + Grin).

If {0,1, o, B} are pairwise distinguishable in R, i.e. a,, 8, a— 1, f—1, and o — 8
are invertible in R, by [5, Proposition 2.4], for every a € A, there is a linear function
Ae 1V — R, such that every v € V can be written as

v = A(v)a+u with u € @Vf.
5#1

Remark 2.3. Note that, when R is a field, then {0,1,, 8} are always pairwise
distinguishable in R. Since we are interested in algebras over fields, from now on
we assume 0,1, a, B are pairwise distinguishable in R. For the same reason, since
the characteristic cannot be 2, we also assume that 2 is invertible in R.

For i € Z, let
(2) a; = )‘ao (ai)ao + u; +v; +w;

be the decomposition of a; into ad,,-eigenvectors, where u; is a O-eigenvector, v; is
an a-eigenvector and w; is a [-eigenvector.

Lemma 2.4. [5, Lemma 4.4] With the above notation,
(1) i = 5 ((Nag(ai) = B — Xy (ai))ao + 5 (= B)(a; + a—i) — 50,4);
(2) vi = 2((B = Aoy (@) a0 + 5 (ai +a) + s0,);
(3) w; = %(CLZ 7a_1').

Lemma 2.5. Let I be an ideal of V', a an azis of V, x € V and let
r=2x1+2To+ 2o+ 2

be the decomposition of x as sum of adq-eigenvectors. If x € I, then x1, %o, Ta,Tg €
I. Moreover, I is Tq-invariant.

Proof. Suppose z € I. Then I contains the vectors

r—ar = zo+(1—a)re+ (1—p)zg,
alx—az) = ol—a)xe+ B(1—P)xs,
a(a(z — az)) — Pa(z —azx) = ala— L)1 —a)z,.

Since 0, 1, o, B are pairwise distinguishable in R, it follows that I contains x, xg,
Zo, Tg. Since z7* = 1 + 2o + o — xg € I, the last assertion follows. O



3. THE UNIVERSAL OBJECT

From now on we assume that a = 28, {1,0,23, 5} is a set of pairwise distin-
guishable elements in R, that is the difference of any two distinct elements of this
set is a unit in R (note, in particular, that this implies that also 2 is a unit in R).
We proceed by adapting to the case a = 28 the construction given in [5] of the
universal object in the category of 2-generated primitive axial algebras of Monster
type. Let

D be the polynomial ring
Z[:I;7 y7 w) t])

where z,y, w, t are algebraically independent indeterminates over Z;
L be the ideal of D generated by the set

Y={ay—-1, 1—-2)w—1, 2t —1};

D= D/L. For d € D, we denote the element L + d by d. Note that 1,0,
Z, and 2% are pairwise distinguishable in D:

A = {ag,a1} be a set of cardinality 2 and W be the free commutative
magma generated by the elements of A subject to the condition that every
element of A is idempotent;

R:= ﬁ[A} be the ring of polynomials with coefficients in D and indetermi-
nates set A :={A.w |c € A, w e W,c#w} where \¢, = A\ if and only
ifc=c and w=w'.

V := R[W] be the set of all formal linear combinations > wew Yww of the
elements of W with coefficients in R, with only finitely many coefficients
different from zero. Endow V with the usual structure of a commutative
non-associative R—algebra;

S be the set {1,0, &, 2#};

for p € S,

res\{u}
for every c € A, Acc :=1;
J be the ideal of V generated by all the elements
(fl (a‘dc))(w - )‘c,wc)a
for all ce A and w € W, and

[T (ade —nidy) | ((f(ade))(w) - (f5(ade))(w))

nEY*S

forallv,w eV, ~,6 €8, ce A;
Iy be the ideal of R generated by all the elements

Z ’Yw)\c,w

weWw

for all c € A,w € W, and v,, € R such that Y wew Yo € J.

Finally set

Jo:=J+ L)V,
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- E = ]%/107
- V = V/J()7
- Bi=xz+ Iy, and «a :=2x + I,
- a;:=a;+ Jy, forie€{0,1} and A :={ap,a; }.
From now on, we use bold letters to denote the elements of V.
For i € Z, set
)\1‘ = )\ao(ai).
By Corollary 3.8 in [5], the permutation that swaps ap and a; induces a semi-
automorphism f of V, i.e. f acts on R as a ring homomorphism, on V as a

(non;associative) ring homomorphism and (yv)f = yfv/, for every v € R and
v € V. By [5, Lemma 3.1],

Aa,(@0) = A], and Aa, (a_q) = AL

Set Go := (10, 71) and G := (79, f) (where 79 and 71 are the involutory automor-
phisms of V as defined in Section 2).

Lemma 3.1. [5, Lemma 4.6] The groups Go and G are dihedral groups, Gy is
a normal subgroup of G such that |G : Go| < 2. For every n € N, the set
{S0.ns--+,Sn—1,n} 15 invariant under the action of G. In particular, if K, is the
kernel of this action, we have
(1) K, = G;
(2) Ko = G, in particular sg'y = So,2 and 5572 =S1,2;
(3) G/Ks induces the full permutation group on the set {so3,S1,3,S2,3} with
point stabilisers generated by 190 K3, 1 K3 and f K3, respectively. In partic-
ular sg’g =813, S1'3 = S2,3, and Sp'3 = S23.

Proof. This follows immediately from the definitions. (]

For i, j € {1,2, 3}, with the notation fixed before Lemma 2.4 and so; € V defined
as in Equation (1), set

1
Pij = uiuj + lliVj and Qij = uivj + ?5071‘507]'.

Lemma 3.2. [5, Lemma 4.5] Fori,j € {1,2,3} we have

(6) S0,i - S0, = —(agFij — aQij).
Proof. Since u; and v; are a 0-eigenvector and an a-eigenvector for ady,, respec-
tively, by the fusion rule, we have agP;; = a(u; - v;) and the result follows. O

The following polynomial will play a crucial réle in the classification of the non
symmetric algebras in Section 6:

2 (@6-1) _(@45-1)

7 Z(x,y) = =x+ Yy —
(7) (z,9) 3 7 3
Lemma 3.3. InV the following equalities hold:

So2 = —g(a,g +ag) + BZ(A, M) (ar +a_)

— 2200, M) (00 = B) = (A2 — B)| a0 +2Z (A1, M)so.



and

“Blay +a) + 82O, M) (ao + a2)

S12 = B)
2Z(M, M)A = B8) = (M = B8)| a1 +22(M, M)so,r.
Proof. Since o = 24, from the first formula in [5, Lemma 4.7] we deduce the
expression for sg 2. The expression for s; o follows by applying f. (|

Lemma 3.4. InV we have

and

a4 —a_g — 2Z()\1, )\{)(a,l — ag)
b (120D - ) - @ - 9)] (a0 - )

a_3 =agz — 2Z()\{, )\1)(32 — a_g)

1 (4200 (A = 8) = (24 - 8)] (1 —a0).

T3

Proof. Since s 2 is invariant under 71, we have sg 2 — sgfz = 0. On the other hand,
in the expression sp2 — ngz obtained from the first formula of Lemma 3.3, the

coefficient of a, is —/3/2, which is invertible in R. Hence we deduce the expression
for a4. By applying the map f to the expression for ay we get the expression for

a_3.

O

Lemma 3.5. In 'V we have

50,180,1 =
+B—2Z(/\f A
1721 A) (@ + ay)
2 _
+% {—2(25 BN W/\l/\{ + (1682 =78+ 1)\
+(148% — 88+ )X — p(1482 — 78+ 1)| (a_; + ay)
. [Q(Zﬂﬁ— 1)X13 N (882 —;B + UA%A{ n 2(2/35— 1) MM (188 — 6)A2
_ 201057 ;55 T (s - A" - Lﬂ; Dairs - BM
9 o 2
+(54B 217ﬁ . 1)/\1 + (987 — 68+ 1A + 6(5% - Az = 7/\5
B(248% — 98 + 1)
— 5 ap
2028 — 1 682 —38+1 208 —1 1682 — 78+ 1
Ll ( ﬂﬁ )Af— (65 525+ )/\1)\{_ (55 )A{2+( g 55+ )/\1
+M)\{ — é)\g — (5752 +26B74) S0,1
3 2 4
2
+—50,3-

4
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Proof. We apply Lemma 3.2 with ¢ = j = 1. By Lemma 2.4 and by the definition of
0,1 and s1 2, the product uju; (resp. u;vy) can be written as a linear combination

of a_q, ag, a1, So,1, 81,2, and sg,150,1, with the coefficient of sy 150,1 equal to #

(resp. —ﬁ). Thus, P11 and Q1,1 are linear combinations of a_1, ag, a1, sp,1, and
s1,2 and, by Lemma 3.3, we can replace s; 2 by a linear combination of a_;, ag,
ai, ag, as, and sg 1. By Lemma [5, Lemma 4.3], it follows that agP; 1 is a linear
combination of a_s, a_1, ag, a1, az, a3, So.1, So,2, and sg 3. The result then follows
by Lemma 3.2. (Il

Lemma 3.6. InV we have

s1.3 = s03 + BZ(\, \)a_s — BZ (M, M)as

o [~4(28 = DO+ M) = 2088 — 48+ 1A + 28(156 — 75 + D,

FB(263% — 158 + 2)M — 52(248% — 138 + 2)} a_,
+% [8ﬁ(2ﬁ DA 1 4(88% — 48+ DA +88(28 — AL’
—4B2(158 — 5)A? — 28(3282 — 168 + 3)M A + 45%{2 —232%(2B8 + 1)A1 A2
—4B83M Xy + 283408 — 9)A, +282(28% = 58 + DA +28°(58 — 1) e
—28%) — 4B (58 — 1)} ag
+% [—85(25 SN2 4882 — 28+ DM - 8828 — DALY - 4p2a2
128(326% — 168 + 3)M A + 482(168 — 5)IA]” + 483 A N,
+2682(28 — DA A —28%(28% + 58 + 1)A\ — 28°(408 — 9N + 284N,
—283(58 — DA, + 48458 = 1)| ay
1
B
—B(268% — 158 4+ 2)A; — 28(158% — 78+ DA + 82(248% — 138+ 2)| ay

1
iz

[48(28 = 1)X2 +2(88% — 45 + AN + (85 — A"

2
=802 = X{") + 24500 — X)) + 2800 — M) so.1.

Similarly, s2 3 belongs to the linear span of the elements a_o, a_1, ag, a;, az, as,
So0,1, and so 3 (since sg 3 = s{?s, the exact expression for sa 3 is obtained by applying
To to the above equation).

Proof. Since, by Lemma 3.1, sq 1 is invariant under f, we have sg 1801 —(S0,180,1) =
0. Comparing the expressions for sg150,1 and (50718071))0 obtained from Lemma 3.5
and since by Lemma 3.1(3) 5573 = s1,3, we deduce the expression for s; 3. By
applying the map 7y to the expression for s; 3 and since, by Lemma 3.1(3), s7% =
S2,3, we get an expression for sy 3 as a linear combination of the vectors a_s, é\_g,
a_1, ap, a1, a2, So,1, and s 3. Finally, the last assertion follows since, by Lemma 3.4,
a_3 € <a,2,a,1,a1,a2,a3>. O
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As a consequence of the resurrection principle [15, Lemma 1.7], we can now prove
the following result. We use double angular brackets to denote algebra generation
and singular angular brackets for linear span.

Proposition 3.7. V = (a_j,a_1,a9,a1,a2,as3,80,1,80,3). In particular, V has
dimension at most 8.

P?“OOf. Set U := <a_2,a_1,ao,a1,ag,a3,soyl,s073>. By Lemma 3.4, ag,a_3 € U,
and by Lemma 3.6 also s 3 and s 3 belong to U. It follows that U is invariant
under the maps 79, 71, and f. Hence, a; belongs to U, for every ¢ € Z. Now we show
that U is closed under the algebra product. Since it is invariant under the maps g,
71, and f, it is enough to show that it is invariant under the action of ad,, and it
contains sg 180,1, S0,350,3, and sg 189,3. The products apa;, for i € {-2,-1,0,1,2,3}
belong to U by the definition of U and by Lemma 3.3. By [5, Lemma 4.3], U contains
agsp,1 and apsg,3. The product sg,180,1 belongs to U by Lemma 3.5 and similarly,
by Lemma 2.4 and Lemma 3.2, the products sg3s¢ 3, and sg 150,35 belong to U.
Hence U is a subalgebra of V' and, since it contains the generators ag and a;, we
get U =V. O

Remark 3.8. Note that the above proof gives a constructive way to compute the
structure constants of the algebra V relative to the generating set B. This has been
done with the use of GAP [9] in [7, 2btnon-Symmetric.s]. The explicit expressions
however are far too long to be written here.

Corollary 3.9. In R the following identities hold:

A (a—l) = A17

Aao(a 2) = >\27

>‘ao (S 1) = 6 6)\1,

Aay(S0,3) = ao(ag) B — BQAaO (as), . ,

Aay (a3) _ 8(%31 )\{f _ 4B ﬂtﬂ 1) )\%)\{ _ 4(2[;311) /\1/\{

27 - —
_ 448 ﬁ;ﬁﬂ) A2t 16(2ﬁ2 1))\1)\{ 1 %/\1/\2 i 2(252 1))\{/\2
2— - —

+8 Z§ﬁ+4)/\1 _ 2(2[3/52 1))\{ _ 2(5%+1))\2 4 2(5% 1)

Aay(s01) = M —B—BA],

)‘31 (372) = )\ao (aS)f;

)\31 (3.2) Q A{7

In particular, R is generated as a ﬁ-algebm by A1, Aa, )\{, and )\g.
Proof. By Proposition 3.7, V is generated as R-module by the set B := {a_s,a_1,
ao,al,ag,ag,so 1,803} Since Aa, (v) = (Aay (v/))f, Aa, is a linear function, and

R=R , we just need to show that Aa, (v) € DA, A, \a, M] for every v € B. By
deﬁmtlon we have

Aap(@0) =1, Aag(a1) = A1, Aag(az) = A2, and Mg, (a3) = As.
Since 79 fixes ag and is an R-automorphism of V, we get
Aag(a-1) = Aay((a1)™) = A1,

Afllo(a—Q) = Aao((aQ)TO) = )\Qa
and
Aay (S0,1) = Aay (a0a1 — Bag — Bay) = A1 — B — B,
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and
Aao (50,3) = Aa, (a0a3 — Bag — faz) = A3 — B — BAs.
We conclude the proof by showing that A3 € D[Aq, )\{, A2, )\g] Set
¢ :=uu; —vivy — )\ao (111111 - V1V1)ao

and

z:=¢—2(28 — \)uy.
Then, by the fusion law, ¢ is a 0-eigenvector for ad,, and so z is a 0-eigenvector
for ada, as well. Since sg; is Tp-invariant, it lies in Vio and the fusion law implies
that the product zsg ; is a sum of a 0- and an a-eigenvector for ad,,. In particular,
Aa, (280,1) = 0. By Remark 3.8 we can compute explicitly the product zsg 1 (see [7,
2btnon-Symmetric.s]):

3
ZSp,1 = ———Aas3

1
+§ [26% — A ~ (8~ 1)] 2

+ {_ﬂ@\f - (2524'#5_1))\1)\{ (287 _24ﬂ+1))\{2+ (48° — 2 _ﬂ),\l
s 2
3 2
+(2/62_4,6+1),\{+%A2_%A5+% -

+las - 1)at + @B \20r (1082 — 88+ 1)A2 + (=262 + 38 — DaA]
B 1711 1 171
2 2

i 3 2 2
N TES LS WS VUL 2)} a

[B(38 —1 46 — 1 362(38 — 1
N ECEEL P L VLIRS
+ =287 = (28 — DAA 4+ 848+ DA + (28 — DA + %)\2 — W S0,1-

Since Aq,(2zs0,1) = 0, taking the image under A, of both sides, we get the
expression for A3 = A4, (as). O

We conclude this section giving some relations in V' and R which will be useful
in the sequel for the classification of the algebras. The explicit expressions for these
relations can be found in [7, 2btnon-Symmetric.s].

Lemma 3.10. Set dg :=a] —ay, d; :=8),—s23, do :=d, ™", and, fori € {1,2},
D, :=d,;," — d;. Further, let e :=ul'v3' and E := aze —2fe.

Then, for i € {1,2}, the following identities hold:

(1) dz :0, 7Di :O, E:O,

(2) there exists an element t(A1, )\{, A2, )\g) € R such that
g =t M, e\ )ao

+ {400 = AD) [Ba+ (B - DO - B)] + B20a — M)} (ar +an + %) =o.
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Proof. Identities involving the d;’s and D;’s follow from Lemma 3.1 and the fact
that a4 is idempotent. By the fusion law, the product uju, is a 0-eigenvector for
ada, and the product ui'vy' is a 28-eigenvector for ada,. The last claim follows
by an explicit computation of the product ag(ujus), which gives the left hand side
of the equation. O

Lemma 3.11. In the ring R the following holds:

(1) Aay(do) =0,
(2) )‘ao(d1> 0,
(3) Aa(d2) =0,
(4) A 1(d1) O:
(5) Xai (g —g7) = 0.
Proof. This follows immediately from Lemma 3.10. O

4. PROOF OF THEOREM 1.2

The five identities in Lemma 3.11 produce five polynomlals pi(z,y, z,t) for i €
{1,...,5} in D[z, v, 2,1] (with z,y, z,¢ indeterminates over D), that simultaneously
annlhllate on the quadruple (A1, )\1 , A2, N 3). Precisely, by Lemmas 3.4 and 3.6 we
can write explicitly ay, s2 3, and s§,3, whence the d;’s, as linear combinations of the
vectors a_s, a_1, ag, a1, a2, a3, So,1, and s 3 with coeffcients in R. Using linearity
of A\a, and Aa, and Corollary 3.9, we get the desired polynomials. These are too

long to be displayed here but can be found in [7, 2btnon-Symmetric.s].
Let further, for ¢ € {1,2,3}, gi(z, 2) := p;(z, 2, 2, z). Then

12
q(z,z) = m( 3848° + 6088 — 3768° + 11482 — 178 + 1)a”
64
+W(43526 — 60808° + 29928% — 5168% — 4082 + 238 — 2)®

+ﬂ—8(6464 —968°% +528% — 128 + )22
16 6 5 4 3 2 5
+B—9(—38720ﬁ + 4291287 — 925287 — 59283~ + 34778° — 6608 + 44)x
16 5 4 3 2 4
+B—8(—3168,8 +48328% — 278283 + 74782 — 928 + 4)z? 2
32
+F5(8B2 — 68+ 1)z’22
8 6 5 4 3 2 4
+ﬂ—8(848326 — 48224p8°% — 504828% + 555738% — 2016482 + 32628 — 200)x
8 5 4 3 2 aor 3
+E(19792f3 — 302928" + 1770087 — 49178° + 6478 — 32)z"z
16 3 2 2 2
+B—5(—72/3 +6282 — 158 + 1)z%2
8 6 5 1 3 2 3
+ﬂ—7(—45888[3 — 3358483°% + 11918434 — 851328% + 2705482 — 40898 + 240)=
4 5 4 3 2 2
+ﬂ—6(—528806 +811568% — 478288 + 1352782 — 18383 + 96)z°% 2
32 3 2 2 4 3
+B—4(48ﬁ —44B° + 128 — 1)zz” + B—2(26 — 1)z
4
+B—5(19648,66 +1143848° — 20464884 + 1282625 — 3841182 + 55988 — 320)x>
8 5 4 3 2
+ﬂ—5(162885 — 250968% + 149048% — 427282 + 5938 — 32)xz

2 3 2 2
+ﬂ—3<73226 130182 — 864 + 8)z
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8

+E(—2611265 + 400408* — 238788° + 695982 — 9958 + 56)x
2 5 4 3 2

+ﬂ—4(—152645 + 236588% — 141698° + 411082 — 5808 + 32) =z

4 5 4 3 2
+ﬁ(76326 — 116688* + 69328% — 201182 + 28683 — 16),

q2(z,2) = 7;;4(862 —68+ 1)at + ;—4(4%3 — 1482 — 78+ 2)a® + [;%(2[3 — 122z
4 3 2 2 2 2
75(245 +24B8% — 288 + 5)z° — E(225 — 158 + 2)zz
+ 2 (708% — 516 + 8)z + — (1867 — 136 + 2)=
B2 B

2 2
5 (88% —135 4 2),

q3(z,2) = —;%(1%3 — 2082 +88 — )zt + B%(ewz — 488 + 8)x°z

+%(72ﬁ4 —708% + 582 + 108 — 2)2° — %(28[33 — 1282 — 38+ 1)z2=2
4 4

772(2/3 — az? — ﬂj(4064 —28% — 5782 4 348 — 5)a>

+i(6ﬁ3 +358% — 278 + 4)az + é(23 —1)22 + i(7433 — 12382 + 598 — 8)x
B3 B B3

+i(18/33 — 3582 4178 — 2)z — 3(1363 — 3182 + 158 — 2)
B2 82 ‘

Now let V' be a primitive axial algebra of Monster type (23, 8) over a ring R of
characteristic other than 2, generated by the two axes ag and a;. By [5, Corol-
lary 3.8], V' is a homomorphic image of V' ®5 R and R is a homomorphic image
of R ®p R. We identify the elements of D with their images in R so that the

polynomials p; and ¢; defined above are considered as polynomials in R[z,y, 2, t]
and Rz, z], respectively. For each i € Z, let a; be the image of the axis a; and let

P = ()‘ao (al)ﬂ )‘a1 (a0)7 )‘ao (a2)7 )\al (0_1)).
By Corollary 3.9, R ®, R is isomorphic to R[A1, A, As, AJ]. Let
vp: Rlx,y,2,t] = R

be the R-algebra homomorphism that associates to each polynomial f € R|x,y, z, t]
its value on the quadruple P (of course we are assuming x, y, z, t to be algebraically
independent indeterminates over R too). Let Ip be the kernel of vp and set
VepR

UP = _7D
(V Dp R)Ip.
Then, Up is a primitive axial R-algebra of Monster type (26, 8). We denote the
images of an element § of R® 4 R in R via vp by d and by p; and g, the polynomials
in R[z,y,z,t] and R[z, z] corresponding to p; and g¢;, respectively. Set

(8) T :={P1,D2:P3,P4:P5}-

By definition, the p;’s have the coefficients in the ring Ry(8), where Ry is the prime
subring of R (see Section 1).
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Proof of Theorem 1.2. With the above notation, by [5, Corollary 3.8], P is the
homomorphic image in R* of the quadruple (), )\{ , A2, )\g ) and so it is a common
zero of the set T and V is isomorphic to a quotient of Up. Hence the claim follows
by setting £ to be the map

£ M(28,8,R) — V(T)
\%4 — P

In the symmetric case we have

Corollary 4.1. IfV is a symmetric primitive azial algebra of Monster type (23, )
generated by two axes ag and ay, then

)‘ao (al) = )‘EL1 (CLO)’ )‘ao (a2) = )‘a1 (afl)

and the pair (Mg, (a1), Aay (a2)) is a solution of the system

qi(z,2) = 0
(9) G2(z,z) = 0
gs(x,z) = 0

Proof. Since V' is symmetric, Ag,(a1) = Mg, (ag) and Ag,(az) = A, (a—1). Hence
the claim follows from Theorem 1.2 and the definitions of the polynomials ¢;’'s. O

Lemma 4.2. For any field F, the resultant ro 3(x) of the polynomials G2(x,z) and
Gs(x, z) with respect to z is

ya(a — 1)(22 — B) (x — B[(168 = 6)x + (~1857 + B+ 2)][(88 — 2)a + (~95 +28)]

where
_—16(28—1)3(48— 1)
= 310 .
Proof. The resultant has been computed in the ring Z[3, 8~ !][x] using [1] (see [7,
SolutionsSystem.s]. O
Set

ci(z) = 162" — 482> — 512% 4+ 462 — §;

ca(z) = 4da® 422 -1

cs(z) = b4+ —1;

ca(x) = 18z —x —2;

cs(x) = 3x-—1;

cs(xr) = Tox—2

cr(x) = dx—1;
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and C:={e € F| szl ¢i(e) = 0}. Further set

o={(32). om. (D}

Si ::{(1’1)7 (071)7 (671)}a
(937 —28 95°-28 . 1
‘92"{(2@/31)’2(4/31))}’ 7y

Ss =0, ifﬁgC\{g} and

5o { (185;—5?5 2 (486" - 2;553(;;5 ;)2?)(36 - 1)) } ifpec {%}

Lemma 4.3. Let F be a field of characteristic other than 2, g € F\ {0, 1, %} and
let S be the set of solutions of the system of equations (9) in Corollary 4.1. Then

(1) if =1, S=8oU{(u,1)|peF};
(2) if B#L, S=8 U8 US,US;.

Proof. If 5 = %, then

K

1(x,2) = —42z(z —1)(8z — 1),
o(z,2) =— 8z — 1)(4x — 1)(z — 1),
gs(z,2) =(z = 1)(4x — 1)(16z + 82 — 3)

and claim (1) follows. Let 3 # 1. A direct check (see [7, SolutionsSystem.s]) shows
that S; C S for every i € {0,1,2,3}. To prove the reverse inclusions, let (xg, 2q)
be a solution of the system (9). Then, by the properties of the resultant of two
polynomials (see e.g. [16, Proposition 8.1]), ¢ is a root of the polynomial r 3(x)
given in Lemma 4.2. As 8 # i, r2,3(x) is a non zero polynomial and so we get

22 1832 — 3 —2
To € 0713£7ﬂ7 (gﬁ 5)7( Sﬁ ﬁ ) .
2 248 - 1) 2(88 —3)
Assume xg = 0. Then 32(0,2) = %(95 —2)(28 —1)(# — 1) and so either zp = 1 or
8= %. In the former case we get the pair (0,1) which belongs to S;. In the latter
case, we get q1(0,2) = 5z(z —1)(92+ 1) and g3(0, z) = —10z(z — 1). Since chF =5
implies 5 = % = —2 and « = 28 = 1 which is not allowed, we get zo € {0,1} and

the solutions (0,0) = (%, %) € Sy and (0,1) € &;.

Assume 2o = 1. Then ¢(1,2) = %(ﬂ — 198 — 4)(28 — 1)(z — 1) and so
4

either zg = 1 or # = In the former case we get the pair (1,1) which belongs
to S1. Suppose 8 = 5 and 29 # 1. Then note that 8 # % and, since also § #
1 by assumption, ch F # 7. We have q1(1,2) = —g;(z — 1)(1442% + 1193z —

4900) and g3(1,z) = & (z — 1)(16z — 23). Hence we must have zg = 23. Thus

@(1,32) = 3‘522'1712'11. Since ch F # 7 and we get non admissible values of 3 (3

and 1) when ch F € {3,5}, we have ch F = 11. Then z =  and we see that

_ (188°—p—2 (488"-285°475-2)(36—1)
(17 3) - ( 2(86—-3) 2B2(86—3)2 ) S 83.

Nkwl
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Assume zo = g Then (jg(ﬁ z) = —l(4ﬁ —1)(26 — 1)(B — 2z), whence zy = g

and we get the pair (g, 2) which is in Sp.

Assume g = 3, then 2(8,2) = 0 and ¢1(8,2) = %(2,8 —1Dz(z — 1)(22 — B).
Since 8 ¢ {0, 1}, we get 2o € {0, 1, g} and the pairs (zg, z9) belong to So U S;.

Assume g = 25125 21’6; Then

_ _ (28-1)BB-1)(98-2)
Blao, ) = g1 138~ 2)z ~ 595 2]
and thus either zg = 92[; ) and so the pair (zg, z9) belongs to Ss, or 8 € {
2 2
If =1, thenzg = § = lsfgﬁ 53)2 = 9&/3 L @1(zo,2) = —22(22 - 1)(3z = 1) and

@2(z0,2) = 2(2z — 1). Hence 2z € {0, %} and we see that

1 188%2 — B3 —2 (488* — 2882 + 78 —2)(35 —1)
_70 = ) € 83
2 2(88 —3) 2832(86 — 3)2

2 2 .
and (%,%) = (92?462{3;’92[(346253)) €S If B= %, then o = 0 and we are in one of
the cases considered above.

Finally assume o = Wﬁ)z Then

D20, 2) = —w [26%(86 — 3)%z — (488" — 288° + 75 — 2)(38 — 1)]

where w 1= gz (26° + 58 — 2)(28 — 1)(36 — 4)(38 — 1). Thus either zo =
(483*—283%+78—2)(38—1)
2p3%(83-3)*
(188 - —2) (488* —288°+76-2)(36—1)
2(86-3) ' 262(84 — 3)?
is a root of gi(x,z) only if 5 € C\ {%} In the latter case, if 8 = % (and hence

chF # 5 since 8 # 1), we get xp = 1 and the above discussion holds. Similarly, if

-1 1 _ 98°=28 i i
B =3, then zg = 5 = 2(45 1) and we are in one of the cases already considered.

Finally if 282 + 58 — 2 = 0, then 29 = 3 and we are again in one of the cases
considered above. O

or w = 0. In the former case we see that the pair

In order to classify primitive axial algebras of Monster type (28, 3) over F gener-
ated by two axes ap and a; we can proceed, similarly as we did in [5], in the following
way. We first solve the system (9) and classify all symmetric algebras. Then we
observe that, the even subalgebra ({(ag, a2)) and the odd subalgebra ((a_1,a1)) are
symmetric, since the automorphisms 7 and 7y respectively, swap their generating
axes. Hence, from the classification of the symmetric case, we know all possible
configurations for the subalgebras ((ag,as)) and ({(a_1,a1)) and from the relations
found in Section 3, we derive the structure of the entire algebra.

5. THE SYMMETRIC CASE

Let, in this and in the following section, V' be a primitive axial algebra of Monster
type (26,03) over a field F of characteristic other than 2, generated by the two
axes ag and a;. By [5, Corollary 3.8], V is a homomorphic image of V @5 F.
For every element v € V, we denote by v its image in V. In particular ag and
ay are the images of ap and a; and all the formulas obtained from the ones in
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Basis Products Form
P ——
G . (ai,a;) =1
a;jaiy1 = s+ f(a; +ai41) wherea; == a;3 8(95-2)
a-1,ap,a1,s o= B2, ) B2(108-3) (ai,ait1) = 2(46-1)
a;s = fBs+ H(ai—1+ait1) — 3Ep—1) % ( ) 352(36-1)
68%4+28—1 3(28—1 s,a;) = — 2P =
52 = PO s — iy (a1 a0 + a1) ' 248-0)

TABLE 2. Multiplication table for the algebra 3A(28, 8), 8 # ;.

Lemmas 3.2, 3.3, 3.4, 3.10 with a; and s, ; in the place of a; and s, ;, respectively,
hold in V. With an abuse of notation we identify the elements of R with their
images in I, so that in particular A\; = Ay, (a1), )\{ = Ao, (G0), A2 = Agy(a2) , and
A = A, (a2).

In this section we shall classify the 2-generated primitive symmetric algebras of
Monster type (23, 8). This classification could be obtained by a careful analysis of
Yabe’s list [24]. We give here, however, an alternative proof independent of Yabe’s
result.

We begin with an overview of the 2-generated primitive symmetric algebras of
Monster type (283, 5). We shall show that these are precisely the quotients of the
following algebras:

(1) the algebras of Jordan type 14, 2B, 3C(f), 3C(24), and g(%)" (see [11]);
(2) the algebra 3A(23, 8), where 3 # 1 (see [20] and Table 2);
(3) the algebras 4J(23, 8) and 6J (24, ﬂ) (see [8]1);
(4) the 5-dimensional algebra 4Y (23, 3) where 432 + 23 — 1 = 0, with basis
(as,ap, a1, as,s) and multiplication table Table 3. Note that it coincides

with the algebra I'V5(¢, 8, 1) defined by Yabe [24], when 8 = =5, £ = 28,
and p = ngl

(5) the 5-dimensional algebra 6Y(1,2) where ch F = 7 and 8 = 2, with basis
(ag,a2,a4,d, z), where d := a; — a;+3, s == a;d — %d, and multiplication

table as in [17, Tabe 1]. It coincides with the algebra IV3(3,2) defined by
Yabe [24] and it is also a quotient of the Highwater algebra (see [6, §11]).

Note that some of the algebras listed above may have different names, namely one
can prove that 4.J (5, §) = 4A(3, 3), 4J(5, 5) 24Y (5, 1) and 6J (2, 5) = 6A(2,3).

It is immediate that the values of (A1, A2) corresponding to the trivial algebra
1A and to the algebra 2B are (1, 1) and (0, 1), respectively. In the following lemmas

we list the key features of the remaining algebras.

Lemma 5.1. Let F be a field of characteristic other than 2 and g € F\ {0, 1, %, i}
The algebra 3A(20, 8) is a 2-generated symmetric Frobenius axial algebra of Mon-

ster type (25,8) with Ay = da = %. It is simple except when (1838% — B —

1)(98% — 108 +2)(58 — 1) = 0, in which case one of the following holds
(1) 8 = %, chF # 3, and there is a unique quotient of mazimal dimension
which is isomorphic to 3C(5);
(2) 1832 — B —1 =0, ch F # 3, and there is a unique non trivial quotient
denoted by 3A(28,3)*;

1We adopt here the notation used in [17).
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(3) 962 — 108 +2 = 0, ch F # 3, and there is a unique non trivial quotient
which is isomorphic to 1A;

Proof. Let V be the algebra 3A(28,3). Then V has a Frobenius form such that
(a,a) # 0 for every axis a. Since the Miyamoto group of V' is transitive on the set
of axes, by [13, Theorem 4.11] every proper ideal of V' is contained in the radical of
the form. Now, the Gram matrix of the Frobenius form with respect to the basis
(ag,a1,as2,s1,0) can be computed easily and has determinant

| B(98% — 108+ 2)° (1852 — B~ 1) (56— 1)
16(45 — 1)5
Thus, if A # 0, V is simple. In particular, this happens if ch F = 3, since A

annihilates only for 8 € {0,—1}, whence a € {0,1}, but these values are not
allowed. So assume ch F # 3. When § = é we see that the radical is generated by

A=

the vector g(ao +a1+az)+s0,1 and hence the quotient over the radical is isomorphic
to the algebra 3C(B). If (183% — 8 — 1) = 0, then the radical is one-dimensional
generated by the vector —g (ap+ a1 +az) + so,1 and so the quotient over the radical
is the unique non trivial quotient. Finally, if (93% — 108 + 2) = 0, then the radical
is three dimensional, with generators

ap — a2, ap — ap, (2ﬁ — 1)a0 Ra 50,1-

It is immediate to see that the quotient over the radical is the trivial algebra 1A.
Using Lemma 2.5, it is straightforward to prove that the radical is a minimal
ideal. |

Lemma 5.2. Let F be a field of characteristic other than 2 and 5 € F\ {0, 1, % .

(1) The algebra 3C(28) has (M,A2) = (8,0). It is simple except when [ =
—%, in which case it has a non trivial quotient of dimension 2, denoted by
3C(—-1)*.

(2) The algebra 3C(5) has Ay = Ay = g It is simple except when g € {—1,2}.
The algebra 3C(—1) has a non trivial quotient of dimension 2, denoted by
3C(=1)*, and the algebra 3C(2) has a one dimensional quotient isomorphic
to the algebra 1A.

(8) The algebra 4J(26,8) has (A1, A2) = (B8,0). It is simple except when
B = f%, in which case it has a unique non trivial quotient, denoted by
4J(25,8)*, over the ideal generated by a_1 + ap + a1 + az — %50,1, which
is a simple algebra of dimension 4.

(4) The algebra 6J(253,8) has (A1, A2) = (,6’, g) It is simple provided B &
{27 _%}

If g = —%, the algebra has a unique non trivial quotient, denoted
by 6J(%, %)X, over the ideal F(a_o + a_1 + ap + a1 + az + ag —
%3073 — %80,1), which is a stmple algebra of dimension 7.

If B = 2, then the algebra has a unique non trivial quotient which
is isomorphic to 3C(20).

Proof. (1) and (2) are proved in [11, (3.4)]. Let V € {4J(28,3),6J(28,5)}. Then,
V' is a subalgebra of a Matsuo algebra and so it is endowed of a Frobenius form.
As in the proof of Lemma 5.1, every proper ideal of V is contained in the radical
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of the form. When V = 4J(23, ), the Gram matrix, with respect to the basis
a—17a07a17a27*%50,h is

L g 0 p 2
g1 B 0 28
21 0 B 1 B 28
g0 B 1 28

28 28 28 28 2
The determinant of this matrix is 2(23 — 1)%(48 + 1) and so, if 3 # —1 we get the
thesis. If g = —i, the radical of the form is the 1-dimensional ideal F(a_1 + ag +
a1 +as — %3071). When V = 6J(23, 8), the Gram matrix, with respect to the basis

1

2 . . .
ao, az, a—2,a1,a-1,0a3, —550,3, — 350,1 given in [8, Table 8], is

2 B B 28 28 28 28 4P
g2 B 28 28 28 28 4B
g B2 28 28 26 28 4P
26 28 28 2 B B 28 48
26 286 286 B 2 B 28 4B
2628 28 p B 2 28 4B
28 28 28 28 28 28 2 203
48 48 48 48 48 48 28 4+28
The determinant of this matrix is —16(28—1)%(8—2)°(75+1) and so, if 3 & {2, -1},
the algebra is simple. If g = —%, then the radical of the form is the 1-dimensional
ideal F(a_o+a_1+ag+a1+az+az— %80,3 — %80,1) and the result follows. Finally

suppose § = 2 (and hence chF # 3). Then the radical I of the form is 5-dimensional
with basis

ag — a2, g — G2, @1 —Aa_1, a1 — Az, So0,1 — 50,3
and a direct computation shows that V/I is an algebra of type 3C(2f3). It remains

to prove that I is a minimal ideal. Suppose J is a non zero ideal of V. Then J C I.
Since [ is invariant under the action of the Miyamoto group and

80)1 — 8073 — ao(a1 — a3) — 2(&1 — a3) = al(ao — a_g) — 2(&0 — a_g)
ag—a—z = %(CLS —a1)(S0.1 — S0,3) = (ag—ag)™
ai —az = gla_2—ag)(s01—503) = (a1 —a_1)"

in order to prove that J = I it is enough to show that J contains one of the above
five basis vectors.

Set
vo = —2ap+a_2+ay,
wy = a_1+a —2a3— $0,1 + S0,3,
Woq = a1 —az+a_1—as+ Sg1 — S0,3-

Then, with respect to adg,, (vo,wo) is a basis for the O-eigenspace of I, w, is a
generator of the a-eigenspace and (a1 —a—_1, a2 —a—_2) is a basis for the S-eigenspace.
By Lemma 2.5, J contains a non zero eigenvector v for ad,,. If v is an a-eigenvector,
then it is a multiple of w, and hence J contains %(wa —wlt)™ = a; — a3. Suppose
that v is a S-eigenvector, that is v € (a1 —a—_1,a2 —a_s). If v is a multiple of either
ags —a_s = (ag—a—z)™ or a; —a—_1, we are done. So assume v is neither a multiple
of ag —a_o nor of a; —a—_;. Then we may assume that v = a3 —a_1 +1(ag —a_s),
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Basis Products Form
a’z? = ai (aj,a;) =1
a;aiy1 = s+ B(a; + ai+1) where a4 := ag (aiyaip1) = B+ %
28—1
ag,a1,az,as,s | @idi+2 = 48s — 32 (a; + as42) where as := a1 (ai,air2) =B
2 1
ais = Bs+ L (ai—1 + ait1) (as,s) :11/3
32:%(43—@,—(10—&1—&2) (s,s):§ﬂ

TABLE 3. Multiplication table for the algebra 4Y (28, 3), where
42 4+28-1=0

for some n € F, n # 0. Then v — v™ = a1 — asz + n(ap — a—2) and J contains
ap—ag = % 2w—v7)—ag(v—v")—2(v—0v"2)" +as(v—0"2)"]. Finally suppose
v is a O-eigenvector, that is v € (vg, we). If v is a multiple of wyg, then a_; — as is a
multiple of v —v™ and so it lies in J. Otherwise we may assume v = vy + nwg with
n € F. Then J contains %(U —v™) =n(a_1 — as) — ap + a2 and we may conclude

that ag — as € J as in the previous case. (I

Lemma 5.3. Let F be a field of characteristic other than 2 and B € F such that
43%24+23—1 = 0. The algebra 4Y (213, B) is a simple 2-generated primitive symmetric
Frobenius axial algebra of Monster type (28, 8), with Ay = B+ i and Ao = .

Proof. All the properties are easily verified. Note that the Frobenius form is defined
by (ai,a;) =1, (a;,a;) = A1, for ¢,5 € {0,1,2,3} such that i — j =5 1, (ap,a2) =
(a1,a3) = A2, and (a;,8) = iﬁ for ¢ € {0,1,2,3}. Then the Frobenius is the
one specified in Table 3, and its Gram matrix has determinant - 3(8 — 1)%(28 —
1)(28+ 3). Note that, for g = —%, condition 432 +23 —1 = 0 implies chF = 5 and
B = 1. Hence the Frobenius form is always non degenerate. Note that 8 # —i,
for otherwise the condition 482 4+ 28 — 1 = 0 implies ch F = 5, whence 5 =1, a
contradiction. Thus the projection graph is connected and the result follows with
the argument already used to prove Lemma 5.2. |

Lemma 5.4. LetF be a field of characteristic 7. The algebra 6Y (%,2) has (A1, A2) =
(1,1), it is a baric algebra with a unique mazimal ideal R = {ag — ag,ag — a4, d, z)
of codimension 1. The algebra has 4 non trivial quotients
(1) V/IR= 1A;
(2) V/{d,z) = 3C(2);
(8) V/{ap—az,as —as) = S(2)°, the 3-dimensional azial algebra of Jordan type
0

PRl
(4) V/Fq, a 4-dimensional algebra denoted by 6Y (5,2)*.

Proof. The algebra V' is endowed with the Frobenius form given in [17, Table 1]:
(@i, a;) = 1forevery i,j € Zand (d,z) = (z,x) = 0 for all z € V. It is immediate to
see that the radical is R = (ag — a2, a0 — a4, d, z) and V/R = 1A. Moreover, by [17,
Corollary 4.15], every proper ideal of V' is contained in R. Note that a basis of ad,,-
eigenvectors for R is given by (z,u := —ag—3(az+ay4)—22, —3d+z,as—ay), where z
and u are 0-eigenvectors, —3d+ z is an a-eigenvector and as — a4 is a B-eigenvector.
Let I be a non zero ideal of V. By Lemma 2.5, I contains an eigenvector v for ad,, .
Routine computations show that Vz = (z), Iy := V(ag — a2) = (ag — a2, a2 — a4),
and I := V(—=3d + z) = (d, z). Finally, suppose v is a 0-eigenvector which is not a
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multiple of z. Then we may assume v = u + pz, with g € F. If 4 = 2 we see that
v € I1; if pu # 2, then w € I and so I contains Vu = (ag — ag,as — a4, z). A direct
check shows that z € I, I; N Is = {0} and I; + I> = R. Therefore, Vz, I1, I, and
R are the proper non trivial ideals of V and the result follows. (Il

The next lemma will be useful to deal the case of algebras of dimension at most
3.

Lemma 5.5. Let V' be a symmetric primitive azial algebra of Monster type (a, 3)
over a field F, generated by two azes ag and ay. Suppose there exists n € F such
that

as = a1 +n(ag — ay).
Then, one of the following holds
(1) n=0and as =a_1;
(2) n=1, a1 = a_1, ax = ap, and V is spanned by ap, a1, S0,1-
Proof. If n = 0, the claim is trivial. Suppose 1 # 0. By substituting the expression
for ay in the definition of s 2 we get
s0,2 = apaz — f(ao + az)
= agla—1 +n(ap — a1)] — Blao + a—1 +n(ao — a1)]
= (1 =m)so,1 + Bla—1 — az) +nag — nB(ap + a1).
Thus s'y = (1=1)s0,1 + (a3 —ao) +naz —nB(ag+az). Since a_1 = az —n(ag—a1)
and a3 = (az)™/ = ap + n(a1 — az), by Lemma 3.1(2) and substituting the above
expressions for so 2 and sgly, we get
0= 50,2 — 58}2
= Bla—1 — a3) — Blaz — ao) + n(ao — az2) — nB(ap — az)
= Blaz —n(ao —a1) —ag —n(ar — a2)] + (B + 1 —nB)(ao — az)
=n(1—28)(ag — az).
Since 8 # 1/2, we have as = ag and, by the symmetry, a_; = a;. The second
assertion follows by [5, Lemma 4.3]. O

Proposition 5.6. Let V' be a symmetric primitive azial algebra of Monster type
(28, 8) over a field F of characteristic other than 2, generated by two axes ag and
ay. If V. has dimension at most 3, then either V is an algebra of Jordan type 5 or
283, or 1862 — B —1 =0 in F and V is isomorphic to the algebra 3A(283,3)*.

Proof. Since V is symmetric, ad,, and ad,, have the same eigenvalues. Since 1 is
an eigenvalue for ad,,, it follows from the fusion law that if 0 is an eigenvalue for
adg,, or V has dimension at most 2, then V is of Jordan type 5 or 28. Let us
assume that 0 is not an eigenvalue for ad,,. Then u; = 0 (recall the definition of
uy in Section 2) and, by Lemma 2.4, we get

(10) so,1 = [A1(1—28) — Blao + g(m +a_1).

Since we have also u{ = 0 we deduce
2

5()\1(1 — 2ﬂ) — 5) — 1 (CLO — 0,1).

as = a_1+
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Thus we can apply Lemma 5.5: if claim (2) holds, then a1 = a_y, V is spanned
by ag, a1, and sg 1, so by Equation (10) has dimension at most 2 and we are done.
Suppose claim (1) holds, that is %(/\1(1 —28)—pB)—1=0. Then

3
8Q1=:§(a0+%h'+a7ﬂ andaoa1==§ﬁ&m-+a1)+»§a7h

whence we get that V' satisfies the multiplication given in Table 2. The vector
v:=308ap+ (28 — 1)(a—1 + a1) is a 2B-eigenvector for ad,, and, in order to satisfy
the fusion law (in particular v - v must be a l-eigenvector for ad,,), 8 must be
such that 1832 — 8 — 1 = 0. Hence V is isomorphic to a quotient of 3A4(243, 3)*.
Since by hypothesis 5 ¢ {1, %}, by Lemma 5.1, 3A(243,5)* is simple and V £
3A(28,8)". O

Theorem 5.7. Let V be a primitive symmetric azial algebra of Monster type (23, 5)
over a field F of characteristic other than 2, generated by two azes ag and a1. Then,
one of the following holds:

(1) V is an algebra of Jordan type B or 25;

(2) V is isomorphic to 3A(28, B);

(8) V is isomorphic to 4J(28, 8);

(4) V is isomorphic to 6J(28,8);

(5) 482 +28—-1=01inTF and V is isomorphic to 4Y (28, 3);

(6) chF =7, 3=2 andV is isomorphic to 6Y (%,2);

(7) 1882 — B —1=0inF and V is isomorphic to 3A(283,3)*;

(8) B=—% and V is isomorphic to 4J(—1,—1)*;

(9) chF =7, 8=2 andV is isomorphic to 6Y(%,2)><;

(10) B = —1% and V is isomorphic to 6.J(—2,—%)*

Proof. By Theorem 1.2, V' is determined, up to homomorphic images, by the pair
(A1, A2), which must be a solution of the system (9) in Corollary 4.1. The solutions
of that system are given by Lemma 4.3 and the proof proceeds by considering each
case. Recall that, by [5, Corollary 3.8 | and Proposition 3.7, V' is spanned on F by
the set a_2, a_1, ag, @1,a2,a3, S0,1, and 50,3-

Claim 1. If Ay = 8, then V falls into one of the cases (1), (3), (4), (8), (10).
Assume A\; = 5. Then, by Lemma 4.3,

e {(5.5) 0.6}

Evaluating the formula in Lemma 3.6 for A\; = 3, we get 513 = s2 3 = s¢,3 and, by
Lemma 3.1,

-
30}3 = 50,3-

If (A, 22) = (B, g), the algebra satisfies the multiplication table of the algebra
6J(28,3). Hence V is isomorphic to a quotient of 6J(24, 8) and, by Lemma 5.2,
we get that either (4) or (10) holds.

Suppose (A1, A2) € {(5,0),(8,1)}. Let E be as in Lemma 3.10. Using the explicit
expression for E computed in [7, 2btsymmetric_lm=bt.g] we get

(26 = 1) (22 — B)

—F =
0 4

[s0,3 — S0,1 + B(az —a_1)],
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hence, since (28 — 1)(2X2 — B) # 0, we get so.3 = so,1 + S(a—1 — az). Then, since
So'3 = s0,3 We get

0 =S50,3 — 88}3
=s01 + Bla—1 —az) — so,1 — Blas —a_1)
:2ﬁ(a,1 — (13)

whence a3 = a_1, 59,1 = 50,3, and a_z = ap. It follows that the dimension of V is
at most 5.

Now, if (A1, A2) = (B,0) we see that V satisfies the multiplication table of
4.J(28, 8) and either (3) or (8) holds. Finally, if (A1, A2) = (5,1), then Z(8,5) =0
and so by Lemma 3.3 and Equation (1) we get agas = ag, that is ag is a 1-eigenvector
for ad,,. By primitivity, this implies ay = ag. Consequently, a_; = ag = ag =
and V satisfies the multiplication table of 3C(253) and so it is a quotient of that
algebra. In particular V' an axial algebra of Jordan type 28 (case (1)).

Claim 2. If \y # 8, then V = (a_1, ao, a1, a2, So,1) and there exist b,c € F such
that

(11) bla_1 — az) + ¢(ag —ay) = 0.

The precise expressions for b and c¢ are too long to be displayed here, but can be
found in [7, 2btsymmetric_lm<>bt.g].

Assume A1 # 3. Let D; be as in Lemma 3.10. By Lemma 3.6 or using the explicit
expression for D; computed in [7, 2btsymmetric lm<>bt.g], we get

—2(26 =DM = f) [

0=D, = 7

(B—1) (a—2 — az)
<2/\1(45 —1)(2\; — 38)
+ 32
Since \1 # 8 and 8 & {1, %}, the coefficient of a_o in D is non zero, so
1 [2)\1(46 —1)(2M1 — 30)
(B=1) B2

Since V' is symmetric, the map f swapping ag and a; is an algebra automorphism,
whence

+ 106 -3 - 2)\2) ((1_1 - (11):| .

(12) a_o9 = ag +

+ 108 — 3 — 2/\2:| (a1 — a_l).

(13) a3 = a_q +

1 22X (48 = 1)(2M\ = 38)
(/8 — 1) |: ﬁQ + 105 3 2)\2 (ao (Lz).
It follows that

50,3 = apaz — B(ao + az) € (apa_1,ap, apaz, az).

Since, by Lemma 3.3 and Equation (13), (apa—1, ag, agaz, as) < {a_1, ao, a1, a2, S0,1),
we get V. = (a_1,a0,a1,a2,501), as claimed. Moreover, equation d; = 0 of
Lemma 3.10 becomes Equation (11).

Claim 3. If 5 # i and (A1, A2) = ((35;;2{3))7 (gﬁ;_fg)), then V falls into either
case (2) or case (7).
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Note that under the above condition, since 8 # 0, A; # 8 and Claim 2 holds. Since
both a2, — a_» and a3 — a3 are the zero vector, by Equations (12) and (13), we get

28(188 —5) 2(18682 - 98 + 1)
(48 —1) (48 —1)
Now note that, in any field F, there is no element 8 which simultaneously satisfies
(183 —5) = 0 and (1882 — 98 +1) = 0. Hence as = a_1, a_o = ay, and V
satisfies the multiplication table of the algebra 3A(283, 8). The result then follows
by Lemma 5.1.

(ag —a—_1) =0 and (ag —a—_1) =0.

Claim 4. If (A1, \2) = (g, g), then V' falls in one of the cases (1), (2), (6),
(7) or (9).

Since 8 # 0, g # 3, so Equation (11) in Claim 2 holds and a direct computation
gives

(14) (5_1)2(;5_1)(&_1 —ag) =0.
Moreover, Equation (12) and the identity a?, = a_» give
(15) %(al —ag) = 0.

Suppose 3 # % (resp. 824+2B—1 # 0). From Equation (14) (resp. Equation (15))
we get a_; = az, a_s = a;, whence sg2 = 50,1. Thus, from Lemma 3.3, we get

(58 -1)
B

If g # %, it follows that so.1 = fg(ao +a; +a_1), V satisfies the multiplication
table of the algebra 3C(8) and so it is an algebra of Jordan type § (case (1)).

If g = %, we have g 4 (3&2‘6_}5) and, by Claim 3, V is a quotient of the algebra
3A(28, ) (cases (2) and (7)).

Finally, assume 8 = § and 32 + 28 — 1 = 0. Then —& = 0, whence ch F = 7,
B=2,and o« =4 = 1. In this case, Equation (12) becomes

80,1 + g(ao +a1+a_1)| =0.

(16) a_o =ag+a; —a_q

and V satisfies the multiplication table of the algebra 6Y (3,2). Hence V is isomor-
phic to a quotient of this algebra and, by Lemma 5.4, one of the cases cases (1),
(6), or (9) holds.

Claim 5. If (A1, \2) = (0,1), then
—(98 —4)(4B* +28 1)

(17) ﬁ(ﬁ—l) (a_1—|—a0—a1—a2):0

5128 -1 2
(18) % [268(8 — 1)(ar — a_1) — (186° + 2782 — 248 + 4)(ag — az)] = 0
(19) Mb(a,l —a;)=0.

B
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Since (A1,A2) = (0,1) and 8 # 0, A\; # B and Claim 2 holds. In this case, the
expressions for the coefficients b and ¢ in Equation (11) reduce to
—(98—4)(48*+28—1
BB —1)
giving Equation (17). Equation (13) and the property a3 = a3 give Equation (18)
and the equation Dy = 0 of Lemma 3.10 becomes Equation (19).

Claim 6. If (A1, \2) = (0,1) and a_1 = a1, then V is isomorphic to the algebra
2B.

Since a_1 = a1, we get as = a]il = a{ = ag, whence, by Claim 2, V =
(ao,a1,50,1). Further, sg2 = apaz — B(ap + az) = (1 — 28)ap. Substituting this
expression in the first equation of Lemma 3.3, we get sg.1 = —f(ap + a1) (note that
the coefficient of s 1 in that equation is 2Z(A1, A1) = 2Z(0,0) = —Q(ALL;%D #0), in
paticular V' = (ag,a1). By the definition of s 1, apa; = 0, whence V' = 2B .

Claim 7. If (A1, X2) = (0,1), then V is isomorphic to the algebra 2B.

If b+ 0, since 8 # %, by Equation (19), a_; = a1 and we conclude by Claim 6.
Assume b = 0. Since S ¢ {0, 1, %}, Equation (18) is equivalent to
5(186°% + 2782 — 2483 + 4)(ap — az) = 0.

If 5(183% +278% — 243+ 4) # 0, we get ag = ag, S0 a3 = ag = ag = a_1 and the
result follows by Claim 6.

Suppose 5(1833 + 2742 — 243 + 4) = 0. Since b = 0 (and 3 # 1), Equation (20)
implies ch F = 31 and 8 = 9. In this case, the vector E defined in Lemma 3.10 is
equal to —4a_; + 6ag + 6a; — 4as + 1459 ;. Since, by Lemma 3.10, £ =0 = E™,
we have

6(&1 N a_l) =F—-FE = 0,
whence a; = a_; and again the result follows by Claim 6.
Claim 8. If (A, X2) = (1,1), then V falls into cases (1), (2), (6), (7), or (9).
Evaluating equation Dy = 0 of Lemma 3.10 on the pair (A1, A2) = (1,1), we get

2(48° — 1452 + 118 — 2)(98% — 108 + 2)(B — 2)(28 — 1)
36
Hence, if (48% — 1482 + 118 — 2)(98% — 108 + 2)(B — 2) # 0, we get a_1 = a;
and ag = afl = a{ = ag. Thus, by Claim 2, V has dimension at most 3 and we
conclude by Proposition 5.6 that V' is of Jordan type or isomorphic to 3A(23, 8)*.
So let us assume
(21) (48° —148% +118 — 2)(98%2 — 108+ 2)(B — 2) = 0.

Further, the coefficients b and ¢ of Equation (11) reduce to

(a,1 — al) =0.

b= —% (368" — 1268° + 1278% — 4883 + 6)

and
f%(w? + 28— 1)(982 — 108+ 2)(5 — 2).

Assume first § —2 =0. Then (A1, A2) = (g, g) and we reduce to Claim 4.

C =
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Suppose now 4/3% — 1432 + 118 — 2 = 0. Then routine computations show that,
in every characteristic other than 2, b and ¢ are not zero. Thus, by Lemma 5.5,
V' has dimension at most 3 and we conclude by Proposition 5.6, as in the previous
case.

Finally assume 942 — 103 +2 = 0. Then ¢ = 0. If b # 0, from Equation (11) we
get ag = a—1 and a; = a™ = al® = a_s. Thus, Equation (12) becomes

1 {2(45 —1)(2-38)
(B-1) B2

whence, either a; = a_; and again V' has dimension at most 3 and we conclude by
Proposition 5.6, or

a; —a_1 =

106 - 5} (a1 —ar),

1 (2048 - 1)(2—38) I
(51>[ 2 107 5]_ !

that is

116% — 3082 +228 —4 0

BB —1) '

It is now straightforward to check that the two polynomials 982 — 103 + 2 and
1183 — 3082 + 223 — 4 have no common roots in any field of characteristic other
than 2 and we get a contradiction. We are therefore left with the case b = 0. Then
the two polynomials 932 — 103+ 2 and b have a common root if and only if chF = 7
and the common root if 5 = —1. Thus we get (A1, A2) = (1,1) = (3&2/3:25) and we
conclude by Claim 3.

Claim 9. If 3 =% and Xy = 1, then V falls into cases (1), (2), (3), (4), (6),
(7). (8), (9), or (10).

Since 1 # 8 = %, chF £ 3. If \y € {0,1, 8} we conclude using Claims 7, 8, and
1, respectively. Assume Ay € F\ {0, 1, 3}. Then the identity Dy = 0 in Lemma 3.10
gives the relation

@
3
Since (4A\1—1) # 0, either a3 = a_; or chF = 7. In the former case as = afl = a{ =

ap and, by Claim 2, V' ha dimension at most 3, so we conclude by Proposition 5.6.
Assume a; —a_1 #0. SochF=7and § = % = 2. Then, Equation (12) becomes

(4)\1 — 1)((11 — &_1) =0.

(22) a_o9 = as + (a1 — a,l),
the identity £ = 0 in Lemma 3.10 reduces to
(23) (M — DA —2) [2(a—2 — a2) + (AT + 1)(ap — a2)] = 0.

and condition £ — E™ = 0 gives
()\% — 2)(0,,2 — CLQ) =0.

Since, by assumption a_ —as = a; —a_; # 0, it follows A\? = 2. Then by
Equations (22) and (23), we get

2(0,1 — a_l) + 3(@0 - llg) =0
and applying the map f,
3((11 — (1_1) + 2(0,0 — ag) =0.
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Taking the difference we get
ag—az —a; +a_1 =0,
whence, applying the map 7y,
apg—a_o —a_1+a; =0.
Now, taking the difference of these two and using Equation (22), we get
0=ay—a—9s+2(a—a_1)=a1—a_,
against the assumption a1 —a_1 # 0.

Claim 10. Let C be the set defined before Lemma 4.3. If # € C\ {3} and
(M Ao) = (13{*;;1352, (4854_22252?;555)22)(3;3_1)); then either 262 + 58 —2 = 0, in
which case (A1, 2) = (B, 1) and Claim 1 holds, or A1 # 8 and the following relation
holds

(28% + 58— 2)(45> + 28 — 1)(58° + 8= 1)(T8 = 2)(28 — 1)

24 —a_1)=0.
24 FEB 326 1) T
Since we are assuming Ay = %, we have A\; = f8 if and only if

282 +58—-2=0.

Since 8 € C, B is a root of at least one of the polynomials ¢;, i € {1,...,7} defined
before Lemma 4.3. Routine calculations show that this is possible if and only if
chF = 5 and either = 1, which is not allowed, or 5 = —1. In the latter case,

Ny = USE980 10 2)B0-) — 1 1f Ay # f, Claim 2 holds and the identity Dy = 0

in Lemma 3.10 becomes Equation (24).
Claim 11. Assume (A1, X2) are as in Claim 10 and 23% + 58 —2 # 0. Then V
falls in one of the cases (1), (2), (5), (6), (7), or (9).

If (48* +28 - 1)(56% + B —1)(78—2) # 0 in F, from Equation (24) we deduce
a1 = a—1 and ag = az. Thus V has dimension at most 3 and we conclude by
Proposition 5.6.

If (582 + B —1) =0, then \; = \y = g and we are in the case of Claim 4.

If (48*+28—1) =0, we get \y = 8+ i and Ay = . Then Equation (13)
becomes a3 = a_1, whence, applying f, a_y = as. It follows that V satisfies the
multiplication table of the algebra 4Y (24, 8). Hence, by Lemma 5.3, (6) holds.

Finally assume 75 — 2 = 0, that is chF # 7 and § = % In this case \; = Ay =

1= 29&2;3__21[3) and we conclude by Claim 3. U

6. THE NON SYMMETRIC CASE

In this section we deal with the nonsymmetric case and prove Theorem 1.1. Let
V' be generated by the two axes agp and a;. Recall that, by Proposition 3.7, V' has
dimension at most 8. Set V. := ({(ag,a2)) and V, := ((a_1,a1)). As noticed at
the end of Section 4, V. and V, are symmetric, since the automorphisms 7, and
T respectively, swap their generating axes. Hence, from Theorem 5.7 we get the
possible values for the pair (A, )\g ) and the structure of those subalgebras. Note
that V is symmetric if and only if A; = )\{ and \p = )\5 in FF.

Lemma 6.1. If V has dimension 8, then V = 6J(23,3).
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Proof. Suppose V has dimension 8. Then the generators a_z,a_1, ag, a1, a2, as, o,1,
and sg 3 are linearly independent. We express d; defined in Lemma 3.10 as a linear
combination of the basis vectors (see [7, 2btnon-Symmetric.s]). Since d; =0 in V,
every coefficient must be zero. In particular, considering the coefficients of a_s, as,
and sg; we get, respectively, the equations

66-1),  (28-2)
AL+ Al —88-3)=0
B 1 B 1 ( )
268 —2 65 —1
CP2)5, + B Dr 55— 3)= 0
& B
8 2. 24 2
@()\% -0 - E()\l - M) - E(M ~A)=0
whose common solutions have A; = )\{ and Ay = )\g . Hence V is symmetric and
the result follows from Theorem 5.7. O

Lemma 6.2. If V is non symmetric, then V. and V, are not isomorphic to the

seven dimensional quotient of 6J(f%, f%)

Proof. Tt is enough to show that the claim holds for V,. Let us assume by con-
tradiction that V;, is isomorphic to the seven dimensional quotient 6.J(—2, —1)* of
6J(f%, f%) By Lemma 6.1, V' has dimension smaller than 8, hence V' =V, and so
V has basis a_5,a_3,a_1,a1,as, as, s1,2 and the product with respect to this basis
is known (see [8, Table 8]). Let ag = x_5a_5+ x_3a_3 + x_1a_1 + 101 + 303 +
xsas + 251,2 be the decomposition of ag with respect to this basis. Since al® = ao,
and 7o swaps a_; and a;, for i € {1,3,5} and fixes s1,2, we must have x_; = x;, for
i € {1,3,5}. Moreover, a; —a_; and az — a_3 are S-eigenvectors for ag, and so we
have

0 :14[a0(a1 — a_l) — ,8(&1 - Cl_1)]
=(z3 + x5 — 22)(a5s —a—5) + (3 + 25)(a—3 — a3)
+ (1421 — 323 — 325 — 22 4+ 2)(a1 —a—1)

and, since all the coefficients must be zero, we get x5 = —x3, 2 =0, and x; = —%.
Then
0 :14[a0(a3 — a_g) — 6((13 - a_3)]
:(Ig + %)(al —a_1+ a5 — a_5) - 17(1‘3 + %)(a:; - CL_3)
whence x3 = —% and ag = %(a,g, —a_3—a_y —aj; —ag + as). But then a3 # ay,
a contradiction. (I

Remark 6.3. Lemma 6.1, Lemma 6.2 and Theorem 5.7 imply that if V is non
symmetric, then the dimensions of the even subalgebra and of the odd subalgebra
are both at most 5.

As a consequence, from Lemma 3.4 we derive some relations between the odd
and even subalgebras.

Lemma 6.4. If a_3 = a5, then

(25) ZM M) (a0 — ag + a_s — ay)
= 5 200 (M = 8) = (M -5)] (a1 — ).
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If a_4 = a4, then
(26) Z(A, M) azy —as +a_s —ay)
1
= 2200 M) (= 8) = (e = B)] (a2 — a).

If a_3 = as, then

(27) 2Z(M A1) (a2 —a_y)
- % [42(/\{,/\1) ()\{ - 5) - (2A§ - B)] (a1 — a_1).

If a_y = ay, then
(28) 2Z (A, M) (a1 — as3)

= 5 [1200 M) = 5) - 2% - 9)] 0 - aa).
Ifa_y =ay and a3 = a_y, then

(29) 28200, M) =2 = B)] (a2 — a_2)
= % [4(2ﬁ —1)BZM, MY = B) — 88(M\ — M) (25 - A{)
+2(28 — 1)2(M - B) — 282(No — Ag)] (a1 —a_1).

Proof. By applying the maps 79 and 7 to the formulas of Lemma 3.4 we find
similar formulas for a_4 and as. Equations (25), (26), (27), and (28) follow. To
prove Equation 29, note that if a_5 = a4 and a3 = a_1, then so3 = sp,;. Thus
51,3 — 52,3 = 0 and the claim follows from Lemma 3.6. O

In view of the above relations, it is important to investigate some subalgebras of
the symmetric algebras.

Lemma 6.5.
(1) If U is one of the algebras 4Y (28, 5), 4J(28,5), or 4J(28,8)*, then U =
<<a,1 — ap,ap — a2>>.
(2) If U is one of the algebras 3C(5), 3C(—1)*, 3A(28,5), or 3A(28,58)*,
then U = ({a_1 — a1,a9 — a1, )), unless U = 3C(2), or 3A(20,3), where
962 —108+2=0, or 8= %

Proof. To prove (1), set W := ({(a_1 — a1,a0 — a2)). Let U be equal to 4J(24, )
or its four dimensional quotient when 3 = —%. Then a_ja; = 0 = agas. Thus
(a_1—a1)?>=a_1+a; and (ap — az)? = ag + az, whence we get that ag,a; belong
to W and the claim follows.

Let U be equal to 4Y (28, 8). Then, W contains the vectors

(a—1—a1)? =a_1+ a1 + (28 — 1)(ag + az) — 8Bso 1,
(ap — a2)® = ag + az + (28 — 1)(a—1 + a1) — 8830 1,
1

T Lo — o) — (a0~ @2)* ~2(3 = (e~ or +00 — 2]

az —ap =

and
((12 — a1)2 =az2 +ay — 25(@2 —+ al) — 28071.
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The matrix of the coefficients of the five vectors a_1 —ay, ag—as, (a_1—a1)?, as—ay,
and (az — a1)? (with respect to the basis (a—2,a_1, a0, a1, S0,1)) has determinant
88(1 — 48) which annihilates only for 8 € {0, %} However, 8 cannot be neither 0
nor i since the algebra 4Y (23, 3) is defined only when 432 + 23 —1 = 0. Therefore
the five vectors are linearly independent and so generate the entire algebra in this
case.

To prove (2), set W := ({(a_1 —a1,a9 —a1)). Let U be equal to 3C(8). Then W
contains also (ag — a1)? = (1 — B)(ap + a1) + Ba_1 and the three vectors generate
U, unless 8 = 2. Since 3C(—1)* is a quotient of 3C(—1), we also obtain that this
algebra is an exception only when —1 = 2, that is ch F = 3. But then 25 = 1,
which is not allowed. If U = 3A(28,3), then W contains also the vectors ¢ :=
(0,0 — al)(a_l — al) = (1 — 2B)a1 — 50,1 and

1
2 :m[ﬁQ(?)OBQ — 238 +4)(a_1 +ag) — (828* — 1298° +923% — 328 + 4)a,
+28(268% — 26 + 5)s0,1]-

The matrix of the coefficients of the four vectors a_; — a1, ag — a1, ¢, and 2 is
non degenerate, whence the four vectors generate U, unless 95% — 103 + 2 = 0, or
g = % Since 3A4(28, ) is a quotient of 3A(283,3) provided 1838% — 3 — 1 = 0,
if U = 3A(283,8)*, we get that W = U unless 982 — 103 +2 =0, or = % In
the former case we get no solutions for 3; in the latter case we see that g = %
satisfies 1832 — 3 — 1 = 0 only if ch F = 3 and 8 = 2, whence 23 = 1, which is not

allowed. O

We start now to consider the possible configurations. Many of them are forbidden
by the following result which is an immediate consequence of Theorem 1.1 in [17].

Proposition 6.6. Let V' be a primitive 2-generated axial algebra of Monster type
with generators ag and ay. Let D, := |[{a; | i € 2Z}| and D, := |{a; |i € 1 + 2Z}|.
Then one of the following occur: D, = D,, D, = 2D, or 2D, = D,,.

Lemma 6.7. If V is non symmetric and D, = 6, then V = V.

Proof. Let us assume that D, = 6. Then, by Theorem 5.7, V, is isomorphic to
either a quotient of 6J(f5,28) or to 6Y(%, 2), with ¢ch F = 7. By Proposition 3.7,
Lemma 6.1 and Lemma 6.2, we get V. 2 6Y(3,2), chF =7 and Ay = 1.

Assume that )\g = 1. By Theorem 1.2, (A1, )\{, 1,1) € V(T'), where T is the set
of the five polynomials p;, i € {1,2,3,4,5}, defined in Section 4. Now, a direct
computation (see [7, 2btnon-Symmetric.s]) gives
pi(z,y,1,1) = 3x(x—y)* Bz’ +22% + 20%y* + 2y® — y* + 22° — 32%y + 2y”

—2% + 3xy — 2y% + 3z — 3)

pa(z,y, 1,1) = z(x—y)(32® — 32y +y° + 22 — 2y + 3)

p3(z,y,1,1) = a(x—y)3z> +329° + 3> + 2% + 32y +y* — 3z — 2y — 3)
pa(z,y,1,1) = —ylz—y)(22* — 22y — y* + 22 — 2y — 3)

ps(z,y,1,1) = 3y(z—y)32> + 32y +xy® + 22 +3y° —2 — 3y + 2).

One can check that a pair (A, )\{ ) € F? annihilates the above five polynomials if
and only if Ay = )\{ , which implies that V' is symmetric, a contradiction. Thus

(30) A £1.
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By Proposition 6.6, D, € {3,6}. If D, = 6, then, as above, V, = 6Y(3,2),
whence )\g = 1, against Equation (30). Thus D, = 3. By Theorem 5.7 and [17,
Paragraph 5.2 and Section 7], V, is isomorphic to one of 3A(23,03), 3C(2), or
3C(4). Since 3A(28, 8) is not defined when 3 = 1, we are left with the latter two

cases. If V, = 3C(2), then )\g = g = 1, against Equation (30). Thus V, = 3C(4)
and )\g = B = 2. Since in this algebra a_3 = a3, Equation (27) holds and, as
ZM M) = M — X\ #£0, it is equivalent to

ay —a_p = (M = B)(a1 —ay).

Since as # a_a, )\{—/3 #0andsoa; —a—1 € V. Then ay —as = (a1 —a—_1)™ €V,
whence, by Lemma 6.5, V, CV, = V. O

Lemma 6.8. IfV is non symmetric and D, = 4, then V =V,

Proof. Let us assume that D, = 4. Then, by Lemma 6.6, D, € {2,4}. Moreover,
the vectors a_s,ag, as,as are linearly independent and, from the first formula in
Lemma 3.4, we get that Z()\l,)\{) # 0 and a3 # a_;. Hence D, =4 and ay, a_1,
ag, a_s are linearly independent. Since a_4 = a4, Equation (26) in Lemma 6.4
holds.

Suppose 2Z(A1, M) (A; — ) — (A2 — 8) = 0. Then, by Equation (26), we have
a1 —a_1+ag—a_g =0, a contradiction. Hence 2Z(\, )\{) M—=8)—(M—p)#0,
and so, by Equation (26), (a_3 — a2) € ({a—1,a1)). Since V, is invariant under 71,
it contains also ag — a4. Thus by Lemma 6.5, V. C V, = V. U

Lemma 6.9. For every field F and every S, \, p € F, with 8 # 0, Z(\, u) = Z(p, A)
implies A = p.

Proof. By definition of the polynomial Z(x,y) in Equation (7), we get
0=Z(Ap) = Z(1,A)

9. 28-1 48—-1 (2 28-1. 48-1
=2) . (= A
Bt T T T (ﬂ’” 2 B )
1
ZFO\—M)-

O
Lemma 6.10. If V' is non symmetric and D, = 3, then either V=V, or V =1V,,.

Proof. Let us assume that D, = 3, that is a4 = a_3. Then, by Proposition 6.6,
D, € {3,6}. If D, = 6, then by Remark 6.3, V,, = 6Y(%, 2) with ch F = 7 and thus
Lemma 6.7 yields V' = V,. From now on assume D, = 3. In particular, a_3 = ag
and Equations (27) and (28) in Lemma 6.4 hold.

If Z(A, M) =0 = Z(A, A1), then, by Lemma 6.9, \; = A and, by Equa-
tions (27) and (28), Ay = A = 4. Thus V is symmetric: a contradiction. There-
fore, without loss of generality, we may assume Z ()\{ ,A1) # 0. Then, Equation (27)
implies

as —a_g, ag— as € V.
If V. = {{ag — a_2, ap— az)), then V, C V, =V and we are done. Let us assume
that V. # ((a2 —a_a, ap —az)). Then Lemma 6.5(2) yields that one of the following
holds
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(i) B=2and V, = 3C(2).
(i5) V. = 3A(28, 8), where 9% — 106 +2 =0, or § = 2.

In particular a_s # as and so, by Equation (27),
(31) 120 ) (M = 8) - (2 - 8) #0.

From Equation (27) we get that a_; — a; and a_; — a3 are contained in V.. As
above, if V, = ({(a—1 — a1,a_1 — as)), then V, = V, = V and we are done. Let
us assume that V, # ((a_1 —ai,a_1 — a3)). As above, by Lemma 6.5(2), either
V, 2 3C(2), or V, = 3A(23, B), where 982 — 1083 +2 =0, or 3 = % Note that 2
and 2 are roots of the polynomial 922 —10z+2, or 2 = £, only if chF = 3, in which
case § =2 and « = 1 and this is not allowed. Therefore, in any case, V., = V.
Suppose V. =V, = 3C(2). Then sg2 = fg(a,z +ag+az) = —a_s —apg — ag
and, similarly, s; 2 = —a_; — a1 — a3. The second formula in Lemma 3.3 becomes

—a_1—a;—a3 = —a;—as-+ 22()\{,)\1)(0,0 + az)
—[2Z(Af, M) (M = 2) + 1ar +2Z(A\], M )so.
whence (since Z(A, A1) # 0)
(32) 80,1 = (M — Bar — (ag + az).

If also Z()\, )\{ ) # 0, a similar computation with the first formula in Lemma 3.3
yields

(33) s0,1 = (A1 — B)ag — (a—1 + aq).

Comparing Equations (32) and (33) and using the invariance of so 1 under 7y and
T1, wWe get

()\1 - 1)(10 —a_1 = ()\{ - 1)0,1 — ag
()\1 —2)(&0—&2) = a_-1 —as
()\{ —2)(&1 —(l,1> = a2 —a_»2.

From the above identities we can express a_1, a_s, and ag as linear combinations
of ag,a1,as. So V has dimension at most 3 and hence V =V, = V,. Suppose
Z(A, M) =0. Then X = —%/\{ + £ and, since A # M as V is non symmetric, we
have A 2 and ch F # 7. Futher (see [7, 2btnon-Symmetric.s]

3 7 7
P2 (ZA{# §,A{,1,1) = M -26M -1 - 7)
3 7 7
P <—4>\{ + 5 M1, 1) = mx{(g%A{Q — 1420\] + 1668)(\] — 2)
BT 11) = T afsaon? —se6sn] + 18202)(A] — 2
D5 4 1+27 15+ - 2048 1( 1 1+ )( 1 )

It is straightforward to check that the only value of )\{ which annihilates the above
three polynomials is /\{ = 2, which leads to the contradiction \; = /\{ .
Suppose V. =2V, = 3A(28,8) where 982 — 108 +2 =0, or B = % and suppose

also by contradiction that V # V, and V # V,. Thus A\ = )\g = ’g((ig:f; and V




32 CLARA FRANCHI, MARIO MAINARDIS, SERGEY SHPECTOROV

has dimension at least 5. Further, being V' non symmetric, \; # /\{ . Set

28Z(M )
AZ(M )M = B) — (20 - B)

’[7:

so that, by Equation (27), a_; = a1 + n(a_2 — a2) and, applying 7o, we get a3 =
a—1 —n(ap —az) = a; +n(a—2 — ag). Thus

50,3 =apaz — B(ag + az)
=aglay +n(a—s — ag)] — Blap + a1 + n(a—2 — agp)]
=(28 — 1)nao + s0,1 + 10,2

Then, by Lemma 3.3 and Proposition 3.7, V' = (a_s, ag, a1, a2, so,1) and hence the
five vectors a_q, ag, a1, az, so,1 are linearly independent. Hence from Lemma 3.10(2),

since \; # )\{, we get

(34) B+ (B—1(\ - B)=0.

Recall the definition of vector dy in Lemma 3.10. By Lemma 3.10(1), dy =0 in V.
Therefore every coefficient of dy with respect to the basis (a_sz, ao, @1, a2, So,1) must
be zero. From the coefficient of sp ;1 we get

— 1 =MD +A ~39) =0,

Since A1 # /\{, we get )\{+)\1735 = 0. From Equation (34) it follows A; = 258(1—/)
and X/ = 3(28 + 1). Now, the difference between the coefficient of ag and a_ (as
computed in [7, 2btnon-Symmetric.s]) is 53 — 1. Hence 8 = $. Finally we see that
8= % satisfies the conditions 982 — 108 +2 =0or 3 = % if and only if chF = 3
and 8 = 2, hence a = 1, which is not allowed. (I

Lemma 6.11. Assume V is non symmetric and D, = 1. Then V =V,,.

Proof. Let us assume that D, = 1. Then V., & 1A, Ay = 1, for every i € Z,
ap = ag;, and So.2 = (1 — 28)ap. It follows that the Miyamoto involution 7y fixes
ao and a1, so it is the identity on V', whence the [-eigenspace for ad,, is trivial.
In particular, as = a™; = a_; and, by Theorem 5.7, V,, is isomorphic to one of 14,
3C(26), 3C(—1)*, 2B. In any case we have so3 = so,1 and, by Proposition 3.7,
V is spanned by a_1,a0,a1, and sg,;. Suppose V, = 1A. Then, V is spanned by
ag, a1, and sp,; and g is the identity on V, in particular the 3-eigenspace for ad,,
is trivial too. This implies that V is an axial algebra of Jordan type, and hence it
is symmetric by [11], a contradiction.
Now suppose V, = 3C(23), 3C(—1)%, or 2B. If Z(\;,A]) = 0, then

f G EEEPN
Z(M, M) = W(M )
and, since a3 = a_1 and a_3 = a1, from the formula for a_3 in Lemma 3.4, we get

%[42@{ AN - B) — 2] =0,
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Therefore, from Equation (29) and Theorem 1.2, the quadruple (Aq, )\{ .1, )\g ) must
be a solution of the system

Z(AL,A) =0
(48 -1\ - 9)? = 553 2
(35) —50u =X (28— - M) + 220 - g) —2(1- M) =0

p2(>\17)‘{a 17 )‘g) =0
ps(0, AL L) = 0.

When V, & 2B, then )\5 = 0 and the second equation yields that either N = J5}
or 8 = i. In the former case, we obtain A = )\{ = [ from the first equation and
the third gives )\5 = 1: a contradiction. In the latter case 8 = %, from the first
equation we get A = )\{; then the third equation gives 2/\{ —1 =0, whence )\{ = %
and pg(%, %, 1,0) = —4, a contradiction (see [7, 2btnon-Symmetric.s]).

Finally, assume V, 2 3C(203) or to its quotient 3C'(—1)*, when S = f%, whence
)\g = f. By adding the second and the third equations of system (35) we get

226 -1 ;  2(45° ~36+1)

M 5 =0

whence
B4B* =368 +1)
@2s-12
Thus, since 8 ¢ {0,1,1}, the second, the fourth and the sixth equations of sys-
tem (35) reduces to
88* — 166+ 1282 -68+1=0
(36) (48 —3)(168°5 — 16833 +2082 —83+1) =0
p4()\17 A{v 15 B) = 0

Ifg= %, then by the first equation ch F # 3 and the first and the third equations
give respectively fg—é =0 and 7% = 0 (see [7, 2btnon-Symmetric.s]), which is a
contradiction. Hence 8 must annihilate the two polinomials

(37) 1625 — 1623 + 2022 — 82 + 1 and 82 — 1623 + 1222 — 62 + 1.

The remainder of the division of these two is 24x3 — 1622 4+ 12z — 3 and it also

must be annihilated by 8. Thus, if ch F = 3, this last polynomial reduces to

—2?%, giving B = 0: a contradiction since 0 does not annihinalte the polinomials in

Equation (37). Hence chF # 3. Using the Euclidean algorithm we get that the two
328

polynomials in Equation (37) have a common root if and only if —=55 = 0, in which

case the common root is 3 = 29%. Then chF =41, 8 =8 and ]74(/\1,/\{7 1,8) = 12,
a contradiction.

Hence Z()\l,)\{) # 0. Then, from the formula for spo in Lemma 3.3 we get
s0,1 = (M — B)ag — g(al + a_1), whence V' is spanned by a_1,a0, and a; and
apal = Mag+ g(al —a_1). In particular, we see that ad,, has eigenvalues 0, 1 and
B. It V, 2 3C(2p), then, having the same dimension, V =V, as claimed. Assume
V, =2 2B. Then a_1a; = 0 and we see that ad,, has eigenvalues 0,1, and \;. Since
2-generated axial algebras of Jordan type are symmetric, we must have \; = 24.
Then it is straightforward to see that ad,, has 0-eigenvector 48ag — (a1 +a—1) and,

in order to satisfy the fusion law ax a = {0,1}, 5 must be equal to i. Then v :=

A =
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ap—3(a1+a_1) is an a-eigenvector for ad,, , but v? = Lag+ 4 (a1+a—1) € (a1, a_1).
Therefore, the fusion law axa = {0, 1} is not satisfied, a contradiction. Therefore,
we are left with the case 3 = —1 (chF # 3 since 8 # 1) and V, = 3C(—1)*.
In this case, by [11, §3.4], V, has basis (a_1,a1) and aja_; = —a_1 — ay. Since
ad,, has three distinct eigenvalues in the 3-dimensional space V, the 0-eigenspace
is 1-dimensional, generated by v := a1 +a_1 — 2A1a¢. In order to satisfy the fusion
law 0 x 0 = 0, we have

v2 = (a1 +a_1 —2\ag)(ay +a_1 —2\1ap) = —a_1 — a1 — 4\3ap € (v),

whence \; € {0, —%} Further, ad,, has eigenvalues 1, —1, and A;. Since, as we
observed at the beginning of this proof, the S-eigenspace for ad,, is trivial, we
must have A; = 0. Then we get a contradiction since the 0-eigenspace for ad,, is 1-
dimansional, generated by w := a_; +4ap+2a1, and w? = —a_1 +16ag—2a; & (w),
against the fusion law 0 x 0 = 0. O

Lemma 6.12. Let V' be non symmetric and suppose that V. =V,. Then g = %,

V, 2 3C(28). Moreover, if a_1,a1,u is a basis of V,, such that ab = f(a +b — ¢)

whenever {a,b,c} = {a_1,a1,u}, then ag = 2(a—1 + a1) — 2u.

Proof. Clearly V =V, has dimension greater than 1 and so, by Lemmas 6.1 and 6.2,
V, is isomorphic to one of the following: 2B, 3C(25), 3C(8), 3C(—1)*, 3A(28, ),
3A(28,8)%, 4J(28,8), 4J (28, 8)*, 4Y (28, B), or 6Y(%,2) with chF = 7.

Suppose V, = 2B, so that V =V, = (a_1,a1) and a_ja; = 0. Since aq is an
idempotent distinct from a; and a_1, we get ag = a_1 + a;. Then both a_; and
a; are l-eigenvectors for ad,,, a contradiction.

Suppose V, = 3C(23), so that V =V, has basis (a_1, a1, u) where u? = u, and
ab = B(a+b—c¢) whenever {a,b,c} = {a_1,a1,u}. Let ag = x_1a_1 + 101+ 2u be
the decomposition of ag with respect to the basis a_1, a1, u. Since a’ = ag, and 79
swaps a_1 and a; and fixes u, we have immediately that x_; = x7. Then we have

0=uap(ar —a_1) —Blar —a—1) = 2Bz + 21 — B)(a1 —a_1)
whence 1 = 8 — 26z. Then,

0 = ag — ag
= 2128z + 21 — 1)(a_q +a1) — (227 — 4Bx12 — 2° + 2)u.

If x1 =0, we get z = % but also 22 — z = 0, a contradiction. Hence x; # 0 and so
2Bx1 4+ 21 — 1 =0, whence 26 +1 # 0 and 21 = 5--—. Then, since z; = 3 — 20z,

2B8+1°
we get z = % and a2 — ag = (?’*B_i‘#u. Since B # 1, we get 8 = % and

ap = 2(a—1 4+ a1) — 2u = 1 — u, where 1 = 3(a_; + a1 + u) is the identity of
the algebra 3C(2). A straightforward computation shows that ag is an axis with

eigenvalues 1, 0 and .

Suppose V, = 3C(B), so that V = V,, has basis (a_1,as,u) where u? = u, and
ab = g(a + b — ¢) whenever {a,b,c} = {a_1,a1,u}. Let ap = z_1a_1 + x101 + 2zu
be the decomposition of ag with respect to the basis a_1, a1, u. As in the previous
case, x_1 = x1. Then we have

0=ag(a1 —a-1) — Blar —a-1) = (Bz + z1 — B)(a1 —a—1)
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whence 1 = 3 — $z. Then,

0 = a2—ap
= 21(Brr + 21 —1)(a_y +a1) — (B} — 2Bw12 — 2% + 2)u.
Now, if 1 = 0, then 2z = 1 and ay = u. This means that V = ({(ag,a1)) is
symmetric, a contradiction. Hence x; # 0, whence 8+ 1 # 0, z1 = ﬁ and
2= 7%2(‘553_1)1, Then we get a2 — ag = Wu # 0, a contradiction.

Suppose V, = 3A(28, ). Then V =V, has basis (a_1, a1, a3, 1,2). Let
ap =2_10-1 + 101 + T3a3 + 2512
be the decomposition of ag with respect to this basis. As in the previous cases,
x_1 = x1. Then,
as = a)' = x3a_1 +x1(a1 +az) + 2512
and
a_s =a, " =zi(a_1 + az) + x3a; + 2512

Now we compute

0 = aolar —a-1)—Ba —a_1)

1

g = (4B = D@+ fas) = B(78 - 2)2 - B4B — 1)] (a1 — a-1)

and
2 2
= ag—ap— a3+ az

(xl —Z ) 2 2
ﬁ[(% +28 — D)y — 28276 — 2)z + (48 — 1) (x5 — 1)](a_y — as).

Since, by Lemma 6.11, V., 2 1A, we have x3 # x; and thus, the above two equations
reduce respectively to Equations (38) and (39)

(38) (4B — 1) (1 + Brs) — B2(78 — 2)z — BAB — 1) =0

(39) (862 +28 — 1)ay + (48 — 1)as — 28%(78 — 2)2 — (48 — 1) = 0.
By subtracting Equation (38) twice from Equation (39) we get
(40) (48— 1)(26 — 1)(ar — 25 +1) =0

whence (recall 8 ¢ {3, %} in this case) x5 = 21 + 1. Thus, Equations (38) and (39)
become

(41) (48— 1)(B+ 1)ar — (78 — 2) =0,

Suppose § = —1. Equation (41) gives 9z = 0. If F has characteristic other than 3,
then z =0 and

0= a% — ag = 71’1(3.’51 + 3)(a_1 +a; + (13) + 21‘1(3%1 + 2)5172

whence it follows z1 = 0. Therefore ag = a3, and this is a contradiction since V is
non symmetric. If F has characteristic 3, then we get

2
0=aj—ao=z(a_1+ a1+ az) + x151,2,

whence z = x1 = 0 and again the contradiction ag = as.
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Hence 8 # —1 and from Equation (41) we get
o BB
4s-1B+1)"
In this case we get
0 = 4(48—1)*(8+1)*(af - ao)
= B2 [B(186% = B —1)(56 — 1)(88 — 1)2
+4(184% — 88 +1)(B+1)(48 — 1)] (a-1 + a1 + a3)
+22 [B185% — B — 1)(58 — 1)(108% — 1)=
+2(1282 + 28 = (B +1)(48 — 1)(35 — 1)] 512
and so either z = 0, whence x; = 0 and ag = ag3, a contradiction as above, or
(42) B(18F% =B —1)(58 —1)(86 — 1)z +4(186? =85+ 1)(B+ 1)(46 — 1) = 0

and

(43) B(188>—B—1)(53—1)(108°—1)2+2(128%+28—1)(B+1)(48-1)(33—1) = 0.
We now multiply Equation (42) by (1032 —1) and subtract Equation (43) multiplied
by (868 — 1) to get

226 — 1) (1887 — f— 1)(8 +1)(48 — 1) = 0.

Therefore, 1832 —3—1 = 0. Then Equation (42) gives 183% —83+1 = 0. Summing
and subtracting these two equations we get 95(48 — 1) = 0 and 78 — 2 = 0, whence
8= i = %, which gives 7 = 8, a contradiction in all characteristics.

Suppose V, = 3A(2f, )%, with 1832 — 3 — 1 = 0 and F of characteristic other
than 3. Then V =V, has basis (a_1,a1,a3). Let ag = z_ja_1 + 101 + x303 be the
decomposition of ag with respect to this basis. As in the previous cases, z_1 = x1.
Then

0=uagp(a1 —a_1) — Blar —a_1) = (z38 + 1 — B)(a1 —a_1)
whence 1 = (1 — x3), and

0 = ai—ap
= (23— 1BBBB— 1)z —35° = S+ 1](a_1 + 1)
+(ws — D[(B° - 68° + 1)as — 5]as.
If x3 = 1, then x; = 0 and ag = a3, a contradiction since V is not symmetric.

Hence z3 # 1 and so 33(8 —1)z3 — 382 — B+ 1=0and (8> — 682 +1)z3 — 32 = 0.

Since B # 1, from the first equation we see that F has characteristic other than 3
-1
)

and r3 = 33%2('[';6 , L1 = Sl(gf/f). Then, from the second equation we get

(7% -=1)(28 - 1)(B+1) = 0.

Since chF # 3, we must have 732—1 = 0. Then, since by hypothesis 1832 —5—1 = 0,
we get that F has characteristic 19, 8 = 7 and ag = 8(a—1 + a1 + a3). It is
straightforward to check that the S-eigenspace for ad,, is 2-dimensional, spanned
by v1 := 3(a—1 + a1) + 13a3 and vy := 3(a—1 + a3) + 13a;, while the 0-eigenspace
and the a-eigenspace are trivial. Since vivy = 6a_1 —4(a; + a3) & (aop), the fusion
law 8+ 8 ={0,1, a} is not satisfied, a contradiction.
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Suppose V, = 3C'(—1)* (and FF has characteristic other than 3 since « = 28 # 1).
Then V =V, has basis (a_1,a1) and a_1a1 = —a_1 —ay. Let ag = z_1a_1 + z101
be the decomposition of ag with respect to this basis. We have

0= ao(a1 - (1_1) - 5(&1 - a_l) = 7(2£C_1 — 21+ 1)a_1 — (£L’_1 — 21’1 — ].)(11
whence x_y = 1 = —1. Thus a9 = —a_1 — a;. Then 7_; swaps a; and ag and
hence V' is symmetric, a contradiction.

Suppose V, = 4J(26,5). Then a basis for V is given by (a_s3,a_1,a1,as,u),
where u := —%5172. Let ap = x_sa_s+x_1a_1+x1a1 + 2303+ 2u be the decompo-
sition of ag with respect to this basis. As in the previous cases, since a;’ = ag, we
have z_3 = z3 and x_1; = x;. Then, using the multiplication for the chosen basis
given in [8, Table 7], we get

0 = aolar —a—1)— Blar —a-1)
= Bz —z)(ag —a—3) + (z1 + Bz + 3Bz — B)(a1 — a—1)

and

0 = aolaz —a_3)—Blaz —a_3)
= (Br1+3Bz+z3 — B)(az —a—3)+ B(r1 — 2)(a1 — a_1)

whence, 1 = 23 = z and (48+1)z—8 = 0. Thus, if 8 = —i we get immediately 8 =
0, a contradiction. Hence 8 # —1, z = % and ag = ﬁ(a,g—i—a,l +ai1+az+u).
Then, a3 = Bag # ap, a contradiction.

Suppose now that 8 = —% and V =V, is isomorphic to 4.J (23, 8)* = 4J(25,0)/1
where I = (a_3+a_1 +aj + a3 +u). Then the calculations used above for the case
of 4J(23, 3) are easily adapted and produce a contradiction.

Suppose V =V, 2 4Y (283, 3), with 432 +28—1 = 0. Then a basis for V is given
by (a—s,a_1,a1,as3,512). Let ap = x_sa_3 +x_1a_1 + x101 + T303 + 2812 be the
decomposition of ag with respect to this basis. As above, x_3 = z3 and z_1 = ;.
Then, using the multiplication for the chosen basis given in Table 3, we get

0 = aolar—a-1)—Blar—a)=
= —[Bxy + Prs+ %JIS - %522 — Bla—s + [Bx1 + Bas + %xl - %ﬁ2z — Bla_;
+[(B(x1 — 3) + %353 + %522’]@1 + [(B(z1 — z3) — %xl — %622](13
—4B(x1 — xz3)s

whence x; = x3, and
0= 20,0(0,3 - a,3) - 5(&3 — 073) =
= (z1+ 622)((1,1 —a_3)+ [(4B + D — B2z — 2ﬂ] (a1 —a3)
whence 71 = —3%z and (28 + 1)z +1 = 0. Thus, if 3 = —% we get immediately a

contradiction. If 8 # —1, then z = —m and

1
BB+1)”

ago (CL_3 +a_1+a; + a3) —

T 28 +1
From the condition a3 = ag we get that

326° 4+ 168* — 168% + 482 + 56 —1=0.
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Since also 452 + 28 — 1 = 0, this leads to a contradiction.
Assume finally that ch F = 7 and V = V,, = 6Y(3,2). Then a basis for V is

given by (a_1,as,ar,d, z), where d = a1 —as =a_5 —a; and z = —%dQ. Note that
To acts on the basis in the following way

a® =ar+d, a’> =az3+d, ¢’ =a_1+d, d° =d, 70 ==z

Let agp = x_1a_1 + x3a3 + x7a7 + xd + tz be the decomposition of ag with respect
to this basis. Since ag is fixed by 79, we have x_1 = z7 and r = z_1 + 23+ x7 + T,

whence x3 = —2x7. Then, using the multiplication for the chosen basis given in [17,
Table 1], since a1 = a7 + d, we get
0 = ao(a1 — a,l) — ﬂ(al — a,l)

[937(0,_1 + CL7) — 2x7a3 +rd + tZKCIq —a_1+ d)
(Bz7 +2)(a—1 —ay) — 2d — 2rz,

which is a contradicition. O

Proof of Theorem 1.1. Let V be a non symmetric 2-generated primitive axial
algebra of Monster type (23, 8) with generators ap and a;. If V.=V, or V =V,
then Lemma 6.12 yields that claim (3) holds. So, let us assume that V., # V # V.
By Lemmas 6.1, 6.2, 6.7, 6.8, 6.10, and 6.11 the even and the odd subalgebras V, and
V, are isomorphic to either 2B, or to a quotient of 3C(2) of dimension greater than
1 and by Lemma 5.2, (A2, A}) € {(0,0), (8, 8), (0, 8), (8,0)}. Moreover, a_; = as,
a1 = a—_3, ag = ag, a_y = as, and so, from Lemma 3.4, we get that (A, )\{, Aa, )\5)
satisfies the following equations

(44) 200\ - B) = 2
and
(45) 20 M - 8) = Af

Suppose first that Ao = )\g. Then we get Z(Aq, )\{)()\1 -pB) = Z()\{,)\l)()\{ - f),
which is equivalent to (A1 — AY)(A; + A —28) = 0 and so Ay + Af — 28 = 0, since
A F# )\{ , as the algebra is non symmetric. Then, the system of Equations (44)
and (45) is equivalent to

(a6 {ﬂ%w =

If Ao = 0, we get the solution (8, 8, 0,0) which corresponds to a symmetric algebra,
a contradiction. Suppose Ay = . It is long but straightforward to check that there
is no quadruple (A\,28 — A1, 8,08), with 8 ¢ {0, %}, which is a common solution
of (46) and of the set of polynomials 7" defined in (8) (see [7, 2btnon-Symmetric.s]).
A contradiction to Theorem 1.2.

Finally assume that Ay = 8 and A} = 0. Then, by Equation (45), either

ZO M) = 0or M =B If Z(M, A1) = 0, then A = 21 — 2021 and

we check that no quadruple (Aq, )\{,B, 0), with 8 ¢ {0, %}, is a common solution
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of Equation (44) and of the set of polynomials T' defined in (8) (see [7, 2btnon-
Symmetric.s]). So )\{ = . Then Equation (44) becomes

ﬁ?

2

(M —B)" = T

whence A\; — 8 = :I:g, and we get the two quadruples (%B,B,ﬂ,O) and (g,ﬁ,ﬂ,O).
In the former case, we get pg(%@ﬂ,B,O) = 2(26 —1)(48 — 1), whence § = i,
and pl(%, i, i,O) = 3 which is equal zero only if chF = 3 and 8 = 1, a contra-
diction (see [7, 2btnon-Symmetric.s]). If (A, A, Ag, M) = (2,5,5,0), then from
Lemma 3.3 we get so,1 = —f(ap+az) and so V has dimension at most 4. Moreover,
V satisfies the same multiplication table as the algebra Q2(3). By Theorem 8.6
in [8], for 3 # —1 the algebra Q2(f3) is simple, while it has a 3-dimensional quotient
over the radical F(ag + a1 + a2 + a—1) when 8 = —1. Thus claim (2) follows. [
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