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This paper shows the dynamics of diverse beliefsis the primary propagation mechanism of volatility in asset
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distribution of conditional probability functions of agents. We show there are two simple properties of the diversity of
beliefs which drive market volatility: (i) rationalizable over confidence, described by amplification of an agent’s
probability belief, which generates densities with fat tails, and (ii) rationalizable asymmetry in frequencies of bull or
bear states. Diverse price forecastsis essential to our theory. Since at each date agents forecast the market states of
belief, in our general equilibrium context thistool issimply aforma method to allow agents to use the equilibrium
map but make heterogenous but rationalizable price forecasts.
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Deter minants of Stock Market Volatility and Risk Premia:
Mordecai Kurz?, Hehba/i Jin®and Maurizio Motolese’
September 25, 2003
1. Introduction

The economic forces which determine equilibrium market volatility and risk premiaare
probably the most debated topics in the analysis of financial markets. Part of the debate is the
empirical evidence revealing market "anomalies’ which have challenged students of the subject.
Consumption-based asset pricing theory, closely aligned with dynamic general equilibrium theory,
has had a profound impact on our view of financial markets and of asset price determination
process. Early work of Leroy (1973), Lucas (1978), Breeden (1979), Grossman and Shiller (1981),
Mehra and Prescott (1985), Hansen and Singleton (1983) and others show how intertemporal
optimization of investor incorporates a subtle relationship between consumption growth and asset
returns. However, when examined empirically, this same simple relationship fails to provide a
correct quantitative measure of the risk premia of different asset categories. The Equity Premium
Puzzle (see, Mehra and Prescott (1985)) is a special case of the general fact that assets prices are
more volatile than can be explained by "fundamental" shocks and the observed premia on risky
assets are much larger than predicted by the theory.

Risk premiawhich are difficult to account for are not confined to the consumption based
asset pricing theory; they arise while employing diverse models of asset pricing. Three examples
will illustrate. The Expectations Hypothesis is rejected by most studies of the term structure (e.g.
Backus, Gregory and Zin (1989), Campbell and Shiller (1991)) implying excessive risk premium on

longer maturity debt. Foreign exchange markets exhibit a "Forward Discount Bias' (see Froot and
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Frankel (1989) and Engel (1996)) which implies an unaccounted for risk premium for holding
foreign exchange. The market pricing of derivative securities generate excess implied volatility of
the underlying securities which results in unaccounted for risk premia associated with holding of
derivative assets. Many writers treat these type of phenomena as unusual anomalies and give them
distinct labels, presuming standard models of capital asset pricing theory could then account for all
normal premia. Our perspective is different.

This paper contributes to a unified theory of asset price volatility and the determinants of
risk premia. We propose that risk premia are primarily determined by the structure of agents
expectations called "the market state of belief.” Heterogeneity of belief is then the root cause of
price volatility and the main factor explaining risk premia. Our theory incorporates agents who may
be "bulls’ or "bears.” An agent isabull at datet if he expectsthe date t+1 rate of return on his
investment to be higher than normal, where "normal” returns are defined by the empirical
distribution of past returns. A datet bear expectsreturns at t+1 to be lower than normal.

Agentsin our economy do not hold Rational Expectations (in short RE) since the
environment is dynamically changing hence non stationary, and the true probability of eventsis
unknown. In such an economy agents construct their own subjective models of the market. Some
may consider our agentsirrational. We think it is not reasonable to require agents to know what
they cannot know. Hence, in a dynamically complex economy there is a wide gulf between the All
Knowing Rational Expectations agent and irrational behavior which can easily be improved upon.
Our agents hold diverse but rational beliefs in accord with the theory of Rational Belief Equilibrium
(in short, RBE) due to Kurz [1994] and explored in papers included in Kurz [1996], [1997]. We
believe this rationality principle strikes a proper balance between RE and irrational behavior and to

assist readers unfamiliar with this theory, we briefly explain it.

The Rational Belief Principle

“Rational Belief” (in short, RB) is not a theory which demonstrates that rational agents
should adopt any particular belief. Indeed, since the RB theory explains the observed belief
heterogeneity, it would be a contradiction to propose that a particular belief isthe “correct” belief a
rational agents must adopt. The RB theory starts by observing that the true stochastic law of



motion of the economy is non-stationary with structural breaks and complex dynamics, where the
probability law of the processis not known by anyone. Agents have along history of past data
generated by the process which they use to compute relative frequencies of finite dimensional
events and correlation among observed variables. With this knowledge they compute the empirical
distribution and use it to construct an empirical probability measure over sequences. Since these
computations are based on the law of large numbers, the estimated probability model is stationary.
Within the RB theory it is called the “empirical measure” or the “stationary measure.”

In contrast with a Rational Expectations Equilibrium (in short, REE) where the true law of
motion is common knowledge, agents in an RBE form subjective and diverse beliefs based only on
market data. Hence, any principle on the basis of which agents can be judged as rational must be
based on the data rather than on the true but unknown law of motion. Since a“belief” is a model
of the economy together with a probability over sequences of variables, such amodel can be used to
generate artificial data. With simulated data an agent can compute the empirical distribution of
observed variables and the empirical probability measure the model implies. Based on these facts,
the RB theory proposes a simple Principle of Rationality. It saysthat if the agent’s model generates
an empirical distribution which is not the same as the one known for the economy, then the agent’s
model (i.e. “belief”) is declared irrational. The converse also holds: for a belief to be rational its
simulated data must reproduce the known empirical distribution of the observed variables. The RB
rationality principle declares a belief to be rational if it is a model which cannot be disproved with
the available empirical evidence. Since diverse theories are compatible with the evidence, this
rationality principle permits diversity of beliefs among equally informed rational agents. Agents
who hold rational beliefs may make “incorrect” forecasts at date t but must be correct, on average.
Date t forecasts may deviate from the forecasts implied by the empirical probability. However, the
RB rationality principle requires the time average of forecasts to agree with the forecast implied by
the empirical frequencies. It thus follows as a theorem that agents who hold rational beliefs must
have forecast functions which vary over time. The tool we use to describe the beliefs of agentsin
an economy is the “market state of belief.” It is a state variable which uniquely defines the vector
of conditional probability functions held by agentsin the economy at each date .

The RB rationdity principle is compatible with several known theories. An REE is a specia



case of an RBE and so are the REE with sunspots. Most models of Bayesian learning satisfy the
RB rationdlity principle. Also, severa models of Behavioral Economics satisfy this principle for
some parameter values.

Earlier papers using the RBE rationality principle have also argued that agents' beliefs are
central to explaining the volatility of financial markets (e.g. Kurz (1996), (1997a), Kurz and
Schneider (1996), Kurz and Beltratti (1997), Kurz and Motolese (2001) and Nielsen (1996)).
These papers aimed to explain alist of financial "anomalies.” (for a unified treatment see Kurz and
Motolese (2001)). The RBE theory was used by Kurz (1997b) and Nielsen (2003) to explain the
volatility of foreign exchange rates. All these papers used OLG models in which exogenous shocks
are discrete random variables and agents have afinite set of states of belief . Wu and Guo (2003)
(2004) study speculation and trading volume in the steady state of an infinite horizon model. The
novel contribution of this paper consists of three parts: (i) oursis afull infinite horizon model, (ii)
all random variables are continuous and we use standard AR processes to describe beliefs and
exogenous shocks, and (iii) we explicitly model agents' beliefs about the market state of belief,
which amounts to beliefs about the beliefs of others. We argue that this mechanismis central to

understanding the volatility and risk premiain financial markets.

The Main Findings

In this paper we show that there are two simple characteristics of diverse market beliefs
which fully account for the characteristics of market volatility and premia observed in real markets:

(A) high intensity of fat tailsin the belief densities of agents;

(B) asymmetry in the proportion of bull and bear statesin the market over time.
High intensity means the subjective densities agents use to make forecasts have fat tails, the sizes of
which depend upon their states of belief. Asymmetry in the time frequency of belief statesis a subtle
characteristic which saysthat on average, agents are in bear states at more than 50% of the dates.
Equivalently, on average, at more than half of the time agents do not expect to make above normal
return on their investments. Therefore, it follows from the RB principle that when agents are in bull
states and expect above normal returns, their expected excess returns tend to be very high. This

asymmetry reflects the fact that major rises in stock prices occur over arelatively small fraction of



time following market declines. Hence, when agents are in states where they believe a bull market
is ahead, they also expect to make large excess return over relatively shorter periods.

The same model we use to study the statistics of market volatility is used to study other
aspects of market dynamics. We show that our model implies market returns must exhibit
stochastic volatility which is generated by the dynamics of the market state of belief. In addition,
stock prices and returns exhibit a structure of forecastability which is observed in the real data.

We formulate a general equilibrium, consumption based, asset pricing model and study its
computational solutions. However, the paper is not intended as calibration work. Although our
numerical results correspond well to the observed market data, the numerical results are used
merely to draw theoretical conclusions by highlighting the qualitative implications of our theory.

Asto organization, in Section 1 we formulate a model with two infinitely lived dynasties of
agents and two assets. In section 2 we study the volatility of the corresponding REE. In section 3
we define the RBE, explain the rationality of belief conditions and the restrictions they impose on
beliefs. 1n Section 4 we study moments implied by the RBE. In Section 5 we study the stochastic
volatility implied by the RBE and in Section 6 we take up the predictability of returns.

1. The Economic Environment

The model economy has two types of agents and a large number of identical agents within
each type. Each agent is a member of one of two types of infinitely lived dynasties identified by
their endowment, their utility which is defined over consumption and by their belief. A member of a
dynasty lives a fixed short life and during his life makes decisions based on his own state of belief
without knowing the states of belief of his predecessors. There are two traded assets: a stock and a
riskless, one period, bond. The economy has an aggregate output process {Yt ,1=1,2,.. } which
is divided between dividends { D, t=1,2,.. } paid to owners of the common stock and non -
dividend endowment which is paid to the agents. The dividend process is described by
1) D, = D™

where{x,,t=1, 2, ...} isastochastic process under a true probability which is non-stationary with

structural breaks and time dependent distribution. We assume the growth processis a stable



process’ hence it has an empirical distribution which the agents learn and know. This empirical

distribution is represented by the growth rate being a stationary Markov process defined by®
2 X1 = 1- )\‘x) X"+ )\‘xXt * p;l with p;l ~N(O, G>2() i.i.d.

The infinitely lived agents are enumerated j = 1, 2 and we use the following notation:
Ctj - consumptionof j at t;

6{ - amount of stock purchased by | at t;

Btj - amount of one period bond purchased at discount by agent j at t;

G - stock price at datet;

qtb - the discount price of a one period bond at t;

Al - non capital income of agent j at date't;

H, - information at t, recording the history of all observables up to t.

Given probability belief Qtj , agent | selects portfolio and consumption plans to solve the problem

— 1 ivq_
(33) Max  Eoi[)) B'———(C/)' " [H]
. (ci,e,B) to 1l-7v
subject to:
(30) C + &6 +q’B) = Al + (§+D,)0,, + B/;.

We assume additively separable, power utility over consumption, a model that failed to generate
premiain other studies (see, Campbell and Cochrane (2000)). We focus on diverse beliefs hence

assume the two utility functions are the same. Introduce the normalization for j = 1, 2

°A Stable Processis defined in Kurz (1994). It is a stochastic process which has an empirical distribution
of the observable variables defined by the limits of relative frequencies of finite dimensional events. These limits
are used to define the empirical distribution which, in turn, induces a probability measure over infinite sequences
of observableswhich is central to the theory of Rational Beliefs.

®The key assumption is then that agents do not know the true probability but have ample past data from
which they deduce that (2) isimplied by the empirical distribution. Hence the data reveals a memory of length 1
and residuals which arei.i.d. normal. This assumption meansthat even if (2) isthe true data generating process,
agents do not know thisfact. An agent who holds a Rational Belief may believe the true process is non-stationary
and different from (2), but to be rational his model is required to generates the same statistics (i.e. empirical
distribution) as generated by (2).



) AJ ) CJ ~S BJ
CDJt = _t , CtJ = _t , qts E& , btJ :_t_
Dt Dt Dt Dt
With this normalization the budget constraint becomes
(30) ¢+ a8 + a’b/ = o + @7+, + ble™
The Euler equations are
(43) () 6% = BEg[(cl) (1 +gd)e Vi [H]
(4b) (¢)) "a” = BEi[(cly) e " [H,]
and the market clearing conditions are then
(4c) o + 67 =1
(4d) b' + b’ = 0.

2. A Rational Expectations Equilibrium (REE)

To evaluate the volatility of an REE in an annua model we specify parameters of the growth
process (2). Unfortunately, different estimates of the parameter values are available, depending upon
time span of data, unit of time (annual vs. quarterly) and the definition of terms (see, for a sample,
Backus, Gregory and Zin (1989), Campbell (2000) and Rodriguez (2002) Appendix 2, based on
Shiller in (http://www.econ.yale.edu/shiller)). We use the annual estimates reported in Campbell
(2000) Table 3, which are consistent with estimates of Mehra and Prescott (1984). For the rest of
this paper we set = 0.96,y =2.00,x" =0.01773 , A, = -0.117 and o, = 0.03256, all well within
the empirically estimated range. Oursis a theoretical paper aiming to draw qualitative conclusions.
Still, we select realistic parameter values since we wish our simulations to result in numerical values
as close to the observed data as possible. For smplicity we assume w{ = ®, aconstant. Total

resources, or GNP, isequa to (1+2w)D, hence the Dividend/GNP ratio is . Aswe model

1+2m
only income from publically traded stock ownership, the ratio of Dividends to Household Income

should include dividends of the corporate sector but exclude self employed income and imputed
income from other asset categories. Thisratio isabout 15% (see survey datain Heaton and Lucas
(1996)) hence we select oo{ = 3. This haslittle effect on the results.

We define the REE as a solution when agents believe (2) isthe truth. We simulated this REE
and report in Table 1the mean and standard deviations of (i) the price\dividend ratio q ®, (ii) the



risky return R on the stock, (iii) the one year riskless interest rate r, the premium e of equity return
over the return on one year bond, the Sharp Ratio and the correlation between x and stock returns.
Moments of market data vary with sources reporting and methods of estimation. The estimatesin
Table 1 are based on Shiller (http://www.econ.yale.edu/shiller) and others. They represent our best

approximation of the order of magnitude of the data reported in most studies.

Table 1: Simulated Moments Of Key Variables In REE
(all moments are annualized)

q° Gy R og r S, e, shrp Prx
Mode Data 16.71 0.055 7.94% 3.78% 7.70% 0.79% 0.24% 0.064 .995
Market Data 25 7.1 7% 18.00% 1.00% 5.70% 6.00% 3 .100

Theresultsin Table 1 are familiar. Note that apart from the low equity premium, the
volatility of the REE in Table 1 islow: al model volatility measures are lower than market data by
an order of magnitude. The debate about these results under the heading of the "Equity Premium
Puzzle" isimportant since the asset pricing theory is derived in a genera equilibrium framework.
Hence the puzzle requires us to reevaluate the economic foundations of the REE paradigm.

Some writers argued in favor of introducing habit formation in utility to generate time
variability of risk aversion (e.g. see Abel (1990), (1999), and Constantinides (1990)%). Campbell and
Cochrane (1999), (2000) assume that at habit the marginal utility of consumption and degree of risk
aversion rise without bound. Hence, when consumption declines to habit risk aversion increases,
stock prices decline and risk premium rises. Although the model generates moments which are
closer to those observed in the market, the theory is unsatisfactory. First, with X, = habit, utility is
1—}1( (C,- Xt)l’V. But why should the marginal utility and risk aversion explode when C,
approaches the mean of past consumption? Campbell and Cochrane (1999, page 244) show that for
the model to generate the desired moments, the degree of risk aversion is 80 at steady state and

exceeds 300 frequently along any time path. If instead we use Abel’s (1990), (1999) formulation

8 Other approaches to the equity premium puzzle were reported by Brennan and Xia [1998], Epstein and
Zin [1990], Cecchetti, Lam and Mark [1990],[1993], Heaton and Lucas [1996], Mankiw [1986], Reitz [1988],
WEeil [1989] and others. For more details see Kocherlakota [1996]. Some degree of excess volatility can also be
explained with explicit learning mechanism which does not die out (see for example Timmermann (1996)).
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1—_}((—)1 ¥, marginal utility is normalized to be 1 at habit but the model does not generate
volatlllty Second, big fluctuations of stock prices are observed during long periods when
consumption grows smoothly as was the case during the volatile period of 1992 - 2002. Finally, the
model predicts perfect correlation between consumption growth and stock returns but the record
(see Table 1) shows date t stock returns have low correlation with date t consumption growth.
Above all, the habit formation model proposes a theory which claims that asset premia are caused by
an unreasonably high degree of risk aversion. Our alternative view proposes that risk premia are

determined primarily by the structure of market expectations.

3. Constructing a Rational Belief Equilibrium (RBE)
31 Satesof Belief and RBE

In atypical RBE agents believe the environment is not stationary and past data do not
provide a perfect guide to the future. Asaresult, a given stochastic process of exogenous shocksiis
compatible with diverse beliefs about the future and hence with diverse RBE. Our methodology of
studying RBE is to construct a large family of such equilibria and to examine the volatility
characteristics of its members. The family is characterized by an AR stochastic law of motion of the
state and by a structure of agents' beliefs. We think the structure of beliefs is as primitive an
explanatory variable of economic phenomena as utility, technology or financial constraints. Hence
we aim to understand the characteristics of those belief structures which generates volatility and
premiain the order of magnitudes observed in the data.

To define RB, consider the economy as a data generating mechanism so that from past data
agents know the empirical distribution of observables. A Rational Belief is a probability measure on
sequences of future states together with a model of the economy. It has a property that if smulated,
it generates the same empirical distribution as the empirical distribution of the observablesin the real
economy. Conditional forecasts induced by an RB may be wrong at any date but their time average
are correct in the sense that they equal the forecasts that would be made with the probability measure
implied by the empirical distribution. We call this probability The Sationary, or Empirical,



Measure®’. To use these ideas we need a tractable way to describe beliefs and thisis our next task.

The tool we use to describe the distribution of beliefs at date t is the “market state of belief.”
In atwo agent economy it isavector z, = (ztl : th) e R? which defines uniquely date t conditional
probability functions of the agents. In any equilibrium endogenous variables are functions of state
variables, lagged endogenous variables and in our case we add (ztl : ztz) . If we denote exogenous
shocks and lagged endogenous variables by s, the equilibrium price process { (@, qtb) 1=1,2, ..}
is then defined by a map like

s

©) 1= Es 22D,

Q;
Our equilibrium is thus a Radner (1972) equilibrium with an expanded state space that includes state
of belief (zt1 , zf) . The map (5) reflects thisfact. Since agents use the price map (5) to forecast
future prices, they need to forecast future market states of beliefs, which are the future beliefs of
“other” agents. Although both agentsuse Z in (5) to forecast t+1 prices, their price forecasts are
different since each agent forecasts future state variables and future market beliefs given his private
state of belief. We explore thisissue later when we discuss the subjective models of the agents.

In this paper we construct an RBE, use perturbation methods to compute it and study its
volatility viasimulations. Since we wish to demonstrate our economy exhibits fluctuations which are
qualitatively similar to those observed in the market, our construction proceeds in three steps'™.

() Specify afamily of empirical distributions of state variables which is then assumed known to
agentswho learn it from the data. Most parameter values are based on their empirical estimates,

known from other studies. Some values are based on our best judgement.

® The empirical distribution of the observable variables or their moments induce a probability measure
over infinite sequences of observables which is central to the theory of Rational Beliefs. A genera definition and
construction of this probability measure is explained in Kurz (1994), (1997) or Kurz-Motolese (2001) whereit is
shown that this probability must be stationary. Statements in the text about “the stationary measure” or “the
empirical distribution” is always a reference to this probability. Its centrality arises from the fact that it is derived
from public information and hence the stationary measure is known to all agents and agreed upon by all to reflect
the empirical distribution of observable equilibrium variables. In terms of equilibrium concepts, an RBE has the
property that within the set of market beliefs an RBE is afixed point in empirical distributions.

19 For a detailed account of the theory of Rational Beliefs see Kurz (1997a) and for additional details
regarding the constructive approach to RBE, see Kurz and Motolese (2001), Section 2.4.
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(i1) Specify the beliefs of agents and formulate conditions which then rationalize them relative to the
empirical distribution specified in (i). These are the rationality conditions of the RBE.
(iii) Use the equilibrium conditions developed earlier to define equilibrium prices and endogenous

variables, and then study the dynamics of an equilibrium by simulating the model economy.

3.2  TheEmpirical Digtribution of the Sate

In a Markov economy a probability is represented by transition functions over states. In our
congtructed RBE the state vector is (x, , ztl , zf) where x, isthe growth rate of dividends and
(z', z7) isthe market state of belief. In alarge economy it would be a distribution but here we
have only two dynasties. For an empirical distribution we specify stationary transition functions for
the state variables. The true process of the shocks{ x,, t = 1, 2,...} isastable and non-stationary
process, incorporating structural changes, with a probability law which is not known to the agents.
However, for equilibrium analysis the true process does not matter: all that mattersis the empirical
distribution of the process and what agents believe about the true process. We assume the joint

empirical distribution of the exogenous shocks and the states of belief is an AR process of the form

68 X, = (1 -A)X" +AX +pl, P o |65 0, 0
6b) 7', = Azt e (X -X) +phy . | pig| N[O, |0 1 o,l=%|, iid
(6¢) th+1 - )‘zzztz * )“i (X, -x7) + ptz+1 z? 0 0, 65, 1

Pr+1

Valuesfor (A, ,x" , o, )wereset in Section 2. We normalize by setting variances of pfjlequal to 1.
To specify parameters of the Z equations we explain later the index Z measures how optimistic an
agent is about future returns on investment. With thisin mind we used forecasts reported by the
Blue Chip Economic Indicators and the Survey of Professional Forecasters, and “purged” them of
observables. We then estimated principal components to handle multitude of forecasted variables
(for details, see Fan (2003)). The extracted indexes of beliefs imply regression coefficients around
0.5-0.8 henceweset A,.=1,.=0.7. Thereishigh correlation across investors who forecast
financial variables such as corporate profits. Even higher correlation exists with respect to forecasts

of productivity growth. Wethusset ¢,.,.=0.90. Inthispaper we study only symmetric
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economies where agents differ only in their beliefs hence we assume A% =2 = AZ. The evidence
shows that positive productivity shocks lead agentsto revise upward their economic growth
forecastsimplying A2 >0. Our best guess of this parameter leads usto set A = 2.0 but we discuss it
again later. Finally, we denote by m the probability measure on infinite sequences implied by (6)
together with the invariant distribution as the initial distribution.

To write (6) in amore compact notation let w, = (x, - x*,z',z7), p, = (pr, pfl, pfz) and
denoteby A the 3x3 matrix of parametersin (6). We then write (6a) - (6¢€) as
(7 Wy = AW, +py 0 Py ~ N(O,L X)

where X isthe covariance matrix in (6). Denote by V the 3x3 unconditional covariance of w

defined byV = E_(ww’). Welater need the value of V and compute it as solution of the equation
(8) V = AVA’ + 3.

3.3  Personal Sates of Belief and the Anonymity Principle

In a non-stationary environment, an agent’s conditional probability is time dependent and
over time he deviates from the forecasts implied by the empirical distribution. His conditional
probability may be above the empirical probability (he is“optimistic”) or below it (heis
“pessimistic”). But why specify the formal belief formation model our agent usesto deviate from
the stationary empirical forecasts? A theory that uses the distribution of heterogenous beliefs to
explain observed phenomena faces the problem of determining alevel of detail at which agents
explain why they adopt the beliefs they hold. If we require a complete specification of such
modeling, atheory is doomed to get bogged down in details about inference from small samples and
information processing. Such approach is useful, but from the perspective of equilibrium theory it is
not needed. All we need is amethod to describe how an agent’s model affects his conditional
probability and to ensure the rationality of belief conditions are satisfied. Since the rationality
principle requires the time average of the conditional probabilities to equal the empirical frequency,

his conditional probability beliefs fluctuate around the empirical measure. Hence we seek atractable
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mathematical description of non-stationarity with which to keep track of the statistical regularity at
which an agent deviates from stationary forecasts.

Our tool to accomplish the above goalsis the state of belief ytj eY ) of j. It isanindex
which fully specifies his conditional probability function.™* It is formally similar to models where Y
is aset of possible regimes, and y, are “regime variables.” The subjective variables ytj eY! are
parameters the agent uses to describe hisbelief. Their main benefit is statistical since the stochastic
structure specifies the empirical regularity of ytj and this regularity is used to state the rationality of
belief conditions. Since rational agents do not deviate systematically from empirical forecasts, in
order to establish rationality of belief we need a statistical measure of an agent’s deviations from
these forecasts. ytj e Y | are simple mathematical devices used to measure such regularity.

We remark that ytj are privately perceived by agent j and have meaning only to him. Since
adynasty consists of a sequence of decision makers, ytj used by one has no bearing on the
description of beliefs by other dynasty members. Y1 and Y ¥ for j # k do not even need to be the
same spaces. an agent’s theory about investing in technology of one era (when j lives) has nothing to
do with the reality of investments at a different era (when k lives). Unfortunately, diversity of
Y I+Y Kforj=k isnot tractable. To improve tractability we make two assumptions. First, we use
thesamespace Y1 = R for al j and assume an agent knows only the short history of his own ytj :
He does not know the states of belief of his predecessors. Second, we assume individual states are
made public and their distribution (ztl : ztz) isrecorded as a “market state of beliefs’ subject to the
anonymity of individuals behind public data. To maintain competitiveness, each agent is assumed not
to associate his own belief with market states. Due to the fact that there are two types of agents this
anonymity assumption needs clarification.

Although the market state of beliefs at t is nothing but a distribution of the ytj , anonymity

™ Thus let X be a space of observables and let ((X)*, CB((X)*) be the space of infinite sequences of
observables where C3((X)”) isthe Borel o-field of (X)”. To describe anon-stationary process we use variables
y; € Y ! with amarginal probability space ((Y )=, ¢B((Y !)", u). We then define the desired non-stationary
probability to be Q' = QI((+) |y'), the conditional probability of Q' with respect to the sequence yi. Q satisfies
the condition that for all A & (B(X") and B & ¢B((Y 1)) |
Q!(AxB) :nyJ;(A)H(dyJ)-

. B
The effective probability space ((X)*, B((X)*, Q Jj) implies non-stationary dynamics of the observables since
probabilities of eventsin ¢3((X)™) are not time invariant: they change with the time varying parameters y,'.
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requires that agents do not make any connection between their own ytj and the distribution of
beliefs in the market™. Anonymity is so central that we use three notational devicesto highlight it.
0] ytj denotes the state of belief of j as known by the agent only.
(i) (ztl : th) denotes the market state of belief, observed by all agents. Being competitive,
they do not associate ytj with (ztl : ztz) although ytj = ztj is abasic consistency condition.
(iii) (z):,z'3) describesagent j's forecast of the market state of belief at future date t+1.
To state the rationality of belief conditions we specify a sequence of individual states { ytj =1, 2,
..} for j=1,2. The consistency condition y,} = z! requires the empirical distribution of y,' to be
the same as the distribution of ztj in (6). Thus, the agent’s state of belief is characterized by a
sequence of random variables f)tyj ,t=1,2,... suchthat { ytj, t=1, 2, ..} aretherealizations of

i i i . oyl oyl - .
©) Vo= MY e (- x) < Bl Bl - N(0,E)) ., j=1.2

(9) is compatible with the ztj equation in (6) except that (6) specifies ajoint distribution of all state
variables while (9) specifies only amarginal distribution of | as perceived by agent j (for more
details, see Appendix B). Since{ ytj, t=1, 2, ..} exhibit seria correlation, we exclude from ytjall
information already in the market at t in order to isolate the pure subjective component of belief.
To that end introduce a variable u/(y/') asfollows. Denote by r, = Cov(w,y!) agent j's

covariance vector and, keeping in mind (8), define u/(y,) by the following regression filter
(10) ul(y) =y, - rv .
By construction, the pure belief utj(ytj) is uncorrelated with date t public information. We show

later that it is serially uncorrelated. Notethat u/(y,) acquires meaning only when we specify what |
doesin state ytj . The formal structure to do that are the perception models of the agents.

2 This requirement on the agent is analogous to the behavior of producersin a competitive market with a
finite number of firmswho are required to disregard their impact on prices. By looking at past data a competitive
firm in amarket with a finite number of firms can demongtrate that it had an effect on pricesin violation of this
assumption. Thistype of empirical “test” iswhat is assumed away here to ensure competitive behavior of agents.
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3.4  Perception Models and the Rationality of Belief Conditions

A perception model is a set of transition functions of the state variables, reflecting the
agent’s belief about date t+1 transition probability. We first explain the general form of a
perception model, using (7), providing details later. Let wtﬂl be avector of state variables at date
t+1 as perceived by agent j and let ‘Pt+1(utj) bea 3 dimensional vector of date t+1 random

variables conditional upon parameter ytj. A perception model has then the general form

(11a) w', = Aw, + ¥, ,(u/) together with (9).

Since E(W,.,[H,) = Aw, write (118) in the simpler form

(11b) Wy - En(Wep [H) = ¥i(u).

In general E[‘Pt+1|ut"] # 0 hence the mean value of the agent’ s forecast changes with the state of

belief . (11a) -(11b) show how agent j's expectations deviate from E,_(w,,, |H,) and how the
deviations depends upon ytj via utj. If ¥, ( utj) = p,,185in(7), | usesthe empirical probability

m as his belief. With this formulation we can state the rationality of belief conditions. These
require the empirical distributions of (7) and (11a) to bethe same. For w,,, -E_(w,,|H) tohave
the same empirical distribution as wtﬂl— E,(W,, |H) meansthat the empirical distribution of

{ lI’H(ut"), t=1,2,..)} in(11a) isthe same as the distribution of p, , in (7), whichisN(0,X). This
implies the empirical distribution of { ¥,.,(u)), t =1, 2,...)} isN(0, Z)® and ¥,,(u,)) does not

exhibit serial correlation. We now explain the details of these requirements.

3.4a Formulating The Perception Models
In modeling lI‘H(ut") we consider several factors. Agents may be over confident by being
optimistic or pessimistic relative to the empirical forecasts. Evidence from the psychological

literature (e.g. Svenson (1981), Camerer and Lovallo (1999) and references there) shows agents

3 From the perspective of the agent the sequence ytJ isjust a sequence of parameters. However, for these
rationality conditions we need to study the empirical distribution of sequences { \P“l(utj) ,t=1,2,..)} which
depend upon the u/'. In order to do that we need to know the empirical regularity of the y,' and thisis where the
specification (9), about the statistical regularity of these assessment variables, comeinto play.
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exhibit such behavior. Sincein an RBE agents do not know the true probability, in our context
such behavior is not irrational if it respects the rationality principle. But why do agents make either
bullish or bearish forecastsin our model? Condition (6) specifies only the empirical distribution of a
non-stationary state process. Moreover, for stating the Euler equations and equilibrium map the
true processis not relevant; al that mattersis what agents believe the processis. Technologica and
institutional changes are central features of our economy and past statistics do not provide the best
forecasts for the future. Deviations from the empirical forecast reflect judgements, based on limited
recent data, about “structural breaks’ or, more generaly, about market “timing” and about changes
in market conditions an agent believes are occurring. The motive for making such judgments arises
from the substantial financial gains to agents who assess correctly the conditions which determine
future dividends and prices. However, the formal subjective belief formation modeling is kept in
the background. A second factor to be considered in modeling ‘Pm(ut") isrelated to the rationality
conditions which require that lI’H(ut") is serially uncorrelated. Finally, the effect of the state of
belief utj on the forecast of agents has two different components which are operative in an RBE:

(i) freguency at which utj induces deviations from the stationary forecast in each direction;

(if) intensity of forecast deviation generated by any given value of utj :
Rationality of belief implies a tradeoff between these two effects and this substitution is important
and will be explored later when we discuss the results.

To address all these issues we specify the random sequence ‘Pm(ut") to take the form

)\';Jpjt+l(utj) + 5;1
. 1 : ~7il
(124) lIlt+1(utj) = 7”>Z,Jpjt+1(utj) * Pra -
2 . . o j2
| L ¥ pla(u) « 5
= (P, BL, , BE) arei.i.d. zero mean Normal variables with covariance matrix Q  which is
Pt+1) = Pte1 s Pea s Prea PP
pinned down by the rationality conditions. Q. isa3x3 matrix, thesameas X in(7). Buta
perception model has yj as afourth dimension with a covariance matrix denoted by Q, reflecting
t
. 1 2 1 2
the vector r, = Cov(w,y’) for j=1,2. Theparameters A = (xil,x;,xil) = (x;Z,x;,x;)
(equality due to symmetry) are the object of our study and their effect on volatility is examined

later. We next construct the random variables p{+l( utj ).
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Asymmetry and Intensity of fat tailsin the Random Variables ‘Pt+1

pm(ut‘) allow belief to exhibit asymmetry and "fat” tails, reflecting over confidence. We
define p{+1(utj) by specifying its density, conditional on utj as a step function of the form

o {ey(u)e(pry) if ply >0
(120) P(pi.,|u’) = o o
(pz(uj)(l)(pjt+l) If th+1 < 0 )

. . s
where pl_, and pY.; (in (9)) are independent and where  ®(p) = [1/y/2x] e 2. The functions
(¢,(u),,(u)) are defined by alogistic function with two parameters a and b

1

— =, anddefine G=Ed(U),
1+eb(u17a)

(13) o(ul) =

(14) a>0, b>0 and g,(u) = &Y

s ¢, (ul) = 2-g,(ul) .

The parameter a measures asymmetry and the parameter b measures intensity of fat tailsin
beliefs. Technical details of this construction are discussed in Appendix A.

To explain (12)-(14), notethat for u/ large, p(u') goesto zero, implying that @,(u’)
goesto zero. Hence, by (12b) large utj> a implies high probability that le >0. Similarly, small
utj < a implies high probability that le <0. Tointerpret what utj > a means requires a model
convention. Any convention must specify what le >0 means and this depends upon ¥, 1(Utj) . In
an economy with (>0, x§1>o,x§2>0), pl., >0 raisesj sforecast of w', =(x},,z%,2%). This
motivates a formal definition of bull and bear states.

Definition: Let Q! be the probability belief of agent j. Then utj issaid to be
abull statefor agent j if Eqi[w/yu/ H]>E (W, [H) = Egil¥,.,(u))lu/,H]>0,
abear statefor agentj if Eg[w/;|u’,H] <E (W ,IH) = Egl[¥. . (u)|u/,H]<O0.

The random vector ¥, ,( utj) depends upon parameters while it’s expected value is
)‘ EQth+1(ut)
EQJ[TnllutJ’Ht] =% JEijt+l(u ) -

)“ EQth+1(ut )
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Hence, if x; > 0 the condition utj >a saysagent j isabull who isoptimistic about date t+1
dividend growth being above normal. If ()@1 >0, )@2 >0), u) >a saysagent j believes date t+1
market state of belief will be above normal. Higher market optimism implies higher future capital
gains and hence higher total returns. “Normal” is defined by the empirical forecast under m. In
the development below we study two types of economies which we now define.
Economy 1: for all agents >0, k§1 >0, )@2 >0 and bear states are more frequent, while

utj > a means agent j is optimistic about dividend growth and stock returns at t+1

utj < a means agent j is pessmistic about dividend growth and stock returns at t+1.
Economy 2: for all agents A, <0, %\jl <0, 7\52 <0 and bull states are more frequent, while

utj > a means agent j is pessmistic about dividend growth and stock returns at t+1

utj < a means agent j is optimistic about dividend growth and stock returns at t+1.

What are the beliefs in bull and bear states? Consider Economy I. As (utj -a) increase,
¢,(u)) risesand ,(u/) declines. Hence when u, > a an agent increases the positive part of a
normal density in (12b) by a factor (pl(utj) > 1and decreases the negative part by (pz(utj) <1. When
utj <a the opposite occurs. the negative part is shifted up by (pz(utj) > 1 and the positive part is
shifted down by (pl(utj) <1". The amplifications (¢,(u),,(u)) are defined by U, by a and by
the'fat tails’ parameter b. The parameter b measures the degree by which the distribution is
shifted per unit of (u, - a). In Figure 1 we draw densities of pi(ul) for U >aandfor U <a
These are not normal densities. As u, varies, the densitiesof p!_,(u.) change. However, the
empirical distribution of utj is normal with zero unconditional mean and hence the empirical

distribution of p!.; (u/), measured over time, also has these same properties.
FIGURE 1 PLACE HERE

14 1t will become clear that shiftsin probability of positive and negative outcomes means changes of
probability belief in gains or losses of investments. Hence, it will reflect unequal valuation of gains and losses and
this may remind the reader ideas developed in the psychological literature under the heading of Prospect Theory
(see Kahneman and Tversky (1979)). Prospect Theory suggests that apart from concavity, it isinherent in the
utility of agentsto treat a small loss as more significant than an equal gain. Our agents do indeed place heavier
weight on losses when they are pessimistic about investment returns and they place a heavier weight on gains when
they are optimistic about returns. However, this difference in weight arises because they do not believe that the
gains and losses are equally likely. Moreover, under our treatment they may place increased weight either on
losses or on gains, depending upon their state of belief.
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The parameter a measures asymmetry. |t determines the frequency at which agents are
bulls. To seewhy notethat if a=0, (13) is symmetric around O ( the unconditional mean of u)
and the probability of U > 0is50%. Whena> 0 the probability of U > a islessthan 50% and if
A>0, %§1>0 , %§2>0, the frequency at which j is pessimistic, exceeds 50%. |n alarge market this
would mean that , on average, a mgjority of tradersis pessmistic about t+1 returns. However,
“optimism” does not mean a belief in high returns but rather, it is a high probability belief in above
normal returns. Also, it isirrational to aways be a bull or always be abear. Hence, if an agent isa
bear more than 50% of the time, the intensity of his optimism (when optimist) must be greater than
the intensity of pessimism (when pessimist). “Intensity” means deviations from the empirical
probabilities. This discussion shows that when 3;>0, %§1>0 , %§2>0 bears are in the majority and
hence an agent is more intense when heisa bull.

Each component of ‘Pm(ut") isasum of two random variables. Thefirst isasin Figure 1
and the second isnormal. In Figure 2 we draw two densities of ‘Pm(ut") . Eachis a convolution of
anormal density with adensity asin Figure 1: onefor U >aand onefor U <a, showing each has
a“fat tail” relative to the empirical distribution. Note that since b measures the intensity by which
the positive and negative portions of the distribution in Figure 1 are shifted, it measures the degree
of fat tails in the distributions of lI’H(ut"). Since the empirical distribution of u! is normal, when
U varies over time, averaging of the densities p/(u') over u’ generates a random variable which is

normal. This averaging of dengities is the way we check the rationality conditions.
FIGURE 2 PLACE HERE
The parameters a and b are central as they regulate asymmetry and intensity of the agents

confidence about future states. The feasible values of the parameters are determined by the
rationality conditions developed in Appendix B. The question we ask is then simple: are there
feasible values of the parameters so the model replicates the empirical record of the U.S. economy?

Moreover, what is the economic interpretation of the behavior implied by these parameter values?

The Explicit Form of the Perception Models
We can now combine the development up to now to formulate the final form of the

perception models of the agents:
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. . . . i
(158.) XtJ+1 = (1 _)\'X)X + )\‘xxt + )\';J'p]t+l(utj) + p;l

. 1 . 1 f 7l
(15b) Z0 = o+ R (X X)) A pa(W)) + B
1 2 _ 2 22 ] 22 ooy L x2?
(15¢c) Zi; = hpzi + )”x (X, =Xx7) + )‘y_JPtﬂ(ut) * Pre1
(15d) yt{r]_ = )\'ijtj + )">Z(J (Xt - X*) * 5{:1

OS J  J L

B= XL P BY ) isiii.d. Normal with mean zero and covariance matrix Q to be specified.
We note two items. First , the terms x; J- pj(utj) in the first equation reflects diverse beliefs
about dividend shocks and about interpreting public news x, for forecasting x,,,. The agent’s
forecast of X, is Eg X)q = A X + x;jEQtj pla(ul), not 2 x, asin (6a). x; iEq pl..(u)) measures
the agent’ s forecasted deviation from the value in (6a). Second, the terms %\jlpm( utj) : x;zpm( utj)
in the third and fourth equations measure the effect of j’s belief on his forecast of the belief of
others (z7, 2% at t+1. Since pricesdepend on(z';,z°,), the terms%\jjlp"m(ut") and k\jjzp"m(ut")
add heterogeneity to forecasts of t+1 prices and endogenous variables. These are the key forces

which generate market volatility.

3.4c The Rationality of Belief Conditions
As noted before, the rationality principle requires that
. . - i X
)\';J' pjt+l( utj) + p;l phl
16) ¥ (u) =| 2270 (ul)+5Z"| hasthe samejoint empirical distribution as p, . =| pZ, | .
11\ i Prea Uy ) TP t+1 | Pt

. o
z) ~z) 2

ij Pjt+1(utj) * Pt ptz+1

In Appendix B we show two facts: (@) that these conditions fully specify the covariance matrix Q

of the innovations ), and (b) that ¥, ,(p},,(u/)) is serially uncorrelated.

Positive Definiteness of Q as Implied Restriction of the Rationality Conditions

We study here only the symmetric case and for the empirical distribution we assume

)\.Z:)\.ZlE)bzz ) )»i:)\ilf)\iz.

For the beliefs we use the symmetric notation
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Na=ho=h A, =N =20, =0, =), al=a’=a and bl=b’=b.
y y y y y y
Hence, beliefs are determined by four parameters ()\y" , x; , a, b). These are then dragtically

restricted by the condition that 2 is positive definite. Some implications of this condition are:

. o, = 0.03256 implies |A;| <0.03. The covariance structure further restricts [A;| < 0.028.
. The covariance structure implies that |7\§| < 0.35.
. The parameter b has afeasible range between 0 and 9.

3.4d Model Parameters and a Note on Computed Equilibria

Our goal isto explore the effect of belief parameters (A}, A7, a, b) on market volatility and
provide an economic interpretation. We also test which of the two economies (Economy 1 vs.
Economy 2) is more compatible with the data. For Economy 1 we select A = 0.025, A = 0.30
which are positive and as large as possible in the feasible region.™® Setting them as high as
consistent with rationality allows a focused discussion of the effect of the parameters (a, b) inthe
following way. First, given the selected values of (4], ), we ask if there exist values of the
asymmetry parameter a and intensity of fat tails parameter b such that an economy with these
parameters generates volatility with characteristics that are familiar from the data? Second, what
are the qualitative properties of economies with such parameter values?

We compute equilibriain this paper using perturbation methods and utilizing a program
developed by Hehui Jin (see Jin and Judd (2002) and Jin (2003) ). A solution is declared to be an
equilibrium if the following holds: (i) amodel is approximated by at least second order derivatives,
(i) errorsin market clearing conditions and Euler equations are lessthan 103, In Appendix C we

provide more details on our computational model.

4, Characteristics of Volatility I: Moments

We now study the moments of the time series generated by our model. Intensity of fat tails

> Thefeasiblesetis open as it requires the covariance matrix to be positive definite hence no maximal
values can betaken. The objective isthen isto set the parameters so that they are close to the boundary but do not
destabilize the computational procedure, generating error in the Euler Equations. For example, 7\; =0.027 is
feasible but 7\; = 0.028 isnot hence 7\; = 0.025 is sufficiently far from the boundary to enable computed
solutions with low error in the Euler Equations .
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and asymmetry in beliefs are crucial components of our theory. They enable the model to generate
time series that match the U.S. record. But, what is the role of intensity and asymmetry in the
propagation of volatility and which of the two types of economies discussed earlier are compatible
with the empirical record? The answersto these questions show how the model matches the data
However, they also explain on atheoretical level the forces which generate volatility and risk

premia without reference to the particular values of the moments recorded in the U.S.

4.1  TheRoleof Intensity

We thus start with an experiment disabling the asymmetry parameter by setting a=0 while
varying the intensity parameter b. Keeping in mind that parameters of the real economy imply
riskless steady state values q°* = 16.57 ,R" =r" =7.93, wevary b from b=1uptoavaueat
which the mean riskless rate reaches the value of 0.5%. Table 3 reportsthe results. These show
the market exhibits substantial non - linearity in response to rising market volatility as g°and cqsdo
not change monotonically with market volatility. However, as market volatility increases the
following change in a monotonic manner:

. Therisky rate R risesfrom 7.89% to 11.40%

. The standard deviation o of the risky rate rises from 4.72% to 24.23%

. Therisklessrate r declinesfrom 7.48% to 0.55%

. The correlation coefficient p (x,R) declinesfrom 0.76 to 0.11

. The Sharp Ratio (Shrp) rises from 0.09 to 0.45.

Without a detailed numerical demonstration we add the fact that the pattern observed in Table 3
remains the same for all feasible belief parameter of the model. Hence, the reasoning offered
below does not depend upon parameter valuessuchas (A}, A)).

Table 3 shows the riskless rate declines towards 1% simply because the RBE becomes
more volatile. This affects both the volatility of individual consumption growth rates as well as
their correlation with the growth rate of aggregate consumption. In an REE this correlation is close
to 1 but not in an RBE where variability of individual consumption growth depends upon the
agents beliefs. The low observed riskless rate has been a central problem in the equity premium
puzzle debate (see Weil (1989)) and the effect of the parameter b goesto the heart of thisissue.
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Our theory offers the intuitive explanation that non normal belief densities with fat tails and high
intensity propagate high market volatility hence risk, making financial safety costly.

Table 3: The Effect of Pure Intensity
(all moments are annualized)

b= 1.00 2.00 3.00 4.00 4.25 475 4.95

a=0 Record
qs 16.92 17.60 18.88 19.99 19.74 17.27 15.20 25

Oy 0.63% 1.42% 2.51% 3.87% 4.12% 4.07% 3.72% 7.1%
R 7.89% 7.86% 7.86% 8.28% 8.61% | 10.11% | 11.40% 7.0%
Og 4.72% 7.42% | 11.30% | 16.37% | 17.90% | 21.84% | 24.23% | 18.0%
r 7.48% 7.13% 6.61% 5.55% 4.94% 2.44% 0.55% 1.0%
o, 2.45% 3.71% 3.67% 1.98% 1.48% 3.24% 5.26% 5.7%
& 0.43% 0.72% 1.24% 2.74% 3.67% 7.67% | 10.86% 6.0%
p(X,R) 0.76 0.46 0.28 0.18 0.16 0.12 0.11 0.12
Shrp 0.09 0.10 0.11 0.17 0.20 0.35 0.45 0.33

Now compare Table 3 with the empirical record. Asvolatility increases and the riskless rate
r reaches 0.5% we seethat (i) g° declines below 25, (ii) R rises above 7.0%, (iii) o rises above
18.0%, (iv) the Sharp Ratio rises above 0.33. A moment’s reflection shows that these are
reasonable conclusions for a symmetric volatile economy. In asymmetric economy bear and bull
states are perfectly symmetric: each bull market state has an exact opposite bear market state. Such
symmetry implies that as risk level increases, the riskless rate should decline as the cost of safety
increase and the risky rate should rise for symmetric reasons. For the riskless rate to decline but for
the risky rate to remain the same in response to market volatility, there must be some asymmetry in
the belief structure to induce arise in the price to dividend ratio. The instrument for asymmetry is
the parameter a which provides a measure of the time frequency of bear states. This frequency is
d)(i), and since a> 0 we conclude that d)(i) > 50% (@ isthe cumulative standard normal).
But (\j\lfhen a> 0 thetail onthe bull side must c:rlﬁpensate for the higher frequency on the bear side
hence the bull distribution must be more skewed than the bear distribution. As discussed earlier,
there are two asymmetries within our model which define two types of economies that we consider.

In Economy 1 bear states are more frequent while in Economy 2 bull states are more frequent.

4.2  \Which Asymmetry?
In Table 4 we test the two asymmetries with the following experiment. Wefix b=4.85,
a=0.40 and pick three random pairs of valuesfor A;>0, A >0. We then simulate the equilibria

for these pairs and for the negative values of the same pairs. The aimisonly to examine the effect

23



of switching positive to negative signs. The results for kyx <0, k§ <0, ontheleft side of Table 4,
are entirely counter-factual. Asymmetry according to which bull states are more frequent imply too
low Price/Dividend ratio and too high risky and riskless rates. These qualitative conclusions remain
thesameforal a>0,b>0, %yx >0, %§ > 0 for which this experiment is feasible. Hence we reject
the hypothesis that bull states are more frequent. However, we now give an intuitive explanation
for the higher Price/Dividend ratio and the lower returns on the right side of Table 4.

Table 4. Which Asymmetry?
(all moments are annualized)

Economy 2 Economy 1
Jy=-0.025 | Aj=-0.023 | Ay =-0.023 )y =0.023 | 3;=0023 | A)=0.025
by=-0.26 | A=-028 |1=-0.30 y=030 | %,=028 |15 =026
6.20 6.34 5.66 q° 26.92 29.74 34.55
0.88% 0.86% 0.80% Oqs 498% | 5.95% 7.97%
19.33% 18.87% 2095% | R 6.96% | 6.74% 6.72%
13.91% 13.44% 14.23% | oq 16.64% | 17.44% 20.05%
23.40% 22.96% 2457% | r 3.06% | 3.85% 3.28%
26.67% 25.75% 27.76% | o, 294% | 1.97% 1.89%
-4.07% -4.09% -362% | e 390% | 2.89% 3.44%
0.34 0.35 0.34 pP(XR)| 017 0.16 0.13
-0.29 - 0.30 -0.25 Shrp | 0.23 0.17 0.17

Agentsin Economy 1 arein bear states at a majority of dates. This meansthat at more than
50% of the dates they do not expect to make abnormal stock returnsin the subsequent date. They
expect dividends to grow slower than normal and their stock portfolio to produce lower than
normal returns. The question is; what is the resulting equilibrium “normal” Price/Dividend ratio?
To answer this question we distinguish between the price of the stock and the Price/Dividend ratio
q°s. Thenon - normalized Euler equation (4a) is (C/) 78, = BEqil (CL) (D, + 8511
Hence, if an agent becomes bullish about future dividend growth rate his demand for the stock
increases and if most agents become optimistic, equilibrium stock price rises. If a majority become
bearish about future dividend growth the price declines. The situation is different for q * as can be
seen from the normalized Euler equation (4a) (c) 7q,° = BE,I CARICET AT
Suppose an agents’ perceived conditional distribution of x,,, is shifted downward. The effect on
equilibrium g ® depends upon the elasticity of substitution between ¢, and c,; whichis —i.
Being pessimistic about future returnsis the same as considering present consumption as Iegs
expensive. Since y = 2, for apessimistic agent a 1% decreased relative cost of today’s

consumption leads only to a 0.5% increase in today’ s consumption. Equivalently, in an economy
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where agents are, on average, more frequently bearish about X, , the time average of q ® is higher.
Thisimplies that in an economy where agents are, on average, bearish more than 50% of the time
the average price to dividend ratio is higher and the average rate of return is lower than in an
economy where agents are, on average, bullish more than 50% of the dates. Thisis exactly what
happensin Table 4.

We do not have direct evidence in support of our conclusion that the frequency of bear
states is, on average, higher than 50%. However, this conclusion is supported by the empirical fact
that, on average, most above normal stock returns are made over relatively small proportion of
time in which asset pricesrally strongly (see Shilling(1992)). An agent who invests for the long run
experiences large above normal returns only a small proportion of time. Hence, on average, the
proportion of time that one may expect to make above normal return is much less than 509%™
Additional indirect support comes from the psychological literature which suggests agents place
heavier weight on losses than on gains. In our treatment thisis indeed the case at majority of dates
due to the fact that on those dates agents believe abnormally lower return are more likely than
higher. It follows from the RB principle that the higher frequency of bear states implies that when
in bull states, an agent’s intensity of optimism is higher than the intensity of pessimism. This means
the average size of the positive tail in the belief densitiesis bigger than the average size of the
negative tail. When in optimistic states our agents expect to make abnormal returns and with
positive correlation in beliefs among such agents, these beliefs can rationalize market behavior that
may look like alocal bubble. Let us explain this fact.

The asymmetry results (i.e. a>0) implies optimistic agentstend to be intense. We have
noted that beliefs are highly correlated across agents hence we should expect to observe periods of
high optimism across a majority of agents. When the level of optimism is very high, agents expect
to make such high returns on their investments that they want to borrow and finance present and
future consumption. Thisthey cannot all do since bonds are in zero net supply. At such datesthe

only way markets can clear is by exhibiting sharp risesin stock prices together with high borrowing

18 shilling(1992) shows that during the 552 months from January 1946 through December of 1991 the
mean real annual total return on the Dow Jones Industrials was 6.7%. However, if an investor missed the 50
strongest months the real mean annual return over the other 502 months was -0.8%. Hence the financia
motivation to time the market is very strong, asis the case with the agentsin our model
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rates. Hence, our theory predicts that we should expect to observe rapidly rising stock prices
induced by bursts of correlated optimism together with high realized growth rates of dividends. We
would also expect to see crashes induced by correlated pessimistic agents together with low

realized growth rates of dividends.

4.3  Matching the Moments
We now combine the effects of intensity and asymmetry to exhibit aregion of parameters
where the smulated moments are close to the empirical record. Table 5 provides a summary.

Table5: The Combined Effect of Intensity and Asymmetry
(all moments are annualized)

b,a=| 010 0.25 0.40
]
qs 17.40 23.22 28.06
Oy 4.04% 4.90% 5.52%
R 9.97% 8.06% 7.03%
6q 21.38% 19.40% 18.00%
r 475 2.68% 2.38% 2.19
G 3.05% 3.22% 3.44%
e 7.29% 5.67% 4.84%
[SDEX,R) 0.12% 0.14% 0.15%
rp 0.34 0.29 0.27 Record
qs 16.51 22.04 26.61 25
& o |5 |52 |
. 0 . 0 . 0 . 0
6q 22.40% 19.81% 18.05% 18.0%
r 4.85 1.87% 1.51% 1.24% 1.0%
5, 3.92% 4.08% 4.38% 5.7%
e 8.62% 6.85% 5.98% 6.0%
p(X,R) 0.12% 0.14% 0.15% 0.1%
Shrp 0.38 0.35 0.33 0.33
qs 15.45 20.59 24.77
G.. 3.72% 4.26% 4.57%
R 11.17% 8.76% 7.50%
6q 23.62% 20.29% 18.10%
r 4.95 0.89% 0.44% 0.07%
5, 4.96% 5.15% 5.55%
e 10.27% 8.32% 7.43%
p(X,R) 0.11% 0.13% 0.15%
Shrp 0.44 0.41 0.41

It isclear from Table 5 that for valuesof b around 4.75 - 5.00 and a around 0.25 - 0.40
all moments are close to the moments observed in the market. Most significant is the fact that
around this region of the parameter space al model statistics match simultaneously the moments
and premium in the empirical record. We show later that the model with these parameter values
exhibit qualitative dynamic properties such as forecastability of returns and stochastic volatility

which are similar to those observed in the empirical record.
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The fact that our model matches simultaneously the moments and the diverse phenomena
associated with market volatility provides strong support for our theory. However, a property of
simultaneous explanation of diverse phenomena by a single model rather than a specialized model
for each phenomenon, is a crucial property any good theory of market volatility must have.

Theresultsin Table 5 are due primarily to the two factors discussed: intensity of fat tails and
asymmetry. We have already commented on evidence regarding asymmetry. We add the fact that it
iswell documented that the distribution of asset returns exhibit fat tails (e.g. see Fama (1965) and
Shiller (1981)). It isnatural to ask where these tails come from. Our theory proposes that these fat
tailsin returns come from fat tailsin the probability models of agents beliefs.

We do not propose that the exact parameter valuesof a or b have particular significance.
Indeed, since the parameters kyx >0, k§ > 0 also measure intensity of optimism, there is some
substitution between (), A;) and b hence there exists a manifold of parameter values for which
the model smulations would approximate the empirical record . Our procedure has been to select
the largest feasible values of A;>0,A;>0 and then seek values for (a, b) to maich the data. Table
5istheresults. However, the stronger component of our conclusionsis qualitative. We maintain
that our theoretical conclusion are general and consist of three parts:

1. Asset pricing is a non stationary process reflecting technological and ingtitutional

change in our modern economy. As a result, the true underlying process is not known,

giving rise to a wide diversity of beliefs about profitability of investments. Thisdiversity is
the main mechanism for propagating market volatility.

2. Thefirst factor of volatility is the high intensity of fat tails of the agents conditional

densities: it isthe crucial force which generates volatility and low riskless rate.

3. The second component of market volatility isthe asymmetry in the belief densities giving

rise to markets in which the frequency of bear statesis higher than 50%.

We also add that we arrived at our conclusions without specifying the formal subjective
belief formation models of the agents. All we specified is how subjective states of belief affect the
deviation of the agents' forecasts from the stationary empirical forecasts. Indeed, from the point of
view of a general equilibrium, thisis all that matters. Hence, the role of the Principle of Rationality

consists of two parts. First, it provides the restrictions on the covariance matrix Q of the belief
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innovations and consequently our modeling choice is restricted only to the parameters ()xyx : k§ ,a,b).
Second, the Principle of Rationality implies that asymmetry in the frequency of bear or bull statesis
compensated by asymmetry in the size of the positive and negative fat tails of the belief densities.
These factors turned out to be important for the way in which our model works. The empirical

evidence supports this asymmetry as areal phenomenon.

4.3  Why Does the RBE Resolve the Equity Premium Puzze?

Risk premia are compensations for subjective risk perception by risk averse agents. Since
normal degrees of risk aversion are less than 10, to explain the observed risk premia we need to
explain why volatility of an asset justifies the risk premia the market awardsit. In most single agent
models, aggregate consumption is exogenous hence volatility is exogenously fixed. 1n such models
the market portfolio isidentified with a security whose payoff is aggregate consumption. The
Equity Premium Puzzle is the observation that the small volatility of aggregate consumption growth
rates cannot justify a large equity premium of this security over riskless debt. Our theory of risk
premia, which is based on the diversity of beliefs, takes a very different approach.

Heterogenous beliefs cause diverse individual consumption growth rates even if aggregate
consumption is exogenous, which is the case in our model. Hence, individual consumption growth
rates need not equal the aggregate rate. Since the agents' states of belief are as essential to them as
the stochastic aggregate growth rate, they do not seek to own a portfolio whose payoff is aggregate
consumption. Moreover, they disagree on the riskiness of this hypothetical asset. Asaresult, we
do not focus on the relation between asset returns and aggregate consumption growth but instead,
on the relation between asset returns and the volatility of individual consumption growth rates. We
can thus sum up the factors contributing to the formation of risk premiain Table 5.

(i) Low riskless rate and market volatility. In discussing Table 3 we noted that low risklessrateis a
direct consequence of the high volatility of the RBE which creates added perceived risk. This
added riskiness is called "Endogenous Uncertainty."

(i1) Higher volatility of individual consumption growth rates and correlation with x which isless
than 1. It isclear that to satisfy individual Euler equations the standard problem of the Equity

Premium Puzzle cannot arise. The key question is how volatile do individual consumption growth
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rates need to be in order to generate an equity premium of 6% and a riskless rate of 1%7? The
answer is: not very much. For thecase a=0.40 and b =4.85in Table 5 we find that

athoughco, = 0.03256, the standard deviation of individual consumption growth ratesis only 0.038
and the correlation between individual consumption growth rate and x isonly 0.83 (compared to
1.00 in arepresentative household model). Both figures are compatible with survey data showing
individual consumption growth are more volatile than the aggregate. Finally, we note that such
volatility of consumption growth cannot occur in a single agent model since in that economy
consumption growth rate is determined exogenously. More generally, in our view single agent

models are ill suited for the study of phenomena associated with market volatility.

5. Characteristicsof Volatility 11: Predictability of Returnsand Stochastic Volatility
We turn now to two other dimensions of asset price dynamics and market volatility with a
view to compare predictions of our theory with the empirical record. More specifically, we study
the predictability of stock returns and stochastic volatility, or GARCH, properties of stock prices
and returns. All results reported below were computed for a sample of 20,000 equilibrium data
points generated by Monte Carlo simulation of our model with a= 0.40 and b=4.85 in Table5.

5.1. Predictability of stock returns

The problem of predictability of risky returns generated an extensive literature in empirical
finance (e.g. Fama and French (1988a,1998b), Poterba and Summers (1988), Campbell and Shiller
(2988), Timmermann and Paye (2003)). This debate is contrasted with the simple theoretical
observation that under risk aversion asset prices and returns are not martingales, hence they
contain a predictable component. It appears the disagreement is not about the empirical record
itself but about the interpretation of the record and about the stability of estimated forecasting
models. For example, Timmermann and Paye (2003) report parameter instability in a sequence of
models, estimated for different periods, for which out of sample predictions are unstable and
inaccurate. Here we focus only on the empirical record.

We examine the following: (i) Variance Ratio statistic; (ii) autocorrelation of returns and

of price/dividend ratios; (iii) regressions of cumulative returns, and (iv) the predictive power of
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S+1)e"
the dividend yield. We first introduce notation. Let o, = Iog[u] be the log of gross one

G2
year stock return, gf = Z:‘ol 0, ; be the cumulative log-return of length k from t-k+1to t, and

g'tik = ijl 0,.; be the cumulative log-return over a k-year horizon fromt+1to t+k.

5.1a Variance Ratio Test §

Define the variance-ratio statistic by VR(K) = (;7% . It convergesto oneif returns
are uncorrelated. However, if returns are negatively autocorrélated at some lags, theratio isless
than one. Our results show that there exists a significant higher order autocorrelation in stock
returns hence there is along run predictability which is consistent with U.S. statistics on stock
returns, as reported in Poterba and Summers (1988). In Figure 3 we present a plot of the

variance ratios computed from our model. For k >1 theratio islessthan 1 and declines with k.
FIGURE 3PLACE HERE
In Table 6 we report computed values of the ratios for k = 1, 2, ..., 10 and compare them
with ratios computed for U.S. stocks by Poterba and Summers ((1988) ,Table 2, line 3) for k =1,
2,...,8. Our model’s prediction is very close to the U.S. empirical record
Table 6: Variance Ratiosfor NY SE 1926 - 1985

k 1 2 3 4 5 6 7 8 9 10

VR(k) | 1.00 | 084 | 072 | 063 | 057 | 050 | 045 | 041 | 0.37 | 0.34

u.s. 100 | 096 | 084 | 075 | 064 [ 052 | 040 | 0.35

5.1b  The Autocorrelation of Log-Returns and Price-Dividend ratios
In Tables 7 we report the autocorrelation function of log annual returns.  Our model

Table 7: Autocorrelation of L og-Returns

corr(e,,0,-;) Model Empirical Record
i=1 -0.163 0.070
i=2 -0.096 -0.170
i=3 -0.066 -0.050
i=4 -0.035 -0.110
i=5 -0.037 -0.040

predicts negatively autocorrelated returns at al lags. Thisimplies along horizon mean reversion
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of the kind documented extensively by Poterba and Summers (1988), Fama and French (1998a)
and Campbell and Shiller (1988). Thus, apart from the very short returns which exhibit positive
autocorrelation, the model reproduces reasonably well the empirical record.

In Table 8 we report the autocorrelation function of the price-dividend ratio. Table shows
the model generates a highly autocorrelated price/dividend ratio which matches reasonably well
the behavior observed in the U.S. stock market data. The empirical record in Tables 7 and 8 is for
NY SE data covering the period 1926-1995 as reported in Barberis et al. (2001).

Table 8: Autocorrelation of Price-Dividend Ratio

corr(g,’,0,°) Model Empirical Record
i=1 0.691 0.700
i=2 0.479 0.500
i=3 0.331 0.450
i=4 0.228 0.430
i=5 0.147 0.400

5.1c Mean Reversion of Log-Returns
Mean reversion of stock returns was studied under several models. We compare our

results with the results of Fama and French (1988a). Thus, consider the regression model
(17) Q|t(+k L 6kQ|t( * Uk

The evidence suggests that stock prices have arandom-walk and a stationary component (see
Fama and French (1988a)), depending upon the horizon k. If there was no stationary component
the slopes 6, in (17) would be O for all k. If there was no random-walk component the slopes
would approach -0.5 for large values of k. When prices have both arandom walk and a slowly
decaying stationary components, the slopes 6, in (17) should form a U-shaped pattern, starting
around O for short horizons, becoming more negative as k increases, and then moving back to 0 as
the random walk component begins to dominate at very long horizons. Our model produces

exactly this pattern. Figure 4 and Table 9 report such a pattern.

FIGURE 4 PLACE HERE
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Table 9: Properties of Returnsfrom regression (17)

k R? 3, k R? 3, k R? 3,

1 00267 -0.1634 |11 01753 -04186 |31 01076 -0.3282
2 00637 02524 | 12 01708 04131 | 32 0.1009 -0.3177
3 00952 -0.3085 | 13 0.1649 -0.4060 | 33 0.0970 -0.3116
4 01245 -0.3528 | 14 01610 04012 | 34 0.0957 -0.3093
5 01544 03930 | 15 01564 -0.3953 | 35 0.0922 -0.3038
6 01773 04211 | 16 0.1609 -04010 | 36  0.0906 -0.3009
7 01872 04327 | 17 01584 -0.3979 | 37 0.0887 -0.2977
8 01915 04377 | 18 01571 -0.39%63 | 38  0.0886 -0.2977
9 01902 04361 | 19 01522 -0.3901 | 39 00891 -0.2984
10 0.1833 04281 | 20 01504 -0.3878 | 40  0.0865 -0.2940

5.1d Dividend Yield asa Predictor of Future Stock Returns
The papers cited above show that the price/dividend ratio is the best explanatory variable

of long returns. To test thisfact in our model we consider the following regression model

(18) Q|t(+k =G+ T]k(Dt/qts—l) + ﬁt,k'

The empirical evidence reported in Fama and French (1988b) shows that the power of the
dividend yields to forecast stock returns, measured by regression coefficient R2of (18), increases
with the return horizon. We find that our model captures the main features of the empirical
evidence and we report it in Table 10.

Table 10: The behavior of theregression sopesin (18)

Time horizon Model Empirical Record
k up R? up R?
1 4.86 0.08 5.32 0.07
2 8.30 0.14 9.08 0.11
3 10.66 0.18 11.73 0.15
4 12.38 0.21 13.44 0.17

To conclude the discussion of predictability, we observe that the empirical evidence
reported by Fama and French (1998a, 1998b), Campbell and Shiller (1988), Poterba and Summers
(1998) and othersis consistent with asset price theories in which time-varying expected returns
generate predictable, mean-reverting, components of prices (see Summers (1986)). The important

economic question, motivated but left unresolved by these papers, is what drives the predictability
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of returns implied by such mean-reverting components of prices? One component of the answer
is the persistence of the dividend growth rate via the equilibrium map (5). Our theory offersa
second and stronger persistent mechanism which is also seenin (5). It showsthese results are
primarily driven by the dynamics of market state of beliefs which exhibit correlation across agents
and persistence over time. Agents experience bull and bear states of beliefs. This causes their
perception of risk to change and expected returnsto vary over time. Equilibrium asset prices are
functions of the state of belief which exhibit memory and mean reversion. Hence both prices and

returns exhibit these same properties.

5.2  GARCH Behavior of the Price-dividend Ratio and of the Risky Returns

The presence of stochastic volatility in asset prices and returns has been well documented
(e.g. Bollerdev, Engle and Nelson (1994), Brock and LeBaron (1996)). Indeed, in a partial
equilibrium context it is standard to model the price of an asset by a stochastic differential
equation which assumes an exogenoudly driven stochastic volatility. But where does stochastic
volatility come from? The dividend process certainly does not exhibit stochastic volatility hence it
cannot be the source of it. One of the most important implication of our theory isthat it explains
why asset prices and returns exhibit stochastic volatility. We start by presenting in Figures 5 and
6 the results of simulated 500 observations. in Figure 5 we report equilibrium price/dividend ratios
and in Figure 6 the associated risky rates of return. Casual inspection of Figures 5 and 6 reveals
that volatility is time varying with such time variability in the variance of both prices and returns.
However, GARCH behavior is more subtle than volatility clustering as it requires volatility to be

persistent, exhibiting serial correlation and this requires a formal test.
FIGURE 5PLACE HERE

FIGURE 6 PLACE HERE
To formally test the GARCH property of the price/dividend ratio and of the risky return

we used the 20,000 equilibrium observations discussed in the previous section. Using these data
we estimated the following econometric model of the dynamics of the price/dividend ratio
qts =K1+ qutfl G

(19) ¢! ~N(0,h%

G
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h'=8 + £/(¢!1)? + vih',.
Since the price dividend ratio is postulated to be an AR(1) process, the processin (19) is
GARCH(1,1). Similarly, for the risky rates of return we postulated the econometric model

o = K¢ + peq. + ¢*
(20) ¢t ~N(0,h?)

he =& + & (s 0)® + vihe,.
For a specification of (19) and (20) we have also tested ARCH(1) and GARCH(2,1) but have
concluded that the proposed GARCH(1,1) asin (19)-(20) , describes best the behavior of the data
over time. Due to the large sample we ignore standard error and report our model implies that
the estimated model for the price-dividend ratio satisfies the GARCH(1,1) specification

g = 8.11907 + 0.69137q,°, + ¢*

¢!~ N(0,h)

h" = 3.85997 + 0.01634(¢,,)? + 0.70539h,",, R?=0.477.
For the risky rates of return the estimated model satisfies the GARCH(1,1) specification

o, = -0.22024 + 0.01039q,” + ¢f

¢t~ N(0, h?)

h? = 0.00720 + 0.10914(¢?,)? + 0.61160h2,, R?=0.111.

Stochastic volatility in our model is the direct consequence of the dynamics of the market

state of beliefs z, = (zt1 : ztz) . To understand why note first that for any pattern of values which
(zt1 , zf) take, persistence of beliefs and correlation across agents cause the persistence of that
pattern. When agents disagree (i.e. ztlzt2<0) they offset the demands of each other and as that
pattern persists, prices do not need to change by much for marketsto clear. In such periods
prices exhibit low volatile and persistence of belief states induce persistence of low volatility.
When agents agree (i.e. ztl zt2 > 0) they compete for the same assets and prices are determined by
difference in intensity of their beliefs. Variations in the degree of the bull or bear states generate
high volatility in asset prices and returns. Persistence of beliefs cause such high volatility regimes
to exhibit persistence. Thus, the level of market volatility istime dependent. 1t changes with the
market state of beliefs z, and hence it has a predictable component asin (19)-(20). Froma

formal perspective, thisis an extension of a similar result in Kurz and Motolese (2001).
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The virtue of the above argument is that it explains the presence of stochastic volatility as
an endogenous consequence of equilibrium dynamics. Some “fundamental” shocks (such as an
oil shock) surely cause market volatility, but it has been empirically established that market
volatility cannot be explained consistently by any repeated “fundamental” exogenous shocks
(compare with Timmermann and Pesaran (1995)). Hence, our explanation of stochastic volatility
is consistent with the empirical evidence and is compatible with our general paradigm which views

market expectations as the primary cause of market volatility.

6. Concluding Remarks

This paper presents a unified paradigm proposing that market volatility is driven primarily
by market expectations. This conclusion extends and supports our previous results (cited earlier)
on the subject. We constructed a simple model and tested it on all aspects of market volatility and
found the model to match well the empirical record. The structure of the model is applicable to
any phenomenon associated with market volatility since our main results are qualitative rather
than quantitative. These results are driven by the fact that, under the Rational Belief principle, we
do not write down aformal belief formation model. For a general equilibrium formulation all we
need is a quantitative measure of how forecasts of an agent deviate from the empirical forecast.
Thisis accomplished viathe main tool of this paper which is the individual and market states of
belief. These are indexes identifying the distribution of conditional probability functions of the
agents at each date. Using this tool we show that there are two simple forces through which
beliefs drive volatility: (i) over confidence of an agent’ forecasts described by amplification of the
agent’s probabilities which, in turn, generate densities with fat tails, and (ii) asymmetry in the
frequency of bull or bear states. Although these principles can be satisfied by different belief
formation models, the simplest way to think of them is as an expression of animal spirits.

The important role market states of belief play in our theory isreflected in the fact that
agents hold diverse individual forecasts of future market states of belief when they write down
their Euler equations. 1n a mathematical sense our model is then a fully developed genera
equilibrium structure within which Keynes' intuitive “Beauty Contest” aspect of asset pricing is

formally well defined. However, on a deeper level heterogenous individual forecasts of future
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market states of belief is entirely equivalent to heterogenous forecasts of future asset prices and
interest rates and heterogenous price forecasting is the essence of our theory. Inagenerd
equilibrium context the tool of a market state of belief is aformal method for allowing agentsto
be rational and use the same equilibrium map (5) yet make heterogenous price forecasts. This
suggest that we could build models in which agents make heterogenous price forecasts but then it
will be equivalent to amodel in which they know the equilibrium map but make heterogenous
forecasts of an object like the market state of beliefs.
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Appendix A: construction of the random variables p{ﬂ(utj)

Let ¢(u,) = —————. This function is aimed at representing how agents deviate from

b(u-a)
the stationary forecas]tfr%gents pick the frequency parameter a and the intensity parameter b.

Given that we can carry out computations only with standard normal variables we need to

normalize the variable u:

) = = (i) =

P l+e b(ii!-a)

where b = bo;, a=a/c_; and @/~N(0,1).

A.1  The density function

The density function of p{ﬂ(ﬁ{), conditioning on ﬁ{ is given by:

R K NCHE IO if pl,, <0

where ) o

; 1
dpl,)=——e *?
R

is the standard normal density function and

@l

<IN by _opeasiy L T
o (@) =2-dy(@), G = [ d(@y i di,.

o d@)
S~ t
b1 = =

Note that Ecl)l(ﬁ{) = Ecl)z(ﬁ{):l , which ensures that the rationality conditions be satisfied, i.e.:
[ el [Epp@)di; = @(py.,).

We need another condition to make sure p(p{+1|ﬁ) is a density function for all ﬁ{. This requires

d,(@) > 0 forall &, whichimplies G > 1/2.
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A.2  The moments of piﬂ(ﬁtj)

i X2 5 X2
Elpy, [a}] = (bl(ut)fmxe 2dx + ¢.(T, fo 2 dx
y2m 70 ym
= X2 - x2
_ (bl(ut)food(_e 2y 4 b, (T fod(—e 2)
yam 7o y2m o

_ b,@)-d,@)
V2r

| b
G

2

o
~j _x? ~j X
El(py.,)ii] = (bl(ut)fwxze 2dx + —(bz(ut)foxze dx
y2m 7 y2m
~ ] x? ~ ] x?
= xd(-e “)+ xd(- )
(b\/](it) o0 2 (bZ(ut 0 2
21 Y0 e

= §,(@D0.5 + d,(@)0.5

o

B IC TS X FTR
\/ﬁ fo 2T f*‘”
= (bl(ﬁjt 2(" 7X7dx+ (bz(ﬁjt 2 0 7X7dx
/; [
J2m J/2m
~]
= 2E[p], Jal] =| 1 d)(u‘]i
G ) /om

Since Ed, =Ed, =1 and Ed =0, wehave E[p/,1=0 , E[(p,,)1=1 and

. E[¢(@)i]] o
E[p!,,0l] = ‘; (b(Gt) ~. We can now reformulate the random variable p}, (u’) as used in
27

t+1t

the computational model. Let
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u(@) = Elp], [
s(i) = EL(pL,, [al]-(ElpL [a]]?
1 pjﬁ - ~J;
\ftﬂ = 1 H(u )
s(ii))

and define f)tjﬂ(ﬁ{) = p(ﬁ{)+s(ﬁ{)\f;+l where

—=_ and s(i)) =4/1-p(@')

¢mb] 2
G ) /zn

umb(l

Appendix B: Statement of the Rationality Conditions

The rationality of belief principle requires that

X
' N Pe+
}\‘;p]prl(ut]) + p:+l ol
. . . : 1
B ¥, )= 7‘§ lp{ﬂ(ut]) + f)fJ; has the same joint empirical distribution as p,., =| pr,;
22 iy, w2
2 b)) <50y o

To clarify the mathematical development below it is useful to keep in mind the consistency
conditions between y and z. These conditions require that the realizations of the two are the same
and hence they have the same marginal empirical distribution. This does not mean we require the
covariance between y' and any state variable to be the same as the covariance implied by the system
(6) between 7' and that variable . Indeed, the presence of p{ﬂ(utj)in all equations of the
perception model (15) generates covariance between y and other state variables which is not
present in (6). The idea is that any covariance between an agent’s own state of belief and other
variables in the economy are strictly in the mind of the agent and no rationality conditions are
imposed on them. A striking way to see this is to note that under the condition of anonymity an
agent sees no relationship between his own state of belief and the market belief. We then assume
that in the subjective perception model Cov (y', z)) = 0.

We now show that (B1) fully specify the covariance matrix Epp of the three dimensional

vector f){+1 in the perception models (15)-(16). To see this rewrite (11a) in the form
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b j j ~]
Wt+1 - AWt + }\'yjptﬂ(ut) + pm-

Now define Oé = EJ( p{ﬂ(utj ))?] and denote by V be the covariance matrix of the random vector
W as derived from (8). Computing now the covariance matrix in we see that for these two to be

equal we must have the equality V = AVA' + Ay j(ky j)’oz + Epp which means that
’ ;2
(B2) T, =V -AVA' -} A0

Given parameters (a , b, Ay i) all magnitudes on the right of (B2) are known and this pins down the
covariance matrix Epp. Since perception models include (9), the covariance € of the innovations
is specified when I, = Cov(w,y/) is known. We now show that these are pinned down by the
condition of no serial correlation of lPm(utj ).

For lPm(utj) to exhibit no serial correlation it is sufficient that it is uncorrelated with date t
public information. To see why recall that lPm(utj) = w,,, ~Aw, hence

E[P, (u)) P (u’)] = B[P, (u))(w, - Aw,_ ] =E[P, (u/)w)] - E[P, (u))Aw,_,1=0.

! are not correlated with any wtj, i alli.

To ensure the above we seek conditions on r; to ensure u;
We denote by a; = (A,Z(j ,0,0) the vector of w parameters in the y equation (9). Then
u(yl) =yl - rj'V,le = Ay + aj'w, + f)i/jl -’V T(Aw, + )‘yip{ﬂ(ut) £PL,).
The condition Cov(uti1 S W) = E[uti1 ,w,] =0 requires Azjrj' + aj'V - rj'V TAV =0
hence the covariance vector I, is determined by the equation
(B3) [A" - A I V’lrj’ = a,.
We study here only the symmetric case A 1 =4 > =24 . In this case we have that

Z)

Ao, AT,
. A
0

b

VA b

AZ
0
)\'Z

b

hence the matrix [A’ - A I] is singular with the last two rows being zero. This is compatible with

p— z . .
the fact that a; = (A,,0,0) hence, only one components of r; matters. In accord with anonymity
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we set Cov (z',y) = Cov(z’,y) = 0 and (B3) determines r,. Finally, when r; is known, 65 ;

is pinned down as follows. Since we know that oi .= var(yJ) - rj’V ’lrj , We can compute

6; = (1 —Aij)var(yj) - aVa; - 24 ;3/r; using the condition var(y’) = var(zJ).

Appendix C: the computational model
This appendix explores several computational issues which have not been discussed in the text. We

want to provide here a complete description of the computed equilibrium conditions.

C.1  Equilibrium set and indeterminacy in the riskless economy

To ensure the existence of bounded solutions and hence exclude explosive solutions which
violate transversality we impose quadratic utility penalties on deviation of asset holdings away from
steady state. The penalty functions are: Dt1 Y%((3{—0.5)2 for stock holdings anthlY%(Btj)2 for
bond holdings with t_ = t, = 0.005. The penalty functions are then subtracted from utility.

Indeterminacy of the optimal portfolio allocation at the riskless steady state is also a
problem for perturbation models with a number of financial assets greater or equal to two. This is
due to the fact that financial assets exhibit the same rate of return in the riskless economy and work
as perfect substitutes. The penalty functions also insure that the steady state solution 6{ =0.5 and

J_ . .
B, =0 is unique.

C.2  The revised optimization problem and the system of Euler equations

Given the above, the optimization problem of agent j is then reformulated as follows:

> . ., T . . T .
Max o, (3B () 7-D, T20]-05)2-D, " " 2(B)? K,
(C1,00,BY) o 1=y 2 2
subject to:
Ctj * theJt * qthtj = A{ * (qts +Dt)e{—1 * Btj—l
The Euler equations are:
(C€)a; + D! "1 (0]-0.5) = BE,[(CL) @} + D) [H]
(C€)7q" + D" 'tyB)) = BEGI(CL) [ H,]
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After normalization the budget constraint becomes:

j -X

Ctj + qtse{ + qtbbtj =0+ (qts+ 1)e{—l + boe

and the Euler equations become:
o . - . L yx,,

(c) g + 7 (8-05) = BEil (¢! ) "(1+g. e "
()" + 7(b)) = BEgil (c!)¥e ™|H,]

H,]

t

t

C.3  The riskless steady state
In the riskless steady state quantities are as follows:
b!"=b%"=0, 0"=62"=0.5, c'"=c? = w+0.5.
And prices are:
qszw, qb:ﬁe*YX*.
[-Bex 1
C.4  The perturbation structure
We specify here how we formulated the perturbation model. Let € be the perturbation
variable then the perturbation structure of the agent's perception model is as follows:

. . - i X
! = (1 _)\’X)X + )\’th + Xypt{r](ujt’s) + 8pt+]

Xi1

il 1 z ok ZAj ] ~z 3!
ziyy = Az A -xXT) + AP (T E) +oEP
2 2 z ok ZAj ] ~2 12
ziy = Azl o+ A X =xT) + AP (T E) +oEp

i _ j z " ~y)
yt+1 - }\’zyt + }\'X(Xt X ) + Spt+1

where p],(ii!,€) = u(a)) + es(ii))v),, as defined in Appendix A.
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Figure 1: Non-Normal Belief Densities.
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Figure 2: Density of ¥(u]) with Fat Tails.
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