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Abstract: In allometric studies, the joint distribution of the log-transformed morphometric variables is typi-
cally symmetric and with heavy tails. Moreover, in the bivariate case, it is customary to explain the
morphometric variation of these variables by fitting a convenient line, as for example the first principal
component (PC). To account for all these peculiarities, we propose the use of multiple scaled symmetric (MSS)
distributions. These distributions have the advantage to be directly defined in the PC space, the kind of
symmetry involved is less restrictive than the commonly considered elliptical symmetry, the behavior of the
tails can vary across PCs, and their first PC is less sensitive to outliers. In the family of MSS distributions, we
also propose themultiple scaled shifted exponential normal distribution, equivalent of themultivariate shifted
exponential normal distribution in theMSS framework. For the sake of parsimony, we also allow the parameter
governing the leptokurtosis on each PC, in the considered MSS distributions, to be tied across PCs. From an
inferential point of view, we describe an EM algorithm to estimate the parameters by maximum likelihood, we
illustrate how to compute standard errors of the obtained estimates, and we give statistical tests and confi-
dence intervals for the parameters.Weuse artificial and real allometric data to appreciate the advantages of the
MSS distributions over well-known elliptically symmetric distributions and to compare the robustness of the
line from our models with respect to the lines fitted by well-established robust and non-robust methods
available in the literature.

Keywords: allometry; EM algorithm; heavy-tailed distributions; line-fitting methods; multiple scaled distri-
butions; scale mixtures.

1 Introduction

Allometry canbe roughly devised as a tool to study the joint relation betweenparts (morphometric variables) in
various organisms [1, 2], with the measurements being often log-transformed (for the practical and theoretical
reasons why it is often useful to transform data to logarithms, see [3–6]). So, the statistical models that are
commonly considered are inherently multivariate (almost always bivariate), and mainly aim to:
1. reproduce the joint distribution of the log-transformed morphometric variables;
2. summarize the morphometric variation.

Concerning the first aim, the multivariate normal (MN) distribution with mean μ and covariance matrix Σ
played, and still plays, a special rule. However, many empirical studies show that the MN is often not
appropriate, and models have been introduced that relax the assumption of multivariate normality to an
assumption that the resulting distribution is elliptically symmetric (or elliptically contoured or, simply,
elliptical), still maintaining the MN model as a special case [7, 8]. This latter assumption is more biologically
realistic, given that the distribution of allometric data is often heavy-tailed [9]. A well-known and simple
model satisfying these requirements is the MN scale mixture (also known as MN variance mixture [10]); it is a
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finite/continuous mixture of MN distributions, with the same mean μ, where Σ is scaled by a convenient
positive mixing random variableWwhose probability mass/density function depends on a parameter vector θ
governing the tails behavior (in terms of leptokurtosis) of the unconditional mixture.

As for the second aim, which is more debated in allometry [11], most multivariate studies have
used principal component analysis (PCA); in this direction, in the important work by [12] it is suggested to
summarize the morphometric variation by the first principal component (PC) of the log-transformed mea-
surements. In the special bivariate case, the problem simplifies in fitting a line to the scatter plot of the log-
transformed measurements and making inference about the fitted line, typically testing if the slope equals a
given value and constructing confidence intervals for slope and elevation (intercept). Commonly used line-
fitting methods in allometry are linear regression, major axis (which is equivalent to the first PC), and
standardisedmajor axis. These are least squaresmethods differing in the direction inwhich errors from the line
aremeasured [6, 11]. Advantageously, however, major axismethods have a natural extension tomore than two
dimensions ([6], page 278).

The present paper has four merits. Firstly, concerning the first aim above, by using allometric data we show
the existence of situations where, although the joint distribution of the log-transformed morphometric variables
can be considered as symmetric and with heavy tails, the assumption of elliptical contours may be rather
restrictive, with heavy-tailed distributions accounting for alternative symmetric shapes providing a better fit. To
describe these shapes, we consider the family of multiple scaled symmetric (MSS) distributions proposed by
Forbes and Wraith [13]. MSS distributions can be roughly considered as an extension of the MN scale mixture
based on two key elements: the decomposition of the scale matrix Σ by eigenvalues and eigenvectors matrices Λ
and Γ, and the use of the mixing random variableW separately for each dimension (PC) of the space spanned by
the columns of Γ. The result is a multivariate heavy-tailed distribution in which the parameter vector θ is allowed
to vary acrossPCs andwhere the contours are not constrained tobe elliptical, although the symmetry ispreserved.
In allometric terms, these distributions have the advantage to be directly defined in the space of interest, namely
the PC space, with each PC being distributed according to a (univariate) normal scale mixture. Moreover,
regardless of the mixing distribution considered, and in analogy with the MN scale mixtures, MSS distributions
enable (among other) natural/efficient computation of the maximum likelihood (ML) estimates via the
expectation-maximization (EM) algorithm and robustML estimation of μ andΛ based on down-weighting ofmild
outliers in the PC space. As a second merit of the paper, we propose a new member of the family of MSS
distributions obtained by choosing a convenient shifted exponential as mixing distribution, so extending the
recently proposed multivariate shifted exponential normal distribution [14] to the MSS framework. As a third
merit, we introduce parsimony in the MSS distributions by constraining θ to be tied across PCs, resulting in
distributions for the PCs having the same degree of leptokurtosis. In connection with the second aim discussed
above, we know that line-fittingmethods are quite sensitive to the presence of outliers, in the sense that the fitted
line is directed towards them. As a limit case this implies that in certain situations, based on the position of the
outlier(s), the resultingfitted linemaybeflipped into a completely different direction. As afinalmerit of thepaper,
via a simulation study and a sensitivity analysis based on allometric bivariate data, we show that the fitted line
from MSS distributions, which is a major axis approach, is: 1) more robust to outliers when compared to the
classical line-fitting methods discussed above, and 2) comparable with robust versions of major axis and
standardised major axis approaches based on Huber’sM-estimator in place of least squares [15].

The paper is organized as follows. In Section 2 we first recall the MN scale mixtures (Section 2.1) and MSS
distributions (Section 2.2), and then we introduce the multiple scaled shifted exponential normal distribution
and the parsimonious variants of theMSS distributions (Section 2.3). In Section 3we focus on the bivariate case
by introducingwhat can be defined asmajor axis underMSSdistributions. To simplify the reading of the paper,
we postpone in Appendix A inferential aspects such as ML parameter estimation via the use of the EM
algorithm, computation of standard errors for the estimates, formulation of confidence intervals and statistical
tests. In Section 4 we describe the results of a simulation study aiming to compare, with and without outliers,
the performance of the major axes from our MSS models with the lines fitted by well-established (robust)
methods in allometry. In Section 5 we analyze two allometric data sets to demonstrate the better performance
of the MSS models over heavy-tailed elliptical distributions which are well-known in the literature and to
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investigate the robustness of our MSS-based line-fitting methods. We conclude the paper with a brief dis-
cussion, as well as with avenues for further research, in Section 6.

2 Methodology

2.1 Multivariate normal scale mixture

For robustness sake, one of the most commonways to generalize the MN distribution is represented by the MN
scale mixture (MNSM) with probability density function (pdf)

fMNSM(x; μ,Σ, θ) = ∫
∞

0

fMN(x; μ,Σ/w)m(w; θ)dw, (1)

whereX is the d-variate vector of log-transformedmorphometric variables, fMN (⋅; μ, Σ) denotes the pdf of theMN
distribution with mean μ and covariance matrix Σ, in symbolsN d(μ,Σ), andm (w; θ) is the mixing probability
density (or mass) function of W, with a positive support, depending on the parameter vector θ, in symbols
W ∼M(θ). If X has the pdf in (1), we write X ∼NSMd(μ,Σ, θ). For the MNSM model, Σ is a scale matrix.

The MNSM in (1) simply alters the tail behavior of the conditional (reference) MN distribution, allowing for
leptokurtosis, while leaving the resultant distribution unimodal and elliptically symmetric (for further details
about the properties of the MNSM family of distributions see, e.g., [16–20]). Moreover, as detailed in [21], the
covariance matrix and kurtosis of X ∼NSMd(μ,Σ, θ) are respectively.

Var(X) = v(θ)Σ (2)

Kurt(X) = k(θ)d(d + 2), (3)

where v (θ) = E (V ) is the variance factor, k (θ) = E (V2)/[E (V )]2 is the kurtosis factor, and V = 1/W. As we can
note from (3), the kurtosis is only governed by θ. Moreover, because E (V2) ≥ [E (V )]2, the excess kurtosis (with
respect to the MN distribution) is non-negative, with the equality holding only in the degenerate case W ≡ 1.
Therefore, apart from this limit case, the resulting distribution is leptokurtic. So, θ can be meant as the
tailedness parameter of the MNSM model.

A more direct interpretation of X ∼NSMd(μ,Σ, θ) can be given by its hierarchical representation as

W ∼ M(θ)
X|W = w ∼ N d(μ, Σ/w).

This alternative way to see the MNSM distribution is useful for random generation and for the implementation
of the expectation-maximization (EM) algorithm.

Two members of the MNSM family of distributions, those will be mainly considered in this paper, are the
multivariate t (Mt) [22, 23] and the multivariate shifted exponential normal (MSEN) [14]. The Mt is obtained
when W has gamma distribution with shape and rate being both equal to θ/2, θ > 0, that is when W has pdf

m(w; θ) = (θ2)θ2
Γ(θ2)w

θ
2−1 exp(− θ

2
w), w > 0. (4)

IfW has the pdf in (4), for notational convenience we writeW ∼ G(θ/2, θ/2). The MSEN is obtained whenW has
shifted exponential distribution, with rate θ > 0 and support (1, ∞); in symbols, W ∼ SE(θ). The pdf of
W ∼ SE(θ) is

m(w; θ) = θ exp[−θ(w − 1)], w > 1.

Further examples of distributions belonging to the MNSM family are: the multivariate contaminated normal
(MCN) [24], the multivariate tail-inflated normal (MTIN) [21] and the multivariate symmetric generalized hy-
perbolic (MSGH). TheMSGHdistribution, in turn, nestsmany otherwell knownMNSMdistributions such as the
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multivariate symmetric hyperbolic (MSH), the multivariate symmetric variance-gamma (MSVG), and the
multivariate symmetric normal inverse Gaussian (SNIG); for details about theMSGHdistribution, alongwith its
special cases, see [20], Example 3.8.

2.2 Multiple scaled symmetric distributions

Forbes andWraith [13] propose an alternative way to alter the tail behavior of the conditional MN distribution
in (1), while leaving the resultant distribution unimodal and symmetric. The idea roughly consists in:
1. using the classical eigen-decomposition

Σ=ΓΛΓ⊤, (5)

where Γ is a d × d matrix of eigenvectors of Σ and Λ is the corresponding d × d diagonal matrix of
eigenvalues;

2. generalizing the univariate mixing variable W in (1) to a d-variate mixing variable W = (W1, …, Wd)
⊤ with

independent variates and joint probability density (or mass) function

m(w ; θ) = ∏
d

h=1
m(wh ; θh),

where θ = (θ⊤
1 ,…, θ⊤

d )⊤. For notational convenience we write W ∼Md(θ).
Note that, each element on the right-hand side of (5) has a different geometric interpretation: Λ determines

the size and shape of the scatter, while Γ determines its orientation. The resulting multiple scaled symmetric
(MSS) distributions have pdf

fMSS(x; μ, Γ,Λ, θ) = ∫
∞

0

⋯∫
∞

0

fMN(x ; μ, ΓΔwΛΓ⊤)m(w1,…,wd ; θ) dw1 ⋯ dwd, (6)

where Δw = diag(w−1
1 ,…,w−1

d ). If X has the distribution in (6) we write X ∼MSSd(μ, Γ,Λ, θ).
The MSS distributions have a convenient hierarchical representation too. In detail, X ∼MSSd(μ, Γ,Λ, θ)

can be represented as

W ∼ Md(θ)
X|W = w ∼ N d(μ, ΓΔwΛΓ⊤).

For the sake of interpretation, the pdf in (6) can be equivalently written as

fMSS(x; μ, Γ,Λ, θ) = ∏
d

h=1
∫
∞

0

fN([Γ⊤(x − μ)]h ; 0, λh/wh)m(wh ; θh)dwh

         = ∏
d

h=1
fNSM([Γ⊤(x − μ)]h ; 0, λh, θh), (7)

where Γ⊤(x − μ) = Y is the principal components (PCs) transform of x and can be thought of as a rotation and
a recentering of x, [Γ⊤(x − μ)]h = Yh is the hth element of Y, and λh is the hth diagonal element of Λ (or,
equivalently, the hth eigenvalue of Σ). Note that, in Y, the variables Y1, …, Yd are ordered so that
Var(Y1) ≥ Var(Y2) ≥⋯ ≥ Var(Yd), in analogy with the classical PCA. In (7), the subscripts “N” and “NSM” are
used instead of “MN” and “MNSM”, respectively, for the univariate case. It is straightforward to realize that
Yh ∼NSM1(0, λh, θh). Finally note that, apart from the univariate case d = 1, the MSS distribution is not a
special or limiting case of the MNSM distribution.

Concerning the estimation of the parameters μ, Γ, Λ, and θ, several estimators may be considered. Among
them, the maximum likelihood (ML) estimator is the most attractive because of its asymptotic properties (see,
e.g., [25], p. 206). Details about the expectation-maximization (EM) algorithm, to obtain ML estimates of the
parameters for MSS distributions, are given in Appendix A.1.
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2.3 Special cases of MSS distributions and parsimony

In theMSS family of distributions, Forbes andWraith [13] introduce themultiple scaled t (MSt) distribution. It is
obtained by setting Wh ∼ G(θh/2, θh/2). For the MSt, the variance and kurtosis factors for each PC are respec-
tively given by

v(θh) = θh
θh − 2

 and k(θh) = θh − 2
θh − 4

, (8)

being in general Var (Yh) = λh v (θh) and Kurt (Yh) = 3k (θh), h = 1, …, d; compare with Eqs. (2) and (3).
In this paperwe introduce a newmember of theMSS family, themultiple scaled SEN (MSSEN) distribution,

obtained by assuming Wh ∼ SE(θh). For the MSSEN, the variance and kurtosis factors for each PC are
respectively given by

v(θh) = θh exp(θh)φ−1(θh) and k(θh) = θh
v(θh)2

[1 − v(θh)], (9)

where

φm(z) = E−m(z)
      = ∫

∞

1

tm  exp(−zt)dt
       = z−(m+1)Γ(m + 1, z)

is the Misra function [26], further generalization of the generalized exponential integral function En(z) =
∫
∞

1
t−n exp( −zt)dt [27] with Γ(n, z) = ∫

∞

z
tn−1 exp( −t)dt denoting the upper incomplete gamma function; for

further details, see [14]. The MSt and MSSEN are the two special cases of MSS distributions we will consider in
this paper.

To evaluate the data configurations favoring the MSt over the MSSEN, and vice versa, it is enough to
consider univariate t and SEN distributions. Their main difference relies on the joint behavior of the variance
and kurtosis factors v(θh) and k(θh), h = 1,…, d; refer to Figure 1. In particular, λh kept fixed, for the t distribution
larger values of kurtosis are related to larger values of variance (cf. Figure 1(a)) while, for the SEN distribution,
larger values of kurtosis are related to smaller values of variance (cf. Figure 1(b)); see [28].

In models (6) and (7) there is a θh-parameter for each PC. This means that, as the dimension d grows, the
total number of free parameters to be estimated can quickly become large leading to overfitting. To introduce
parsimony, we allow the d tailedness parameters to be tied across PCs, i.e. we assume θ1 =⋯ = θd. This results
in normal scale mixtures, for the PCs, having the same degree of leptokurtosis. When this constraint is applied
to MSt and MSSEN distributions, we will simply write C-MSt and C-MSSEN, respectively.

Figure 1: Multiplicative factors v (θh) (solid line) and k (θh) (dashed line).
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3 Line-fitting from bivariate MSS distributions

As emphasized in Section 1, allometry mainly focuses on the bivariate case (d = 2), where X=(X1,X2)⊤. In this
case, we would like to make inference about the elevation (intercept) α ∈ R and the slope β ∈ R of the line
describing the relationship between X1 and X2. Operationally, we are often interested in testing if β equals a
particular value, and estimating confidence intervals for α and β. Therefore, it is important: 1) to evaluate how
the MSS distributions specialize in the bivariate case, and 2) parametrize their pdf in terms of α and β.

First of all, it is important to underline that the line determined under MSS distributions belongs to the
class of the major axis (or first PC axis) methods; as such, the line we are interested in is the axis of Y1.

There are different ways to parametrize theMSS distributions, in the bivariate case, in terms of α and β. We
decided to express Γ and μ2 (mean of X2) in terms of α and β in the following way

Γ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1̅̅̅̅̅
1 + β2
√ − β̅̅̅̅̅

1 + β2
√

β̅̅̅̅̅
1 + β2
√ 1̅̅̅̅̅

1 + β2
√

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ and μ2 = α + βμ1,

where μ1 is the mean of X1. According to this choice, the pdf of the MSt distribution becomes

fMSt(x1, x2 ;Ψ) =
Γ(θ1 + 1

2
)Γ(θ2 + 1

2
)

πΓ(θ1
2
)Γ(θ2

2
) ̅̅̅̅̅̅̅

λ1λ2θ1θ2
√ (1 + [x1 + β(x2 − α) − μ1(1 + β2)]2

λ1θ1(1 + β2) )−θ1+12

.

⋅ (1 + (x2 − βx1 − α)2
λ2θ2(1 + β2) )

−θ2+12

,

(10)

while the pdf of the MSSEN distribution becomes

fMSSEN(x1, x2 ;Ψ) = θ1θ2 exp(θ1 + θ2)
2π

̅̅̅̅̅̅
λ1 + λ2
√ φ1

2
([x1 + β(x2 − α) − μ1(1 + β2)]2

2λ1(1 + β2) + θ1) .

⋅φ1
2
((x2 − βx1 − α)2

2λ2(1 + β2) + θ2),
(11)

where Ψ = (α, β, μ1, λ1, λ2, θ1, θ2)′.
Figure 2 shows, via isodensities, some possible shapes of the bivariate C-MSt and C-MSSEN distributions

by fixing α, β, and μ1 (it is equivalent to fix the mean vector μ and orientation matrix Γ), and by varying λ1, λ2,
and the common θ so to produce PCs with given variances and kurtoses; refer to Section 2.3. In detail, in all the
plots, μ1 = 0, α = 0, and β = 1; note that in this case μ2 = 0. Variances and kurtoses of the two PCs, alongwith the
values of λ1, λ2, and θ, are given in Table 1. Figure 2 clearly shows how the shape of the MSS distributions is not
constrained to be elliptical, although the symmetry is preserved. In particular, the choices made for θ (refer to
Table 1) produce “smoothed” rhomboidal (Figure 2(a) and (b)) and starred (Figure 2(c) and (d)) contours.

4 Simulation study: comparison of line-fitting methods

In this section, we investigate the behaviour of the fitted lines from our four bivariate MSS models – MSSEN,
MSt, C-MSSEN, and C-MSt – through a large-scale simulation study performed using R [29]. We further provide
a comparison with the following classical line-fitting methods: ordinary least-squares (OLS) regression, OLS
bisector, major axis (MA; also known as orthogonal regression), standardized major axis (SMA; also known as
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Table : Variances and kurtoses of PCs, along with the values of λ, λ, and θ, for the contour plots of Figure .

(a) Figure 2(a)

Variance λ Kurtosis θ

Y  .  

Y  .  

(b) Figure 2(b)

Variance λ Kurtosis θ

Y  .  .
Y  .  .

(c) Figure 2(c)

Variance λ Kurtosis θ

Y  .  .
Y  .  .

(d) Figure 2(d)

Variance λ Kurtosis θ

Y  .  .
Y  .  .

Figure 2: Examples of contour
plots of bivariate MSS
distributions with common θ
where μ1 = 0, α=0, andβ= 1.
The values of λh, h = 1, 2, and
θ are given in Table 1.
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reduced major-axis), robust MA (R-MA), and robust SMA (R-SMA), the last two approaches being based on
Huber’s M-estimator; see [6, 11, 15] for details. Emphasis is given to the evaluation of the impact of outliers on
the fitted slope of the competing methods.

To generate the data we consider a bivariate normal N 2(μ,Σ). We fix μ = 0 and Σ = ΓΛΓ⊤, where

Γ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1̅
2

√ − 1̅
2

√
1̅
2

√ 1̅
2

√

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ and Λ = ⎛⎜⎜⎜⎜⎝ 1
λ

0

0 λ

⎞⎟⎟⎟⎟⎠,

with λ∈(0, 1) governing the axis-ratio of the elliptical scatter: as λ approaches to 1, the ellipse becomes more
andmore similar to a circle while, on the other side, as λ approaches to 0, the ellipse degenerates on its major
axis. With the notation of Section 3, this would be equivalent to say that we generate data from a bivariate
normal distribution whose elevation, slope, and mean of X1 are α = 0, β = 1, and μ1 = 0, respectively. If we
want outliers to be included in the sample, we generate them from a bivariate normal N 2(μout,Σout), where
μout = q ⋅ (1, − 1)⊤ and Σout = 0.01 ⋅ Σ, with q being a quantity governing the distance of the outliers from the
bulk of the data (represented by μ = 0).

We consider four experimental factors: the sample size (n ∈ {100, 200}), the proportion of simulated
outliers (p ∈ {0, 0.05, 0.10}), λ ∈ {0.2, 0.3}, and q ∈ {8, 10}. In Figure 3we show an example of generated dataset,
with outliers, in the case n = 200, p = 0.05, λ = 0.3, and q = 8. The contamination scheme is not chosen
randomly, but it is similar to a classical contamination scheme used to evaluate robustness for MA methods
(see, e.g., [30–33]). We generate 100 data sets for each combination of (n, λ) when p = 0, and for each
combination of (n, p, λ, q) when p > 0; the difference is due to the fact that, when p = 0, there is no reason to
consider the experimental factor q. This yields a total of 20 scenarios (22 = 4 in the case p = 0, and 24 = 16
otherwise) and 2000 generated data sets (100× 22 = 400 in the case p =0, and 100× 24 = 1600 for p > 0). For each
generated data set, we fit the 10 competing models/lines discussed above. The MA, SMA, R-MA and R-SMA
methods are estimated using the smatr package for R [34].

For comparison’s sake, for each scenario and each line-fitting method, we display the box-plots of the
estimated slopes over the 100 replications. While in the 4 scenarios without outliers we expect all the methods
working well and comparably, in the 16 scenarios with outliers we hope the estimated slope is not flipped into
the opposite direction.

Figure 3: Example of simulated data, with outliers, in the case n = 200, p = 0.05, λ = 0.3, and q = 8.
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Figure 4 reports the obtained results for the scenarios without outliers. A horizontal dashed gray line is
placed at β = 1 to have, as a benchmark, the true but unknown value of β in the data generating process (DGP).
Note that, we use a larger than expected range for the y-axis simply to have the same range for all the box-plots
of this simulation study (compare with Figures 4 and 5); this should make easier the comparison of results
referred to different scenarios. Apart from the OLS regression, the competing methods perform comparably,
with a variability of the estimates that decreases either as n grows (from 100 to 200) or as λ decreases (from 0.3
to 0.2). The different behavior of the OLS estimates is due to the fact that the DGP violates the zero conditional
mean assumption of the OLS regression (see, e.g., [35], Chapter 2).

In Figures 5 and 6 we report the obtained results for the scenarios with q = 8 and q = 10, respectively.
Regardless of the considered scenario, the estimated slopes from our MSS distributions, as those from R-MA
and R-SMA, are robust to the presence of outliers, with a behavior very similar to the one analyzed in the
scenarios without contamination (compare with Figure 4); similarity is also in terms of variability of the
estimates which is decreasing when either n increases or λ decreases. The only difference between the

Figure 5: Box-plots, over 100 replications, of the estimated slopes in the scenarioswith q=8. Eachplot refers to a different triplet
(n, λ, p).

Figure 4: Box-plots, over 100 replications, of the estimated slopes in the scenarios without outliers (p = 0). Each plot refers to a
different pair (n, λ).
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estimated slopes from our MSS distributions, and those from R-MA and R-SMA, is a slight larger variability for
the estimates from the lattermethods, especiallywhen λ grows. Interestingly enough, the proportion of outliers
p does not seem to have an impact on the estimates behavior. Instead, the bisector, MA, and SMA methods of
line-fitting are strongly affected by outliers, with amedian estimated β (over the 100 replications) being always
close to −1, the opposite of the true β. The OLS regression provides box-plots that are mainly located on values
of β between 0 and −1. Although the OLS-estimates are also in this case very far from the true value β = 1, they
are slightly better than those from bisector, MA, and SMA methods.

5 Real data analyses

In this section we illustrate two applications of our models on real allometric data. The first one (Section 5.1)
considers bivariate data; one of the aims is to evaluate how a single outlier affects the behavior of the
competing line-fitting methods already considered in the simulation study of Section 4. The second analysis
(Section 5.2) aims to fill one of the gaps in Section 4, showing an application of our models on data with more
than two measurements.

According to the considerations of Section 1, both the analyses fill another gapwith the simulation study of
Section 4, i.e. the evaluation of the ability of our models to reproduce the joint distribution of the log-
transformed morphometric variables. We also compare our models with the following multivariate elliptical
(heavy-tailed) distributions: Mt, MTIN, MSEN, MLN, MCN, MSVG, MSH, SNIG, and MSGH given in Section 2.1.
With MLN we denote the multivariate leptokurtic normal distribution introduced by [36].

In analogy with Section 4, the analysis is entirely conducted in R. Parameters are estimated based
on the ML approach. We adopt the EM algorithm, illustrated in Appendix A.1, for MSS distributions.

For them, we start the algorithm from the M-step, providing initial values for ẇih and Γ̇ (refer to

Appendix A.1.2). In detail, we fix Γ̇ as the eigenvector matrix of the sample covariance matrix, so that Γ̇ does
not depend on the considered distribution, while we differentiate ẇih according to the considered model: we
fix ẇih = 1 for MSt and C-MSt, and ẇih = 2 for MSSEN and C-MSSEN, i = 1, …, n and h = 1, …, d. The code
for density evaluation, random number generation, and fitting for the considered MSS distributions is

Figure 6: Box-plots, over 100 replications, of the estimated slopes in the scenarios with q = 10. Each plot refers to a different
triplet (n, λ, p).
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available at http://docenti.unict.it/punzo/Rcode.htm. As concerns the competing models, we use the
WML.MLN() function, of the code available at http://docenti.unict.it/punzo/Rcode.htm, to fit the MLN,
the mtin.ML.ECME() function of the mtin package1 to fit the MTIN, the msen.ML.EM() function of the msen
package1 to fit the MSEN, the CNmixt() function of the ContaminatedMixt package [37] to fit the MCN, and
the ghyp package [38] to fit the remaining models.

Having the competingmodels a differing number of parameters, their goodness-of-fit comparison ismade,
as usual, via the Akaike information criterion (AIC) [39] and the Bayesian information criterion (BIC) [40] that,
in our formulation, need to be maximized. Moreover, we use likelihood-ratio (LR) tests not only to make
inference on the parameters (refer to Appendix A.3) but also to: 1) compare the MN distribution (null model)
with each of the competing distributions (alternative models), and 2) for testing MSS-parsimony (refer to the
last part of Section 2.3), that is to compare the constrained (null) and unconstrained (alternative) MSS models
based on the samemixing random variable. In the sequel, the obtained p-valuewill be always compared to the
classical 5% significance level.

5.1 Anthropometric measurements of male twins

The first analysis considers the m.twins data set accompanying the Flury package [41] for R. The data set
contains six anthropometric measurements for n = 89 pairs of monozygotic/dizygotic male twins measured in
the 1950s at the University of Hamburg, Germany. For details on these data, see [42].We focus on the logarithm
of d = 2 of the available measurements: the chest circumference of first and second twin. The variables are
expressed in centimeters. The scatter plot of the log-transformed data is displayed in Figure 7.

The first aim of this analysis is to evaluate the best model for the bivariate distribution of the data. The
scatter in Figure 7 seems to be symmetric enough and this is corroborated by the Mardia test of symmetry
(p-value = 0.444), as implemented by the mvn() function of theMVN package [43]. Table 2 presents the model
comparison. AIC and BIC provide the same ranking for the best four models. They are all MSS distributions,
with the MSSEN being the overall best, followed by the other unconstrained model (MSt). The top-four models
have the same ranking induced by the p-values of the LR test of bivariate normality. In particular, the null

Figure 7: Scatter plot of the of the log-transformed m.twins data.

1 Available at http://docenti.unict.it/punzo/Rpackages.htm.
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hypothesis of bivariate normality is rejected for the unconstrained MSSmodels only (0.003 for the MSSEN and
0.004 for the MSt). The better performance of the unconstrained MSS models is also corroborated by the
p-values from the LR test of MSS-parsimony given in the last column of Table 2: theMSSEN should be preferred
to the C-MSSEN (p-value = 0.003), and the MSt should be preferred to the C-MSt (p-value = 0.007). Figure 8
shows the scatter plot of the log-transformed data where isodensities of the selected MSSEN model are
superimposed. Summarizing, the results in Table 2, as well as the plot in Figure 8, underline the need for types
of symmetry other than elliptical.

The second aim of the analysis is to compare the behavior of the line-fitting methods considered in

Section 4. Table 3 reports the estimated elevation α̂ and slope β̂, and approximate 95% confidence
intervals (CIs). For the bisector method and for all our models, these intervals are based on the asymptotic

Table : Model comparison, for the m.twins data, in terms of number of parameters (#par), log-likelihood, AIC, BIC, and p-values
from the LR tests of multivariate normality and MSS-parsimony. Rankings induced by the considered criteria are also displayed.

Model # par. Log-Lik. AIC Ranking BIC Ranking Normality LR
p-value

Ranking MSS-parsimony LR
p-value

MN  . .  .  – – –
Mt  . .  .  .  –
MTIN  . .  .  .  –
MSEN  . .  .  .  –
MLN  . .  .  .  –
MCN  . .  .  .  –
MSVG  . .  .  .  –
MSH  . .  .  .  –
SNIG  . .  .  .  –
MSGH  . .  .  .  –
MSSEN  . .  .  .  .
MSt  . .  .  .  .
C-MSSEN  . .  .  .  –
C-MSt  . .  .  .  –

Figure 8: Scatter plot of the log-transformed m.twins data with superimposed isodensities from the ML-fitted MSSEN model.
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normality of the estimators and are computed as α̂ ∓ 1.96 ⋅ ŝe(α̂) and β̂ ∓ 1.96 ⋅ ŝe(β̂); see Appendix A.3 for
details. Standard errors are computed as described in [11] for the bisector method, and using the score based-
approach illustrated in Appendix A.2 for our models. For the remaining methods, approximate 95% CIs are
those provided by the smatr package (see [15] for details). Moreover, because of interest in allometry, we also
evaluate whether the chest circumferences of the first and second twin are directly proportional. If this
happens, then the log-transformed variables will be linearly relatedwith a slope of 1. Hence, we simply need to
test the null hypothesisH0 : β = 1. We do that by checking if the value of the slope under the null is included in
the approximate 95%CI. For ourmodels only, we also show the p-values from theWald and LR tests outlined in
Appendix A.3.

As we can note by the obtained results, OLS regression works differently from the other competing

methods, providing a larger α̂ and, in line with the simulation results of Section 4, a smaller β̂. Moreover, 95%
CIs for elevation and slope do not contain the values α = 0 and β = 1; these values would represent a direct
proportionality between the chest circumferences of the first and second twin (β = 1) with unitary propor-
tionality constant (α = 0). For the remaining methods we have the following considerations. They work
comparably providing an estimated slope close to 1 and an estimated elevation close to 0. The 95% CIs for

Table: Estimates and%confidence intervals (CIs) for the parametersα andβof the competing linesfitted to the m.twinsdata
in Figure . The last two columns report the p-values of the Wald and LR tests for H:β = .

Methods 95% CI 95% CI H0:β = 1 (p-value)

bα 2.5% 97.5% bβ 2.5% 97.5% Wald LR

OLS . −. . . . .
MA . −. . . . .
SMA . −. . . . .
R-MA . −. . . . .
R-SMA . −. . . . .
Bisector . −. . . . .
MSSEN . −. . . . . . .
MSt . −. . . . . . .
C-MSSEN . −. . . . . . .
C-MSt . −. . . . . . .

Figure 9: Scatter plot of the of the log-transformed m.twins data with the inclusion of an outlier displayed as •.
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elevation and slope contain the reference values α = 0 and β = 1, respectively. As regards our models, the
p-values from the Wald and LR tests are always greater than 0.05.

The final aim of the analysis is to evaluate how a single outlier affects the behavior of the competing line-
fitting methods. We create a “perturbed” version of the m.twins data by adding a single outlier at

Figure 10: Scatter plot of
the of the log-
transformed perturbed
m.twins data and fitted
lines from non-robust
competing methods.

Table: Estimates and%confidence intervals (CIs) for the parametersα andβ of the competing linesfitted to them.twins data
with a single outlier (Figure ). The last two columns report the p-values of the Wald and LR tests for H:β = .

Methods 95% CI 95% CI H0:β = 1 (p-value)

bα 2.5% 97.5% bβ 2.5% 97.5% Wald LR

OLS . . . −. −. −.
MA . . . −. −. −.
SMA . . . −. −. −.
R-MA . −. . . . .
R-SMA . −. . . . .
Bisector . . . −. −. −.
MSSEN . −. . . . . . .
MSt . −. . . . . . .
C-MSSEN . −. . . . . . .
C-MSt . −. . . . . . .
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(x1 − 1.6, x2 + 1.6)⊤, being x1 and x2 the sample means of the log-transformed chest circumferences of the first
and second twin, respectively. The scatter plot of the perturbed log-transformed data is displayed in Figure 9.

Figure 11: Scatter plot of
the of the log-transformed
perturbed m.twins data
and fitted lines from
robust competing
methods.
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Table 4 reports the summary results about the estimated elevation and slope for each competing method,
with corresponding lines displayed in Figure 10 for OLS, bisector, MA, and SMA, and in Figure 11 for the
remaining approaches.

From these plotswe realize that, while the lines fromR-MA, R-SMA, and ourMSSmodels are not affected at
all by the outlier, the lines from the other methods are severely dragged towards that point, and this is
especially true for the bisector, MA and SMA methods where the outlier lies on the fitted line. We can obtain
similar insights by comparing Table 3 with Table 4.

5.2 Anthropometric measurements of female twins

The second analysis considers the f.twins data set always included in the Flury package. The data set
contains d = 6 anthropometric measurements for n = 79 pairs ofmonozygotic/dizygotic female twinsmeasured

Figure 12: Matrix of scatter plots of the log-transformed
f.twins data.

Table : Model comparison, for the f.twins data, in terms of number of parameters (#par), log-likelihood, AIC, BIC, and p-values
from the LR tests of multivariate normality and MSS-parsimony. Rankings induced by the considered criteria are also displayed.

Model # par. Log-Lik. AIC Ranking BIC Ranking Normality LR
p-value

Ranking MSS-parsimony LR
p-value

MN  . .  .  – – –
Mt  . .  .  .  –
MTIN  . .  .  .  –
MSEN  . .  .  .  –
MLN  . .  .  .  –
MCN  . .  .  .  –
MSVG  . .  .  .  –
MSH  . .  .  .  –
SNIG  . .  .  .  –
MSGH  . .  .  .  –
MSSEN  . .  .  .  .
MSt  . .  .  .  .
C-MSSEN  . .  .  .  –
C-MSt  . .  .  .  –
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in the 1950s at the University of Hamburg, Germany. The measurements, expressed in centimeters, for each
pair of twins are: stature (STA1 and STA2), hip width (HIP1 and HIP2), and chest circumference (CHE1 and CHE2)
for each of the two sisters. For details on these data, see [42].

Thematrix of pairwise scatter plots, for the log-transformed data, is displayed in Figure 12. These data can
be considered as symmetric according to the Mardia test of symmetry (p-value = 0.205).

Table 5 presents themodel comparison. The best fourmodels for the AIC are theMSS ones,with theMSSEN
and C-MSSEN occupying the first and second position, respectively. As concerns the BIC, the best two models
are the constrainedMSSdistributions (the C-MSSEN is the overall best), followed by theMSSEN. This podium is
confirmed by LR test of multivariate normality, with the models on the podium being the only ones leading to
the rejection of the null hypothesis. The best performance of the constrained MSS models, suggested by the
BIC, is corroborated by the p-values from the LR test ofMSS-parsimony: the C-MSSEN should be preferred to the
MSSEN (p-value = 0.206), and the C-MSt should be preferred to the MSt (p-value = 0.640).

6 Conclusions and discussion

In allometric studies, the joint distribution of log-transformed morphometric variables is often assumed to be
elliptical. Moreover, with reference to the bivariate case, we know the importance of using a good line-fitting
method, preferably robust in the presence of outliers. Concerning the first point, by considering real allometric
data, and by using for the first timemultiple scaled symmetric (MSS) distributions in this context, we showed the
existenceof caseswhere the symmetry involvedby the available data is different from the elliptical one. As further
merits of the paper, we introduced a newmember of this class of models, themultiple scaled shifted exponential
normal distribution, and proposed a simple way to add parsimony for MSS distributions. Concerning the second
issue, by using artificial and real data we showed that the fitted line from MSS distributions is: 1) more robust to
outliers when compared to classical line-fitting methods considered in allometry, and 2) comparable with robust
versions of major axis and standardized major axis approaches based on Huber’sM-estimator.

As an open point for further research, it could be interesting to consider MSS distributions in common
principal component analysis (CPCA), generalization of standard PCA to several groups under the rigid
mathematical assumption of equality of all principal components across groups. From an allometric point of
view, this will allow us to extend our inferential results to the case where the user is interested in comparing
several slopes or elevations, and testing for shift along the axis amongst several groups (refer to [6]).

Author contribution: All the authors have accepted responsibility for the entire content of this submitted
manuscript and approved submission.
Research funding: None declared.
Conflict of interest statement: The authors declare no conflicts of interest regarding this article.

Appendix

A Inference by maximum likelihood

A.1 Application of the EM algorithm

Given a random sample x1, …, xn (observed data) from X ∼MSSd(μ, Γ,Λ, θ), the ML estimation method is
based on the maximization of the (observed-data) log-likelihood function

l(Ψ) = ∑
n

i=1
log fMSS(xi ; μ, Γ,Λ, θ),
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where Ψ contains all the parameters of the model. However, the problem of maximizing l (Ψ) over Ψ is
not particularly easy due to the number of parameters and the necessity of maximizing over an orthogonal
matrix Γ.

The ML fitting is simplified considerably by the application of the expectation-maximization (EM)
algorithm [44] which is, indeed, the classical approach to find ML estimates for parameters of distributions
which are defined as a mixture. For the application of the EM algorithm, it is convenient to view the observed
data as incomplete. The complete data are (x⊤1 ,w⊤

1 )⊤,…, (x⊤n ,w⊤
n )⊤, where the missing variablesw1,…,wn are

defined so that

Xi|W i = wi ∼N d(μ, ΓΔwiΛΓ
⊤),

independently for i = 1, …, n, and

W i ∼
i.i.d.Md(θ).

Because of this conditional structure, the complete-data likelihood function Lc (Ψ) can be factored into the
product of the conditional densities of Xi given the wi and the joint marginal densities of Wi, i.e.

Lc(Ψ) = ∏
n

i=1
fMN(xi ; μ, ΓΔwi ΛΓ

⊤)m(wi ; θ).

Accordingly, the complete-data log-likelihood function can be written as

lc(Ψ) = l1c(μ, Γ,Λ) + l2c(θ), (12)

where

l1c(μ, Γ,Λ) = − nd
2
log(2π) + 1

2
∑
n

i=1
∑
d

h=1
log(wih) − n

2
∑
d

h=1
log(λh) − 1

2
∑
n

i=1
(xi − μ)⊤(ΓΔwi ΛΓ

⊤)−1(xi − μ), (13)

and

l2c(θ) = ∑
d

h=1
∑
n

i=1
log[m(wih; θh)]. (14)

So,while l1c(μ, Γ,Λ) is sharedby all theMSSdistributions, l2c(θ) is distribution-dependent and, to bemore precise,
needs to take into account the parsimony constraint when applied. In detail, the l2c(θ) term for the MSt is

l2c(θ) = 1
2
∑
d

h=1
θh ∑

n

i=1
log(wih) − ∑

d

h=1
∑
n

i=1
log(wih) − 1

2
∑
d

h=1
θh ∑

n

i=1
wih + n

2
∑
d

h=1
θh log(θh2 ) − n ∑

d

h=1
log[Γ(θh

2
)], (15)

while for the MSSEN is

l2c(θ) = − ∑
d

h=1
θh ∑

n

i=1
wih + n ∑

d

h=1
θh + n ∑

d

h=1
log(θh). (16)

Working on lc(Ψ), the EM algorithm iterates between two steps, one E-step and one M-step, until convergence.
These steps, for a generic iteration of the algorithm, as well as for each considered MSS distribution, are
detailed below. As in [45, 46], quantities/parameters marked with one dot will correspond to the previous
iteration and those marked with two dots will represent the estimates at the current iteration.

A.1.1 E-step
The E-step requires the calculation of

Q(Ψ⃒⃒⃒⃒Ψ̇) = Q1(μ, Γ,Λ⃒⃒⃒⃒Ψ̇) + Q2(θ⃒⃒⃒⃒Ψ̇), (17)

the conditional expectation of lc(Ψ) given the observed data x1,…, xn, using Ψ̇ forΨ. In (17) the two terms on
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the right-hand side are ordered as the two terms on the right-hand side of (12). As well-explained in [20], p. 82,
in order to compute Q(Ψ|Ψ̇)we need to replace any function g (Wih) of the latent mixing variables which arise
in (13) and (14) by the quantities EΨ̇[g(Wih)⃒⃒⃒Xi = xi], where the expectation, as it can be noted by the subscript,
is taken using Ψ̇ forΨ, i = 1,…, n. To calculate these expectations we can observe that the conditional pdf of
Wih|Xi = xi satisfies f (wih|xi;Ψ)∝ f (wih, xi;Ψ), up to some constant of proportionality. For the MSt distribution
we have

f(wih|xi ;Ψ)∝ f(wih, xi ;Ψ)

      ∝ w
θh+1
2 − 1

i exp( − wih{θh2 + 1
2
λ−1h [Γ⊤(xi − μ)]2h})

      ∝ fG(wih ;
θh + 1
2

,
θh
2
+ 1
2
λ−1h [Γ⊤(xi − μ)]2h).

(18)

This means that Wih|Xi = xi ∼ G(θh+1
2 , θh2 + 1

2 λ
−1
h [Γ⊤(xi − μ)]2h). For the MSSEN distribution we have

f(wih|xi ;Ψ)∝ f(wih, xi ;Ψ)

      ∝ w
1
2
i exp( − wih{θh + 1

2
λ−1h [Γ⊤(xi − μ)]2h})

      ∝
Γ(3

2
)

Γ(3
2
,
1
2
λ−1h [Γ⊤(xi − μ)]2h + θh) fG(wih ;

3
2
, θh + 1

2
λ−1h [Γ⊤(xi − μ)]2h).

(19)

This means thatWih|Xi = xi has a left-truncated gamma distribution (see, e.g., [47–49]), on the interval (1,∞),
with shape 3/2 and rate θh + 1

2 λ
−1
h [Γ⊤(xi − μ)]2h, whose pdf is given in the last line of (19); in symbols

Wih|X i = xi ∼ LT G(1,∞)(32, θh + 1
2
λ−1h [Γ⊤(xi − μ)]2h). (20)

For theMStmodel, the functions g (Wih) arising in (13) and (15) are g1 (w) =w and g2 (w) = log (w). Thanks to (18)
we obtain

EΨ̇(Wih|X i = xi) = θ̇h + 1

θ̇h + λ̇
−1
h [Γ̇⊤(xi − μ̇)]2h

        =: ẇih

(21)

and

EΨ̇[log(Wih)⃒⃒⃒X i = xi] = ψ(θ̇h + 1
2
) − log(θ̇h

2
+ 1
2
λ̇
−1
h [Γ̇⊤(xi − μ̇)]2h)

          = log(ẇih) + [ψ(θ̇h + 1
2
) − log(θ̇h + 1

2
)], (22)

where ψ (z) denotes the digamma function. The term in squared brackets on the right-hand side of (22) can be
interpreted as the correction for just imputing the conditional mean value ẇih for wih in log (wih).

For the MSSEN model, the function involved in (13) and (16) is only g1(w) = w. The expectation
EΨ̇(Wih|Xi = xi) is, according to (20) and to [49], a ratio between two incomplete gamma functions, or
equivalently

ẇih =
φ3

2
(θ̇h + 1

2 λ̇
−1
h [Γ̇⊤(xi − μ̇)]2h)

φ1
2
(θ̇h + 1

2 λ̇
−1
h [Γ̇⊤(xi − μ̇)]2h) . (23)
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So, by substituting wih with ẇih in (13), we obtain

Q1(μ,Σ⃒⃒⃒⃒Ψ̇) = −n
2
∑
d

h=1
log(λh) − 1

2
∑
n

i=1
(xi − μ)ΓΛ−1 Δ−1

ẇi
Γ⊤(xi − μ)⊤, (24)

where Δẇ = diag(ẇ−1
1 ,…, ẇ−1

d ). In (24), the terms constant with respect to μ and Σ are dropped.
Regardless of the considered mixing variable, Q2(θ

⃒⃒⃒⃒
Ψ̇) can be written as

Q2(θ|Ψ̇) = ∑
d

h=1
Q2h (θh ⃒⃒⃒⃒Ψ̇),

where

Q2h(θh ⃒⃒⃒⃒Ψ̇) = −n log[Γ(θh
2
)] + n

2
θh log(θh2 ) + n

2
θh{1n ∑

n

i=1
[log(ẇih) − ẇih]

      + ψ(θ̇h + 1
2
) − log(θ̇h + 1

2
)}

(25)

for the MSt, and

Q2h(θh|Ψ̇) = θh ∑
n

i=1
(1 − ẇih) + n log(θh) (26)

for the MSSEN. In (25), the terms constant with respect to θh are dropped.

A.1.2 M-step
The M-step, at the same iteration, requires the calculation of Ψ̈ as the value of Ψ that maximizes Q(Ψ|Ψ̇).
According to the right-hand side of (17),Q1(μ, Γ,Λ

⃒⃒⃒⃒
Ψ̇) andQ2(θ

⃒⃒⃒⃒
Ψ̇) can bemaximized separatelywith respect to

the parameters they involve, with the maximization of Q1(μ, Γ,Λ
⃒⃒⃒⃒
Ψ̇) being independent of the particular MSS

distribution considered.
Q1(μ, Γ,Λ

⃒⃒⃒⃒
Ψ̇) is a weighted log-likelihood, with weights ẇ1,…, ẇn, of n independent observations x1,…, xn

from N d(μ,Σ/ẇ1),…,N d(μ,Σ/ẇn), respectively. So, it is possible to verify that the closed-form updates for μ
and Λ are

μ̈ = Γ̇∑
n

i=1
Δ̃ẇiΓ̇

⊤
xi (27)

and

Λ̈ = 1
n
diag[∑n

i=1
Δ−12
ẇi
Γ̇⊤(xi − μ̈)(xi − μ̈)⊤Γ̇Δ−12

ẇi
], (28)

where

Δ̃ẇi = diag

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẇi1

∑
n

j=1
ẇj1

,…,
ẇid

∑
n

j=1
ẇjd

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭.

From the formof theMLupdates in (27) and (28), it is possible to note that μ̈ and Λ̈ areweighted estimates in the
space spannedby Γ̇. In that space, the hth dimension of the ith transformedunit Γ̇⊤xi, i.e. [Γ̇⊤xi]h, contributes to
the estimates of μ andΛwithweight ẇih, i = 1,…, n and h = 1,…, d. ForMSt andMSSENdistributions, aswe can
note in (21) and (23), respectively, ẇih depends on the squared distance δ̇ih = λ̇

−1
h [Γ̇⊤(xi − μ̇)]2h. Interestingly, it is

possible to show that ẇih decreases as δ̇ih increases (see [22] for the t and [14] for the SEN). As a consequence, the
influence of [Γ̇⊤xi]h values associated to large distances δ̇ih is reduced (down-weighted). Therefore, MSS
distributions provide robust directional estimates of μ and Λ in the presence of mild outliers. We use the term
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“directional” because the down-weighting acts separately for each dimension spanned by Γ̇. The update of Γ is
obtained as

Γ̈ = arg min
Γ

∑
n

i=1
trace[Γ(ΔẇiΛ̈ )−1Γ⊤(xi − μ̈)(xi − μ̈)⊤].

We consider the PLR decomposition for orthogonal matrices, proposed in [8], in order to make the minimi-
zation unconstrained. Operationally, the minimization is done via the optim() function for R. The BFGS
algorithm, passed to optim() via the argument method, is used for minimization.

The maximization of Q2(θ
⃒⃒⃒⃒
Ψ̇) depends on the considered MSS distribution. For the MSt, a closed-form

update for θh does not exist. As for the Γ update, we perform the numerical maximization of Q2h(θh
⃒⃒⃒⃒
Ψ̇) in (25),

with respect to θh > 1, by using the optim() function. In the constrained case θ1 = ⋯ = θd = θ, we obtain the
update for the common θ by maximizing

Q2(θ⃒⃒⃒⃒Ψ̇) = −nd log[Γ(θ
2
)] + nd

2
θ log(θ

2
) + nd

2
θ{1

n
∑
d

h=1
∑
n

i=1
[log(ẇih) − ẇih]+

      + dψ(θ̇ + 1
2
) − d log(θ̇ + 1

2
)}

over θ. We always use the optim() function with this aim.
For the MSSEN, Q2h(θh

⃒⃒⃒⃒
Ψ̇) in (26) is the log-likelihood function of n independent observations ẇ1h,…, ẇnh

fromSE(θh), h = 1,…, d. Therefore, from the standard theory about the exponential distribution (see, e.g., [50];
Chapter 19), the update for θh, h = 1, …, d, is

θ̈h = n

∑
n

i=1
(ẇih − 1)

. (29)

In the constrained case, the update for the common θ is

θ̈ = nd

∑
d

h=1
∑
n

i=1
(ẇih − 1)

. (30)

Advantageously, in (29) and (30), the updates for θh and θ have a closed-form.

A.2 Standard errors

Let Ψ̂ be the ML estimator of Ψ computationally obtained, in our case, via the EM algorithm illustrated in
Appendix A. The need now arises to estimate the precision of the ML estimates. This is typically accomplished
by calculating Ĉov(Ψ̂), the estimated covariance matrix of Ψ̂; the square root of the diagonal elements of
Ĉov(Ψ̂) are then reported as standard errors of theML-estimates [51]. However, the computation of Ĉov(Ψ̂) is a
difficult and tedious task because obtaining the derivatives of the log-likelihood is not analytically trivial. To
overcome the problem, current alternative methods are: numeric (using either the complete-data or the
observed-data log-likelihoods) and bootstrap-based (using the parametric, nonparametric and weighted
bootstrap approaches); see [52] for details. We follow the former numeric approach directly applied to the
observed-data log-likelihood.

Before to present the method we use, some notation is needed. Let

s(Ψ) = ∑
n

i=1
si(Ψ)

be the score vector, where

A. Punzo and L. Bagnato: Multiple scaled symmetric distributions in allometric studies 239



si(Ψ) = ∂log fMSS(xi ;Ψ)
∂Ψ

is the contribution of the ith observation to the score vector.
In ML theory, Ĉov(Ψ̂) is usually obtained from the information matrix I (Ψ). If the model is correctly

specified, then I (Ψ) can defined by

I(Ψ) = E[s(Ψ)s(Ψ)⊤].
In our case we cannot obtain these expectations analytically. A simple and classical way to estimate I (Ψ),
based on the score vector (see, e.g., [52, 53]), is given by

I(Ψ̂) = ∑
n

i=1
si (Ψ̂)si(Ψ̂)⊤.

We calculate a numerical approximation of the score vector, evaluated at Ψ̂, by using the grad() function
included in the numDeriv package [54] for R.

A.3 Confidence intervals and tests

Once standard errors are computed, formulating confidence intervals and test statistics is not a difficult task for
ML estimators.

Let Ψ be a generic parameter in Ψ and let Ψ̂, element of Ψ̂, be the ML estimator of Ψ. If we denote the
estimated standard error of Ψ̂ as ŝe(Ψ̂), then its main use is to test H0:Ψ = Ψ0 by the Wald statistic

Z = Ψ̂ −Ψ
ŝe(Ψ̂) , (31)

or to compute Wald confidence intervals. For example, the Wald 95% confidence interval for Ψ is

Ψ̂ ∓ 1.96 ⋅ ŝe(Ψ̂).
Under H0 the asymptotic distribution of Z in (31) can be approximated by a standard normal.

An alternative way to test H0:Ψ = Ψ0 is by using a likelihood ratio test where the null model is fitted by
fixing Ψ = Ψ0, while the alternative model is fitted without this constraint. The test statistic is

LR = −2[l(Ψ̂0) − l(Ψ̂1)]
where Ψ̂0 and Ψ̂1 are the ML estimates ofΨ under the null and alternative models, respectively. Using Wilks’
theorem, under H0 LR can be approximated by a χ2 random variable with one degree of freedom (given by the
difference in the number of estimated parameters between the alternative and the nullmodels), and this allows
us to compute a p-value.
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